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This work proposes to address a lack of conceptual consensus surrounding the concept of vulnerability, by fostering a minimal denition as a measure of potential future harm, and by basing it on a stochastic controlled dynamical system framework. Harm is dened as a normative judgment on a trajectory. Considering all the possible trajectories from an initial state leads to the denition of vulnerability indicators as statistics derived from the probability distribution of harm values. This framework 1) promotes a dynamic view of vulnerability by eliciting its temporal dimension and 2) claries the descriptive and normative aspects of a system's representation. As illustrated by a simple model of lake eutrophication, this work makes vulnerability a precise yet exible concept which fosters discussion on trade-os between vulnerability sources, and also on adaptation. Links with economics, with control theory, and with algorithmic methods such as dynamic programming are highlighted.

1 Introduction his work proposes n opertionl de(nition of vulnerilityD sed on stohsti dynmil system frmework whih ounts for its unertin evolution nd for the tions tht my e undertken to impt itF ulnerility is de(ned in most generl wy s mesure of potentil future hrmF st is n oftEused onept in the literture deling with the potentil negtive impts of nturl hzrds nd soil nd environmentl hngeF roweverD vulnerility onepts nd tools originte from severl di'erent ommunities @edgerD PHHTY ikin nd vuersD PHHTY willer et lFD PHIHAF gonsequentlyD there is lk of onsensus round oneptul de(nitions of the term nd this reeds vgueness @rinkelD PHIIAF husD despite the existene of similr opertionl protoolsD uni(ed frmeworks in or ross reserh (elds re lrgely missing @gost nd uroppD PHIPAF his work does not mition to study vulnerility under ll its spetsD nor to review the mny rnhes of sienti( literture in whih it is meningful oneptF therD it ims t onstruting forml frmework round very generl de(nition of the termD nd t onneting it to some of the existing literture on vulnerility in environmentl modeling nd soil nd eologil systemsF wkE ing suh onnetions seems prtiulrly relevnt in ontext of glol hngeD in whih omputtionl frmeworks to ssess vulnerility to vrious nturl hzrds hve een urgeoning in reent yers @eFgF fli et lFD PHIQY qiupponi et lFD PHIQY vrdy et lFD PHIRY wrtin et lFD PHIRY pthomEuöhle et lFD PHISAY yet eh of these models relies on slightly di'erent understnding of wht vulnerility is oneptully F he miniml de(nition of vulnerility s mesure of potentil future hrm omes from forml nlysis of the term @olf et lFD PHIQAF st is the lowest ommon denomintor in most vulnerility de(nitions in the literture @rinkelD PHIIAF o our knowledgeD our frmework onstitutes the seE ond ttempt t mthemtilly formlizing the onept of vulnerility fter tht y sonesu et lF @PHHWAD who rgue tht suh formliztion is wrrnted for severl resonsD nmely mking vulnerE ility ssessments systemtiD lrifying the onepts nd their interprettionsD voiding nlytil inonsistenies nd prtil omissionsD nd filitting the development of omputtionl pprohesF hese motives stress tht formliztion is useful regrdless of the se t hndD nd whether or not dynmil system formultion is villeF e propose to strt with very generl mthemtil formultionD nd then to interpret it in the ontext of vulnerility litertureF e rgue tht this pproh provides oth forml sis nd gret )exiility for the disussion of vulnerility oneptsF sndeedD mthemtis remin nonE miguous referene for disussing oneptsD espeilly in ses in whih they my e interpreted in severl relevnt wysF sn tht senseD )exiility ppers s prerequisite to ridging the gp etween oneptul de(nitions nd their mny possile opertionl trnsltionsF sn the se of vulnerilityD )exiility is sorely needed euse of the wide rnge of (elds tht use the oneptD s it is present in the limte hnge literture @see eFgF urner ss et lFD PHHQY edgerD PHHTY rry et lFD PHHUAD in the nturl hzrds literture @eFgF firkmnnD PHHTY puhsD PHHWY eduzzi et lFD PHHWAD in the soilE eologil systems @iA literture @see eFgF etersonD PHHPY enderies et lFD PHHUY odriguez et lFD PHIIY ives et lFD PHIPAD ut lso in the development eonomis literture @see eFgF ghristiensen nd foisvertD PHHHY roddinott nd uisumingD PHHQY wgulloh nd glndrinoD PHHQY féné et lFD PHIPAF fesidesD controlled stohsti dynmil system perspetive lso provides link etween vulnerE P ility nd the pity to tF his onnetion is often expliitly highlighted in the literture @urner ss et lFD PHHQY qllopínD PHHTY mit nd ndelD PHHTAD to the extent tht vulnerility is often ssoited with limited ility to t @wgrthy et lFD PHHIY edgerD PHHTY rry et lFD PHHUAF purthermoreD the notion of ontrol is ssoited to vulnerility through soElled roustnessEvulnerility trdeEo's @enderies et lFD PHHUY odriguez et lFD PHIIA whih rise when inresing roustness to set of shoks inevitly leds to inresed vulnerility to nother set of shoksF pollowing this rief presenttion on our min motivtions for proposing mthemtil pproh to vulnerility de(nitionD the rest of this work is s followsF etion P presents the dynmil system frmework tht we proposeD nd this strts with prgrph tht ompletes this introdution y outlining this frmework nd showing how ville literture ks our hoies @etion PFIAF henD etion Q illustrtes these onepts using simple dynmil system model of lke eutrophition @grpenter et lFD IWWWAD while etion R disusses themY oth etions lso illustrte how poliy design nd the system9s representtion dynmilly impt one notherF etion S provides onluding remrksF 2 A dynamical system framework for vulnerability 2.1 Overview of the framework vet us imgine helthyElooking eonomy or eosystem right efore it rshesD when the unemployment rte is still lowD or iodiversity still highF sn suh sesD the present sitution is good ut is out to deteriorte drmtillyF gonduting n ssessment of the system sed on single stge in the present or ner future is like tking snpshot of itX it gives stti view of the systemF fy ontrstD oserving its trjetory over longer timeEfrme is more relevnt sine it gives dynmi view of it nd my help ntiipte its undesirle evolutionF his oservtion suggests tht vulnerility inditors n e more relevnt when enompssing n entire time frmeD rther thn single dteF etD time is only one of four types of vriles one needs to onsider within generl stohsti ontrolled dynmil system formultionF he three other re the system9s stteD the tions ! lled ontrol within the mthemtis of ontrol theory ! implemented to mnge itD nd the unertinty tht 'ets itF pon interprettion of tht formultion in the ontext of vulnerility litertureD we propose tht vulnerility onepts re relted to one nother y strtion over one of these tegories of vrilesD either y ggregtion ! suh s for time ! or y seletionF yur presenttion of the frmework is to strt with ll four tegories of vrilesD then strt them one t time until only the initil stte reminsD s detiled in pigure I nd justi(ed from the literture in the reminder of this setionF etion PFP proposes strting point through representtion of system t given stge t tht is oth desriptive nd normtiveF sts desriptive side relies on generl dynmil system formultion of singleEstge evolution from stge t to t+1F his formultion is very similr to tht of sonesu et lF @PHHWA in their ttempt t proposing forml pproh for vulnerilityD ut it expliitly onsiders the role of unertinty s determinnt for the future stte of the systemD long its present stte nd the ontrol tions tht re implementedF etion PFP lso mkes the normtive side expliit ompred to previous formultionsD through the introdution of singleEstge hrm funtion ssoited to stte Q pigure IX hemti representtion of the proposed frmeworkD whih proeeds through suessive ggregtions to de(ne vulnerility oneptsF his (gure nnounes the )ow of etion PF vightEgry ellipsoids highlight the vriles the elements in drkEgry ellipsoid depend onF R t stge tF henD etion PFQ ggregtes over time to provide system9s representtion over the entire period [0, T ] of interestD wheres sonesu et lF @PHHWA minly se their disussion on vulnerility on evoE lutions over single time stepF ulnerility of n entity depends on unertin dynmis over time @olf et lFD PHIQAD ft tht is often overlooked or kept impliit @viu et lFD PHHVAD even though vulE nerility to nturl hzrd my e pprent only long fter the event9s ourrene @wenoni et lFD PHHPY vesno' et lFD PHIPAF es demonstrted y the development eonomis litertureD knowledging tht vulnerility should e mesured over severl future periods n help lern out its determinnts @ghristiensen nd foisvertD PHHHAF por exmpleD household9s trjetory over severl periods must e tken into ount in order to mesure hroni poverty nd vulnerility to poverty @wgulloh nd glndrinoD PHHQAF rene the need for frmework entered on the ide of possile future trjetories to whih hrm vlues re ssoitedF rjetories depend on ontrols nd unertinty over [0, T ]D ut lso on the initil stte of the systemD s illustrted y the onept of pth dependene @restonD PHIQAF efter thtD etion PFR onsiders ll the unertin senrios over [0, T ] to propose n opertionl de(nition of vulnerilityF sndeedD eh unertin senrio yields di'erent trjetoryD so one nnot ssess vulnerility from only one of the possile trjetoriesF snstedD the possile vlues of future hrm re onsidered through the ourrene proilities of these possile trjetoriesD leding to otining proility distriution funtion @pdfA of these hrm vluesF henD relevnt sttisti derived from this pdf is mesure of potentil future hrmD in other words vulnerilityF hough it my seem like strong hoieD ggregting hrm vlues from ll trjetories into single vulnerility inditor is dvoted y previous forml nlyses of the onept of vulnerility @sonesu et lFD PHHWY olf et lFD PHIQAF pinllyD etion PFS drws onnetions etween vulnerility inditors nd the serh of ppropriE te ontrol poliies for vulnerility minimiztion nd voidneF his is hieved y seleting one or severl ontrol poliies mong ll possile optionsF yne poliy is hosenD vulnerility only depends on the initil stteF here re two wys of hoosing n pproprite poliy @sonesu et lFD PHHWAX through vulnerility minimiztionD or y hoosing poliies tht keep vulnerility elow referene vlueF sn the ltter seD tht referene vlue my e hosen to re)et stkeholder9s preferenesF st then expliitly onnets vulnerility with the notion of threshold it is often ssoited to @eFgF vuers et lFD PHHQY vuersD PHHSY féné et lFD PHIIAD nd it seprtes wht is stisftory from wht is notF etD tht referene vlue my lso e relted to vulnerility ssessed ssuming seline poliyF henD (nding poliy tht lowers vulnerility ompred with this seline is ssoited with dpttion @eFgF vuers et lFD PHHQY sonesu et lFD PHHWY ndovlEolis et lFD PHIIAF 2.2 System representation at a single stage 2.2.1 System dynamics e onsider system nd its unertin nd ontrolled dynmisF his system n for instne e iD ut the frmework is pplile to ny system tht evolves with timeF por given urrent stge t > 0D the trnsition to the next stge t + 1 is given y the following disreteEtime equtionX

