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STEADY STATE ANALYSIS OF A SYNTROPHIC MODEL: THE
EFFECT OF A NEW INPUT SUBSTRATE CONCENTRATION

Y. Daoup'?* N. ABDELLATIF"®, T. SARI*% AND J. HARMAND?

Abstract. In this work, we are interested in a reduced and simplified model of the anaerobic diges-
tion process. We focus on the acetogenesis and hydrogenetrophic methanogenesis phases. The model
describes a syntrophic relashionship between two microbial species (the acetogenic bacteria and the
hydrogenetrophic methanogenic bacteria) with two input substrates (the fatty acids and the hydrogen)
including both decay terms and inhibition of the acetogenic bacteria growth by an excess of hydrogen
in the system. The existence and stability analysis of the steady states of the model points out the
existence of a new equilibrium point which can be stable according to the operating parameters of the
system. By means of operating diagrams, we show that, whatever the region of space considered, there
exists only one locally exponentially stable steady state.
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1. INTRODUCTION

The anaerobic digestion (AD) is a natural process in which organic material is converted into biogas
in an environment without oxygen by the action of a microbial ecosystem. It is used for the treatment
of waste or wastewater and has the advantage of producing methane or hydrogen under appropriate con-
ditions. Thus, it has a high potential within the actual context of green energy development. However,
its management is not easy because a number of intermediate metabolites may accumulate and lead to
the destabilization of the biological reactions. To better understand and control this process, many mod-
els have been reported in the literature, cf. [1-4, 6, 8, 10, 11]. In particular, a key biological step has been
described as the syntrophic relationship between acid consumers (which produce hydrogen) and hydrogen con-
sumer (which produce methane). Indeed, in degrading the hydrogen — which is inhibiting microbial growth
rate — methanogens allow their coexistence with acid producers: this fragile equilibrium has been thoroughly
studied in the past years. In [11], a model of such a syntrophic relationship is studied. As underlined in this paper,
for thermodynamic reasons propionate degradation is extremely sensitive to accumulation of hydrogen. Thus in
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FIGURE 1. The acetogenesis and the hydrogenetrophic methanogenesis phases: the fatty acids
produced by the previous phase (the acidogenesis) are consumed by the acetogenic bacteria
to produce the hydrogen, which is converted by the hydrogenetrophic methanogenic bacte-
ria into methane. An excess of hydrogen in the system can inhibit the acetogenic bacteria
growth.

methanogenic ecosystems propionate degradation is only sustainable in the presence of hydrogenotrophic organ-
isms. To study the syntrophy, the authors have considered a system involving precisely propionate degraders
and hydrogenotrophic methanogens. The substrate/product variables are the propionate and the hydrogen
(cf. Fig. 1).

Using realistic parameters values for this two-step model, Xu et al. (¢f. [11]) have shown that the introduction of
maintenance terms (equivalent to mortality terms in their study) does not destabilize the positive equilibrium
of the system. This result has been made generic by Sari and Harmand (¢f. [5]) in the sense they have shown
that for a large class of kinetics and whatever the model parameters values, the stability of the equilibrium is
maintained. However, in these studies, only one substrate input — the input substrate concentration in propionate
— was considered. In reality, some hydrogen is produced by other reactions taking place in parallel of the main
reactions considered in the model under interest. Thus, to deal with a more realistic situation, we incorporate
the input substrate concentration in hydrogen in the model. The aim of this study is to give a comprehensive
analysis of the extended model of [5]. We describe all steady states of the model and their stability. We prove,
in particular, that the existence of the steady state, corresponding to the washout of acetogenic bacteria, is
possible for certain values of the operating parameters and we give necessary and sufficient conditions for its
stability. To describe the qualitative behavior of the system, we determine the operating diagram of the model
according to the the operating parameters. The operating diagrams can be useful to interpret experimental
results. With respect to purely commensalistic systems described by [7], our model is different because of the
dependence of the growth rate of microorganisms of the first step by the product of the reaction. With respect
to more general models as those considered in [2] or [6], it differs in that it includes mortality terms while the
latter do not.

The paper is organized as follows. In Section 2, we present the two-step model with two input substrate
concentrations and we give a preliminary result on the positivity and the boundedness of the solution under
general hypotheses on the growth functions. In Section 3, we give the description of the steady states and
in section 4, we discuss their stability. In Section 5, we illustrate the effect of the second input substrate
concentration, in designing the operating diagrams, first, with respect to the first input substrate concentration
and the dilution rate and second, with respect to the second input substrate concentration and the dilution
rate. In Section 6, numerical simulations with realistic growth functions are presented to illustrate our results
in different cases. The technical proofs of the results are given in the Appendix A.



STEADY STATE ANALYSIS OF A SYNTROPHIC MODEL 3

2. THE MODEL
The two-step model reads:

dso

dt
dl‘o

= D(Sén — 50) — po(S0, 51)Zo0,

e —Dzxo + 110(80, 51)T0 — aoZo,
(2.1)

ds ;

7; = D(Slln - 31) + UO(SO, 81)1'0 - ﬂl(Sl)xla
dx

7; = —Dxl +ﬂ1(81)-’171 — a1y,

where sp and s; are the concentration substrates (the fatty acid and the hydrogen, respectively), introduced
in the chemostat with input concentrations si* and s¢". D is the dilution rate, o and z; are the acetogenic
bacteria and hydrogenetrophic methanogenic bacteria concentrations. This model includes the maintenance (or
decay) terms agzo and ajz1, where ag and a; are positive parameters. The functions pg(.,.) and p;(.) are the
specific growth rate of the bacteria.

The terms (80, $1)To and p1(s1)z1 in the first and third equations represent the consumption of substrates
sp and s; by the biomasses zy and 1, respectively. These terms in the second and fourth equations represent
the growth of the biomassess xg and x1, respectively. The variables have been rescaled such that all the constant
parameters were fixed to 1, see [5] for the details.

