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Abstract

This paper deals with the theoretical study of the anaerebie, digestion of protein-
rich substrates. Since the success of such digestion raises theé issue of the possible
release of ammonia, we have carried out a mathematical analysis of an Anaerobic Di-
gestion model specifically developed for the treatment of Microalgae, termed MAD
(Microalgae Anaerobic Digestion) in the literature. Our aim is to investigate the
qualitative properties of the system via thewealculation of its equilibria, their con-
ditions of existence as well as their stability‘\according to the operating parameters
values. Simulation results highlight the key parameters acting on model behavior.
In particular, it is shown that the contrel parameters can greatly affect biogas yield
and, thus, process performance.. The optimal conditions for process operation are
then identified. To emphasizé the effect of pH on biological reactions, we plot the
operating diagram of the MAD model for different fixed pH values. We demonstrate
that a rising pH favors the’ formation of the free ammonia, leading ultimately to
methanogen inhibitioh. Surptisingly, our study highlights the insensitivity of the
model to acidic envitonments, thus limiting its potential applications at low pH. Fi-
nally, we investigate/the qualitative and quantitative properties of a modified ADM1
(Anaerobic Digestion-Model n°1) model in the light of those of the MAD model.
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1. Introduction

Anaerobic Digestion (AD) is a biological process, which reduces organic pollution

and produces renewable energy (biogas). This kind of bioprocess is regarded as an
alternative energy source to fossil fuel.
In order to maximize its efficiency, anaerobic digestion is now widely used at full-
scale to degrade various organic feedstocks. Special Attention has been paid to the
fermentation of protein-rich substrates, in view of their outstanding yield of biogas
and fertilizers [1], [2].

However, despite its energetic benefit, the fermentation of sueh substrates leads to
high concentrations of nitrogen in the reaction medium derivéd from the breakdown
of protein. Nitrogen is converted into ammonium (N H, )*and, fre¢ ammonia N Hj,
which is toxic for bacterial communities at high concentrations. Ammonia toxicity
can cause serious problems of instability leading to dramatie-damage of the process
and even its failure.

Environmental factors such as temperature, pH, \bacterial acclimation, can have
a significant effect on such phenomena. Furthermore, control parameters as the
dilution rate or the feed concentration at inletsmight significantly influence the whole
process performances [3].

Many researches were established to assess operating conditions impact on nitro-
gen inhibition. In this context, ammonia, influence on AD has been evaluated at a
mesophilic temperature [4]. Its threshold level for inhibition has been ascertained for
the anaerobic digestion of salihe wastewater [5], while the impact of its concentration
and of Hydraulic Retention Time (HRT') has been studied in [6].

To deal with such an inhibition in practice, alternative solutions have been also
suggested either by: ) the addition of certain elements to the feed substrate (co-
digestion of meat, and Kitchen waste to extend the C:N ratio 2] and adding trace
elements throughout the Anaerobic Digestion of food wastes [7]); or by ii) keeping
the factors limiting ammonia inhibition at their optimum values in testing the impact
of Organic*Loading Rate (OLR) and Hydraulic Retention Time (HRT) on the AD
of animal bypreducts [8], and investigate pH impact on the AD of kitchen waste [9].

In"addition, some experimental applications has been focused on the optimization
of protein-rich substrates digestion. The OLR was optimized under different temper-
atures'throughout the digestion of slaughterhouse waste [10]. The useful agents for
maximizing biogas generation from the AD of slaughterhouse by-products (blood,
meat, ribs, fat, raw waste) were studied in [11], while the efficacy of co-digestion of
gelatin and turkey was addressed in [12].



Elsewhere, other studies have modeled the digestion of protein-rich substrates
such as the models proposed by Batstone et al. [13] and Lokshina et al.[14], devel-
oped to describe the AD of slaughterhouse wastewater. Besides, Angelidaki et al.
were interested in the validation of an existing model of AD using experimental data
of the co-digestion of manure and protein-rich wastewater [15].

In [16], the AD of chlorella vulgaris microalgae was considered, in terms of composi-
tion, as a source of proteins. A model for Microalgae AD (hereafter denoted as the
"MAD model") were proposed. It was validated on experimental data and compared
to a modified ADM1 model specifically adapted to the digestion of microalgae [17].

Most previous studies used experimental results of various substrates digestion
to derive ideal values for operating parameters, while our presemt,contribution is
to emphasize [17]| in simulation the influence of these parameters onythe qualitative
behavior of the process. To do so, we investigate the properties of the MAD model
and we compare them to those of ADM1

In this paper, we focus on the mathematical study 0f. the MAD model in order to
identify ideal conditions of the process operation. An exhaustive analysis of its equi-
libria, their stability and their bifurcation properties was-established. Subsequently,
process performance was evaluated in terms of biogas-production in order to define
the optimal ranges of pH, dilution rate (D),organieload (S;,) and inorganic nitrogen
concentration (N;,), which ensuring maximuwm yield from fermentation. Based on
the present study, we show how control ‘parameters affect system performance. In
particular, the favorable conditions4ex. ideal biogas production have been stressed.
The paper is organized as follows: first;;the MAD model is presented and its equilibria
are calculated. Stability of equilibria is evaluated with respect of control parame-
ters changes. Thereafter, the Operating Diagrams (OD) of the system are presented
under different degrees of acidity to investigate the effect of pH on the anaerobic di-
gestion. In addition, the precess performance is assessed by following the evolution
of biogas production. Simulation results highlight the effect of control parameters
on the digestion.and validate the improved theoretical analysis. Finally, discussions
and general coficlusions are drawn.

