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Abstract

Hydrological models are typically calibrated with discharge time series de-
rived from a rating curve, which i§ subject to parametric and structural
uncertainties that are usually neglecteds In this work, we develop a Bayesian
approach to probabilistically represent.parametric and structural rating curve
errors in the calibration of hydrological models. To achieve this, we couple
the hydrological model with the inverse rating curve yielding the rainfall-
stage model that is calibrated/n stage space. Acknowledging uncertainties
of the hydrological.and/the'rating curve models allows assessing their con-
tribution to totaluncertainties of stages and discharges. Our results from a
case study in France indicate that a) ignoring rating curve uncertainty leads
to changes in“hydrological parameters, and b) structural uncertainty of hy-
drological madel dominates other uncertainty sources. The paper ends with
discussing key ¢hallenges that remain to be addressed to achieve a meaningful
quantification of various uncertainty sources that affect hydrological model,
as including input errors.
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1. Introduction

1.1. The importance of rating curve uncertainty in hydrological modeling

Flood risk analysis relies on estimates of hydrological models and-associ-
ated uncertainty [1, 2, 3]. This uncertainty results mainly from four dempo-
nents: (i) parametric uncertainty of the hydrological model, (ii) itsylimited
approximation of the catchment hydrological processes (model structural er-
ror), (iii) uncertainty in external model inputs (typically rainfall, tempera-
ture or evapotranspiration), and in (iv) output calibration data (typically
discharge series) [4, 5, 6, 7, 3, 8, 9].

Among these four uncertainty contributors, input errors are considered to
be one of the major uncertainty sources in hydrological niodels [10, 11, 12, 3]
and thus more research has been devoted to“investigate their effect on hy-
drological predictions than the effect of outputsuncertainty. Hence, different
techniques have been proposed to represent input uncertainty which include
a rainfall multiplier approach [10, 11, 13, 3]Jwan addition to the bias [14, §],
or a more advanced stochastic description|[15]. All of these studies, however,
indicated that the inclusion of input, errors raises several challenges. First,
the computational cost is much higher‘than with traditional calibration. But
even more importantly, substamtial difficulties arise from the interaction be-
tween input errors and other uncertainty components. For instance, Renard
et al. [6] discussed the challenge of identifying both input and structural
errors; similarly, Del Giudice et al. [15] reported difficulties in distinguish-
ing between différent observational errors (input and output) if they have
similar properties, i.e,; are systematic. Hence, in this study we do not de-
scribe input erxors explicitly, to be able to focus entirely on the effect of
output uncertainty (due to the rating curve) on calibration and prediction
of a hydrological model. Input errors will be implicitly encompassed in the
structural eérror of the hydrological model.

As opposed to input errors, less attention has been given to the output
uncertainty which is often assumed to be relatively small in comparison to the
other three parts and thus has been evenly neglected in uncertainty analysis
frameworks [16, 17]. Such a strong assumption might be justified for a direct
measurement of discharge, for which measurement errors of 5% on average
could be assumed [18, 19]. For practical applications, however, measuring
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discharge continuously becomes impossible [20, 21]. Instead, a measure of dis-
charge is obtained from an observed stage using a stage - discharge relation-
ship (called rating curve) [22, 23]. This relationship needs to be established
at a hydrometric station with few direct (discrete) measurements of gaug-
ing pairs (stage and discharge) [18]. Using pre-established rating curves to
compute discharges therefore allows deriving continuous quasi-observed dis-
charge series [22, 23], which next serve for calibration of hydrologi¢al medels
[24, 25].

Awkwardly, these computed discharge series are often communieated to
modellers or practitioners without any uncertainty statement [22y26]. It is
however clear that such estimated discharge series contain several errors. It
has been reported in literature that although these, errors are on average
about 3 — 6% of an estimated value, they may increase.to/about 20% under
poor measurement conditions [27], and to more‘than 25% outside the range
of measured stage-discharge pairs [16, 28]. However;-the level of these errors
is case-specific [29] and results from many sources: measurement errors of
gauging pairs (instrumental errors, measurement technique), temporal shifts
in the rating curve (unstable stream channél due to vegetation, bank erosion,
sediment deposition, ice jams, etc.), transient hydrological conditions during
measurement of gauging pairs, hysteresis effect, and rating curve parametric
and structural uncertainties [12, 30y 31, 26, 32].

All these errors affect/calibration of the hydrological model and have
serious implications fordise¢harge simulations [12, 26, 23|, flood frequency
analysis [33, 34, 35]«and"for regionalization of model parameters [36]. As
these errors are often met/explicitly considered in uncertainty estimation,
their effect on discharge uncertainty cannot be quantified. Moreover, when
fully neglected, the uncertainty caused by rating curve errors may be wrongly
attributed’to other uncertainty source(s), leading to biased estimates that
might bé misunderstood by practitioners [35]. Given the above considerations
and the number of studies dealing with calibration of hydrological models
based,on such quasi-observed discharge series, an accurate assessment of
the rating curve uncertainties and their impact on the hydrological model
becomies essential for flood risk assessment and management.

1.2. Ezxisting approaches to describe rating curve uncertainty

Although a number of recent studies have investigated different aspects
of rating curve uncertainties [20, 22, 37, 24, 38, 30, 39|, the contribution
of the rating curve to the uncertainty in hydrological simulations has not
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been assessed systematically so far. In many uncertainty frameworks, rating
curve errors are either not explicitly represented or are combined with other
error sources. For instance, a common practice in uncertainty analysis is
to pool all uncertainties (apart from parametric uncertainty but including
rating curve uncertainty) into a lumped error term, which properties teed
to be mathematically described [40]. We call the latter approach when only
parametric and structural errors of hydrological model are represented, and
the model is calibrated against discharges computed from rating curves as
a standard uncertainty estimation approach. Another possible‘selution is
mapping all uncertainty sources (including rating curve erfors) tojparameter
uncertainty as in the original GLUE (generalized likelihood uncertainty esti-
mation) methodology [41]. Further developments allowedsto relate ”limits of
acceptability” with the rating curve uncertainty, although the need to extend
these limits to account for other error sources (input ertors in particular) was
recognized [42]. Other approaches allow distinguishing input and structural
errors [43, 11]. However, they don’t explicitly répresent rating curve errors,
which are hence implicitly merged withystructuwral errors. Finally, a recently
introduced bias addition approach [14] gives the possibility to distinguish,
aside from the parametric uncertainty, two different structural error types
of the hydrological model, i.es“Systematic and random errors. These er-
rors are interpreted as structural and observational errors respectively. The
bias approach pools howeyer all,observational errors (i.e., input and output)
together and thus the mncertainty linked to the rating curve cannot be as-
sessed. Hence, the major'drawback of all these different approaches available
to assess uncertainty of hydrological models is their inability to quantify the
uncertainty contribution of the rating curve in total uncertainty estimates of
hydrological.models.

One peossibility to indirectly tackle rating curve uncertainty is to prop-
agate rating curve errors to discharge series which are then represented as
spaglietti lines or uncertainty bands [44]. Such multiple realizations of dis-
charge series yield however a practical question of how to calibrate a hydro-
logical, model with hundreds of “observed” discharges.

Ag'an alternative, Sikorska et al. [26] and Thyer et al. [45] have recently
proposed to avoid the issue of multiple “observed” discharges by simulating
directly stages instead of discharges. Thus, they proposed to couple the
hydrological model with the inverse rating curve yielding a so-called rainfall-
stage model, for which uncertainty was evaluated in the stage space. In this
way, rating curve uncertainty could be directly incorporated into simulations

6
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of the hydrological model and the contribution of the rating curve uncertainty
could be assessed. Yet, this method was mostly suitable to estimate stages
while it was lacking the possibility to provide discharge predictions along with
their uncertainty estimates (as discharge was only an intermediate step and
was not directly modelled). Moreover, only the assessment of the parantetrie
rating curve uncertainty was possible, while the structural errors of the rating
curve could not be separated from those of the hydrological model.