x(t + 1) = f (t, x(t), u(t), w(t))
@IA S he timeEdependent funtion f determines the trnsition etween two stgesF x(t) is the vetor of stte vriles desriing the system t stge tD nd elongs to stte spe noted XF wenwhileD u(t)

is the vetor representing the ontrols tht re deided t stge t y stkeholders to in)uene the stteF st is hosen from set u a (t, x) of ville ontrolsF w(t) is the vetor representing the unertinty nd vriility tht 'et the system t stge tF st therefore ims t tking into ount hzrdsD shoks nd stressesD whtever their ntureF X shll e more simply lled trjetory in the reminder of this workF he pproh of ssessing vulnerility using ll the sttes of system trough its evolution n e ssoited with the word dynmiD s opposed to the stti pproh of using only stte x(t) t given stge tF sf X represents n tul sequene of system sttesD then through eqution @IAD it depends on the vlues u(t) nd w(t) t every stgeD so de(nitions for sequenes of ontrols nd unertinty vetors re wrrntedF imilr to he vr nd hoyen @PHHVAD we ll senrio the sequene of events W = (w(0), w(1), . . . , w(T ))F he spe of ll possile senrios is noted ΩF roilisti ssumptions out unertinty re neededD nd they re detiled in eppendix eF hey led to ssume the existene of proility P de(ned over ΩF fesidesD we ssume tht this proility hs pdf whih we note p(W )F yne should keep in mind tht ny dynmil representtion of system my not tke into ount ll the possile senriosD nor evlute orretly their proility of ourreneD so tht no pdf n e onsidered omplete representtion of unertinty @grpenter et lFD PHHVAF e poliy U ssoites to 

= (x 1 ) and X 2 = (x 2 ), if ∀t ∈ [0, T ], h(t, x 1 ) ≤ h(t, x 2 ), then H(X 1 ) ≤ H(X 2 ).
U inditor of whether the system9s trjetory leves desirle region t some pointX

H θ (X) = 1 if ∃t ∈ [0, T ], x(t) / ∈ K θ (t) 0 if ∀t ∈ [0, T ], x(t) ∈ K θ (t) @SA
where K θ (t) is the set of desirle sttesD lso lled onstrint setD whih regroups sttes for whih singleEstge hrm is elow θX sndeedD if we onsider n initil stte x 0 nd poliy U D then for eh senrio W D there is unique trjetory X(x 0 , U, W )D to whih hrm vlue H(X(x 0 , U, W )) is ssignedF ine we de(ne vulnerility s mesurement of potentil future hrmD ssessing vulnerility for x 0 nd U supposes to onsider hrm from ll these trjetoriesD s well s the proility of ourrene of these trjetoriesF he ove de(nition virtully leds to the de(nition of n in(nity of vulnerility inditors for given systemF rying to enumerte them would e eyond the sope of this workY instedD wht follows fouses on giving exmples of fmilies of ommon vulnerility inditorsF imilr to etion PFQFQD these inditors ggregte proility distriution of hrm vlues into sttisti through 1) vergeGsummtionD 2) inry ssessment with respet to ritil vlue or thresholdD or 3) worstEse pprohF V

K θ (t) = {x ∈ X, h(t,

Average or expected vulnerability indicators

ulnerility my e expressed s the expeted @or vergeA vlue of future hrmD omputed over the proility distriution of hrm vluesF his is the fmily of expeted vulnerility inditors

V E X V E H (x 0 , U ) = E [H(X(x 0 , U, W ))] @VA
where E is the expettion opertor for proility distriutionsD de(ned over the spe Ω of ll senriosF sf the pdf over the senrios is ontinuousD then using the density p(W ) eqution @VA eomesX

V E H (x 0 , U ) = W ∈Ω H(X(x 0 , U, W )) p(W ) dW @WA elterntivelyD if this pdf is disreteD then p(W ) > 0 only for disrete set of senrios Ω d ⊂ ΩD nd we hveX V E H (x 0 , U ) = W ∈Ω d H(X(x 0 , U, W )) p(W ) @IHA
eggregtion of ll the hrm vlues from ll the possile senrios is pprent in the lst two equtionsF henD one n form vulnerility inditors y using V E H long with the hrm funtions de(ned in etion PFQFQF por instneD ndovlEolis et lF @PHIIA de(nes wter resoures vulnerility inditors s the expeted vlue of H S D H θ nd H max F sn prtiulrD lssil inditor is the expeted vlue of the sum of singleEstge hrms de(ned s H S in eqution @RAX

V E H S (x 0 , U ) = E T t=0 h(t, x(t))
@IIA sn ftD V E H S n e thought of s totl expeted ost over [0, T ]D nd is to e lled expeted ost heneforthF 2.4.3 Vulnerability as the potential crossing of a threshold ulnerility my e de(ned s the proility for hrm to ross threshold ξF his onstitutes seond fmily of inditorsD whih desrie the proility of eing hrmed sine they distinguish etween hrmed nd omprtively unhrmed trjetoriesD inry lssi(tion used to de(ne vulnerility in severl studies @eFgF wendoz et lFD IWWUY okström et lFD PHIPY usprzyk et lFD

PHIQAF uh inditors V ξ H re de(ned yX V ξ H (x 0 , U ) = P [H(X(x 0 , U, W )) > ξ] @IPA
es for expeted vulnerilityD the proility of eing hrmed my e derived from ny hrm funtionF en oftEenountered inditor is otined using V ξ H nd the inry hrm funtion H θ @eqution @SAAF ine H θ is either 0 or 1D y tking ξ = 0 this inditor V 0 H θ expresses the proility tht singleEstge W hrm is 1F his orresponds to the proility for singleEstge hrm to ross threshold vlue θX