We assume that the functions po(.,.) and pq(.) satisty:

H1 For all sp > 0 and s1 > 0, po (s0,51) > 0, o (0,51) = 0 and sup po(so, $1) < +00.

8020
H2 For all s1 > 0, p1 (S1) > 0, p1(0) = 0 and my := sup p1(s1) < +o0.
8120
0 0
H3 For all s5g > 0 and s; > 0, it (s0,s1) > 0 and it (so,s1) < 0.
dsg 0s1

d
H4 For all 51 > 0, L (s1) > 0.
dSl

For s; fixed, we denote:

mo(s1) = sup po(so, s1)-
5020

We assume that;:

d
H5 For all s; >0, 0 <.

d81

Hypothesis H1 means that no growth can take place for species xy without the substrate sg. Hypothesis H2
means that the intermediate product s; is necessary for the growth of species ;. Hypothesis H3 means that
the growth rate of species xz( increases with the substrate sy but it is self-inhibited by the intermediate product
s1. Hypothesis H4 means that the growth of species z; increases with intermediate product s; produced by
species xg. Note that this defines a syntrophic relationship between the two species. Hypothesis H5 means that
the maximal growth rate of species zy decreases with the substrate s;.

We first state the following result:

Proposition 2.1. For every non-negative initial condition, the solution of (2.1) has non-negative components
and is positively bounded and thus is defined for every positive t.

The proof is given in the Appendix A.
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3. STEADY STATE ANALYSIS

A steady state of (2.1) is a solution of the following nonlinear algebraic system obtained by setting the
right-hand sides of (2.1) equal to zero:

D(s§" — s0) — po(s0,51)x0 = 0, (3.1)

—Dxo + io(s0, $1)T0 — apzo = 0, (3.2)

D(s7" = s1) + po(s0, 51)x0 — pa (1)1 = 0, (3.3)
—Dx1 4 p1(s1)x1 — a1z =0, (3.4)

Since all state variables are concentrations, steady state F = (so, %o, $1,%1) exists if and only if all its
components are non-negative. From equation (3.2) we deduce that:

20=0 or po(sg,s1) =D + ap,
and from equation (3.4) we deduce that:
21=0 or pi(s1)=D+ay.

We obtain the four equilibria:

SS0: zg = 0, 1 = 0, where both species are washed out.

SS1: zg > 0, 1 = 0, where species x1 is washed out while zy survives.

SS2: xg > 0, x1 > 0, where both species survive.

SS3: xg = 0, 1 > 0, where species xq is washed out while z; survives.

For the description of the steady states, we need the following notations. Since the function s; — p1(s1) is
increasing, it has an inverse function y — Mj(y), so that, for all s > 0 and y € [0,m4]

51 = Mi(y) =y = p1(s1).

Let s; be fixed. Since the function sg — po(sg, s1) is increasing, it has an inverse function y — Mjy(y, s1), so
that, for all sp,s1 > 0, and y € [0, mg(s1)[

s0 = Mo(y,s1) <= y = po(s0,51)-

Then, we have the following result.

Proposition 3.1. Using assumptions H1-H4, we have:

0
o For ally € [0,mo(s1)] and s1 > 0,

dy
dM
e For ally € [0,m1], Tyl(y) > 0.

M M,
2y, s1) >0 and %(y,sl) > 0.
1

The proof is given in the Appendix A. Thus, we can prove the following proposition:
Proposition 3.2. Assume that assumptions H1-H4 hold. Then, (2.1) has at most four steady states:

e S50 = (56",0,83”,0). It always exists.

e SS1 = (so1,%01,511,0), where so1 is the solution of the equation: jio(so1, (si* + s) — sp1) = D + ag.
To1 = %@0(36" — 501) and s11 = (si* + %) — s01.
It exists if and only if si" > M (D + agp, 311")
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e 552 = (502,.1302,812,1‘12), where sgo = M (D+a0,M1(D+a1)), To2 = %ao (36” —502), S12 = My
(D + a1) and x15 = %@1 ((sf)” + 84") — 802 — 512).
It exists if and only if si* > Moy (D + ag, M1(D + a1)) and si* + s > Mo (D + ag, M1(D + a1)) + M;
(D+a1).

e SS3= (s%”,O,Ml(D +ay), %@1 (s" — My(D + &1))). It exists if and only if st > My (D + ay).

The proof is given in the Appendix A. With respect to [5], a new steady state SS3 exists. Notice that, if
si" = 0 the condition p1(sy"") > a; is not satisfied and SS3 does not exist. In the next section, we analyse local
stability of the steady states.

4. STABILITY ANALYSIS

The stability of the steady states is given by the sign of the real part of eigenvalues of the Jacobian matrix or
by the Routh-Hurwitz criteria (in the case of SS52). In the following, we use the abbreviations LES for locally
exponentially stable.

Proposition 4.1. Assume that assumptions H1-H4 hold. Then, the local stability of steady states of (2.1) is
given by:

S50 is LES if and only if s{* < My(D + a1) and s{* < My (D + ag, si™).

SS1 is LES if and only if si* + st < My (D + ag, M1 (D + a1)) + M1(D + a1).
SS52 is LES if it exists.

SS3 is LES if and only if si* < Mo (D + ag, M1(D + ay)).

The proof is given in the Appendix A. The results of Propositions 3.2 and 4.1 are summarized in Table 1
where the functions F;, i = 0,1, 2, are defined by:

Fo(D) Mo (D —+ agp, S’in) s
Fl(D) = Mi(D+a1)+ My(D + ag, M1(D + a1)), (4.1)
F5(D) Mo(D + ag, M1(D + ay)).

The domains of definition of the functions F;, for ¢ = 0,1 and 2, are given in Proposition 4.2. Notice that:
s < My(D +ay) <= D > p1(s™) — ay.