Finally, other authors proposed specific error models to deseribesrating
curve errors, based on an analysis of the rating curve itself [24]==Thyer et
al. [37] and Renard et al. [12] proposed a specific error/model'within the
Bayesian total error analysis methodology (BATEA) of Kavetgki et al. [43,
10], to represent structural errors of rating curves in_discharge data along
other uncertainty components (input and structural errors of hydrological
model). In this way, contributions of those three main uncertainty compo-
nents could be evaluated. Yet, they did not ‘make”an explicit distinction
between parametric and structural uncertainties of rating curves, pooling all
rating curve errors into a lumped structural eryor.

1.3. Objectives

Therefore, within this work; we,further advance uncertainty quantifica-
tion of rating curves by developinga Bayesian approach to probabilistically
represent rating curve errors in the estimation of the hydrological model.
In contrast to previoussworks, for the first time, we explicitly represent the
parametric and the structural uncertainties of both the hydrological and the
rating curve models. Tovachieve this, we couple the hydrological model with
the inverse rating curve yielding the rainfall-stage model that can be cali-
brated in stage space, as previously proposed by Sikorska et al. [26]. Specifi-
cally, we describe structural errors of the hydrological model as an Ornstein-
Uhlenbeckyprogess [46] in the form implemented by Sikorska et al. [47], and
the structural’errors of the rating curve as Gaussian errors with a zero mean
and. aystandard deviation proportional to the discharge value following the
BaRatin method [23]. Because of such an explicit consideration of different
ungertainty components of the rating curve and the hydrological model, the
coupled total error can be decomposed into its constitutive sources. Hence,
the approach is suitable for providing both stage and discharge simulations
along with their associated uncertainties.

Specifically, we formulate the following objectives for this study:
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1. Propose a generic framework for quantifying parametric and structural
uncertainties of rating curves in hydrological models, and derive the
corresponding inference equations;

2. Examine the effects of ignoring a specific source of rating curve ungér-
tainty (parametric or structural) in the inference of model parameters
and in model simulations;

3. Discuss pros and contras of using an advanced calibration appreach
(representing both structural and parametric rating curve errors ex-
plicitly) over a “standard” uncertainty estimation approagh“(when un-
certainty is attributed only to parametric and strudtural errors of the
hydrological model and uncertainties of rating curvejare neglected).

Our approach is developed and tested on a medium-size study catchment in
France. This study restricts its attention solelydto investigate uncertainties
in output (discharge) of hydrological models, whilewneertainty in input data
(typically rainfall), although non negligiblegissiiot explicitly acknowledged
and is implicitly represented in structural errors of the hydrological model.
We debate possible consequences of this assumption in the discussion part.
Moreover, we recognize that an explicit and reliable treatment of all error
sources remains a key challenge.for hydrologic modeling: while not the ob-
jective of this paper, we also discuss this long-term objective in section 5.5.

2. Uncertainty representation

2.1. Rating curve

2.1.1. Rating curveymodel
We describe an instantaneous discharge at time ¢ predicted with the rating
curve (RC)5 gy has
¢ = frc (M, Orc) (1)

where frc (M, Ore) is the deterministic RC equation, h; is the instantaneous
stage at time ¢t and Orc = (Orcy, ---, Ore, ) are parameters of the RC. Because
parameters of the RC are unknown, they must be calibrated and thus they
willintroduce parametric uncertainty to the RC (see Sect. 3.1 for description
6f:model calibration).

2.1.2. Structural error
The rating curve equation is a simplified mathematical representation of
the true stage-discharge relationship prevailing at the gauging station. We

8
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therefore introduce a structural error E; to describe the difference between
the RC-predicted discharge ¢; and the (unknown) true discharge ¢;:

G=aq+E (v) (2)

The structural error E; is assumed to be a realization from a Gaussian distri
bution with mean zero and standard deviation varying with the RC-predicted
discharge as parameterized below:

inde o o o
B, "SNP N(0,9(G7)%) s 9(dey) =+ e d (3)

where v = (71,72) are the unknown parameters of the RC structural error
model. This equation calls for the following comments:

1. The assumption that the standard deviationdof structural errors is an
affine function of the RC-predicted discharge is, made to account for
heteroscedasticity, which is often observed in_practice (see e.g. [22,
23]). A homoscedastic model can easily=berobtained by fixing v, = 0.
Conversely, more complex heteroscedasticity models can in principle
be derived by replacing the affine funetion g by another function (e.g.
an higher-order polynomial), atthe\cost of introducing more unknown
parameters;

2. Since the true discharge ¢, is unknown, we assume that the standard
deviation of structuralerrors is a function of the RC-predicted discharge
Gi;

3. Eq. 3 also makes the strong assumption that structural errors are in-
dependent inime. This will be further discussed in section 5.2.

2.1.3. Gaugingmeasurement error

The RC.is typically calibrated using gaugings, i.e., pairs of stage-discharge
values meéasured jat different stage levels and flow conditions [48, 49, 50].
The measurement error on stage is assumed to be negligible. Conversely, the
measurement error on the gauged discharge can be considerable. Hence, we
répresent~the gauged discharge observed at time ¢, ¢;, as the sum of the true
discharge ¢; and a measurement error W:

g =q+W, (4)

The measurement error W, is further assumed to be a realization from a
Gaussian distribution with mean zero and known standard deviation d;:

indep

W, "~" N (0,67), (5)
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This equation calls for the following comments:

1. We assume that d; is known because the uncertainty of the gauged dis-
charge can be quantified before RC estimation by analyzing the mea-~
surement process (see e.g. [51, 52, 23]). Note that each gauging has its
specific uncertainty;

2. As for structural errors, eq. 5 also makes the assumption thatvmea-
surement errors are independent in time. However this assumption is
probably much more realistic here.

2.2. Hydrological model

2.2.1. Rainfall-runoff model

For simplicity sake, we prefer to substitute the hydrological model with a
rainfall-runoff model which abbreviates to RR since hynotation is restricted
for stage and thus could be confused with the abbrewiation of a hydrological
model. We represent a RR-predicted discharge at:time ¢, §;, as:

G = frr (Th,08R) (6)

where frr (1., @rr) represent the deterministic RR equations, @y, are in-
puts time series up to time ¢ and\@rr = (0grg,, ---, brr.) are the parameters.
Note that for simplicity thissmetation makes initial conditions implicit. Sim-
ilarly to the parameters of, RC, parameters of the RR are unknown and they
must be estimated from observations. Hence they will introduce parametric
uncertainty to the RR'model (see further Sect. 3.2 describing model calibra-
tion).

2.2.2. Structural error

To account forthe imperfect nature of the RR model, a structural error B,
is intreduced to describe the mismatch between the RR-predicted discharge
and the (unknown) true discharge ¢:

V() = ¥(q) + B (9) (7)

where () is a transformation function applied to the true and the RR-
predicted discharges (typically, a Box-Cox transformation, see appendix sec-
tion Appendix A). The aim of this transformation is to make the proba-
bilistic model used to describe B; (described next) more realistic.

In order to explicitly describe the autocorrelated nature of structural errors,

10
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B; is represented as an Ornstein-Uhlenbeck (OU) process [46] with parame-
ters ¢ = (¢1, ¢a).