V 0 H θ (x 0 , U ) = P [H θ (X(x 0 , U, W )) = 1] @IQA = P [∃t ∈ [0, T ], x(t) / ∈ K θ (t)] @IRA
he ltter rguly onstitutes n importnt sufmily of vulnerility inditors on its ownY for instneD vulnerility s the proility for system to evolve into less desirle stte hs een used in the ontext of soilEeologil systems @eFgF etersonD PHHPAF sndeedD vulnerility n e de(ned in development eonomis s the proility now tht relevnt quntity ! eFgFD welthD food supply ! e lower @greterA thn mximl @minimlA threshold in the future @eFgF ghristiensen nd foisvertD PHHHY roddinott nd uisumingD PHHQY wgulloh nd glndrinoD PHHQAF e funtion of the gp or distne etween the mesured quntity nd the threshold then provides dditionl poverty mesures @poster et lFD IWVRAD orD if one is looking t expeted vlue of this funtion in the futureD dditionl vulnerility mesures @ghristiensen nd foisvertD PHHHY roddinott nd uisumingD PHHQAF 2.4.4 Worst-case approach to vulnerability enother pproh to vulnerility is to onsider the worstEse senrioD nd vulnerility my then e expressed s the mximl vlue of hrm over

Ω 3 X V max H (x 0 , U ) = max W ∈Ω {H(X(x 0 , U, W ))} @ISA
etD the ltter vlue often orresponds to wht might hppen in the event of the worst tlysmD nd therefore my not e relevnt euse the outome might then e tstrophi no mtter x 0 nd U F husD it my e more relevnt to express vulnerility through high quntiles of the distriution of hrm vluesF his n e equted with (nding the ritil hrm vlue tht is not exeeded with on(dene level β suh s 90%D 95%D 99% or even higherF vet us ll ritil hrm this fmily of

vulnerility inditorsD nd note it V β H X V β H (x 0 , U ) = min z ∈ R + , P [H(X(x 0 , U, W )) ≤ z] ≥ β @ITA
sn prtiulr for β = 1D the only hrm vlue tht hs 100% hne of not eing exeeded is tht of the worstEse senrioD so tht V max H θ @eqution @IRAAF sn the former seD minimizing the expeted ost V E H S using h mounts to lssil exmple of ost minimiztion @eFgF vouks nd vn feekD PHHSY he vr nd hoyenD PHHVAF hen for n initil stte x 0 D using eqution @IUA leds to the de(nition of the miniml expeted ost V E * H S (x 0 )F sn the ltter seD the proility of rossing threshold of singleEstge hrm n eqully e expressed using the proility of not rossing tht thresholdX

H (x 0 , U ) = V 1 H (x 0 , U )F
V * H (x 0 ) = V H (x 0 , U * ) = min U ∈Ua(T ) {V H (x 0 , U )} @IUA 2.
V 0 H θ (x 0 , U ) = 1 -P [∀t ∈ [0, T ], x(t) ∈ K θ (t)]
@IVA ulnerility is minimized when the ltter proility is mximizedF wximizing the proility of stying in onstrint set t eh nd every stge is gol of rnh of ontrol theoryD nmely stohsti viility theory @he vr nd hoyenD PHHVAF his theory ws used to design sustinle poliies under unertinty in soilEeologil systems suh s (sheries @hoyen nd fénéD PHHQY he vr nd wrtinetD PHHWY hoyen et lFD PHIPA or grsslnd groEeosystems @tier et lFD PHIHAF hoyen nd he vr @PHIHA link stohsti viility with hD y proposing h lgorithm tht (nds poliy U * tht mximizes the proility of keeping the properties of system @see eppendix f for detilsAF henD U * lso minimizes V 0 H θ F eording to eqution @IUAD this leds to the de(nition of the funtion V 0 * H θ (x 0 ) whih gives the miniml proility of rossing the singleEstge hrm threshold θ t the initil stte x 0 F 2.5.3 Other ways of selecting appropriate policies he serh for n optiml poliy is often di0ult or even impossileD euse one does not know enough out the system to ompute it nlytillyF his is why sonesu et lF @PHHWA ontend tht more generl wy of deriving pproprite poliies is y (nding some of those tht keep vulnerility elow referene levelF e distinguish etween two wys of de(ning tht referene levelF sn oth sesD one stisftory or n dptive poliy U hs een seletedD vulnerility only depends on the initil stte x 0 F xote tht U n e di'erent for di'erent vlues of x 0 F II yn one hndD the referene level n e de(ned s vulnerility threshold v tht stkeholders would rther not exeedF henD for x 0 poliy U is stisftory ! or eptle ! ifX

V (x 0 , U ) ≤ v @IWA
his notion of eptility leds to lso leling poliies s either eptle or notF yn the other hndD the referene level n e de(ned for given initil stte x 0 y referene or seline poliy U 0 F hen ording to eqution @IWAD we hve v = V (x 0 , U 0 )D nd the gol is then to (nd lterntive poliies tht lower vulnerilityD eFgF mong set of prede(ned poliy optionsF e poliy tht sueeds in lowering vulnerility my e lled dptive @vuers et lFD PHHQAD nd one tht inreses it my then e lled mldptive @furtonD IWWUY mit et lFD PHHHAF 3 Application 3.1 A simple lake eutrophication problem e illustrte the proposed frmework with the disreteEtime lke eutrophition model y grpenter et lF @IWWWA @gWW therefterAF sn wht followsD the stte t stge t is x(t) = (P (t), L(t))D nd it is ssumed tht eh stge represents yerF P (t) is the phosphorus @hA onentrtion in the lke t the end of yer tD nd L(t) is the exess h from humn tivities during yer tF ell vriles re dimensionlessD nd the disreteEtime evolution of the stte redsX    P (t + 1) = P (t) + [L(t) + u(t)] e w(t) -bP (t) + P (t) q 1 + P (t) q L(t + 1) = L(t) + u(t) @PHA iqution @PHA orresponds to the se from gWW with stohsti inputsF he ontrol is u(t)D nd hoosing its vlue mounts to new deision on stte L(t)F heisions onerning phosphorus use in humn tivities my only e mde every Y yersD so s to represent inerti in deisionEmking @eFgFD institutionl inertiAF henD ny vlue n e hosen etween 0 nd L max whih represents the vlue of L eyond whih frmers nd other h users no longer hve n inentive for using more h in griultureF pormlly spekingD this mounts to hoosing the set of ville ontrols U a (t, L) s followsX

U a (t, L) = [-L, L max -L] if ∃k ∈ N, t = k.Y {0} otherwise @PIA
nertinty is represented y w(t)F husD eqution @PHA orresponds to the formultion x(t + 1) = f (t, x(t), u(t), w(t)) from eqution @IAF h input into the lke is L(t)e w(t) Y it is stohsti euse the soil stores h nd ts s u'erF w(t) is reliztion of rndom vrile with tudent distriutionD with stndrd devition σ d nd df degrees of freedom @dofAY the pdf of w(t 1 ) nd w(t 2 ) t ny two stges t 1 nd t 2 re independent nd identilly distriutedF he prmeter b determines how fst h is eliminted in from the lkeD for exmple s out)owF sn wht followsD we set T = 100D nd ssess vulnerility from hrm over the future period when expressing eologil hrm h el (P ) nd eonomi hrm h en (L)X