2. Mathematical analysis of Microalgae Anaerobic Digestion model

2.1.( Presentation of MAD model

We_consider here the three reaction-two step model of Microalgae Anaerobic
Digestion (MAD) proposed by Mairet et al. [16]. The model involves four sub-



strates (S; sugars/lipids, S proteins, S3 VFAs! and S; inerts), and three bacterial
groups (X, sugar/lipid-degrading bacteria, X, protein-degrading bacteria and X3
VFA-degrading methanogens), (see Figure 1). Mathematical equations of the MAD
model are given by:

Si = D(BiSin—S1) — ayu X, (1)
Se = D (B2Sin — S2) — aspaXo (2)
Sy = —DSs+ azmX) + agpaXs — aopizXs (3)
X = (m-D)X (4)
X, = (12— D)X, (5)
Xs = (us— D)X (6)
N = D(Ny —N) = asp X1 + arpiaXo — aroiz X (7)

C = D(Cin—C)+ ayn Xy + agpaXo sy X3 — pco, (8)
Poo, = —Peo, ‘q/j:i + PCOQ% 9)
Pey, = —Fon, %Z + pcm% (10)
2 = D(zin—2) (11)

S = D (BSm—Si) (12)

where D is the dilution rate, «;(i = 1, ., 12) are the stoichiometric parameters, 5;(i =
1,2,1) are the fractionation ceeffigients, S;,, N;,, C;, and z;, denote, respectively,
inlet concentrations of the organic matter, the inorganic nitrogen NN, the inorganic
carbon C' and the alkalinity xz.

Pco, and Pop, are the"partial/pressures of the CO, and C'H, while pco, and pop,
are their liquid-gas transfer rates defined as:

pco, = k‘La(KC n hC — KpncoaPcoz) (13)
PoH, = 0113 X3 (14)
Qgas = kp(PCH4 + PCOQ - Patm) (15)

Wolatile Fatty Acid



Viigs Vgass R, kra, Top, Patm, Ggas, kp, h denote, respectively, the liquid volume, gas
volume, gas law constant, physico-chemical coefficient, temperature, atmospheric
pressure, gas flow, pipe resistance coefficient and the concentration of the hydro-
gen/hydroxide ions. K¢ and Ky o2 are, respectively, chemical constants of dissoci-
ation and of volatility (Henry’s law).

The kinetics p1 and py are ratio-dependent functions: they depend on S;/X; (i =
1,2). Such functions are represented by the Contois model:

Si
pi(Si, Xi) = ﬂz’(

—— 1 =(1,2 1
sTioxy =12 (16)

where ji; (i = 1,2) are the maximum specific growth rates of the‘bacteria’ X;, Kg; is
the Contois half saturation constants.
The kinetic p3 depends on both S3 and N Hs. It is modeled by the following function:

ps(Ss, NHs)=[is
S+ Ks, + 2 Kpnna % N Hs

with ji3 the maximum specific growth rate of the bacteria X3, Kg3 is the Haldane
half saturation constant, K3 is the Haldane inhibition constant and K7, is the
ammonia inhibition constant.

The association or dissociation of total inorganic nitrogen N with hydrogen/hydroxide
ions determine the formation of arimienia N Hs and ammonium N H, . At equilib-
rium, this physico-chemical process is characterized by a dissociation constant Ky
defined as: Ky = h[NH;]/[NH,|."Thus, us can be written as:

4 S?) Klnh KN
S5, N) = mhs o= 8
#13(S3, V) N353+K53+%K1,nh3+AN Ky +h

(18)

In view of lowvalues'of HRT adopted in the experiments of Mairet et al. [16],
bacterial decay.rate/was not taken into account in the model’s equations.

Hypothesis. pH = —logjp|h| constant, which implies that \ is constant.

For simplicity, we overlook in the mathematical analysis the equations (8), (9)
and'(10), which are model outputs. The equations (11) and (12) are also ignored
due tothe assumption that the pH is constant.

Hence, we consider the reduced model (1)-(7) and we denote & = [Sy, Ss, S3, X1,
X3, X3, N]T the state vector.
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Microalgae

Hydrolysis-Acetogenesis

Methanogenesis

Figure 1: Reaction stages considered in the MA%

2.2. Equilibria of the model

The equilibria of the reduced MAD model are ‘given=by the solutions of the fol-
lowing system of algebraic equations:

(0= D(51Sm — S1) — v

ﬁ D(Nin, — N) — appi1 X1 + azpio Xy — aiopisXs (19g
Eight Ca@ onsidered, which are reported in Table 1.
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Table 1: Different cases for equilibria

Casel X; =0 Xo=0
Case2 X;=0 w2(Ss, Xo) = D
Case3 X;=0 p2(Ss, Xo) = D
) Cased (51, X1)=D Xo=0
calculation. Cased (S X)) =D Xp =0
Caseb  u1(S1,X1) =D po(Se, Xo) =D
Case?  p1(S1,X1) =D pp(Ss, Xo) = D
Case8 X; =0 Xo=0