By~ OU (1, ¢2) (8)

The OU process is a continuous-time equivalent of more standard time se-
ries models such as the autoregressive (AR) error model, which “are only
defined for data sampled at regular discrete times. Such a continueus-time
model allows dealing with unequally spaced data, which are commonly used
for routine monitoring of instantaneous water stage or diseharge (typically,
more frequent records during floods than during low flows). We’choose the
correlation structure of By in such a way that it becomes'similar'to the AR(1)
model [14, 47] with the variance at time ¢; conditionéd on a previous time
step t; being equal to:

Var(By,,) = ¢7 - (1 — exp (—%)) (9)

¢1 can be interpreted as the asymptotic standard deviation (for infinitely-
spaced time points) and ¢, is a charaeteristic correlation time.

2.3. Rainfall-stage model

The basic idea behindthe construction of the rainfall-stage (RS) model is
to apply the inverse of/the RC to the discharge simulated by the RR model
[26]. The advantage‘oef such’a RS model is that its parameters encompass
both the RR andshe RC parameters, which allows explictly accounting for
RC uncertainty.in the calibration of the RR parameters. However, the struc-
tural errors affecting both the RR and the RC models propagate to the RS
model and’ therefore need to be accounted for, as described next.

2.3.14 Structural error
Let h; denote the true stage value at time ¢. From the RC model egs. 1
and 2 we get:

fre (B, Ore) = ¢ + Ei() (10)
[nverting the RC therefore yields the following relation:
he = fre (@ + Ei(), 8re) (11)

11
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Moreover from the RR structural error model eq. 7 we get:

q =0 (V(G) — B (9)) (12)

where 9(-) and ¢~!(-) are the forward and the backward transformation.
Combining eqs. 11 and 12, the true instantaneous stage at time ¢.€an be
written as:

ht -
e (v |0 | for (@1:4,0rr) | = Bi(9) + [E(v)" ,6re
——_—— N—— ——
RR model RR structural error RC structural error
(13)

We stress that the structural error model described in €q. 13 is a pure con-
sequence of the individual error models used fér the RR and the RC models:
no new assumption has been made to derive.eg. 13.

2.8.2. Input/output measurement errors

The RS model needs to be calibrated using observations of its input /output
variables. The input variables typicallyscomprise precipitation and potential
evapotranspiration, while the output*variable is stage.

In this paper, we make_ the strong assumption that measurement errors
in all input/output variables are negligible. We acknowledge that this as-
sumption is unrealisti¢ in mest studies. For instance, errors in estimating
areal precipitation maybe large when the raingauge density is small (see e.g.
[563, 12]). Similarlyy, continuously-measured stage values may be affected by
non-negligible-€trors, of both random and systematic nature. Typically, the
inherent uncertainty of the stage sensor corresponds to a random error, while
the periodic recalibration of the stage sensor with respect to the staff gauge
produees anyunknown systematic error between two successive recalibrations
(for more details, see e.g. [32]).

Making this restrictive assumption allows focusing entirely on the un-
certainty induced by the rating curve while minimizing possible interactions
between input and output errors. In practice, unaccounted input/output er-
rors will be implicitly absorbed by the structural error terms (B; and Ej).
One should therefore keep in mind that while these terms are intended to
represent structural errors, they may also encompass the effect of ignored
input / output errors.

12
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3. Calibration

In this paper, we apply Bayesian estimation to estimate all unknown
parameters. The posterior distributions are explored by means of an adaptive
Markov Chain Monte Carlo sampler described in Haario et al. [54]. /The
convergence of the chains is assessed visually by plotting the simulatedchains
and verifying their stationarity.

The general calibration strategy is made of two successive steps. "We
first estimate the RC using available gauging pairs (these gatigings are not
used afterwards). In a second stage, we estimate the RS, model combining
the RC and the RR submodels (thus the RC model is re-calibrated). Since
the RS model comprises parameters related to the RC (namiely, Orc and
v, see section 2.1), the posterior distribution of these parameters obtained
after stage 1 becomes their prior distribution.dn stage 2. Note that this
informative prior for the RC model, based on ah analysis of rating curve data,
strongly constrains the inference. This allows-aveiding non-identifiability and
equifinality problems in the estimation of all ‘parameters during stage 2.

3.1. Stage 1: rating curve calibration

From the assumptions described ‘in“section 2.1, the gauged discharge at
time ¢ can be written as follows (combining equations 2 and 4):

Gu.="[rC (ilt; 9Rc> — Ei(v) + Wy (14)

Conditional on unknown parameters, the gauged discharge ¢; is therefore a
realization from‘a Gaussian distribution with mean ¢; = frc (ﬁt, 9Rc> and

variance (v, 4" G:)>+ 2. The likelihood function can therefore be written:
Ngauging

p(@brc. k) = T fo (i (n+95-d)?+63)  (15)
k=1

where /f¢ (u;m,v) is the Gaussian pdf with mean m and variance v, evalu-
ated at u.

The posterior distribution is then computed up to a constant of proportion-
ality using Bayes’ theorem:

p <9Rc,’7\6.~1,’~l) o p <(~1|0R07'77ﬁ> -p(Orc, ) (16)
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The prior distribution for RC parameters Og¢ is derived from an analysis of
the hydraulic configuration of the gauging station, as will be described in
the case study (for more general considerations, see Le Coz et al. [23]). For
the parameters v governing the standard deviation of structural errors, wide
non-informative priors are used.

3.2. Stage 2: rainfall-stage model calibration

Let h = (hy, )k=1.n denote the observed time series of stagewvalues used
to calibrate the RS model. Computing the likelihood requires, deriving the
distribution of h conditional on all inferred quantities. Unfortunately, this
cannot be done directly on the basis of eq. 13. Indeed, this conditional
distribution is not Gaussian, because the Gaussian lerror, terms F; and B;
transit through nonlinear models (the backward transformation ¢)~! and the
inverse rating curve fg(;). Moreover, this non-Gaussian'pdf cannot be derived
analytically. Indeed, eq. 13 involves the sum“of two independent random
variables. The pdf of this sum can be obtained-by convolution, but this
convolution has no analytical solution becauseyone of the random variables
is not Gaussian.

In order to circumvent this issue, we'partly-linearize eq. 13 as described next.
We introduce the following shorthand notation for this section:

C?t(eﬁR) ="frr (5131:t7 9RR)
di” (Orr) = V' ()

Using this notation andilinéarizing the backward transformation 1!, eq. 13
can be approximated, as follows (see Appendix B for details):

(17)

B,
b ~ frés | @(Orr) — WZ)))
+ RR

-
Z

+ Ei(7), Orc (18)

J/

The térm Z; is now the sum of a constant plus two Gaussian terms, and
isytherefore itself Gaussian. More precisely, the vector Z = (Zy,, ..., Zty)
follows a multivariate Gaussian distribution, with mean vector p (size N)
and covariance matrix ¥ (size N x N) defined as follows:

K(Orr) = (Gt (OrR), -, Gy (OrR)) (19)

14



342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

¥ (Oggr, ¢,v) = DYVTER DO 4 51RO (20)

In the latter equation, D™ denotes the square N x N diagonal matrix whose
diagonal terms are equal to 1/ dgw), while ZFR) and BEC) are the N X0V
covariance matrices of RR and RC structural errors:

D(w)(Z,Z):m; D(w)(27j>:02fz7éj (21)
S (5, j) = 62 - cap <_M) (22)

s
SR 0) = (i +72.6,)%; ZRO(, ) =00f i £ j (23)

Having derived the pdf of Z, the pdf of h ~ £’ (Z) (eq. 18) can be ob-
tained by applying the change-of-variables formulasAfter some computation
(see Appendix B for details), this yields thesfollowing likelihood:

p(hleRRaeRC; Q%w) =

N (24)
fuc (fre(h, Ore); w(Orr), S(Orrngd ) x [ 1fre (b, Orc)l

k=1

where fye (u;m,v) is the'multivariate Gaussian pdf with mean vector m
(size N) and covariance matrix v (size N x N), evaluated at vector u (size
N).