h el (P ) = P 2 @PPA h en (L) = 4 L max (L max -L) 2 @PQA henD singleEstge hrm h(t, x) is sttionryD so tht it is more simply noted h(x)D nd it is expressed s the weighted sum of eologil hrm h el (P ) nd eonomi hrm h en (L)X h(x) = λh el (P ) + (1 -λ)h en (L) @PRA
where λD omprised etween 0 nd 1D weighs eologil hrm with respet to eonomi hrmY it is mens to explore potentil trdeEo's etween oth soures of hrmD nd if nd how their reltive importne 'ets deisionEmkingF goe0ients in equtions @PPA nd @PQA hve een djusted from gWW so s to set oth qudrti hrm funtions h el nd h en on n equl footingD whih filittes the nlysis of trdeEo's etween vulnerility souresF his is why h el nd h en hve omprle shpe weightsX they rnge from 0 to 4 over the respetive intervls for P nd LF yne singleEstge hrm hs een de(nedD it is used to ompute hrm over the lke9s possile IQ trjetories XF his pplition fouses on two of the wys proposed in etion PFQ to ggregte singleEstge hrm vlues over horizonF yn one hndD it uses totl ost H S (X) de(ned in eqution @RAD the sum of singleEstge ostsF yn the other hndD hrm is ssessed s the ft of leving region de(ned y singleEstge hrm threshold h(x)= 1F ith the onventions from equtions @TA nd @SA respetivelyD we de(ne the onstrint set K 1 thnks to this thresholdD then the inry hrm funtion H 1 (X) whih vlue is 1 if the threshold is rossed t some point during the trjetoryD nd 0 otherwiseF pigure P provides (rst illustrtion of the onsequenes of the hoie of the weight λ lning eologil nd eonomi hrmF ghoosing λ nturlly 'ets singleEstge hrm for eh stte ut eyond thtD λ longside the dynmis determine whih poliy hoies re mdeF por given vlue of LD P onverges towrds stle ttrtorD suh ttrtors eing represented y the ontinuous linesF he ontinuous line for whih h onentrtion is low orresponds to n oligotrophi lkeD wheres the line for whih it is high orresponds to eutrophi lkeF he existene of two stle ttrtors for some vlues of L mkes eutrophition di0ult to reverseF sndeedD there n e n oligotrophi lke for L= 0.07 for instneD ut if for some reson the system were to tip towrds eutrophi stteD then L would hve to e lowered elow 0.05 for some time to reover the lke9s eologil helthD hurting the eonomy in the proessF sn se (a) where λ = 0.5D ttrtors with lowest singleEstge hrm re with moderte vlues of L nd low vlues of P F hey re lso the only ttrtor in the onstrint setF hereforeD trjetories X tht remin round these ttrtors would fre well when evluted oth y the totl hrm funtion H S (X) nd the inry hrm funtion H 1 (X)F iven though it lso tkes into ount eonomi interestD λ = 0.5 promotes poliies tht keep the lke oligotrophiF fy ontrstD se (b) where λ = 0.2 puts muh hevier weight on the eonomyD nd it is hoie tht orresponds to poliies promoting high level of h emissionsF hese poliies led to eutrophitionD yet orresponding trjetories hve good performne when evluted y oth H S nd H 1 F 3.3 Vulnerability analysis of lake eutrophication pigure P only provides rule of thum out the poliies tht my e implemented to re)et the hoie of λF ulnerility inditors enle quntittive evlution of the impt of di'erent prmetersD nd they tke into ount how the unertin dynmis my 'et the system9s trjetoryF ine ontrol is hosen to determine L(1) independently of the initil vlue L 0 D vulnerility only depends on initil phosphorus onentrtion P 0 nd on the hosen poliyF he reminder of etion Q is to evlute the impt of the weight λ on oth ented poliies nd the resulting vulnerilityF he rnge for λ is from 0 to 1Y it is explored with resolution of 0.05F por given vlue of λD two types of vulnerility inditors re eing usedF yn one hndD V E H S (P 0 , U ) de(ned in eqution @IIA is the expeted vlue of the ost funtion H S (X) long lke trjetory XF e lso de(ne eologil nd eonomi vulnerilityD respetivelyD s the expeted vlue of the sum of singleEstge eologil nd eonomi hrm long trjetoryF xoting V el (P 0 , U ) eologil vulnerility IR pigure PX ingleEstge hrm for (a) λ = 0.5 nd (b)D λ = 0.2F he set K 1 nd ttrtors of the dynmi for b = 0.55 re lso representedF he ontinuous lines re stle ttrtors while the dotted line represents the unstle onesF IS nd V en (P 0 , U ) its eonomi ounterprt yieldsX

V el (P 0 , U ) = E 100 t=1 h el (P ) @PSA V en (P 0 , U ) = E 100 t=1 h en (L) @PTA
V el nd V en re vulnerility inditors euse they respetively ggregte singleEstge eologil nd eonomi hrmD (rst over whole time frme [0, T ]D then over ll possile senriosF V E H S (P 0 , U ) is the sum of oth inditorsX

V E H S (P 0 , U ) = V el (P 0 , U ) + V en (P 0 , U ) @PUA
es indited in etion PFSFPD the vulnerilityEminimizing poliy is found y hF e will note U * c the poliy tht minimizes expeted ost V E H S (P 0 , U )F ht optiml poliy is determined y the suessive deisions out L(t) depending on P (t) t stges when deisions re tkenD nd it is dependent on the hosen vlue of λ @pigure QFAF here re two types of optiml deisionsF por low vlues of λD hevy emphsis on limiting eonomi vulnerility leds to deisions whih enle high h inputs into the lke no mtter the vlue of P F es onsequeneD eonomi vulnerility is low while eologil vulnerility is lose to mximl @pigure QFAF o the ontrryD for vlues of λ ≥ 0.4 deisions prioritize the eologil integrity of the lkeD nd only permit hEproduing tivities s long s tht integrity is not thretenedF his leds to high eonomi vulnerility ut low eologil vulnerility ! nd sine eutrophition is di0ult to reverseD initil h onentrtion P 0 hs n in)uene on vulnerilityF λ = 0.35 is ritil vlueD for whih the urrent @initilA stte of the lke determines future deisionsF his trdeEo' etween eologil nd eonomi vulnerilities V el nd V en is inesple sine pigure QF fetures reto frontD whih mens tht for the vlues of P 0 D it is impossile to redue oth V el nd V en elow ny of the vlues given y the frontsF yn the other hndD this pplition uses V 0 H1 (P 0 , U ) de(ned y eqution @IRAD whih is the proE ility of rossing the threshold of hrm h(P (t), L(t)) = 1F eginD h yields the miniml proility of rossing tht thresholdD nd U * τ is orresponding poliyF sts e'ets n e ompred to tht of poliy U * c yielding the miniml expeted ost @pigure RAF es expetedD U * τ outperforms U * c with reE spet to vulnerility inditor V 0 H1 (P 0 , U ) @pigure RFAF gonverselyD U * c outperforms U * τ with respet to vulnerility inditor V E H S (P 0 , U ) @pigure RFAX there is trdeEo' etween respeting the singleE stge hrm threshold of 1D nd minimizing the expeted ostF por oth inditors nd oth poliiesD lower vulnerility is otined y onveniently forgoing either eologil @λ lose to 0A or eonomi @λ lose to 1A vulnerilityD thn y (nding ompromise poliies tht tke oth vulnerility soures into ountF por given vlue of λD U * τ tends to led to the implementtion of more eologilly onservtive poliies thn U * c D euse suh poliies lower the risk tht exeptionl vlues of w(t) use the h dynmis to drive the system through the threshold h(t, x) = 1F hey yield high vlues of the expeted ost V E H S (P 0 , U ) euse eonomi vulnerility is very highD so tht trdeEo's re etween respeting the singleEstge hrm threshold of 1D nd eonomi vulnerilityF IT pigure QX por di'erent vlues of λ in the se se b = 0.55D Y = 10D nd vulnerility inditor V E H S (P 0 , U * c )F (a) heisions @hoies of L(t) s funtion of P (t) every Y yersA optimlly re)eting preferenes nd (b) reto front of eologil vsF eonomi vulnerility for di'erent vlues of P 0 F IU pigure RX gomprison of poliies U * c nd U * τ depending on λ for P 0 = 0.3D regrding their e'ets on @A the proility V 0 H1 (P 0 , U ) of rossing the hrm threshold K 1 D nd @A the expeted ost V E H S (P 0 , U )F

Change in the lag Y between two controls

e redution of the lg Y etween two ontrols my re)et improved system monitoring nd governneF st is expeted to enle the implementtion of etter optiml poliies with respet to given inditorF pigure S shows how the optiml poliy for the totl expeted ost V E H S (P 0 , U ) is impted y this redution t P 0 = 1F he totl ost is only redued λ = 0.4 nd oveD rnge where poliy deisions prioritize keeping the lke in ler wter stteF sn tht rngeD the greter prt of vulnerility is eonomi @pigure QAD so tht vulnerility redutions essentilly orrespond to redutions in eonomi vulnerilityF hereforeD when poliies prioritize lke onservtionD h onsumers tht rejet exess h into the lke ene(t from more retive poliyEmkingF gonverselyD if poliies prioritize eonomi interests t the expense of lke eologyD more retive poliyEmking is inonsequentil for V E H S (P 0 , U )D nd the vritions in eonomi vulnerility V en oserved for λ < 0.4 re insigni(ntD euse V en is lose to 0F