X3 - 0
X3 =0
/Lg(Sg,N) = D
X3 - 0
M3<S37N) =D
X3 - O
M3<SS7N) N
M3<S37N) N

Due to the absence of the inlet concentration Ss;, of Volatile Fatty Acid in the
model, case 8 is biologically impossible and thus it will be not taken into account.
Hence, the equations (19a, 19d), (19b, 19e), (19¢, 19f and 19g) c¢an be solved consid-

ering the following three subsystems of equations:

S

- 2D

f S1 + Klel

S+ a1 X, =315
Sy

i =D

HS, KXy

SQ + (1{5X2 — /825’7,71,

—53 + 066X2 +@3X1 —OéngZO

N — N'— ap X1+ a7 Xy — a0 X3=0
,L_L Sd KI,nhg o
3 —
Sy + K, + 25 Kipny + AN

From the equation(20a), we have:
~ DKg X7
p1— D

which is non-negative if, and only if, ji; — D > 0.

St

By combining equations (20a) and (20b), we have:
61 Sm

DKsg,
i—D + (o751

X7 =

8

(20a)

(20b)

(24)



Combining this expression with (23), we obtain:

DKg,

1= DKs, + ai(fin — D) (#)
Thus, if S} exists i.e. if D < [i1, then S} is necessarily smaller than 3;5;,.
From equation (21a) we calculate:
DK X;
Sy =—"22 26
= o (%)
which is non-negative if, and only if, i, — D > 0.
Combining equations (21a) and (21b) we have:
* /BQSZ’H,
fiz—D +as
Combining the last expression with (26), we obtain:
DES
2= DK g ha5(fty— D) 28)
Thus, if S5 exists i.e. if D < [is, then S3,is necessarily smaller than (55.5;),.
From (22a), we get:
* 1 * *
X5 =S5 — 53) (29)
Oy
Equation (22b) gives:
N* = N;;L — Oém)(ék (30)
with
Siina =03X] Jif only the reactionl (R1) occurs (Figure 1)
S3in = Szing= X5 if only the reaction2 (R2) occurs (Figure 1)
Simotal = 3 X7 + X5 if both reactions (R1) and (R2) occur (Figure 1)
Ni 1 7 Nin — X7 if only the reactionl (R1) occurs (Figure 1)
Ni, &< Niy = Nip + a7 X5 if the only reaction2 (R2) occurs (Figure 1)
Ni, totar = Nin — a2 X7 + a7 X5 if both reactions (R1) and (R2) occur (Figure 1)

Figure 2 illustrates the cascade structure of the system leading to different concen-
trations of S3;, and N;,.
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$2 = D(B2Simn — S2) — asi2X;
X, = (uz — D)X,

81 = D(B1Sin — S1) — 1p1 X4
X1 = (uy — D)Xy

S3 = —DS;3 + azp1 X1 + agz Xz — dop3X3
X3 = (u3 — D)X;
N = D(Nijy — N) — azp1 X1 + azppX;—1o3X3

Figure 2: The structure of the system. \(Q

From (29) and (30), we deduce that

Q10 a0
N*=A+—53, where A:=N}, —
Qg

3 (31)

3in

Replacing this expression in (22c), we find that S} i solution of the following

equation:

) S, Kinn,
H3 2
S+ Kg, + %

Thus, S5 is the intersection of a Haldane
defined as:

Ky + 2 (A+225;)

) K Lnhg

0 intersection(s). There are, thus, at most only two

~
=2
-

—

n3(S3)
1a(Sz)
13(S3) :

83 Sa Sa

Figure 3: Possible cases of the intersection of functions f(S3) (blue lines), g(S3) (red lines), a) Two
intersections, b) One intersection, c) No intersection.
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From equation (29), we can see that S3 is accepted if, and only if, S5 < S3,.,
because X; should be positive. Thus, the condition f(S3;,,) = g(55;,) is crucial for
evaluating if the solutions S; are accepted or not.

According to the sign of the equation f(S3,,) — g(55;,), we can investigate the values
of S§ with respect to those of S;,. In the case of two intersection (Figure 3-a), we

can deduce the sub-cases illustrated in Figure 4.

a(S4)
(S5 o ‘-‘__/—‘—

(S4)
0(S3im)

o g1 g e, 2
Ty Eh

Figure 4: Possible positions of S3;,, ifirelation to S3and S32.
When f(S5,,) — 9(S%;,) < 0, wedave, iYmo solution if S5, < Si' < Si? (Figure
4, green dashed lines); or ii) two solutions S;”' > 0 and S3* > 0 if S5 < S5? < S,
(Figure 4, cyan dashed lines).
If f(S%,) — g(S5,,) > 0, onlf ene splution is accepted: S3' > 0 (Figure 4, magenta
dashed lines). The solution S3”%/S%, gives X;? < 0 according to (29).

3in

Substituting the feasible-solitions S;* in the equation (29), we deduce X3 (i = 1,2):

* *,3
SSin B 83

k0
X3 _—
Qg

Subsequentlyy, N*¢(; = 1,2) are obtained from the equation (31) as:
Y S* _ *,i
g ( 3in 3 )

N*texist if and only if, N;l > 0;_190(5’;m _ Sg,z)

i [8310)
N** = N* —
wm

Remark. We denote that:

H(S3) = f(Ss3) — g(Ss) = M(Ss3)

Kth3a9(S§ + K]gSg + K]3KS3)

11



S% can be, also, deduced from the numerator of H(S3), denoted M (S3), and defined
by the following third order equation:

M(Sg) = agS§’ + GQS?? + CL153 + ag (32)

where
e a3 = — DAy
o ay = —D(Kp,00 + Mg + Ay K3)
o a1 = Ki3(Kpn,a9(fis — D) — DA(Aag + a19K,))
o ap=—DagKg, Ki3(ANA + Kpnnsy)

Using Cardan formulas, M (S;) is solved explicitly to obtain S§7 In this case, no
more than two solutions are accepted in view of the constraint of positivity.