The posterior distributien is then computed up to a constant of proportion-
ality using Bayes’ theorem:

p <0RR» 0RCa ¢a 7“1’7 CB) xp (h‘ORRv 0RC: (,b, v, (13) P (ORRy GRCa ¢7 7) (25)

The prioradistribution for RC-related parameters Orc and « is set to the
posterior distribution obtained after calibration of the RC using gaugings
atsstage 1/(eq. 16). For the parameters of the RR model (@rgr), priors are
case-specific and related to the RR model and available information. For the
paranieters ¢ governing the properties of RR structural errors, wide non-
informative priors are used.

Note that the RS model is calibrated against time series with observed
stages. However, during the evaluation both the output of the RS model,
stage, and the output of the RR model, discharge, will be examined. This is
possible thanks to the explicit treatment of RC and RR errors.
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3.3. Calibration strategies

The posterior distribution in eq. 25 corresponds to a full calibration strat-
egy, schematized in Figure 1: the parameters related to both the RR model
and the RC are estimated together, thus enabling interactions between thém
and hence assessing how RC uncertainties impact the estimation of RR: pa-
rameters. In particular, both parametric (@rc) and structural (E),uncer-
tainties of the RC are accounted for. In order to understand in mere depth
the impact of these two types of uncertainty, we also implementiincomplete
calibration strategies, where some uncertainty sources are ignored."As shown
in Table 1, these strategies are the following:

1. Strategy NoS ignores RC structural uncertainty. This=€orresponds to
assuming that E = 0, which is achieved by using 2% = 0 in eq. 20.
A similar representation of RC uncertainty‘has been used by Steinbakk
[55] in the context of flood frequency analysis;'and by Sikorska et al. [26]
in the context of model calibration.

2. Strategy NoP ignores RC parametric uncertainty. This is achieved by
removing Orc from the list of inferred parameters. The RC is therefore
used with a fixed parameter vector éRC, taken as the maxpost esti-
mate (i.e. the vector maximizing the stage-1 posterior of eq. 16). This
strategy is similar to the representation of RC uncertainty used by e.g.
Thyer at al. [37] or Rénard et al. [6].

3. Strategy NoPNoS.ignores both RC parametric and structural uncer-
tainty, hence u§ing-both a fixed parameter vector 9RC and setting
»®O — 0. M this strategy, there is no explicit representation of RC
uncertainty, which corresponds to the most widely-used approach in
hydrological modeling (standard uncertainty estimation approach).

4. Strategy FULL* is similar to the full strategy, except that the prior for
RC parameters O is truncated. More precisely, we set the prior pdf
to zerooutside of 95% probability intervals for each component of Orc.
This strategy stongly limits the possible interactions between @rc and
other inferred parameters. It guarantees that after calibration of the
RS model, the RC parameters will still be within the 95% credibility
intervals derived by calibrating the RC to gaugings. Note that bluntly
truncating the prior as done here makes the resulting distribution un-
normalized; however this is not problematic in the Bayesian-MCMC
context of this paper since the posterior only needs to be known up to
a normalizing constant.
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5. Similarly, strategy NoS* is a variation of the NoS strategy, with a
truncated prior for Ogc.

4. Case study: the Ardéche river at Meyras

4.1. Ardéche catchment

The river Ardeche is a right tributary of the River Rhone and has it
sources in the Massif Central in France (Figure 2). The gauging station
Meyras, located at 318 m a.s.l., controls an area of 98.43 kim?./The mean
elevation of this catchment is 899 m a.s.l., with the highest pointylocated at
1467 m a.s.l. The catchment is quite steep with an average slope of 23.4 %
and it is in 68% covered by forests [56]. The average anmnual precipitation,
estimated based on fifty years of observations at the station Péreyres (840
m a.s.l.), is 1774 mm/yr in this region, whereof,approximately 40% is lost
to evaporation. With the yearly mean daily temperature equal to 9.25°C
and the snowfall ratio of less than 3% of the annual precipitation, the snow
processes can be neglected to model this catchment.

4.2. Rating curve

As a RC model (eq. 1), we us@a,piecewise combination of power functions
of the form ¢ = a(h — b)°. This combination is defined by the succession of
hydraulic controls governing the stage-discharge relationship, as explained in
more details by Le Coz[23]. At the Meyras gauging station, three controls
can be identified (Figure’3). Tow flows are first governed by a natural gravel
riffle (control 1). AWhen, the stage gets above a certain level, this riffle is
drowned and a ¢hanmel control takes over (control 2). Finally, for very high
stage values,4he main channel may be full and some flow may also occur in
the floodplain (eontrol 3). This configuration leads to the following rating
curve equation:

ar (hy — b)) if kK1 < hy < Ky (control 1)

frc (M1, Ore) = < as (hy — by)® if kg < hy < K3 (control 2)
as (hy — ba)® + az (hy — b3)® if k3 < hy (control 2 + 3)

(26)

where (K1, ko, k3) are the (unknown) activation stages for each control. Note
that parameters by, by and b3 do not need to be inferred because they can be
deduced by continuity of the RC as shown in eq. 27 below. Consequently,
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the parameters of the rating curve are Orc = (K1, a1, ¢1, K2, az, 2, K3, ag, C3)
where the relationships between k and b are as follows:

aq c %

blzlil;bgzlig— (a—Q‘(Klg—bl) 1) ;b3:"i3 (27)
The parameters Orc are related to physical characteristics of the gauging
section, which opens the possibility to specify informative priors.%For in-
stance, the first control by a natural riffle can be approximated using a rect-
angular weir formula, as shown in Table 2. This formula indicates that the
exponent ¢; should be close to 1.5. Moreover, the parameterja; is linked
to the weir width B, and to a discharge coefficient £,.. The“width can be
approximated at ' B, = (8 & 2) m, while literatute suggests values of the
coefficient C, = 0.4+ 0.1 (see [48, 23]). These two uncertainties can be com-
bined by using the uncertainty propagationformula/recommended by the
Guide to the Expression of Uncertainty in=Measurement [57]. This yields
the Gaussian prior distribution for a; shownsin Table 2. Lastly, the eleva-
tion of the weir crest, which defines the\activation stage ki, is estimated at
k1 = (—0.05 £ 0.05) m.
A similar approach can be usedsto speeify priors for parameters of controls
2 and 3, using the Manning-Strickler formula for wide rectangular channels
(see Table 2). For the main“channel, the Strickler coefficient is set to Kg =
(25+2.5) m!/?-s71 the channel width to B,, = (1542.5) m and the slope to
S=(3+1) m-km '/For thefloodplain, we use Kg = (154 2.5) m!/3.s71,
B, = (30 &£ 5) m and%S = (3 + 1.25) m - km™'. This completes the prior
specification shownuin Table 2.

4.3. Rainfall-runoff model (HBV)

The rainfall-runoff process within the Ardeche catchment is modelled with
a HBV'model [58, 59, 60]. The HBV consists of four main routines responsible
for modelling snow dynamics, soil moisture, runoff response, and flow routing
in the ehannel. Because snow processes can be neglected in this catchment,
we use a simplified version of the HBV model, i.e., with an inactive snow
component. To further simplify the model, we model the catchment as a
single subcatchment without any elevation-dependent correction factors for
inputs. This further reduces the number of inferred parameters to 6 (Table 3).