Change in Ph outow parameter b

qlol hnge n potentilly 'et lke in numer of wys @eFgF feklioglu et lFD PHHUY hindler et lFD PHHVY teppesen et lFD PHHWAF his setion fouses on the impts of possile modi(tions of the rinfll regimeF vower preipittion my 'et the out)ow from the lkeD whih lowers h out)ow bD ut lso the h inputs if it is ompnied of rinfll events of lower intensity @hindler et lFD PHHVAF roweverD h is disproportiontely relesed from the soil into the lke y importnt runo' events @hrpley et lFD PHHVY odríguezEflno et lFD PHIQAD nd more extreme preipittion is expeted @teppesen et lFD PHHWAD so tht more extreme events my lne the lower quntity of he proposed forml frmework for vulnerility is ment to ommodte wide rnge of (eldE or seEspei( de(nitionsD sine it relies on the lrgest possile de(nition of the term s mesure of possile future hrmF st uses disreteEtime stohsti ontrolled dynmil system representtion whih is wellEsuited to the de(nition of vulnerility nd relted onepts through suessive strE tionF trting from oneEstep disreteEtime dynmisD (rst strtion through ggregtion over period [0, T ] leds to the de(nition of hrm over trjetoryF henD seond strtion ggregtes hrm vlues over ll trjetories into vulnerility inditorsF pinllyD third strtion onsists in hoosing poliy tht is pproprite in the sense tht it minimizes or limits the hosen vulnerility inditorF ixmples show how the frmework pplies to vriety of inditorsD s lso illustrted PI y simple se of lke eutrophitionF his pplition lso showses how this frmework is lso pproprite to disuss the trdeEo's tht my exist etween soures of vulnerility in mny systemsF he reminder of this setion is to disuss how the proposed formliztion reltes to vrious topis enountered in the literture nd relted to the onept of vulnerilityF he proposed perspetive ssumes tht the proility distriution of the senrios W is knownF sn relityD mjor hzrd events re y de(nition extreme nd rreD so tht the estimtion of their return period n e very unertin nd hevily dependent on the pdf used to pproximte them @istevesD PHIQAY nd it hs een shown tht providing suh estimtes is fr more perilous in the ontext of hnging limte @pelii et lFD PHHUDAF sn generlD mny uthors knowledge tht the proility of ourrene of some hzrds nnot e qunti(edD nd they then qulify s unknown unknowns @wnson et lFD PHIHY fek nd uroppD PHIIAD unertinty nd surprise @polke et lFD PHHPD PHHRY edger et lFD PHHSAD or s unomputle unertinty @grpenter et lFD PHHVAF imilr to etion QFSD vulnerility to suh hzrds n e qunti(ed y ompring vulnerility in their presene to vulnerility in their seneF ixploring the onsequenes from the ourrene of extreme events then flls under the umrell of senrio plnning @ellen et lFD PHIIY go nd hompsonD PHIPAD euse the proposed frmework enles ssessing vulnerility to events de(ned y suh senriosF he pplition to lke eutrophition shows how vulnerility inditors n e dept t desriing trdeEo's etween vulnerility souresD eFgFD eologil nd eonomiF his reltes to the ide tht reduing vulnerility to some stressors or shoks in some prt of system my e t the expense of inresing vulnerility to other stressors or other shoks in some other prt of the sme systemF his my seem reltively strightforwrd when investigting eologil vsF eonomi vulnerility in the simple se of etion QD ut in some ses the negtive impts of reduing vulnerility to ertin wellEidenti(ed shoks my e felt ross di'erent spe or time sles @enderies nd regmonD PHIIY odriguez et lFD PHIIY hoon et lFD PHIIAF uh e'ets hve een studied under the nme of roustnessEvulnerility trdeEo'sD wherey inresing roustness to set of shoks n inrese vulnerility to nother set of shoks @enderies et lFD PHHUAF he ide tht redued vulnerility somewhere in system often omes t prie is ll for integrted ssessmentD s it enourges one to understnd nd ssess wht this prie is efore implementing shortsighted poliiesF he literture on roustnessEvulnerility trdeEo's is lso relted to roust ontrol @hoyle et lFD IWWHY hou nd hoyleD IWWVA where feedks re designed to mke vlued property of system roust to given set of shoksF imilrlyD this pper links vulnerility with nother rnh of ontrol theoryX viility theory @euinD IWWIY he vr nd hoyenD PHHVAD whih in its stohsti versionD lso ims t designing dptive feedk poliies to void the rossing of thresholdF hese links re nturl sine ontrol theories n relte to poliy designD nd their use must e kept in mind when de(ning poliyE relevnt inditorsF fesidesD onfronttion of vulnerilityErelted onepts with methods nd notions from suh theories is promisingF por instneD the stohsti viility kernel @hoyen nd he vrD PHIHA is the set of initil sttes suh tht the proility of rossing threshold during given period is elow set numerF st hs een used in the de(nition of onepts suh s roustness nd resiliene @wrtinD PHHRY he'unt nd qilertD PHIIY ougé et lFD PHIQAF ome frmeworks @eFgF urner ss et lFD PHHQA rther use the onept of resiliene to desrie the pity of system to ope nd dptF sn relityD resiliene in its own is longEstnding onept @rollingD IWUQAD whih hs given wy to lrge PP ody of literture in mny (elds @frnd nd txD PHHUAF ulnerility nd resilieneD due to their distint disiplinry originsD oneptul enter of interestsD nd methodologil pprohesD seem to e strongly omplementry onepts @willer et lFD PHIHAF fesidesD this work drws strong onnetions etween vulnerility nd eonomi nlysesD eyond the poverty literture ited erlier onF husD singleEstge hrm my in generl e de(ned s the ontrry of utility funtionD suh s in the lke eutrophition se @QFPAF woreoverD some inditors given s exmples throughout this work hve eonomi interprettionsF ixpeted ost V E H S is selfEexplntory in tht regrdD ut the proility V 0 H θ of rossing threshold is relted to soElled eonomi viility nlysis @eFgF hoyen et lFD PHIPAD nd V β H de(ned y eqution @ITA de(nes wht is lled vlueEtEriskD term oming from the eonomis nd (nne literture nd pplied to environmentl risk nlysis @ey et lFD PHHUAF pinllyD etions P nd Q show omplimentry spets of the reltionship etween vulnerility nd dptive pityF vuers et lF @PHHQA de(nes dptive pity s the vulnerility redution used y poliy hngeF es suggested y etion QFRD this hnge n ome from etter hoie mong ville poliiesD ut s illustrted y etion QFRD it n lso spring from hnge in the set of ville poliies ! redution in the lg in deisionEmkingF sn oth ses howeverD the dptive potentil of poliy hnge n only e evluted through proper vulnerility inditorsF yther frmeworks de(ne insted dptive pity sed on its determinnts @ohe nd olD PHHPAD or s the inventory of the resoures tht n e lloted to dpttion @xelson et lFD PHHUY whowell nd ressD PHIPAF hese evlution riteri re omplimentryD sine the former fouses on potentil results while the ltter emphsizes the uses tht mke dpttions possileF edditionllyD it seems relevnt to express dptive pity oth in terms of solute vulnerility redutionD ut lso in terms of reltive derese ! similr to pigure SF 5 Conclusions and perspectives rinkel @PHIIA ontends tht vulnerility inditors re minly (t for identifying who my e vulnerE le nd whereF e dynmil systems perspetive on the mtter my trnsend this grim dignosis y fostering the development of fully dynmi inditors tht expliitly onsider proilisti outomesF hese inditors n inform nd even guide poliy hoiesD so tht they truly re t the interfe etween the representtion of soilEeologil system nd its mngementF purtherD we ontend tht the vulnerility frmework exposed in this pper is helpful regrdless of the existene of dynmil system formultionD for resons enumerted herefterF @IA st ties the de(nition of vulnerility inditors to the de(nition of future trjetories within time frme of interestD s well s tht of ssoited hrm vlues nd ourrene proilitiesF @PA st lri(es the desriptive nd normtive spets of vulnerilityF iven though they ome from models whose omplete ojetivity n inevitly e questionedD trjetories nd their ssoited ourrene proilities re the desriptive prtF essigning hrm vlue to trjetory is the normtive prtF @QA sn ftD the hoie of the type of inditor itself is lso normtiveF sndeedD onlusions on the sme PQ se my e di'erent if the ssessment fouses on vulnerility s expeted ost or onsider the onsequenes of the worst possile trjetoriesF por this resonD study tht uses severl di'erent vulnerility inditors my e more ojetiveF @RA iven in the sene of losedEform dynmisD the sope of vulnerility ssessment is relted to T D the stte spe XD the ville poliies U a (T )D nd the spe Ω of ll senrios W F por instneD this tells whih mngement poliiesD or whih hzrds nd unertinty souresD re eing onsideredF @SA e fully dynmi frmework is prerequisite to integrting the impt of poliies in the ssessment of vulnerility inditorsD so s to understnd how to est ope with given situtionF iven though losed set of equtionsD let lone wy to optimize the implemented poliyD my not e ville often in prtieD it should e kept in mind tht implemented poliies nd dptive tions dynmilly in)uene vulnerilityF PR A Probabilistic assumptions vet us ssume tht t eh stgeD w(t) ∈ R q D so tht the senrio spe Ω is suset of (R q ) T D sine senrio W is the (T + 1)-uplet (w(0), w(1), . . . , w(T ))F he (rst proilisti ssumption is to ssume tht Ω is equipped with σE(eld σ(Ω) nd proility PF husD the triplet (Ω, σ(Ω), P) is proility speF he seond ssumption onsists in the possiility to de(ne mesurle nd integrle proility distriution funtions @pdfA over this proility speF eny pdf introdued in this work will e ssumed to e mesurle nd integrleF B Viability maximization sn wht followsD for simpliity we disretize the stte spe into disrete set whih we note X d F husD we n de(ne the trnsition proility from ny stte x to ny stte y given the ontrol uF e note this funtion p(x, y|u)F vet us hve K θ (t) s de(ned in eqution @TAD h works using vlue funtion G whih is initilized t the (nl dte T D then reursively updted kwrds from T to the initil dte 0F snitiliztion redsX 