Proposition 4.2. We have:
o Fy is defined in [0, Do, with Do = mo(si") — ag. This interval is not empty if and only if ag < mo(st").
o F is defined in [0, D1, with D1 = min(my — a1, Da) with Dy is the positive solution of equation

D + ag = mo(M1(D + a1)). [0, D1] is not empty if and only if a1 < my and ag < mo(Mi(ay)).
o Fy is defined in [0, Do, Dy exists if and only if ag < mo(Mi(aq)).

The proof is given in the Appendix A.

5. OPERATING DIAGRAMS

The operating diagrams show how the system behaves when we vary the three operating parameters s, si"
and D.

These diagrams are specially useful for the operators, to estimate in particular, for a given a triplet s, si"
and D, the margin of stability they have, with respect to a region of the space where the washing out of at
least one biomass is stable. For a planar operating diagram, we must fix one of the three operating parameters
D, si" or st". In Section 5.1, we fix s{" and we determine the operating diagrams in the plane (si*, D) and, in
Section 5.2, we give the operating diagrams in the plane (s, D) with si* fixed.



6 Y. DAOUD ET AL.

TABLE 1. Existence and local stability of steady states.

Steady state Existence condition Stability condition

SS0 Always exists sy" < Fo(D) and D > i (si") — ay
SS1 syt > Fo(D) ‘ sgr + st < Fi(D)

SS2 sy + 87" > F1(D) and si* > Fy(D) Stable when it exists

SS3 M1( m) >ap and D < M1( ") —a sy" < Fa(D)

TABLE 2. The cases pu;(si") < aj.

Condition Region SS0  SS1 SS2
Fy(D) < si* < Fi(D) — st (sg",D) € R U S
syt < Fo(D) (sy, D) € R? S
Fi(D) — s < sy (si*, D) € R® U U S

TABLE 3. The cases p1(s") > aj.

Condition Region SSO SS1 SS2 SS3
Fyo(D) < si* < F1(D) — st (si", D) € R U S
D>D sin < Fy(D) (si", D) € R? S
Fi(D) — st < sin (si", D) € RS U U S
s§ < Fy(D) (si",D) € R3 U S
D < D FQ(D) < Sén < F()(D) (SO s ) € R* U S U
si" > Fy(D) (si*, D) € R® U U S U

5.1. Operating diagram with respect to (s , D) and 311" fixed

In a first step, we fix si* and we illustrate the equilibria existence and stability domains in the plane (s{", D).
Let Fy(D), Fi(D) and F>(D) be the functions defined by (4.1). We define the curve 7o of equation si* =
Fo(D), the curve 7 of equation si® = Fy(D) — s and the curve 72 of equation si* = Fy(D). We denote
D = p1(st™) — ay, see Table 1.

These curves with the line D = D separate the operating plane (s, D) in at most six regions as shown in
Figure 3, labelled R',..., RS.

The results of Proposition 4.1 are summarized in the next theorem which shows the existence and local
stability of the steady states SSO, ..., SS3 in the regions R',--- , R® of the operating diagram, for a given si".
The regions R, i = 1,...,6 of operating diagram are colored by four different colors. Each color corresponds to
one and only one stable steady-state: in the region R*, R® and R®, SS2 exists and is stable. In R, all the other
steady states exist but are unstable. In the region R*, (respectively R%), the steady-state SS1 (respectively SS3)
does not exist and the other steady-states exist. Therefore these regions are all colored in the same yellow color.
Similarly the region R? (in green) is the stability region of the washout steady-state SS0, the region R! (in
blue) is the stability region of steady-state SS1 and R? (in purple) is the stability region of steady state SS3. It
is useful to state the next properties on the functions F;, i = 0,1, 2.

Lemma 5.1. We have

o If p1(si") < ay then Fo(D) < Fi(D) - sin
o If ui(st™) > ay and D > pui(st") — a1 then Fy(D) < Fy(D) — si".
o If ui(st™) > ay and D < pu1(st") — a1 then Fy(D) < Fy(D).
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TABLE 4. Existence and local stability of steady states, according to s{™.

Steady state Existence condition Stability condition

SS0 Always exists )" > F3(D) and s < Fy(D) — F»(D)
SS1 D3 >0 and s7" < F3(D) B s < Fy(D) — sy

SS2 st > Fy (D) —sy*, Dy >0and D < Dy Stable when it exists

SS3 Slln > Fl(D) — FQ(D) D > D,

TABLE 5. The cases D; < 0, D3 < 0 and 0 < D < Dseee.

Condition Region SSO0  SS3
Szln < Fl(D) — FQ(D) (Szln,D) € R? S
Fi(D) — F»(D) < s (si", D) € R3 U S

TABLE 6. The cases D1 < 0, Dg >0 and 0 < D < Ds.

Condition Region SS0  SS1 - SS3
si" < F3(D) (s’i”, D) e R} U S
F3(D) < st < Fy(D) — Fy(D) (si", D) € R® S
Fy (D) — Fy(D) < stn (si", D) € R3 U S

TABLE 7. The cases D1 >0, D3 >0 and 0 < D < D».

Conditions Region SSO  SS1 SS2 SS3
si" < F3(D) (si*, D) € R} U S
Bl <D Fg(D) < Szin < Fl(D) — FQ(D) (Szln,D) € R? S
Fi(D) — F»(D) < si® (si*, D) € R® U S
F5(D) < st (s",D) € R? 0] S U
D < D, Fy(D) — F»(D) < si* < F3(D) (si*, D) € R® U o) S U
F1(D) — si* < si" < F1(D) — F»(D) (si*, D) € RS U o) S
si" < Fy(D) — sin (si*, D) € R} U S

For a detailed proof, see the Appendix A. We can now state the following result:

Theorem 5.2. The existence and stability properties of the system (2.1), in the plane (s, D), are summarized
in the following tables:

The letter S (resp. U) means that the corresponding equilibrium is LES (resp. unstable). The absence of letter
means that the equilibrium does not exist.

The proof is given in the Appendix A.