Proposition 1.

System (1)-(7) has at most 10 points of equilibrium.:

Ey = (B1Sin, $25in,0,0,0,0, N;y), washout equilibrium, which always exists.

Ey = (81Sin, S5,5%,0, X5,0, N*), which exists_if and only if, D < fis.

EY = (B1Sim, S5, 55,0, X3, Xt Nwb) \which exists if and only if, D < [y and
X3t >0 and ag X3 > agXyh and Ny a7 X5 > ayo X"

E2 = (B1Sim, S5, 5572,0, X3, Xa 3N *?), which exists if and only if, D < [ and
X§’2 >0 and o X5 > ong;’Z and N, + a7 X5 > a10X§’2.

Ey = (S5, B2Sin, S5, X7,0, 03N ™)y which exists if and only if, D < fi; and Ny —
OéQXik > 0.

EY = (8%, 828, S5 X, 0, X531 N*Y), which exists if and only if, D < [y and
X3! >0 and asXTS ao X3! and Ny — 0o X7 > a0 X5

E2 = (8%, B2Sm, 882, X,0, X5 N*2), which exists if and only if, D < [y and
X§’2 > 0 and.az X} > 049X§’2 and Ny, — o X7 > ozloX;’Z.

Eg¢ = (57455, Si X1, X5,0, N*), which exists if and only if, D < iy and D < fiz and
N;, — Oég)(i’< + 047)(5< > 0.

EY £ (82,8575, X, X5, Xt ) N*Y), which exists if and only if, D < fiy and D < Jiy
and X§’1 >0 and a3 X7 + o X5 > 049X§’1 and Ny, — o X7 + ar X5 > alng’l )
B2.= (S}, 55,857, X+, X3, X N*2), which exists if and only if, D < iy and D < fiy
and X3* > 0 and asXF + ag X3 > agX3? and Ny, — oo X7 4 a7 X3 > a10X37.

12



The diagram of Figure 5 summarizes the different cases corresponding to the system
equilibria.

S1=B1Sin D =py(S1,X1) & Sy +a1Xy = B1Si
X1 =0, Bi<1 (k=1,2,1) X =X; & S4=S;
S5 = BaSin D = py(S3,X;) & Sy + asX; = B2Sin S5 = B2Sin D = py(S2, X2)&S; + asX; = BaSin
X, = X, =X; & S$,=S; X, =0 X; = X; &S,=5;
l [ I
J 1 L—' ) \ ¥
§3=0 S3 = agX; D ;”3(;21'1_1") S3 = azX; D= Ms(sa'iN) 85 = asXitacX; D = p3(S3,N)
3 = X3 X3 = X3 = X; = X3!
X3=0 X3=0 i=1,2,3 or i=1, 2 or i=1 X3=0 |=1,2:,‘lori=l,32 ori=1 ¥ =0 ;-1,1?3 nri=|.3z ori=1
N* = Nin N* = N* = N* = Nm_ N* = Nin = N* = Nin — N* = Nm _
Ny ta; X3 Niytaz X; — Xy Xy — asoXy' aXi+a; X; aXi+a; X; —
a0 X3' aoXy'
1 2 1 2 2
Case 1 I Case2 I Case3 Cased I Case5 I Caseb I Case7

Figure 5: Diagram summarizing the equilibria of system (1)-(7). The system has at most 10 points
of equilibrium.

PROOF. See proof in Appendix A.

2.3. Numerical investigation of the stability

The equilibria of theMAD model are dependent on the values of the operating
parameters D, S;,, Ny (Figure). Obviously, they greatly affect equilibrium stability
and thus the process operation.

To establish whether the equilibria of the MAD model are stable or not, the Jacobian
matrix is computed, for each equilibrium. If we write the system in the variables
[S1, X1, 5o, X9,83, X3, N|, the Jacobian matrix will have block-diagonal structure:

A 02*2 02*3
J = 02*2 B 02*3
E F C

Inthe case where only one or two bacteria at most coexist, the nature of the equilibria
cam be investigated analytically. The eigenvalues of the Jacobian matrix are those of
the matrices A, B and C. We use the Routh-Hurwitz criterion to study the stability

13




of the matrix C, which is of third-order (see Appendix B).

When all bacterial consortiums coexist, the analytical study of equilibria and their
stability becomes very complicated: it is necessary to use numerical tools to find
the nature of equilibria. Hereafter, we investigate numerically the equilibria stability
with respect to the changes of operating parameters values. Considering a large range
of operating parameter values, we construct the operating diagram (see Appendix
C) of the MAD model [18, 19].