G(T, x) = 1 if x ∈ K θ (T ) 0 if x / ∈ K θ (T ) @PVA

  [1, T ]F rmeter vlues re from pigures 11D 12 nd 14 from gWWD nd re summrized in le PY the intervl of the prmeters for the seline se of etion QF for P is hosen so ll h dynmis re representedF P nd L re disretized over gridD with resolutions ∆P = 0.01 nd ∆L = 0.001F h hs een proved to e the min induer of lke eutrophition @hindlerD PHHTY hindler et lFD PHHVAF e lerEwter lke is lled oligotrophiD nd it generlly hs highEqulity wter s well s helthy eosystemF iutrophition lowers the vlue of eosystem servies from lkeD impiring wter qulity s well s tivities suh s (shing or reretionF hereforeD h inputs must e ontrolled to void eologil degrdtion of lkes @grpenterD PHHVAF e lke must e mnged to lne hE produing eonomi tivities with its eologil preservtionF hese trdeEo's re mde expliit through hrm funtionsF3.2 Trade-os in harm evaluationsn the model from gWWD hrm is ssoited with IA eing limited in the quntity of h tht n e used for eonomi tivities nd PA the presene of h in the lkeF e hoose to reuse the qudrti utility funtions from iqutions (4) nd (5) from gWWD sine 1) qudrti utility funtions re simple exmples of onve utility funtionsD nd 2) singleEstge hrm funtions n e seen s the opposite of @singleEstgeA utility funtionsF roweverD ompred to gWWD we use di'erent numeril oe0ients

  totl preipittion when it omes to relesing h into the lkeF es resultD we simply explore the onsequenes of shift in bD nmely 10% dereseF hereforeD the rest of this setion sssumes IV pigure SX erentge of vulnerility redution y reduing the lg Y etween two ontrolsD from Y = 10F por P 0 = 1 (a) totl vulnerilityD (b) eologil vulnerility only nd (c) eonomi vulnerility onlyF IW pigure TX me s pigure Q ut with h lke out)ow b = 0.495F b = 0.495F ell else is the sme s in etion QFQ nd in prtiulrD the lg Y is 10F ith b = 0.495D ttrtors hnge nd eutrophition is now irreversile @pigure TFAF sndeedD there is no vlue of L(t) for whih the only ttrtor hs low h onentrtionD therefore the lke is poised to remin lose to eutrophi ttrtor fter it gets ner oneF es resultD there re two types of deisions in pigure TFF por low vlue of λ @< 0.3AD preferene for eonomi outomes leds to deisions tht mke the lke eutrophiF his is similr to the seline se b = 0.55D with the exeption tht this deision now eomes irreversileF por λ = 0.35 nd higherD deisions im t keeping the lke in lerEwter stte s long s this is possileY otherwiseD they hoose eutrophi ttrtor tht re)ets the hoie of λF he higher λD the higher the priority on the lke9s eologil helthD nd the more utious the hosen poliy for low vlues of P (t)F rtil onsequenes of irreversile eutrophition lso trnsltes into trdeEo's etween eologE PH pigure UX gomprison of eologil vulnerility V el nd eonomi vulnerility V en with b = 0.55 nd b = 0.495D under the optiml poliy U * c for the inditor V E H S (P 0 , U )F por P 0 = 0.3D nd di'erent vlues of λF il nd eonomi vulnerility tht re di'erent for b = 0.55 @pigure QFA nd b = 0.495 @pigure TFAF hile in the former seD there ws only quntittive dependene of the reto pront on the initil h onentrtion P 0 D in the ltter seD there is qulittive di'erene for high vlues of P 0 F ine the lke is then ound to eome nd sty eutrophiD there is no poliy gurnteeing low eologil vulnerilityF yne n lso ssess the onsequenes of b = 0.495 in omprison with b = 0.55D for instne for P 0 = 0.3 @pigure UAF hen for b = 0.495D eologil vulnerility V el nd eonomi vulnerility V en n e deomposed into two entitiesF yn one hndD there is vulnerility with b = 0.55D whih orresponds to vulnerility efore the hnge in b oursF yn the other hndD dditionl vulnerility n e interpreted s vulnerility to the hnge in bF husD vulnerility to spei( event my e omputed y ompring the vlue of vulnerility inditor efore nd fter tht eventF 4 Discussion