These results are essentially the same as those presented in Table 1. Notice that Table 2 is identical to the
Table 2 of [5], it corresponds to the case where the concentration s{" is small or equal to zero. Table 3 emerges
due to the presence of si": three regions — where SS3 exists — appear. Moreover, in the regions R, i = 1,...,6,
there is only one stable steady state and all other equilibria are unstable or not even exist.
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TABLE 8. Nominal parameters values for a syntrophic model of degradation of fatty acids and
hydrogen by the acetogenic bacteria and methanogenic hydrogenetrophic bacteria, respectively.

Parameters Units Nominal values
mo d-! 0.52
Ky kg COD/m? 0.124
mi d-! 2.10
K, kg COD/m3 0.25
K; kg COD/m3 0.035
ap d—! 0.02
ai d-! 0.02
{13
06F
u R2 |
%
1% o -
03 _//‘/ Rl
D ///
0% //’ 4
0 / h
/
/
05E // R6
uE
//’
Y /‘,{/
Ly D
13; L | | RS | | \ L \
0 [l I 03 04 05 08 0 08 09 1
S0in

FIGURE 2. Operating diagram of the model (2.1) for si* = 0.005 KgCODm™ and D =
0.021 d=t. The region R? (in green) is the stability region of the washout steady-state SSO,
R' (in blue) is the stability region of steady-state SS1 , RS, R® and R* (in yellow) are the
stability region of steady-state SS2 and the region R? (in purple) is the stability region of
steady-state SS3. (the figure at right is a zoom of the bottom of the figure at left)

5.2. Operating diagram with respect to (s?'l", D) and sg" fixed

Now, let si® be fixed. Since the function s; — pg(so, s1) is decreasing, it has a decreasing inverse function
z — Ms(sg, z), so that, for all sg,s1 > 0, and z € [0, sup £o(so, *)[

s1 = Ms(s0,2) < z = uo(s0,51).

We define the function:

F3(D) = M; (s§*, D + ao) - (5.1)

Let ﬁl, if it exists, be the largest solution of (D) = sin and Dy = min(my — a1, Dy), such that F is defined
in [0, D3]. Let D3 the solution of F3(D) = 0. Since Fj is decreasing, then D3 < 0 implies that F3(D) < 0.



STEADY STATE ANALYSIS OF A SYNTROPHIC MODEL 9

0 | | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1

S0in

FIGURE 3. Operating diagram of the model (2.1) for si® = 0.03 KgCODm™3 and D =
0.205 d~1.

S0in-

FIGURE 4. Operating diagram of the model (2.1) for 52" = 0.05 KgCODm ™3 and D = 0.33 d~ .

To illustrate the regions of existence and stability of the steady states in the plane (s¢", D), we first express
the conditions of Table 1 according to s{", which gives the following table:
It is useful to state the next properties on the functions F;, i = 1,2, 3.

Lemma 5.3. We assume that Dy > 0. Then, we have

[ IfD > Dl then F3_(D) < Fl(D) — FQ(D) < F1<D) —gin
e If D < Dy and Dy > 0 then F1(D) — si* < Fi(D) — F(D) < F3(D). Moreover, the three curves of
functions Fy — Fy, Fy} — sf)” and F3 intersect at D = D1 satisfying D3 > D1 .
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0 0.05 0.10 0.15 020
S1in

FIGURE 5. Operating diagram of the model (2.1) for si* = 0.005 KgCODm 3.

For a detailed proof, see the Appendix A.

The regions R', i = 1,...,6 appear in the plane (si", D) as the regions delimited by the following curves : I
is the curve of the function s" = Fy (D) — si", I is the curve of the function si® = Fy(D) — Fy(D) and I3 is
the curve of the function s{" = F3(D). These curves with the line D = D; separate the operating plane (s%", D)
in at most six regions as shown in Figure 6. We notice that the region R! is divided into two subregions defined
as follows R! = R{ U R}.

We can now state the following result:

Theorem 5.4. The existence and stability properties of the system (2.1), in the plane (si", D), are given in the
following tables:

The proof is given in the Appendix A.

6. SIMULATIONS

The stability regions of steady states are given by the operating diagram in the plane (si*, D) in Figures 2-4,
for different values of s{". For the simulations, we use the following growth functions:

moSo 1 mi181

poloost) = B s Ty MOV T R

For the operating diagrams in Figure 2, 3 and 4, we use the parameters of Table 3 of [5] and obtained from
Table 1 of [11], see Table 8.

The inverse functions M;(.) and My(., s1) of the functions p;(.) and po(., s1) can be calculated explicitly: we
have

K
y € [0,mif— Mi(y) = —2,
mi —y
mo Koy
elo,—0 | My(y,s1) = ——2Y
Y |: 1+81/Ki|: O(y 1) 1+$/Ki_y
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ry

RS

B

L] 0.05 0.10 0.15 020
S1lin

FIGURE 6. Operating diagram of the model (2.1) for si* = 0.05 KgCODm™3.

R1 R2 R3 D2

Dy
020 R6
| R4
0.15
(0]
0.10 -
] RS
0.05 T
Fl ]
04 T T T T
0 0.05 ) 0.10 0.15 020
S1lin

FIGURE 7. Operating diagram of the model (2.1) for s§* =5 KgCODm 3.

The functions Fy(D) , F1(D) and F5(D) are given explicitly by

Ko(D +ag)(1+ %)

FO(D) = n
mo — (D + ap)(1 + %)
A — Fa@ra) | KoDta)(is R 61)
1 = , .
ml_(D+a1) mo—(D+a0)(1+%jal))
Ko(D + ag)(1 + MrlDra))
Fy (D) = B

mo — (D + ag)(1 + 2l2re)y’
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mo — ap(1l + i _ K ]
0 — ao( m ) g (Mo — a0) K > gin.
I+ % @0
F1 is defined if D < mip —ap and (Kl - Kl)D2 + ((Kl - Kl)(ao +a1) - Kz(ml +m0))D+ ((mo — aO)Kl-(ml —
CL1) — aoalKl) > 0,

F5 is defined if (Ki —Kl)DQ—‘r((KZ' —Kl)(a0+a1) —Ki(ml —l—mo))D—i—((mo—ao)Ki(ml —al) —aoalKl) > 0,

Fy is defined if D <

that is to say if D € [0, Da].