Lin the notation x =+ s, s is the standard deviation.
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Such a simplified HBV model requires mean areal precipitation and long
term evaporation estimates as input, while temperature data responsible for
modeling the snow component are not strictly required. In this study, the
HBV model is run at hourly time steps. Since the HBV model was not
applied before in this catchment, no previous knowledge was available for its
parameters. Thus, we formulate prior for each HBV parameter as adniform
distribution restricted to possible ranges that were defined for each-parameter
independently (Table 3).

4.4. Calibration data

4.4.1. stage 1: rating curve calibration

To infer the RC parameters Orc and v, we use 41 gaugings made between
2001 and 2008, for a period with no noticeable shift of the RC. For each
gauged discharge, we assume a constant relativeyuncertainty of +3.5%, i.e.
for a gauged discharge equal to ¢;, the standard deviation §, in eq. 5 is set to
0; = 0.035 - ¢;. The gaugings and their uncertainty can be seen in Figure 4b.

4.4.2. stage 2: rainfall-stage model calibration

The RS model described with theyEq.13 requires mean areal precipita-
tion at the hourly time step astimput.” Yet, the stage observations at the
gauging station are recorded by the limnigraph with unequal time steps ad-
equate to the current dynamics of flow processes (i.e., between 1 hour and
10/15 days). Hence, we.chese to use directly these data instead of convert-
ing them into the hoarly"estimates, which would yield additional errors due
to the stage approkimation. Note that this involves interpolating the HBV-
discharge simuldtions on the temporal (irregular) grid used for stage values.
Using irregularly spaced data is possible with the correlated error term on
the hydrologicalymodel introduced (Egs. 8 and 9).

4.5. Resultszrating curve calibration (stage 1)

Figure Aa shows the prior RC resulting from the hydraulic analysis of
the gauging station (Table 2). Figure 4b shows the posterior RC and illus-
trates’the uncertainty reduction resulting from the information brought by
the gaugings. The posterior RC is overall quite precise, especially for stages
smaller than 1 m. For such relatively small stages, parametric uncertainty
is only a small part of the total uncertainty, which is hence dominated by
structural uncertainty. For stage values beyond 1 m, total uncertainty in-
creases, mostly due to an increase of parametric uncertainty which becomes
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dominant for such high stages. In particular the parameter k3 representing
the activation stage of the third control is not precisely estimated (between
1 m and 1.5 m, see green band in Figure 4b).

The posterior distribution of RC parameters @rc and « obtained after this
first stage is now being used as a prior distribution for the second stage. Note
that the posterior on RC is in fact represented with Monte Carlo samples.
Hence, to specify the prior distribution for the second stage of calibration,
we fit a multivariate Gaussian distribution to the Monte Carlosamples from
the first stage. The resulting corresponding marginal distributiens-can be
seen as gray boxplots in Figure 5.

4.6. Results: parameter estimates (stage 2)

Posteriors for the RS model for all six calibration strategies are plotted
as boxplots against prior information (obtainedufrom)stage 1) in Figure 5.
For parameters of the RR and RC sub-models.and*of the structural error
of the RR model, we observe that parameters tend to form three groups
in terms of their posterior behaviours. YLhese ‘groups are shaped as follows:
(1) calibration strategies FULL and NoS; (2) NoP and NoPNoS, and (3)
FULL* and NoS*, as seen in the figure.» It appears that this grouping is
driven by the way of accounting*fer RC parametric uncertainty, i.e.: fully
accounting (group 1), non-accounting (group 2), and accounting but within
the constrained truncated/prior, (group 3). The grouping effect is obviously
not visible for parameters responsible for the RC structural uncertainty ()
as these parameters/are excluded from the inference in the strategies NoS,

NoPNoS and NoS*.

4.6.1. Hydrological model

With réspectyto the HBV parameters (Ogrg, i.e., PERC:MAX BAS, top
two row$ in/Figure 5), which mainly control the response and routing func-
tion, ve specifically observe that posterior parameters vary among three pat-
term groups and particularly between FULL and NoPNoS strategy (standard
uncertainty estimation approach). We observe that using a simplified de-
seription of errors as in NoPNoS leads to different values of inferred model
parameters than when explicitly representing all major contributing sources.
Such modified parameters of the RR model should mostly transfer to altered
discharge simulations (being an intermediate step within the RS model) and
might lead to biased estimates. Confronting posterior ranges of different cal-
ibration strategies indicates that generally parametric uncertainty of the RR
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model is very similar for most parameters in all strategies. The interpretation
of individual parameter uncertainty is however difficult due to their interac-
tions. Therefore, not the uncertainty of individual parameters but rather the
resulting parametric uncertainty in predicted discharge is our major interest
(see Sect. 4.8.2).

Diagnosis of the structural error model of the RR model (¢) show.that the
error standard deviation (¢, ) is the smallest for the FULL and thedargest for
NoPNoS strategy (Fig. 5). This seems logical as in the FULL strategy'the to-
tal residual variance is decomposed into two contributing soutrees eriginating
from the RR model (¢) and from the RC model (v, see further beloew), while
in the strategy NoPNoS all variance is explained with, ¢ only./ Hence, only
this error can be increased to capture the mismatch between the observed
and the simulated stage. Posterior error standard deviations of all other cal-
ibration strategies lie between these two strategies. This seems reasonable as
they represent transitional steps between FULL and”NoPNoS strategies in
terms of the level of the variance decomposition from the simplest strategy
(NoPNoS) towards the most complex strategy (FULL). As it also seems logi-
cal, excluding RC parameters (@rc) from\the inference results in an increased
error ¢; (NoP and NoPNoS) in comparison to strategies which include Ogc
into the inference (NoS) even ifirestricted prior is used (FULL* or NoS*).
The error autocorrelation length (@y) generally follows the behavior of the
error standard deviation and is the longest for strategy NoP and NoPNoS,
and the shortest for NoS* and FULL*.

4.6.2. Rating curvé model

Posterior RC. patameters (Orc) are presented in three bottom rows in
Figure 5 (parameters k; till ¢3). Note that RC parameters in strategies NoP
and NoPNOS are not altered during the inference and are kept at the values
of maxpost/from the calibration stage 1 from section 4.5. For other four
strategies, again two groups of parameter behaviors can be observed.

Specifically, using informative but unbounded prior for RC parameters
Orc during the inference (FULL and NoS) results in a significant shift of
posteriors often outside of the 95% prior bounds. This effect appears to be
a,result of a possible compensation for other uncertainty sources, specifically
for the one originating from the RR model parameters. As it appears, nine
parameters of the RC in addition to six parameters of the RR model gives
a higher level of freedom for modifying model simulations to match stage
observations. It is worth recalling that although RC parameters are related
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to physical characteristics of the gauging station and informative prior is
used, prior information on the third control is very imprecise as it is con-
strained with only very few gaugings (see section 4.5). Indeed, posteriors on
parameters of the third control are strongly modified during the inference.
As all RS parameters are inferred at the same time, the possible compénsas
tion between parameters of the RR and the RC sub-model cannot bedavoided
given unbounded priors on all parameters being inferred. This shifting of the
RC parameters outside of hydraulically reasonable boundaries iswexpected to
have a consequence on the shape of an updated RC (see section 7).

Using a truncated prior on RC parameters indeed preyents from a strong
modification of RC parameters (FULL* and NoS*). As'it is yisible in the
Figure 5, posteriors attempt to move towards the values, from unbounded
strategies but remain within the 95% limits set. This.also results in a smaller
RC parametric uncertainty in strategies FULL*and NoS* than in unbounded
strategies FULL and NoS.