  vr @PHIHA prove tht G(0, x) is the mximl proility for the system to remin within K θ (t) t ll dtes during [0, T ]F PT References edgerD FxFD PHHTF ulnerilityF qlol invironmentl ghnge ITD PTV!PVIF edgerD FxFD ruguesD FFD polkeD gFD grpenterD FFD okströmD tFD PHHSF oilEeologil resiliene to ostl disstersF iene QHWD IHQT!IHQWF ellenD gFFD pontineD tFtFD opeD uFvFD qrmestniD eFFD PHIIF edptive mngement for turulent futureF tournl of invironmentl wngement WPD IQQW!IQRSF enderiesD tFwFD regmonD wFD PHIIF oustness nd resiliene ross slesX wigrtion nd resoure degrdtion in the prehistori uFsF southwestF iology nd oiety ITF PPF enderiesD tFwFD odriguezD eFeFD tnssenD wFeFD gifdlozD yFD PHHUF nesD unertintyD nd the roust ontrol frmework in sustinility sieneF roeedings of the xtionl edemy of iene IHRD ISIWR!ISIWWF euinD tFFD IWWIF iility heoryF firkhäuserD fostonF fliD FD opesuD sFD feeversD vFD rightD xFD PHIQF rmetri nd physilly sed modelling tehniques for )ood risk nd vulnerility ssessmentX e omprisonF invironmentl wodelling 8 oftwre RID VR ! WPF fekD qFD uroppD gFD PHIIF snfrstrutures of riskX mpping pproh towrds ontroversies on risksF tournl of isk eserh IRD I!ITF fekliogluD wFD omoD FD uglouD sFD uintnD FD féresD iFD PHHUF tte of the rt in the funtioning of shllow mediterrnen lkesX workshop onlusionsF rydroiologi SVRD QIU!QPTF fénéD gFD ivnsD vFD willsD hFD yvieD FD jiD FD (dD eFD uodioD eFD inD pFD worndD FD vemolleD tFD endrewD xFD PHIIF esting resiliene thinking in poverty ontextX ixperiene from the niger river sinF qlol invironmentl ghnge PID IIUQ!IIVRF fénéD gFD oodD FqFD xewshmD eFD hviesD wFD PHIPF esilieneX xew topi or xew yrnnyc e)etion out the otentils nd vimits of the gonept of esiliene in eltion to ulnerility edution rogrmmesF sh orking per RHSF snstitute of hevelopment tudiesF firkmnnD tF @idFAD PHHTF wesuring vulnerility to nturl hzrdsF nited xtions niversity ressD okyoF frndD pFFD txD uFD PHHUF pousing on the mening@sA of resilieneX esiliene s desriptive onept nd oundry ojetF iology nd oiety IPF furtonD sFD IWWUF ulnerility nd dptive response in the ontext of limte nd limte hngeF glimti ghnge QTD IVS!IWTF grpenterD FFD PHHVF hosphorus ontrol is ritil to mitigting eutrophitionF roeedings of the xtionl edemy of iene IHSD IIHQW!IIHRHF PU grpenterD FFD polkeD gFD he'erD wFD estleyD pFD PHHVF esilieneX eounting for the nonomE putleF iology nd oiety IRF IQF grpenterD FFD vudwigD hFD frokD FeFD IWWWF wngement of eutrophition for lkes sujet to potentilly irreversile hngeF iologil epplitions WD USI!UUIF ghristiensenD vFtFD foisvertD FxFD PHHHF yn mesuring household food vulnerilityX gse evidene from northern mliF heprtment of egriulturlD esoureD nd wngeril ionomisD gornell niversityD sthD xew orkF goD eFxFD hompsonD tFvFD PHIPF glimte hnge senrio plnningX e model for the integrtion of siene nd mngement in environmentl deisionEmkingF invironmentl wodelling 8 oftwre QVD PWT!QHSF gostD vFD uroppD tFFD PHIPF vinking omponents of vulnerility in theoreti frmeworks nd se studiesF ustinility iene VD I!WF he vrD wFD hoyenD vFD PHHVF ustinle wngement of xturl esouresF pringerEerlgD ferlinF he vrD wFD wrtinetD FD PHHWF wultiEriteri dynmi deision under unertintyX e stohsti viility nlysis nd n pplition to sustinle (shery mngementF wthemtil fiosienes PIUD IIV!IPRF he'untD qFD qilertD xF @idsFAD PHIIF iility nd resiliene of omplex systemsF uluwer edemi ulishersD vondonF hoyenD vFD fénéD gFD PHHQF ustinility of (sheries through mrine reservesX roust modeling nlysisF tournl of invironmentl wngement TWD I!IQF hoyenD vFD he vrD wFD PHIHF tohsti viility nd dynmi progrmmingF ystems nd gontrol vetters SWD TPW!TQRF hoyenD vFD héudD yFD fénéD gFD wrtinetD FD qourguetD FD fertignD wFD pifsD FD flnhrdD pFD PHIPF e stohsti viility pproh to eosystemEsed (sheries mngementF iologil ionomis USD QP!RPF hoyleD tFD prnisD fFD nnenumD eFD IWWHF peedk ontrol heoryF wmilln ulihing goF ikinD rFD vuersD eFvFD PHHTF essessing the vulnerility of soilEenvironmentl systemsF ennul eview of invironment nd esoures QID QTS!QWRF istevesD vFFD PHIQF gonsequenes to )ood mngement of using di'erent proility distriutions to estimte extreme rinfllF tournl of invironmentl wngement IISD WV!IHSF peliiD wFD vuriniD FD pernzD eFD itoloD FD PHHUF ixtreme vlue sttistis of the totl energy in n intermediteEomplexity model of the midltitude tmospheri jetF prt iX ttionry seF tournl of the etmospheri ienes TRD PIQU!PISVF PV peliiD wFD vuriniD FD pernzD eFD itoloD FD PHHUF ixtreme vlue sttistis of the totl energy in n intermediteEomplexity model of the midltitude tmospheri jetF prt iiX rend detetion nd ssessmentF tournl of the etmospheri ienes TRD PISW!PIUSF polkeD gFD grpenterD FD ilmqvistD FD qundersonD vFD rollingD gFFD lkerD fFD fengtssonD tFD ferkesD pFD goldingD tFD hnellD uFD plkenmrkD wFD qordonD vFD uspersonD FD uutskyD xFD uinzigD eFD vevinD FD wälerD uFqFD pFwoergD yhlssonD vFD ylssonD FD ystromD iFD eidD FD okströmD tFD venijeD rFD vedinD FD PHHPF esiliene nd ustinle hevelopmentX fuilding edptive gpity in orld of rnsformtionsF ehnil eportF ienti( fkground per on esiliene for the proess of he orld ummit on ustinle hevelopment on ehlf of he invironmentl edvisory gounil to the wedish qovernmentF polkeD gFFD grpenterD FD lkerD fFD he'erD wFD ilmqvistD FD qundersonD vFD rollingD gFFD PHHRF egime shiftsD resilieneD nd iodiversity in eosystem mngementF ennul eview of iologyD ivolutionD nd ystemtis QSD SSU!SVIF posterD tFD qreerD tFD horekeD iFD IWVRF e lss of deomposle poverty mesuresF ionometri SPD UTI!UTTF puhsD FD PHHWF useptiility versus resiliene to mountin hzrds in ustri E prdigms of vulnerE ility revisitedF xturl rzrds nd irth ystem ienes WD QQU!QSPF qllopínD qFgFD PHHTF vinkges etween vulnerilityD resilieneD nd dptive pityF qlol inviE ronmentl ghnge ITD PWQ!QHQF qiupponiD gFD qioveD FD qinniniD FD PHIQF e dynmi ssessment tool for exploring nd ommuniE ting vulnerility to )oods nd limte hngeF invironmentl wodelling 8 oftwre RRD IQT ! IRUF hemti sssue on snnovtive epprohes to qlol ghnge wodellingF rshimotoD FD tedingerD tFFD vouksD hFFD IWVPF eliilityD resilienyD nd vulnerility riteri for wter resoure system performne evlutionF ter esoures eserh IVD IR!PHF rinkelD tFD PHIIF inditors of vulnerility nd dptive pityX owrds lri(tion of the sieneEpoliy interfeF qlol invironmentl ghnge PID IWV!PHVF roddinottD tFD uisumingD eFD PHHQF wethods for miroeonometri risk nd vulnerility ssessmentsF oil rotetion hisussion per QPRF shington hgX orld fnkD oil rotetion nit rumn hevelopment xetworkF rollingD gFFD IWUQF esiliene nd stility of eologil systemsF ennul eview of iologyD ivolutionD nd ystemtis RD I!PQF sonesuD gFD uleinD FD rinkelD tFD uumrD uFuFD uleinD FD PHHWF owrds forml frmework of vulnerility to limte hngeF invironmentl wodelling nd essessment IRD I!ITF teppesenD iFD uronvngD fFD weerho'D wFD øndergrdD wFD rnsenD uFwFD endersenD rFiFD vuridsenD FvFD vioriussenD vFD fekliogluD wFD ÖzenD eFD ylesenD tFiFD PHHWF glimte hnge e'ets on runo'D PW thment phosphorus loding nd lke eologil stteD nd potentil dpttionsF tournl of invironmentl ulity QVD IWQH!IWRIF usprzykD tFFD xtrjD FD eedD FwFD vempertD FtFD PHIQF wny ojetive roust deision mking for omplex environmentl systems undergoing hngeF invironmentl wodelling 8 oftwre RPD SS!UIF ujeldsenD FFD osjergD hFD PHHRF ghoie of reliilityD resiliene nd vulnerility estimtors for risk ssessments of wter resoures systemsF rydrologil ienes tournl RWD USS!UTUF vrdyD FD fheletD fFD fellohiD qFD rillD hFD PHIRF owrds vulnerility minimiztion of grsslnd soil orgni mtter using metmodelsF invironmentl wodelling 8 oftwre SPD QV ! SHF vesno'D wFD gorniuxD gFD riernuxD FD PHIPF ensitivity nlysis of the reovery dynmis of ttle popultion following drought in the shel regionF iologil wodelling PQPD PV!QWF viuD gFD qoldingD hFD qongD qFD PHHVF prmers¡ oping response to the low )ows in the lower yellow riverX e se study of temporl dimensions of vulnerilityF qlol invironmentl ghnge IVD SRQ!SSQF vouksD hFFD IWWUF untifying trends in system sustinilityF rydrologil ienes tournl RPD SIQ!SQHF vouksD hFFD vn feekD iFD PHHSF ter esoures ystems lnning nd wngementF xigyF vuersD eFvFD PHHSF he surfe of vulnerilityX en nlytil frmework for exmining environmentl hngeF qlol invironmentl ghnge ISD PIR!PQQF vuersD eFvFD voellD hFfFD klrD vFFD eddmsD gFvFD wtsonD FeFD PHHQF e method for quntifying vulnerilityD pplied to the griulturl system of the yqui vlleyD mexioF qlol invironmentl ghnge IQD PSS!PTUF wrtinD FD vinstädterD eFD prnkD uFD wüllerD fFD PHIRF vivelihood seurity in fe of drought ! ssessing the vulnerility of pstorl householdsF invironmentl wodelling 8 oftwre D !F wrtinD FD PHHRF he ost of restortion s wy of de(ning resilieneX viility pproh pplied to model of lke eutrophitionF iology nd oiety WF wgrthyD tFtFD gnziniD yFpFD veryD xFeFD hokkenD hFtFD hiteD uFF @idsFAD PHHIF glimte ghnge PHHIX smptsD edpttion nd ulnerilityF gmridge niversity ressD gmridgeF wgullohD xFD glndrinoD wFD PHHQF ulnerility nd hroni poverty in rurl sihunF orld hevelopment QID TII!TPVF whowellD tFFD ressD tFtFD PHIPF eessing dpttionX wultiple stressors on livelihoods in the olivin highlnds under hnging limteF qlol invironmentl ghnge PPD QRP!QSPF wendozD FwFD illnuevD iFiFD edemD tFD IWWUF ulnerility of sins nd wtersheds in mexio to glol limte hngeF glimte eserh WD IQW!IRSF QH wenoniD FD erglniD pFD foniD wFFD etriniD FD PHHPF vifelines erthquke vulnerility ssessmentX systemi pprohF oil hynmis nd irthquke ingineering PPD IIWW!IPHVF willerD pFD yshrD rFD foydD iFD homllD pFD fhrwniD FD iervogelD qFD lkerD fFD firkmnnD tFD vn der veeuwD FD okströmD tFD rinkelD tFD howningD FD polkeD gFD xelsonD hFD PHIHF esiliene nd vulnerilityX gomplementry or on)iting oneptsc iology nd oiety ISF IIF woyD FD gohonD tFD eelleD gFD IWVTF e progrmming model for nlysis of the reliilityD resilieneD nd vulnerility of wter supply reservoirF ter esoures eserh PPD RVW!RWVF xelsonD hFFD edgerD FxFD frownD uFD PHHUF edpttion to environmentl hngeX ontriutions of resiliene frmeworkF ennul eview of invironment nd esoures QPD QWS!RIWF pthomEuöhleD wFD ishgD eFD puhsD FD qldeD FD ueilerD wFD PHISF voss estimtion for lndslides in mountin res ! n integrted toolox for vulnerility ssessment nd dmge doumenttionF invironmentl wodelling 8 oftwre TQD IST ! ITWF rryD wFD gnziniD yFD lutikofD tFD vn der vindenD FD rnsonD gF @idsFAD PHHUF glimte ghnge PHHUX smptsD edpttion nd ulnerilityF gontriution of orking qroup ss to the pourth essessment eport of the sntergovernmentl nel on glimte ghngeF gmridge niversity ressD gmridgeD nited uingdom nd xew orkD xD eF eduzziD FD hoD rFD reroldD gFD woutonD pFD PHHWF essessing glol exposure nd vulnerility towrds nturl hzrdsX the disster risk indexF xturl rzrds nd irth ystem ienes WD IIRW!IISWF etersonD qFhFD PHHPF istimting resiliene ross lndspesF iology nd oiety TF IUF restonD fFvFD PHIQF vol pth dependene of uFsF soioeonomi exposure to limte extremes nd the vulnerility ommitmentF qlol invironmentl ghnge PQD UIW!UQPF ivesD pFD entonD wFD euertD FD PHIPF oilEeologil funtions nd vulnerility frmework to nlyze forest poliy reformsF iology nd oiety IUF PIF okströmD tFD plkenmrkD wFD vnnerstdD wFD urlergD vFD PHIPF he plnetry wter drmX hul tsk of feeding humnity nd uring limte hngeF qeophysil eserh vetters QWF odriguezD eFeFD gifdlozD yFD enderiesD tFwFD tnssenD wFeFD hikesonD tFD PHIIF gonfronting mnE gement hllenges in highly unertin nturl resoure systemsX roustnessEvulnerility trdeEo' pprohF invironmentl wodelling 8 essessment ITD IS!QTF odríguezEflnoD wFD odEgstroD wFD odEgstroD wFD PHIQF hosphorus trnsport into strem drining from mixed lnd use thment in glii @nw spinAX igni(ne of runo' eventsF tournl of rydrology RVID IP!PIF ougéD gFD wthisD tFhFD he'untD qFD PHIQF ixtending the viility theory frmework of resiliene to unertin dynmisD nd pplition to lke eutrophitionF iologil snditors PWD RPH!RQQF QI tierD FD hoyenD vFD ihitD wFD PHIHF wodelling trdeEo's etween livestok grzing nd wder onservtion in grsslnd groeosystemF iologil wodelling PPID IPWP!IQHHF ndovlEolisD FD wuinneyD hFgFD vouksD hFFD PHIIF ustinility index for wter resoures plnning nd mngementF tournl of ter esoures lnning nd wngement IQUD QVI!QWHF hindlerD hFFD PHHTF eent dvnes in the understnding nd mngement of eutrophitionF vimnology nd yenogrphy SID QST!QTQF hindlerD hFFD rekyD FiFD pindlyD hFvFD tintonD wFFD rkerD fFFD tersonD wFtFD fetyD uFqFD vyngD wFD usinD FiFwFD PHHVF iutrophition of lkes nnot e ontrolled y reduing nitrogen inputX esults of QUEyer wholeEeosystem experimentF roeedings of the xtionl edemy of iene IHSD IIPSR!IIPSVF hoonD wFD priiusD gFD enderiesD tFwFD xelsonD wFD PHIIF ynthesisX ulnerilityD trpsD nd trnsformtions ! longEterm perspetives from rheologyF iology nd oiety ITF PRF hrpleyD eFxFD uleinmnD FtFeFD rethwiteD eFvFD qurekD FtFD polmrD qFtFD hmidtD tFFD PHHVF hosphorus loss from n griulturl wtershed s funtion of storm sizeF tournl of invironmentl ulity QUD QTP!QTVF mitD fFD furtonD sFD uleinD FD ndelD tFD PHHHF en ntomy of dpttion to limte hnge nd vriilityF glimti ghnge RSD PPQ!PSIF mitD fFD ndelD tFD PHHTF edpttionD dptive pity nd vulnerilityF qlol invironmentl ghnge ITD PVP!PWPF wnsonD hFD frgD FD ylerD FD enemD rFD omrD FD fhdwlD FD xirD FD oyD hFD hrexhgeD tFD PHIHF even tools for reting dptive poliiesF ehnologil poresting nd oil ghnge UUD WPR!WQWF urner ssD fFvFD uspersonD FiFD wtsonD FeFD wgrthyD tFtFD gorellD FFD ghristensenD vFD ikleyD xFD uspersonD tFFD vuersD eFD wrtelloD wFvFD olskyD gFD ulsipherD eFD hillerD eFD PHHQF e frmework for vulnerility nlysis in sustinility sieneF roeedings of the xtionl edemy of iene IHHD VHUR!VHUWF eyD FD edmsonD FD folndD tFD rowlettD FD wetlfeD eFD intdosiD tFD PHHUF he mekong ! pplitions of vlue t risk @vrA nd onditionl vlue t risk @vrA simultion to the ene(tsD osts nd onsequenes of wter resoures development in lrge river sinF iologil wodelling PHID VW!WTF olfD FD rinkelD tFD rllierD wFD fisroD eFD vinkeD hFD sonesuoD gFD uleinD FtFFD PHIQF glrifyE ing vulnerility de(nitions nd ssessments using formlistionF snterntionl tournl of glimte ghnge trtegies nd wngement SD SR!UHF oheD qFD olD FD PHHPF snditors for soil nd eonomi oping pity E moving towrd working de(nition of dptive pityF qlol invironmentl ghnge IPD PS!RHF houD uFD hoyleD tFD IWWVF issentils of oust gontrolF rentie rllF QP