Figures 2-4 illustrate the operating diagrams for increasing values of si*. When s%" is small, namely s{" =
0.005, the most important regions are the regions R’, i = 1,2, 6, (see Fig. 2). These regions correspond to those
obtained in the case si" = 0, see (Fig. 1 of [5]). Increasing si" leads to the emergence of the existence region
of equilibrium SS3 R?, i = 3,4,5 and to the reduction of the region R* and RS, (see Figs. 3 and 4). Thus, the
input concentration of the second species leads to the emergence of a new region related to the new equilibrium
SS3 and to changes in the size of the existence and stability regions of the other equilibria.

Including s in the model changes slightly the operating diagram of [5]. On the first side, when s{™ increases,
D increases (it may be verified that ddsj?" > 0). The stability region of SS2 under the curve 7, remains the
same (y2 does not depend to s¢™). On the other side, the stability region R® of SS3, which corresponds to
the extinction of the first species, increases in size. When the dilution value of D is small and Sy;,, large, the
coexistence steady-state is stable. If D large and Sy, small, then washout steady-state is stable.

The stability region of steady states are given by the operating diagram in the plane (s{", D), see Figures 5-7,
for different values of si"*. The function F3 is given by:

F3(D) = moKis'
(D +ao)(Ko +s*) "

. e moKisit—ag K (Ko+si") in _aoKo
F3 is defined if KI_({(O+56n) > D and 50 > mo—aqg *

When s{"* increases, Dy increases and new regions R*, ..., RS appear under the line D = D; and Ip. This
regions correspond to the stability region of the coexistence steady state S52. Dy = 0.24 d~!. It does not depend
on the values of 5. When D; increases the regions R, R? and R? become very small, see Figure 7.

7. DISCUSSION

We have considered a model of an ecosystem involving two bacteria in a chemostat where there are two
resources in the input. More precisely, we have proposed a mathematical model involving a syntrophic relation-
ship of two bacteria. For one of the populations, one resource is needed for its growth and the other is inhibitory
for the other population growth. One of the populations produces as a by-product the resource that is inhibitory
to itself but needed for growth by the other population.

Extending the model studied in [5] by considering that there may have some 14, in the influent and using a
more general class of kinetics functions, we show that the qualitative behavior of the system can be significantly
modified. We have highlighted the existence of a new equilibrium point corresponding to the washout of the
first species and the existence of the second.

By using the operating diagram, we can show how the system behaves when we vary the three operating
parameters s, si® and D while varying the two others in given ranges. To plot the operating diagrams in
the plan, we must fixe one of the three operating parameters si*, si® or D. We determine first the operating
diagrams in the plane (s{"*, D), for fixed values of s¢". Then, we fix si" and the stability regions are described
in the plane (s, D). We can also fix the dilution rate D, if needed, and give the stability regions in the plane
(si", sim). For sake of brevity, we do not give this last diagram, in the present work.
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The operating diagrams are divided at most into six regions, colored into four different colors corresponding
to the stability regions of the four steady-states. In all cases, we have shown that, whatever the region of space
considered, there exists only one locally exponentially stable steady state.

The operating diagrams can be useful to interpret experimental results. The biologists use the results of
operating diagrams to know what value of operating parameters to choose for controlling the biogaz (methane
or hydrogen) rate product. In particular, R*, R® and RS are the regions of interest for an operator (regions
where the coexistence of all species is guaranteed). To optimize the process, one may now couple the informations
provided by these diagrams together with plots representing the total amount of biogas produced. Then, two
cases may arise: either the operator can act on the input substrate characteristics (for instance in combining
several substrate deposits for instance within the framework of codigestion) or he can predict the issue of the
process performance given input characteristics.

APPENDIX A

Proof of Proposition 2.1. For all initial condition s(0) > 0, if it exists one first time ¢y > 0 such as so(tg) = 0,
then we have sg(tg) = Dsi® > 0. Therefore so(t) > 0 for all ¢t > ty. Since sg(t) = 0 for all ¢ € [0,1o], then
so(t) = 0 for all t > 0.

On the other hand, for all initial conditions z;(t) > 0 for ¢ = 1,2, if it exists one first time ¢y > 0 such as
x;(to) = 0, then we have #;(ty) = 0, then z;(¢) are null from this time ¢y, then x;(t) > 0 for all ¢ > 0.

Finally, for all initial condition s1(0) > 0, if it exists one first time #; > 0 such as s1(tp) = 0, we obtained
s1(to) = po(s0,0)xg + Dsi™ > 0. Therefore s1(t) > 0 for all t > tq. Since s1(¢) > 0 for all t € [0, o], then s1(t) > 0
forallt > 0.

This proves the positivity of solutions of (2.1).

To demonstrate that all solutions of (1) are bounded, we set z = 2sg + 29 + $1 + 1

then

3= D(2si" + 51" — 2) — apw — a17;.
We deduce that, 2 < D(2si" + si* — z). We now set
v=z—2s" — 5",

then, ¥ < —Dv. By applying Gronwall Lemma, we obtain v(t) < v(0)e~ P!

and consequently
2(t) < (285" 4 817) 4 (=280 — 51"+ 2(0))e Pt for all t>0.
We deduce that
2(t) < max(z(0),2s5" 4+ 5™ for all t > 0.