Finally, the structural error of the rating.curve(-y) varies in different cal-
ibration strategies. As it is representedywith two parameters, the combined
structural error of the RC cannot be easily quantified from estimated poste-
riors. We observe, however, an inverseirelationship between its behavior and
the behavior of the RR structuralverror. This relationships seems also logical
as both structural and parametricuncertainties of the RC are decomposed
from the total uncertainty’in FULL and FULL* strategies.

4.7. Results: updated{rating ¢urve (stage 2)

Updated RCs for fourstrategies accounting for RC parametric uncertainty
(i.e., FULL, NoS; FULL* and NoS*) are plotted in Figure 6 with uncertainty
bands (blue.polygons) against the prior (red polygons). RCs for strategies
NoP and NoPNeS are not plotted as their parameters are not altered during
the calibration.» As expected, a strong shift in the RC posterior parameters
observed for strategies which use non-bounded prior (FULL and NoS) leads
tofa strong modification of the RC shape. This effect is especially visible in
the range of the third control for which the updated RC distinctly transcends
the prior ranges (red polygons) by pushing the RC towards assigning smaller
discharge values for the same stages. As previously mentioned, the prior
for parameter inference on the third RC control is established with very few
measures and thus is very uncertain (see Figure 4), which allows for freely
modifying these parameters. It is clear that setting bounded priors on RC
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parameters in strategies FULL* and NoS* prevents from destroying the RC
shape which remains within the 95% prior limits.

This issue of using the RC parameters to compensate for limitations of
the RR model has clearly serious implications for using such updated RCs
and will be further discussed in section 5.1.

4.8. Results: predictive uncertainty (stage 2)

4.8.1. Total uncertainty bands

Total uncertainty bands (TUB) for the FULL strategy areplotted in
Figure 7 for stages and in Figure 8 for discharges (top panels).;” For both
variables TUB appear to be reasonable as they cover most of the data points
and are smaller for low flow and higher for high flow.eonditions (assessed
visually). The smaller uncertainty during low flows is_more apparent for
discharges than for stages.

Widths of TUB for all other strategies are ‘plotteéd in Figure 9 for both
stages (top) and discharges (bottom). The TUB width in the FULL strategy
is used as a reference. Widths of TUB for,all other strategies are represented
with respect to the FULL TUB width \and’ thus are plotted as curves (a
value larger than one representing \ayTUB width larger than that of the
FULL strategy). The top panel‘ofekigure 9 shows that for stage, the TUB
widths of all strategies are larger than that of the FULL strategy for almost
the entire calibration and” validation periods. Specifically, during low flow
periods (e.g. around the vertical red line), TUB widths are larger than that
of the FULL strategy, by a factor of up to 2, while during high flows this
factor decreases ta.abouty1:25. Similar patterns are observed with respect to
discharges apart for'the strategy NoS*, for which TUB width is similar to
the FULL strategy on average.

Although the,effect of obtaining the smallest TUB width for the FULL
strategy iswisible for both stage and discharge, it has greater implications for
modeling dise¢harge. Much smaller TUB for FULL strategy clearly demon-
strates, a benefit compared to the strategy NoPNoS (standard uncertainty
estimation approach). This finding indicates that accounting for both (struc-
tural-and parametric) RC uncertainties allows for removing these uncertainty
parts from the total discharge uncertainty and this results in narrower TUB
in comparison to strategies which do not present such ability (NoPNoS, NoP,
NoS). Using bounded prior on RC parameters results in wider TUB in com-
parison to their respective unbounded strategies, which confirms that the
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structural error of the RR model is used for compensation of other unrepre-
sented uncertainty components.

4.8.2. Uncertainty contributors

An explicit representation of different uncertainty components within the
TUB (i.e. of rating curve and of hydrological model) allows for theirgelative
assessment. Depending on the strategy, these are parametric and<struétural
uncertainty of the RR model and/or the RC model. Clearly, the,most, inter-
esting is the FULL strategy which makes it possible to assess‘all/four uncer-
tainty components in predictions of stages and two components inyprediction
of discharges. Note that by an explicit representation of the parametric and
structural uncertainties of RC in the FULL strategy, these uncertainty com-
ponents can be decomposed from the TUB and thus are not propagated on
the discharge (since the aim is to predict the “tzue” discharge and not the
RC-estimated one). On the contrary, not accounting-for structural or para-
metric uncertainty of the RC does not allow forremoving these uncertainty
parts from the total uncertainty and thus theywill be implicitly propagated
on the discharge simulations. Uncertainty contributions for the FULL strat-
egy are presented visually in Figure T for stages and in Figure 8 for discharges
(bottom panels).

With respect to stages, it cansbe seen that the structural error of the
RR model (¢) represents’theiumajority of the total uncertainty while the
next major contributor.is the structural error of the RC model. Parametric
uncertainty of the RR medel and of the RC model are both less relevant.
These contributions vary slightly over time and the contribution of the RC
structural error 4s slightly higher during recession periods, whereas the con-
tribution of the RC parametric error increases during high flows. The contri-
bution of the parametric uncertainty of the RR model is higher during high
flows andisuccessive recession periods, while it is smaller during low flows.
In a gimilar fashion, the structural error of the RR model accounts for the
majotity of the total uncertainty of discharge prediction.

The visual assessment of uncertainty contributions is accompanied by
the time-averaged relative contributions of each uncertainty source for all six
strategies and these are presented in Table 4. Generally, we observe quite
stable uncertainty contributions of different error sources in all six calibration
schemes. For all calibration strategies, the structural error of the RR model
explains the majority of the total uncertainty which is ranging from 81% in
the FULL strategy to 94% in NoPNoS for stages, and from 92% in FULL to
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94% for NoP, NoPNoS, FULL* and NoS* for discharges. Both the parametric
uncertainties of the RR and of the RC model vary only insignificantly and
are much less relevant than other two uncertainty components. Hence, the
change in contribution shares is thus mainly due to structural uncertainties
of both the RC but mostly the RR model. The latter component is thus@sed
to compensate for all unrepresented uncertainty source(s).

5. Discussion

5.1. Feasibility of accounting for rating curve uncertaintyghrough,a rainfall-
stage model

The approach proposed in this paper to explicitly.aecount for RC un-
certainty in the calibration of a RR model is to inelude.both RC and RR
parameters within a rainfall-stage (RS) model: " However, the results of the
case study show that the initial RC (established using gaugings) is strongly
modified after calibration of the RS model (strategies FULL and NoS), unless
a restrictive truncated prior is used for RE parameters (strategies FULL* and
NoS*). We consider that the extent to which the RC is modified is hardly
defensible; we therefore do not consider this modification as a meaningful
improvement of the RC, but rather,as a sign that the results produced by
strategies FULL and NoS should be taken with caution.

It is of interest to further discuss this issue in terms of the information
content used in the twosuceessive calibration stages. The initial RC is estab-
lished using the information, brought by 41 independent gaugings, along with
the prior information derived from the hydraulic analysis (the latter being
informative but still'quite imprecise). The posterior distribution of calibra-
tion stage 1 reflects this quantity of information. During calibration stage 2,
this posterior istused as a prior, but the RC can be further modified by the
information brought by more than 1000 stage values used for calibration of
the RS model” At first sight, the information imbalance between 41 gaugings
vs 1000 stage values may explain why the RC is strongly modified by the
calibration of the RS model (well beyond the prior constraint induced by the
gaugings). However, one should keep in mind the following points:

1. Since the RR structural error uses an autocorrelation component, the
information content of these 1000 stage values does not correspond to
that of 1000 independent data;
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2. The information contained in the 41 gaugings is only used to estimate
the RC, while the information contained in the 1000 stage values is
used to infer both the RC and the RR model.