  

  

  

  

  

  por instneD vouks @IWWUA proposes vulnerility inditors y pplying the ove formul for V β H long with hrm funtions H S nd H max F

	2.5 Policy design and vulnerability reduction
	2.5.1 Minimizing vulnerability
	vet us now mke link etween vulnerility nd the design of poliies tht my e devised in order
	to redue or void itF e strightforwrd wy to redue vulnerility is to (nd poliy tht minimizes

itD when this is possileF henD for given vulnerility inditor V H D we serh for poliy U * tht minimizes V H (x 0 , U ) for given initil stte x 0 F hen suh poliy exists D miniml vulnerilityD 3 In practice, the maximum is often taken over a representative subset Ω of Ω, e.g., through discretization IH noted V * H D my e expressed s funtion of the initil stte loneX

  5.2 Examples of vulnerability minimizationhis prgrph presents ses of vulnerility inditors V H for whih stohsti dynmi progrmming @hA is wy to (nd poliy U * F h is n lgorithm tht reursively omputes oth the miniml vlue of vulnerility from stge t to stge T D nd poliy whih leds to tht miniml vlueF st does so y progressing kwrd from the (nl stge to the initil oneF h needs the ssumptionD mde from now onD tht for ny ouple of di'erent dtes t 1 nd t 2 D the rndom vetors w(t 1 ) nd w(t 2 ) re sttistilly independent from eh otherF here exist numer of methods other thn h tht my e more pproprite to spei( situtionsF etD h in prtiulr is mentioned in this work for its ility to (nd poliies tht minimize vulnerility for di'erent types of ommon inditorsD nmely the expeted ost V E H S de(ned y eqution @IIAD nd the proility of rossing threshold of singleEstge hrmD V 0

A notation not to be confused with that for a random variable, generally in bold: X. T
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