Concequently, the solutions of (2.1) are bounded for all ¢ > 0. O

Proof of Proposition 8.1. From the equivalence
so = Mo(y, s1) <=y = po(so, 51),

we have:

for all y € [0, mg(s1)[ and s1 > 0, to(Mo(y, s1),81) = y. (A1)
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Then, if we take the derivative of equation (A.1) according to y and we use H3, we obtain:

OM,
dy

(v:50) = (22 (Mg s1),50)] > 0

Now, if we take the derivative of equation (A.1) according to s; and we use H3, we obtain:

OM,
(981

Ipo

(vo50) =~ (Mol 0) 1[5

880

(Mo(y, s1), 31]71 > 0.
Finally, from the equivalence s1 = M;(y) <= y = p1(s1), we have for all y € [0, m1], p1(Mi(y)) = y. Taking
the derivative of this equation according to y and using H4, we obtain:

dM;
dy

(1) = 22 AR ) >0,

Proposition 3.1 is necessary to establish the results of Proposition 3.2.

Proof of Proposition 3.2. A steady state (so, o, s1,21) of (2.1) is a solution of the set of algebraic equations
(3.1)—(3.4).

e For SS0, 79 = 0, 21 = 0. As a result of (3.1) and (3.3), we deduce that s = si* and s; = si".
Then, SS0 = (56", 0, sﬁ”,O). It always exists.
e For SS1, zp # 0, 1 = 0. As a consequence of (3.2), we deduce that pg(so,s1) = D + ag. We have

D(si" — s0) = po(s0,81)r0 and D(sy — si™) = po(so, 51)To.

Hence, g = %ﬂo (si" — s0) and D(s}" — so) = D(s1 — si™), so that so + s1 = s{" + si". Therefore, s is
a solution of equation

po(s0, o™ + s — s0) = D + ap.

SS1 exists if and only if this equation has a solution in the interval (0, si* + si™).
The function

so — P(s0) = po(s0, 54" + i — so)

is strictly increasing since its derivative

L/ _ O
a5 (s0) = D50 (50,51) 95, (50,51)

is positive.

Using 1(0) = 0 and 9 (s§" + si") = 110 (36" +si",0) we conclude that equation z10(so, 56” +8"m—s9) = D+ag
has a solution in the interval (0, s{ + s) if and only if ¢ (s§* + %) = po(sy* + $4,0) > D + ag, which
means that:

st 4 84" > Mo(D + ag, 0).
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Now, SS1 exists if and only if all his components are strictly positive. For that, it’s sufficient that so < si"

because si* < si* + si". By applying 1 who is strictly increasing and by using pg, we obtain: D + ag <
to(sg?, i) which is equivalent to say that:

si" > Mo(D + ag, s1).
Since si* < si* + s%", using the same arguments, we obtain: g (s{", si*) < po(si® + s¢",0). So, if

D+ ag < po(si, si),
then, necessarily

D +ag < po(sit + 54, 0).

Therefore, SS1 exists if and only if

55 > Mo(D + ag, si).
Then, SS1 = (so1,To1, S11,0), where so1 is the solution of the equation:
to(so1, (8§ + st) — so1) = D+ ag, xo1 = %ﬂo(s%" —s01) and s11 = (8§ + %) — sp1. It exists if and only
if i > My (D + ag, 311”)

For SS2, o # 0 et 21 # 0. As a consequence of (3.2) and (3.4), we deduce that sy and s; are solutions of
the set of equations

po(s0,51) = D + ao, pi(s1) = D+ ay.
Applying M;, we obtain sy = My(D + a1) and sq is a solution of equation
o (80, Mi(D 4+ a1)) =D + ag

Applying My, we obtain sg = Mo (D + ag, M1(D + a1)). As a result of (3.1) and (3.3)

(Sén_SO)a T = Dta (Sé"—i—si"—so—sl).

SS2 exists if and only if si* + si™ > so + s1 and s{* > s¢. This means that:
so* + st > Mo (D + ag, Mi(D + a1)) + M1(D + ay),
and
55" > My (D + ag, M1 (D + ay))).

Then, SS2 = (502,.2302,812,3312), where sga = M (D + ao,M1(D + a1)), To2 = %ao (86n — 502),
s12 = My(D + a1) and x5 = %@1 ((sf)” + 84") — 802 — 512). It exists if and only if si* > M,
(D —+ ap, Ml(D —+ al)) and S(Z)n —+ Slin > MO (D —+ ag, Ml(D —+ al)) + Ml(D —+ al). A

For SS3, zp = 0 et &1 # 0. As a consequence of (3.1) and (3.4), we deduce that sg = sf* and s; are solution
of this equation

pa(s1) =D+ ax.
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Applying M;, we obtain
sy = Mi(D+ar)
As a result of (4), we have:

D
D—‘r(ll

Tr1 = (sin—Ml(D—l—al)).

Then, SS3 = (sé",O,MﬂD +ay), %al (si" — My (D + al))). It exists if and only if s{" > My (D + ay).
O

Proof of Proposition 4.1. The local stability of each steady state depends on the sign of the real parts of
the eigenvalues of the corresponding Jacobian matrix. At a given steady state (sg,xg,$1,%1), this matrix is
given by:

—-D — El’o —Ho FCL’O 0
o E{,CO Ho — D — ag —FLU() 0
7= Exg o —D — Fxy — Gy — 1 ’ (A-2)
0 0 G.I?l H1 — D — ay
where
o dpo dp
= — (50, >0, F=-——/s0, >0, G=— > 0.
880 (SO Sl) 881 (80 Sl) dSl (81)
The eigenvalues of (A.2) are the roots of its characteristic polynomial det(J — AI). Notice that we have used
the opposite sign for the partial derivative F' = — g‘s‘f (s0,51), so that all constants involved in the computations

become positive, which will simplify the analysis of the characteristic polynomial of (A.2).

e For 550 = (si,0,s{",0), the Jacobian matrix (A.2) reads

-D fuo(sf)”7 i) 0 0
g 0 po(sy',s")—D—ao 0 0
0 po(sg", s1") —-D —pa(s1")
0 0 0 (™) —D—ay

Its eigenvalues are Ay = po(si", si") — D — ag, A2 = p1(st") — D —ay and A\3 = Ay = —D. For being stable,
we need A1 < 0 and Ay < 0. Therefore, SSO is stable if and only if

po(sh", s8™) < D + ay,
and
p1(s™)y < D +ay.
For s fixed, since the function sg — po(so, $1) is increasing, we have the following equivalence:

po(si, si) < D 4 ag <= si* < My(D + ag, si™).
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The function s; — pq(s1) is increasing, then we have:
,Uzl(Slln) <D+4a = Szln < Ml(D + al).