These clarifications notwithstanding, the strong modification of the RCAs,a
sign that the error models we used do not convincingly weight the information
brought by the gaugings and the stage time series. We see at_least/ two
avenues to improve this:

1. Improve the error models, as discussed in the next section 5:2;
2. Do not re-estimate the RC during calibration stage 2. This can be

achieved by means of a propagation approach, as discussed in section
5.3

5.2. Limitation of the error models

The RC structural error model in Eq. 3 assumes independent errors, which
is questionable at least for time steps close to each other. In principle, it is
feasible to avoid this independence assumptionye.g. by using an autocorrela-
tion component. However, identifying an\autocorrelation structure based on
gaugings is difficult in practice, if not iImpossible, because gaugings are made
too sporadically. Typically two stieeessive gaugings are separated by weeks
or months, which makes shorter autecorrelation structures non-identifiable.
While implementing dedicated high-frequency gauging strategies might be
feasible, we do not see/any ‘ebvious solution with existing operational gaug-
ing datasets.

Unlike RC strmicturalerrors, RR structural errors are not assumed inde-
pendent and insteadvan explicit autocorrelation component is used (Eq. 8).
This autocorrelation structure is identifiable because the stage time series is
sampled at a high frequency. However, due to the particular dynamics of the
RR modelydeven this autocorrelation structure is too simplistic. In partic-
ular,/autocorrelation properties are likely very different during dry periods
and- rainy periods, when quick-flow components are activated. As input er-
ror is implicitly encompassed into the model bias, these different properties
cannot be distinguished with the RR error model used here and the inferred
bias is “averaged” over dry and wet conditions. More flexibility should hence
be added to the autocorrelation component to allow distinguishing these dis-
tinct properties, for instance by making a bias dry/wet period dependent or
input-related (for further discussion on input error see Sect. 5.5).
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Moreover, a common limitation of both RC and RR structural error mod-
els is the lack of a systematic component. A structural error is indeed defined
as the difference between the model prediction (forced with perfect inputs)
and the unknown truth. For a given set of inputs, this error is likely/to
have a non-zero mean, because it is (at least partly) due to model strues
tural deficits that will systematically manifest themselves when the model is
forced with similar inputs. Such a non-zero mean can also be intetpreted as
a “conditional bias” (conditional to the inputs and initial conditions). The
fact that the structural error models we used ignore this conditional:bias (as
do the error models we are aware of in the literature) probably explains the
undesired modification of the RC discussed in section 5.1: the calibration can
only use parameters Org and Ogrc (whose modification induces a systematic
difference in model prediction) to minimize this conditional bias. Deriving
an error model that explicitly describes the conditional bias is an important
perspective in our opinion, but also a challenging éwne: its formulation and
identifiability from the data in the absence of prior-knowledge are open ques-
tions. Finally, we note that this discussien hasysome links with the problem
of describing epistemic errors with statistical models, which motivated the
development of “informal” likelihoodsyfor hydrological [61] and rating curve
[39] models.

5.8. An alternative: propagating RC uncertainty

An alternative to the approach used in this paper is to propagate RC
uncertainty by perfotming ymany calibrations of the RS model, with each
calibration using & distinet RC. As an illustration, consider the box-plots
shown in Figure 10.4They have been obtained by performing 5 calibrations
using the strategy NoP, where parameters Oy are fixed to 5 distinct values
randomly Chosen, in the MCMC simulations of calibration stage 1. For the
sake of simplicity, we demonstrate this approach on the basis of only one RR
and RC parameter (6gr and Orc respectively). One given box-plot represents
the.uncertainty in RR parameter fggr, conditional on one particular RC.
Merging all 5 box-plots together allows “‘unconditioning”, i.e. representing
the total uncertainty in RR parameter fzg, given all plausible RCs. In a
similar fashion, “unconditional” estimates are derived for all RR parameters
Orr. This propagation approach has been used for instance by Steinbakk [55]
or Petersen-Overleir [34] in a flood frequency analysis context.

Formally, the propagation approach leads to the following pdf represent-
ing uncertainty in RR parameters Ogg:
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Porope (Oxitlt) = / p (Oxlh. Oxc) p (Orc) dOrc (28)

By contrast, the approach used in this paper represents uncertainty in RR
parameters @rgr using its marginal posterior distribution, defined as follows:

p (Orulh) = / p (B, Orclh) dOrc
= /p<0RR’h79RC)p<0RC‘h) d@rc (29)

The difference between the two approaches appears clearly in these equations:
the latter uses the information contained in the stage-ealibration data to
update the inference of RC parameters (term p (@gc|h) in Eq. 29), while the
former ignores this information and only uses the prior RC estimates (term
p (Orc) in Eq. 28), i.e. the RC inferred with'gaugings only.

Future work should investigate the pres,and cons of each approach. The
propagation approach is akin to repeating the NoP approach many times,
except that the RC parameters are notifixed at their maxpost estimate, but
are rather sampled from the prior distribution derived from the analysis of
rating curve data. The advantage compared to NoP is that RC parametric
uncertainty is not ignoreds, However, an obvious drawback of the propagation
approach is its computational ¢ost, since a potentially costly calibration has
to be repeated many times.

5.4. Limitationsof the proposed approach in terms of time steps

The approach proposed in this paper uses the inverse of the RC to de-
rive a RS‘model.»This only makes sense if the RC is invertible, or in other
words/if the stage-discharge relationship can be represented by a bijective
function. This may not be the case under some particular circumstances
(e°g: hydraulic hysteresis or variable backwater effects). But even more gen-
erally, the stage-discharge relationship can only be represented by a bijective
funetion at a nearly-instantaneous time step. Consider for instance a given
daily-averaged discharge value: for this particular day, an infinity of stage
time series could lead to the same daily discharge. Consequently, it is not
possible to relate this daily discharge to a single daily stage indicator (e.g.
daily mean/median/etc.).
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Consequently, the approach proposed here is restricted to time steps for
which the within-step variability of stage can be neglected. Whether and how
the approach can be extended for larger time steps remains unclear yet. A
possible strategy would be to define a RC between e.g. daily-averaged stage
and discharge, equipped with a stochastic component in order to account
for the non-uniqueness of the daily discharge associated with a given daily
stage. The variability of this stochastic component would directly“depend of
the within-step variability of stage.

5.5. Towards a complete decomposition of input/output/structural errors

Deriving a complete uncertainty framework that allows explicitly repre-
senting all uncertainty sources remains a major challéngesof hydrologic mod-
eling. Several methodological frameworks have béen, proposed for this pur-
pose, e.g., SODA [62], BATEA [63], Kalman and particle filters (e.g. [64, 65])
and many more. These methodological frameworks need to be equipped with
specific error models to describe the various sources of uncertainty (input,
output and structural errors), and realistic ervor models are a prerequisite
for a meaningful uncertainty analysis. Mereover, specifying precise and ac-
curate prior distributions to characterize input and output errors is another
prerequisite to limit the interactions between the various error sources (e.g.,
[6, 15]). Consequently, studies focusing on a specific uncertainty component
are valuable to derive realistic eérror models and investigate their properties.
For instance, previous research/ was devoted to investigate properties of in-
put errors (e.g., [13,415]) and their impact on model calibration. Following
the same line of £hought, we focus in this paper on rating curve output
errors, and their impact on model calibration. The specific error models
we propose eould later be included into a more general framework such as
SODA, BATEA er a Kalman /particle filter. Finally, we stress that there is no
unique solution’to uncertainty estimation in hydrologic modelling. Instead,
varied and flexible error models are necessary to adapt to the objective of
thesstudy, the available information, etc. As an illustration, we note that the
output, error model we propose in this paper requires a significant amount
ofiinfermation (hydraulic analysis of the gauging station, gaugings and their
uncertainty). While this allows making valuable use of local information, it is
primarily adapted to the detailed analysis of a small number of catchments.
This information may not be available for larger-scale analyses that may in-
volve hundreds or thousands of catchments. In this case, an alternative error
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model would need to be considered (see, e.g., the nonparametric discharge
uncertainty estimate of Vrugt et al. [62]).