We fixed the inorganic nitrogen inlet at the average value taken in’the exper-
iments N;, = 0.011M [16]. Then, for several values of D and S;,,{we ¢omputed
equilibria and the corresponding Jacobian matrix. The nature: stability and exis-
tence were assigned to each of the 10 equilibria. This enabled uS\to-establish a set
of existence-stability combinations for each pair (D, S;,) as summariged in Table 3.
Each combination is plotted as a colored region 7, (where n is the number of the
combinations) in the operating diagram.

All concentrations are in (gCOD.L™1), except the inorganic carbon and the nitrogen
which are in (M). The bacterial growth and dilutioh, rates are in (day~'). Nominal
values of the model parameters are reported in Table 2:

14



Table 2: Nominal parameter values used by Mairet et al. [16].

Parameter Unit
B =03 B2 =04 Br=0.3 a; =125 gCOD.gCOD™!
as =115 as = 9.1 ag = 8.1 ag = 20
Kg, =211 Kg, = 0.056
as = 0.0062 ay =0.03 a7 =0.054 ag=0.03 M.gCOD™!
a9 = 0.0062 a1 = 0.30 a2 = 0.20
i1 = 0.30 jto = 0.053 jts =014 Kra=5 d!
Kg, =0.02 K3 =164 gCOD.Lt
Ko =49e—7 Ky =1.1e—-9 M
Vig =1 Vgas = 0.1 L
Kpco, =2.Te—2 M.bar—!
k, = Se4 L.d " bar™
R =8.3le—-2 bar. M~ K1
T,, = 308.15 K

One of the main interests of the,operating diagram is to highlight, which equilibria
are stable for a given combination of inputs parameters (D, S;;,).

In order to limit the rumberyof regions plotted in a diagram, we have grouped
together the very similar regions, which are just different by the existence of an un-
stable point. At a neutzal pH, it is for instance the case in J; where Fi and E} are
unstable if they exist (X in Table 6).
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Figure 6: Operating diagram showing the behavior of equilibrialas_a.function of D and S5;, at
pH =7, N;j, = 0.011M. The area [J5 is too small because it exiSts for only small values of S;,.

Table 3: Existence and nature of equilibria according t0.S;n-and D at pH = 7: Unstable (U), Stable
(S), unstable or does not exist (X), Equilibrium does not.exist (no sign).

Arca E; E, E! E? E{™E.VE! E; E! E2

Jo S

J1 U S

J2 U s S U

J3 U u S

N U U X U X u S

T U U U S

Ts Us, UV U u U S S U

Figure 6 shows seven areas; hence, seven possible combinations of the equilibria
can be obtained when pH has a neutral value (see Table 3).
The transition from one region to another, resulting from a change in the model
inputsnSi. and/or D exhibits what is called equilibria bifurcation (appearance, dis-
appgéarance or coalescence of equilibria). For example, when reading the Figure 6
fromithe bottom to the top, we notice that an increase of D for a fixed value of
Simy=_20gCOD.L~" leads to the appearance of several regions: J;, J3 and Js, re-
spectively, evidencing some changes in the nature of the equilibria (as reported in
Table 3). When D is very low (D < 0.04), we obtain the area (J;) where only the
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functioning equilibrium FE} is stable. A slight increase of D (0.04 < D < 0.05) leads
to area (Jg): the equilibrium Eg changes its nature and becomes stable.

An area (J5) appears when S;, is too low and D takes small values (0.01 < D <
0.05)(see the zoom, right Figure 6) . In this area the equilibrium Ej is stable: the
consortium X3 is washed out due to the nitrogen deficiency. If, however, D belongs
to the range (0.05 < D < 0.07), the system operates in the area (J3): X, is washed
out and Fj is stable. An increasing of D with 0.02 d~' leads to area Jo: “E: is
still stable, E4 changes its nature and becomes stable and the stable equilibrium E?
appears. This is due to the bifurcation of the equilibria.

Five of the seven combinations involved one stable equilibriums, F7%(J4) or Fg

(Js5) when the three reactions occur simultaneously (D < min(jiy, jesis)), Er (J3)
when D exceeds fis (only the reactions (R1) and (R2) take place) and.Fy (J;) when
D is higher than fi3 (only the reaction (R1) take place). When no reaction occurs
(D > max(fiy, i, f13)), the washout equilibrium FE; (Jp) (becomes stable.
Areas [J, and [Jg present the bi-stability of the system,\where it could tend towards
the interior equilibrium or to the washout one, depending on the initial concentration
of the methanogens (X3,). Such operating areas ‘appear=when the dilution rate (D)
and/or the organic load (S;,) reach(es) high levels:

The operating diagram is, then, a good indicator-of the risk of AD process failure.
It provides good informations about the qualitative properties of the model and the
optimum range of operating conditions.

The region J; can be defined as a'mermal operation area, where all the bacteria
coexist. It is then the ideal zone to ensure the digester performances.

Areas J5 and J3 correspond £0 the system operation with the washout of X3 and
X, respectively. The area J; prediets the washout of both X, and X3, and only the
consortium X; exists. All the-bacteria are washed out in the area 7y that exhibits a
high risk of process destabilization .

When the digester éperates in the bi-stability areas (72, Js), implementation of a
closed-loop regulation system is needed to avoid the washout equilibrium.

2.4. Bifurcation phenomena

In order to highlight the origin of bi-stability, we attempt to show the behaviour
of 95,2X3.and /N when Figure 6 is browsed either vertically for a constant organic
load or horizontally for a constant dilution rate.