Therefore, 550 is locally exponentially stable if and only if si" < M;(D + ay1) and si* < My (D + ag, st").

For SS1 = (so1, 01, 511,0), where sq1 is the solution of the equation: po(so1, (85" + si*) — s01) = D + ao,

o1 = #ﬂo(sé" — s01) and s11 = (8§ + st") — 801, the Jacobian matrix (A.2) becomes:

—-D — Ei]']() -D — agp Fl‘o 0
J= E{Eo 0 —FLUQ 0
E,To D+ ao -D - Fl‘o — M1
0 0 0 MH1 — D — aq

Its characteristic polynomial is:
det(J —A) = (A—p1+ D +a1)(A+D) (N +[D+ (E+ F)xg] A+ (D + ag)(E + F)xo)

Its eigenvalues are \; = 3 — D — ag, A2 = —D and A3 and A4 are the roots of the following quadratic
equation:

N+ [D+ (E+ F)zo] A+ (D + ag)(E + F)zo =0

Since AzA\y = (D + ag)(E + F)xg > 0 and A3 + Ay = — [D + (E + F)xo] < 0, the real parts of A3 and A4
are negative. So, for being stable we must have A\; < 0. Therefore, SS1 is stable if and only if

p1 (sl + st — s9) < D+ ay

where s is the solution of yg (s, (si* + si") — s9) = D + ap. Since the function s; — p1(s1) is increasing,
we have the following equivalence

pr (s + s —s0) < D4 ay <= 59 > sy + 5" — My (D + ay).

Since the function sy +— ¥(sg) = po (80,86714’51{7‘750) is increasing, we deduce that 1 (sg) >
¥ (si + si" — Mi(D + ay)). Since,

Ql) (So) = o (So, 861'7, + Slln — 80) = D =+ (1))
Therefore, the condition u1(si® + s — sg) < D + a; of stability of SS1 is equivalent to:
D+ ag > pio (5" + 87" — My(D + a1), Mi(D + ay)) .

Since the function sg — po(sg, M1(D + ay)) is increasing, the condition D + ag > po(si® + si™ — My (D +
a1), M1(D + aq)) is equivalent to

s 4 st — My(D 4 ay) < Moy (D + ag, My (D + ay)),
which is equivalent to

56n + Sin < Ml(D + &1) —+ MO (D —+ CL(),Ml(D —+ 0,1)) .
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Therefore, SS1 is locally exponentially stable if and only if s + s < My (D + ag, M1(D + a1)) + M;
(D + al).

For SS2 = (sg2, zo2, S12,T12), where sgo = My (D + ag, M1(D + a1)), zo2 = %ﬂlo (56” —502), S19 =
Ml(D + al) and T12 = ﬁ ((8671 —+ Sin) — S02 — 812).

At SS2, the Jacobian matrix is given by:

—-D — E:L‘o —-D — ao F.%‘O 0

J = El‘o 0 —Fxo 0
Exg D+ ag —D—Fxy—Gr:1 —D—aq

0 0 Gz 0

Its characteristic polynomial is:
det(J — M) = A+ f1A% 4 f2A* + faX + fa,
where

fi=Gx1+ (E+ F)xg + 2D,

f2 = EGzozy + (2D + a)(E + F)xo + (2D + a1)Gxy + D?,
f3=02D+ ap+ a1)EGzox; + D(D + ag)(E + F)xo + D(D + a1)Gxq,
fa=(D+ap)(D+ a1)EGzoz;.

We use the Routh—Hurwitz criterium for the stability of SS2. Using the same arguments as Appendix D
[5], we have:

fi>0fori=1,...,4, (A.3)
fifa=f3 >0, (A.4)
fifafs = fifa—f3 > 0. (A.5)

According to (A.3), (A.4) and (A.5) the Routh-Hurwitz criteria are satisfied. Therefore, SS2 is stable
if and only if ¥ = g2 > 0 and z1 = 212 > 0. This means that si" > Mo (D + ag, M1(D + a1)) and
s+ 8" > Mo (D + ag, Mi(D + ay1)) + M1(D + a1). Therefore, SS2 is stable as long as it exists.

For SS3 = (36"70, Mi(D + aq), %al (si" — My (D + al))), the Jacobian matrix (A.2) becomes
J— 0 pwo—D—ap 0 0
- 0 Mo —-D — G.Tl —-D — ai
0 0 Gz 0

Its characteristic polynomial is:
det(J — )\I) = (—D — )\)(,U() - D — apg — )\) ([D + Gl‘l + )\] A+ (D + al)Gml) .

Its eigenvalues are A\1 = —D, Ao = g — D — ag and A3 and A4 are the roots of the following quadratic
equation:

A+ [D + Gz1] A+ (D + a1)Gxq = 0.
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Since A3A4 = (D + a1)Gxy > 0 and A3 + Ay = —(D + Gx1) < 0, the real parts of A3 and A4 are negative.
Therefore, SS3 is locally exponentially stable if and only if Ao < 0, that is to say

po(sg" M1 (D + a1)) < D + ap,
which is equivalent to
s < Mo(D + ag, My (D + ay)).
O

Proof of Proposition 4.2. Fy is defined if and only if M, (D + ag, 511") is defined. This means that, D 4+ ag <
mo(sy") which is equivalent to D < mg(s}") — ag = Dy.