6. Conclusions

In this work, we develop a Bayesian approach to probabilistically"Tepre-
sent parametric and structural uncertainties of the rating curve in the/esti-
mation of the hydrological model. To achieve this, we couple the hydrelogical
model with the inverse rating curve yielding the rainfall-stagé model that is
calibrated in the stage and not in the discharge space. Stich & model de-
scription enables us for explicitly representing and quantifying uncertainties
associated with both the hydrological and the rating ¢urve medel in the total
uncertainty of stage and discharge predictions. Fot a case study in France,
we consider six different calibration strategies with a different representation
level of rating curve uncertainties (parametric.and/or structural). Our re-
sults show that a) ignoring rating curve uncertainty leads to visible changes
in hydrological model parameters, and _b) structural uncertainty of the hy-
drological model dominates other uncertaintyysources. The major limitation
of the current method arises from a strong modification of the rating curve
shape if rating curve parameters.are, resestimated during the calibration of
the rainfall-stage model and unbounded prior is used. We see this problem
to be related to the shortecemings of the error models used to describe cor-
related errors of the hydrelogical model and structural errors of the rating
curve. Thus, the next step should be to test the method with a more ad-
vanced description/of €rrors and/or to explore the proposed alternative of
propagating rating eurve parametric uncertainty in more detail.
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Table 1: Calibration strategies.

Strategy Orc E, 7 (Orc)
infer fix active zero full truncated
FULL v v v
NoS v v v
NoP v v N/A
NoPNoS v v N/A
FULL* v v v
NoS* v v v

Table 2: Prior distributions for rating curve parameters. The Manning—Strickler equation
is a simplified version valid for wide rectangular channels.

Control Idealized formula (k) m(a)

m(c)

Rectangular weir
Control 1

1.5
natural rifle ¢ = C, By/2g(h —\hg )}<
s,

=~ N(-0.05,0.05%) N(14,5%)

N(1.5,0.0252)

Manning—Strickler_equation
Control 2 5/3 ) )
main channel ¢ = Kst\/g(h ~ h )\C/" N(0.1,0.05%) N(20,5%)
—— ~~

a b

N(1.67,0.025?)

Control 3

. O/ _ , ,
foodplain Manning-Strickler equation N(1.2,2%) N(25,7.5%)

N(1.67,0.0252)

Table 3:pHBV parameters being inferred during calibration and their prior.

Parameter Significance [unit] Prior min  Prior max
PERC Percolation threshold parameter [mm h™!] 0 2
UZL Groundwater runoff threshold parameter [mm)| 0 100
KO Recession coefficient of the 1st storage [h™!] 0 0.4
K1 Recession coefficient of the 2nd storage [h™!] 0 0.2
K2 Recession coefficient of the 3rd storage [h™] 0 0.1
MAXBAS Length of the triangular weighing function [h] 1 10
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Table 4: Time-averaged relative contribution (i each source of uncertainty.
Prediction of sf% discharge
Calibration strategy @g mé E, Orrp B
FULL 8» ) 8 8 92
NoS 4 0 7 93
NoP 88 0 6 6 94
0 0 6 94
2 6 6 94
2 0 6 94
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Figure 1: Schematic of the full calibration strategy.
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Figure 2: Overview of the catchment Ardeche. el: entire catchment until its

confluence with the Rhone River; right panel: Ardeche catchment at Meyras gauging
station. Modified from Adamivic et al. [56].

Figure 3: View of the gauging station for the Ardeche at Meyras. Picture from Google
Maps, taken in April 2010.
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Figure 5: Calibration of the rainfall-stage model (stage 2): boxplots of prior (gray) and
posterior (colored) distributions obtained with the six calibration strategies for the RR
model (top panel) and RC model (bottom panel). Both error models (of RR and RC) are
marked in the dashed boxes.
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Figure 6: Comparison of rating curves before (red) and after(bl bration of the

rainfall-stage model (stage 2) for the four calibration strategi nting for RC para-
metric uncertainty. 6
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re 7: Stage prediction using the FULL calibration strategy. Top panel shows predicted
vs. observed stage along with 95% intervals representing the total uncertainty. Bottom
panel shows the relative contribution of each source of uncertainty. The calibration period
is before the vertical line. Note the irregular time step of observed stages as demonstrated
on the x-axis.
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Figure 10: Schematic overview of the RC parametric uncertainty propagation approach.
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Appendix A. Box-Cox transformation v (-)

The Box-Cox transformation [66] with parameters A\; and Ay can be writ-

ten as follows: ( »
Wil i\, £ 0
by =4 wo_ IMF G
In(y+ X)) if A =0

Parameter Ay > 0 aims at ensuring that the term y + A2 remainsypositive.
Note that for (A\; = 1, Ay = 1), the Box-Cox transformation is"the identity,
while for (A = 0,A\y = 0) it simplifies to a logarithmicstragsformation.
Typically parameter \; is taken between 0 and 1.

The inverse of the Box-Cox transform and its derivative ean be written as
follows:

o JOu gD o, PN #£0
v ) = {exp (1) — A2 if \i=0 (4.2)
Y (y) = (y+ X)X (A.3)

Appendix B. Likelihood computation for the RS model

The task is to derive the joint™pdf of (hy,, ..., hty), where h; is given by
eq. 13 (recalled below in a simplified-form):

=Y (0" [V (@) — B + E,) (B.1)

The first step is todise afirst-order approximation of the backward transform
™1 based on a first-order Taylor expansion, whose general form can be
written as:

flz+e)= f(x)+ fl(x) x e (B.2)
Applied to the function 1~! in eq. B.1, this yields:

VT (@) = B =T [ (@)] = (0T [ (@) x By (B.3)

We then use here the inverse-derivative rule:

—1\/ o 1
W™ = Fe (B.4)

Plugging this back into eq. B.3 yields:
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By B,

- i) — B =@ — s = G — - .
O ) AT B
nor  Finally, eq. B.1 becomes:
B,
he = fre | @ — m + E; (B6)
> _

e The second step is to deduce the joint pdf of (hy,,...,h,) from that of
wo  (Ziyy .oy Zty ). We use the change-of-variables formulafor thisspurpose, which
uwo  can be written in general terms as follows. Let y = (yy, ..., yx) = 7(21, ..., zN),
un where 7 is a one-to-one transformation. The pdf of y\can be deduced from
m2  the pdf of  using the following formula:

Py(y1, - yn) = pa (17 () Idet (Jo1 (y))] (B.7)

uis where J,-1(y) is the N x N Jacobian matrix (partial derivatives) of the in-

mas  verse transform r~ 1.

s Applying the change-of-variables formula above to the transformation (hy,, ..., bty ) =
we  (frd(Ze), -y frd(Zey)) yields the following formula:

Fhelhu,) 0
Pr(Piys s hiy) =Pz (frclhis, ), - fre(hey)) |det

0 et
Pz (fRC(ht1)7 s fRC(htN)) H |fI/{C(htk;)| (B8>

k=1

urr - whiehieorrésponds to the likelihood function from section 3.2 (eq. 24).
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