Figure 7.shows the behavior of the existing equilibrium components, capable of
changing their nature in accordance with change in the dilution rate.
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Figure 7: The components of the equilibrium pointsawi ect to the D at pH =7, S;, =
28.5gCOD.L~" and N;,, = 0.011M.
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The critical values of D

= fi2, D3 = 0.09, Dy = fi3, D5 = 1

D) F Sy (Dy), with S5* = aa X} + aeX; — agXy*(i = 1,2) thus
(case 7, Figure 5),

o 1(D3) = Sy*(Ds), with S5 = as X{ — agX5*(i = 1,2), thus X5*(Ds) = 0
case 5, Figure 5),

e Dy = p3(0,0),
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o D5 = Ml(ﬁlsmao)-

As can be seen in figure 7, a small change in the dilution rate results in a change
of the nature of some model equilibria. For a fixed value of the organic load (S;,)
increasing D may decrease the concentration of X3 of the stable equilibrium (Figure
7-b).

It leads to the accumulation of the substrates S; and S5, and then to a considerable
production of VFAs (S;) from reaction 1 (R1) and/or reaction 2 (R2) (see*the zoom,
top Figure 7-a). This boosts the amount of ionized and non-ionized forms of the
VFAs in the reaction medium. Both forms are present with balanced concentrations
because the pH is assumed to be neutral. In such case, a potential inhibition of
methanogenic bacteria (X3) occurs by an accumulation of VFAs. "Hence, the reac-
tion 3 (R3) will be affected by VFA accumulation: increase of Sz supported by a
significant decrease of X3.

This risk of inhibition becomes more severe as the organic load (S;,) increases. The
latter induces high release of ammonia, which explains the appearance of the areas
(J2) and (Js) where, respectively, the equilibria £y, B and Eg, i are stable.

It is clear from Figure 7-c that the nitrogen ecemeentration of the stable equilibria
(N*) is dependent on the value of D. The valuewof nitrogen at steady-states N* is
higher when D is lower than the maximum, growth rate of X5 (fig). This is due to
the achievement of the reaction (R2) that releases the nitrogen from the breakdown
of proteins. This phenomena cannot be, observed beyond jis because, in this case,
the reactor contains only /V;, as a nitrogen source.

Thus, when D < [is, the coneentration of N* decreases to satisfy high bacterial
needs. However, when D > fis, bacterial needs decreases because the Hydraulic Re-
tention Time (HRT) is smiall. Therefore, nitrogen consumption is not high and N*
concentration increases*(see the zoom, top Figure 7-c).

This reveals that inereasing D may increase the risk of process failure by providing
an excess of S5, notian excess of nitrogen (because D alleviates the ammonia stress
11]).

Figures 8 and 9 present the behavior of the components of existing equilibria, capable
to changetheirmature when the organic load (S;,) varies, and D is lower and higher
than iy, respegtively.
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Figure 8: The components of the equilibrium points with respect to S;, at pH = 7, .= 0.030¥d !
and N;, = 0.011M.

The critical values of the organic load S;,; and S;,s are around 0.02gCOD.L~!
and 28.5gCOD.L™!, respectively, with:

3in.total(Sin1) > S;,’*(Sml),thus X§7*(Sin1) > 0 (ease 7, Figure 5).

Sintotal(Sin2) = SE*(Sina), thus X4 (Sya)h =0, (case 7, Figure 5).

For a fixed value of D < [io, the increase of the organie load yields high concentrations
of the substrates S; and Sy in the medium. The.concentrations of the bacteria and
inorganic nitrogen N* of the stable equilibfiay(Fg before S;,1, E3 before S;,2 and
Eg/E} after exceeding S;,2) increase acdordingly. This can be regarded as abnormal
behavior because no inhibition is seen even though the ammonia concentration is
high and VFAs have accumulated.

Sy e N
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8 o3 0.08
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Figure 9: The components of the equilibrium points with respect to S, at pH =7, D = 0.101d~!
and Ny»=0.011M.

If.D is/fixed at a constant value beyond fiy (X washed out), the critical value of
theserganic load is about Sj,3 = 21.5 gCOD.L™!, with:

3in1(Sin3) = Sg’*(Sm?,),thus Xg’*(Smg) =0 (case 5, Figure 5).
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The increase of S;,, leads to an increase of S3 and a decrease of N of the stable equi-
libria (E} before S;,, and F,/E} after exceeding S;y,). Consequently, X3 increases
by consuming S3 and the nitrogen coming from Njy,.

These results show that a small change to the control parameters may lead to a
noteworthy change in the MAD behavior. Special attention must be given to their
values to avoid process failure.

3. Global behavior of the system

3.1. Influence of pH

It is well known that pH plays a key role in Anaerobic DigeStionsIt can, thus,
cause the imbalance of ions at certain values.
pH may suddenly rise during the treatment of protein materials rich in nitrogen,
particularly at low buffer capacity. At high levels, pH prometes the release of un-
ionized ammonia toxic to methanogens, while at low levels, free acids formation is
significant and bacteria are inhibited by VFAs accumulation.
Simulation and experimental results presented in Mairet el al. [16] stress that the
pH can vary between 6.5 and 7.5 throughout the digestion of chlorella vulgaris mi-
croalgae.
To emphasize pH influence on the AD of such protein-rich substrates, we establish
below the operating diagram of the MADymodel in an acidic medium (pH = 6.5) as
well as in a basic medium (pH = 7.5)%In, the following simulations, the representation
of the operating diagram is made with~D ranging from 0 to 0.15.