F is defined if and only if M (D + a1) and My (D + ag, M1(D + aq)) are defined. This means that, D +a; <
my and D + ag < mo(M1(D + aq)). Since the function D —— mo(Mi1(D + a1)) is decreasing then mo(Mq (D +
a1)) < mo(Mi(a1)). D+ ag < mo(M1(D + ay)) is satisfied if and only if D < Ds where Dy is the positive
solution, if it exists, of D + ag = mo(M1(D + a1)). The solution D > 0 exists if and only if ag < mo(Mi(aq)).
Thus, F} is defined on [0, min(my — a1, Da).

By the same way, F5 is defined on [0, D3 when it exists. O

The idea of the proof of Theorem 5.2 is based on Lemma 5.1 and comparison between the growth functions.
We first prove Lemma 5.1.

Proof of Lemma 5.1.
e If we have pui(si") < a1 < D + ay then s < Mi(D + a1). My is increasing with respect
to the second variable then My(D + ao,s’i"_) < My(D + ag, M1(D + a1)). By using si® < M
(D + ay), which is equivalent to My (D + a;) — s4™ > 0, we obtain
Mo(D + aop, Sﬁn) < MQ(D + ag, M4 (D + al)) + Ml(D + al) — Slln
Therefore, Fo(D) < F1(D) — s, for all D > 0.
e If we have p1(st") > a; and D > D = py(si") — a1 & pa(si™) < D + ay. Then, si* < My(D + a;) and
Moy(D + ag, st") < Mo(D + ag, M1(D + a1)). Since My (D + a1) > si*, we obtain
Mo(D + aop, Sﬁn) < MQ(D + ao,Ml(D + 0,1)) + Ml(D + CLl) — Slln

Therefore, Fo(D) < F1(D) — s, for all D > 0.
e If we have p;(st") > a; and D < D = py(si") — a1 & M1(D + a1) < si™. Then, we have

Mo(D + ag, My (D + a1)) < My(D + ag, si").

Therefore, F5(D) < Fy(D), for all D > 0.
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Proof of Theorem 5.2. Theorem 5.2 follows from Lemma 5.1 and the next inequalities:

o If yy(si") < a; and Fy(D) — st < s then Fy(D) < si, for all D > 0.
Indeed, if py(si") < ay then M;(D + ay) — st > 0. Then,

Mo(D + ag, My(D + a1)) < Mo(D + ag, My(D + a1)) + My (D + a1) — s = Fy(D) — s{".
Since F1 (D) — si" < s* then F5(D) < sj".
o If yu1(si") > a1, D > D and Fy (D) — si" < s¢* then Fy(D) < s{, for all D > 0.
Indeed, D > D < u1(si*) < D+ a; & Mi(D + ap) — s > 0. Then,
My(D + ag, My(D + ay)) < Mo(D + ag, M1(D 4 ay)) + My(D + a1) — s = F1(D) — s'™.
Finally, Fy (D) — si" < s¢" implies that Fy(D) < s{".
o If 11 (si") > ar, D < D and Fy(D) < si* then Fy(D) — 83" < 53, for all D > 0.
Indeed, D < D = py(si") — a1 & M1 (D + a1) < si. Since Fy(D) = Mo(D + ao, si") < si, then
Fl(D) — Slln = Mo(D + ao,Ml(D + al)) + Ml(D + al) — Sﬁn < M()(D + ao,si"),
which implies that Fli(D) — sl < sin,
o If 41 (s4") > a1, D < D and F»(D) < sj* then Fy(D) — si" < s§”, for all D > 0.
Indeed, D < D = p1(st") — a1 < M1(D + ay) < si. Since Fo(D) = Mo(D + ag, M1(D + ay)) < si*, then
Fi(D) — ™ = Mo(D + ag, M1(D +ay)) + My(D +ay) — s < Mo(D + ag, M1 (D + ay)).
Finally, we obtain
Fi(D) — si™ < sim.
O

The proof of Theorem 5.4 is based on Lemma 5.3 and comparison between growth functions. We first prove
Lemma 5.3.

Proof of Lemma 5.35.

e If D > D; then Fy(D) > Fy(D;) = si* and we obtain
Fi(D) — si* > F1(D) — Fy(D).

In the other hand, we have Mq(D + ag, M1(D + a1)) > si. Since pq is increasing with respect to the first
variable then D + ag > po(si®, M1(D + ay)). My is decreasing with respect to the second variable then
My (s, D + ag) < My (D + ay). Finally, we obtain

Fi(D) — F»(D) > F5(D).
e If D < Dy and Dy > 0, then F»(D) < F»(D;) = si* and we obtain

Fi(D) — si* < F1(D) — Fy(D).
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Now, Moy(D + ag, M1(D + a1)) < si* implies that D + ag < po(si, My(D + aq)). My is decreasing with
respect to the second variable then Ma(s§*, D + ag) > M1(D + a1). Finally, we obtain

Fl(D) — FQ(D) < Fg(D)

e We have Fy(D;) = si® then_Fl(D_l) — Fy(Dy) = Fl(ljl)_— si". This implies that Fy — Fy and Fy — s

intersect at the value D = D;. On the other hand, Fy(D;) = si" is equivalent to Mo(D; + ag, My (D; +

al)) = Sén Then, we have M()(Sén,Ml(Dl + al)) = ljl + ag. I\IOVV7 Fg(ljl) = Mg(sén,Dl + ao) which is

equivalent to jo(si, F5(D1)) = D1 + ag. The two last equalities lead to F3(D;) = M;(D; + a1). Thus,

F3(D1) = F1(Dy) — F»(Dy) = F1(D;) — si*. Consequently, F3, Iy — Fy and Fy — si intersect at D = D;.

Since Fj3 is decreasing, then D3 = sup F3(D) then Ds > Dy. |
D

Proof of Theorem 5.4. Theorem 5.4 is a consequence of Lemma 5.3. Notice that if D3 < 0 then F3(D) < 0 and
since D1 < Ds, the case D; > 0 and D3 < 0 cannot occur. O
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