Figure 10: Operating diagram - behavior of equilibria as a function of varying D and S;, at
pH =.6.5, N;;, = 0.011M. The area J5 is too small in the OD because it exists for only small
values of S;,,.
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Table 4: Existence of equilibria and stability at pH = 6.5, N;;, = 0.011M: unstable (U), stable (S),
unstable or does not exist (X), equilibrium does not exist (no sign).

Area E, E, E! E} E, E! E! E; E! E2

Jo S

Vi U S

T2 U s S U &
J3 U u S

T4 v U X U X u S

T v U U S

Did-")

Sin(gCOD.L™Y)

Figure 11: Operating diagram,- @ r of equilibria as a function of varying D and S;, at

pH = 7.5, Ny, = 0.011M. earea 5 is too small in the OD because it exists for only small
values of S;,,.
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Table 5: Existence of equilibria and stability at pH = 7.5 : unstable (U), stable (S), unstable or
does not exist (X), equilibrium does not exist (no sign).

Area E1 E2 E% E§ E4 Eé Eg E6 E% E?

Jo S

J1 U S

Jo U S S U

J3 U u S

A v U X U X u S

NG u U U S

Je v U U u U S S U
Tz v U U U U U S S U

By comparing the operating diagrams representing an acidic pH (Figure 10) and
a neutral pH (Figure 6), we find the same areas except for Js, a bi-stability area
undesirable from a practical point of view. Moreover, wlien the pH takes a neutral
value, we can see that the bi-stability area [J, appearstat a dilution value that causes
a total washout of Xs.
The risk of process failure at pH = 7 seems to be higher than that observed at
pH = 6.5. Such a result does not agree with the numerous studies in the literature
that prove the sensitivity of meth@megens to high VFAs concentrations [20, 21].
Henceforth, the value chosen for the inthibition constant K3 associated to VFA (S3)
and proposed in Mairet et al./prevents the occurrence of an inhibition by an excess
of VFAs. We have plotted in Figure 12 the pattern of methanogens growth rate for
a small value of Kis.

23



Sa(gCOD.L-1)

Figure 12: Methanogen growth rates

From Figure 12, it is clear that the X3 growth raté'with the K3 value reported
in Mairet et al. [16] exhibits a Monod-like behayior. The inhibition of growth is
only observed if smaller value of K3 are used (Haldanesfunction). This confirms our
assumption and points out a significant limitation of the MAD model.

The comparison of Figure 11 with Figure 6 highlights new area [J; in a basic
reaction medium, Figure 11 shows that the areas J;, and J3 narrow and the bi-
stability zones are wider.

Indeed, when D < [ig, the increase of S;, leads to bi-stability (Js to J7). This
is due to the continuous increase in the.amount of nitrogen produced from (R2) and
promoted by the pH. When D_exceeds fis, this risk is halved because (R2) is no longer
active. In summary, the higher the organic load, the greater amount of nitrogen in
the medium. In particular, at a pH of 7.5, there is a shift leading to a higher Free
Ammonia productiongincreasing the risk of process failure.

3.2. Biogas yield

The biogas flowirate is defined in Mairet et al. [16] by the equation (15). At
equilibrium; hiogas)flow rate can be written as:

q_:]kas = kP(PC*'H4 + PéOQ - Patm) (33)

P¢oy and Ppy can be deduced by setting the right-hand sides of equations (8), (9)
and (10)"equal to zero. From the first equation, we can define C* depending on the
model inputs and outputs:

O = Chp + XT + as X3 + ap X2 — ”%” (34)
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By replacing (13), (14) and (33) in the equations (9) and (10), we get the following
subsystem of two equations:

—k'pP(z;OQ — PCOQ(kaCH4 — kaatm + kLCLKH,COQ ‘/lz’qRTop) —+ ﬁk[/a‘/liq...
.RT,,C*(X{, X5, X3, Pco,, Pon,) =0 .
—kp P2y, — kyPon,(Poo, — Pamm) + 01113 X5 ViigRT,, = 0
(35)
Solutions of (35) allows the calculation of the biogas flow rate at equilibrium
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Figure 13: Biogas flow rate as a function‘ef\(D, S;,) changes at pH =7, N;, = 0.011M.

Biogas yield shown in Figure 13 is highly dependent on the values of control
parameters. For a fixed yalue of mitrogen inlet concentration N;,, optimum biogas
production is obtained fora dilution rate lower than the maximum growth rate jis.
Moreover, a significant, enhancement of biogas yield takes place when S;, is high
(yellow zone). It matchesthe area in which all bacteria coexist (Jy and Js). The
maximum production is, then, obtained when the equilibria F} and FEg are stable.
However, when »D is greater than iy (J3) less production of biogas is observed.
Similarly, the highést yield is reached in the bi-stability area (Ei and E;) when we
operate around the interior equilibrium.

Otherwiseymo’biogas production is observed beyond the area J3 due to the washout
of methanogen bacteria.

Hence,;"we must focus on a suitable choice of X3, in the area of bi-stability in order
tosavoid the inhibition of bacteria on the one hand and, to ensure the maximum
production of biogas on the other.
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3.3. Relationship between S;,, D and Ny,

In addition to Sj,, the inlet concentration of the inorganic nitrogen N;, may
constitute a potential source of nitrogen in the reaction medium. The deficiency or
excess of Nitrogen limits the development of microorganisms by preventing/inhibiting
bacterial growth and causing an imbalance in their intracellular pH. This leads to
the process failure.

To get more insight into its influence, we evaluate its relationship with the congen-
tration of the organic load. In simulations, we study the maximum tolerated value of
N;,, that guarantees process stability, for the predefined range of S;, (0. <'S;, < 30)
and the optimum value of the dilution rate (D = 0.05 d1).

We establish the operating diagram as a function of changes in, Sy, and=V;,, (Figure
14).

Nn(M)

Sin(0COD. LY

Figure 14: Operating diagram with respect to Ny, and Sy, with D = 0.05d7!.

Table 6: Possible ateas when Ny, and Sy, vary at pH =7, D = 0.05 d—!: unstable (U), stable (S),
unstable or does'not exist (X), equilibrium does not exist (no sign).

Area) E, E, E) E? E, E' E! E; E! E2
I U U X X X U S

T U U U X X S

J U U X X U X X S S U

It is clear from Figure 14 that increasing both N;, and S;, leads to bi-stability
(Js), and possibly the washout of microorganisms (75), due to the severe risk of
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the ammonia toxicity. Bistability or washout can, also, take place in presence of the
small concentrations of S;, and NV;, in the reactor. Thus, the optimal concentration
of N;, belongs to the area (J4). It maximum value is highly dependent on the organic
load: its decreases when S;, increases.

Indeed, when 5;, reaches its maximum value and Ny, is too small the process operate
in the bi-stability area (Js) where both the equilibria Es and E7 are stable. However,
in the case of low concentration of S;, and high nitrogen inlet value, the bacteria are
washed out (J5) and only the equilibrium Fj is stable. The washout of methanogens
is due to an excess of nitrogen in the reaction medium: released from the breakdown
of proteins, in the first case, and derived from the nitrogen input_eeoncentration, in
the second case.

Nitrogen input has a significant influence on model behavior” A sudden rise in its
value might lead to process failure even if D and S;, belong te their optimal ranges.

4. Discussion

4.1. Operating parameters acting on ammonia“toxicity

Our study highlights the qualitative propertiesyof a model treating the digestion
of a protein-rich substrate at a mesophilic temperature of 35 °C'. The mathemat-
ical analysis of the model allows us to'emphasize the control parameters affecting
process performances. The major parameters acting on ammonia toxicity are: the
organic load (.S;,), the nitrogen input concentration (N;,) and the dilution rate (D).
An increase of the first two parameters favors a large amount of nitrogen that can
lead to bi-stability. Underssuch conditions, a slight variation in X3, concentration
may cause process failuré (Figure 6). When the pH reaches a basic level, these bi-
stabilities occur even with awsmiall value of S;, (Js, J7) due to the buffering capacity
of the reaction medium (Figure 11). However, regardless of the system pH, values of
Si;n and N;, thatdare too low cause the bacterial washout by nitrogen deficiency.
The changes of the previous parameters greatly affect bacterial communities (Table
3), in particular the methanogen consortia that acts directly on biogas yield. They
can be limited either by a low nitrogen concentration, or inhibited by high ammonia
release.or still by a large amount of VFAs in the reactor.

At a neutral pH, using the operating diagram (Figure 6), we established that the
desirable.area for ideal operation of process is the area 7, where no bacterial consor-
tia'were washed out. A comparison of Figures 6 and 10 with the Figure 11 reveals
that the optimum value for the pH is 7. Thus, to guarantee process stability, the
operator must keep the bioreactor inputs within the ranges D [0.001 — 0.05]d~*,
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Sin [0.03 — 28]gCOD.L™, at a neutral pH. In addition, Figure 13 shows that the
optimum yield of the MAD model in terms of biogas production was obtained for
the following ranges [0.001 — 0.05]d™*, [0.03 — 30]gCOD.L™" of S;, and D, respec-
tively. This was the case, when D was close to fis. The maximum value of biogas
production is then reached in the area of the bi-stability (Js) where small changes
to the methanogen concentration may lead to washout (boundary equilibrium"Eg).
In this case, particular attention must be paid to the X3, concentration as well as
the dilution rate value because any change on this latter can inhibit X5 and so alter
process functioning in rendering E} stable.

Figure 14 shows the relationship between the concentrations of S;,.and N, when D
takes its optimal value for biogas production (D = 0.05 d—1).

To ensure process stability (Jy), the ideal concentration of nitrogen inlet (1V;,) should
be chosen according to the value of S;,. In presence of a rising concentration of the
organic load, N;, value must be the smallest possible to(satisfy the bacterial needs,
on the one hand, and to avoid the threshold level of irthibition, on the other hand.

4.2. MAD model limitations

It is well known that an acidic medium in an AD bioreactor favors the formation
of free VFAs, inhibitors of methanogenic bacteriar Notice however that no inhibition
occured when we plotted the OD at pH ='6.5 (Figure 10). This means that the MAD
model is not able to predict realistiéiprocess behavior at low pH. It is a limitation of
the model, which it is actually due to the fact that in the study of Mairet et al. [16],
the Haldane inhibition constant (K;, = 16.4 gCOD.L™') was too large. Bernard
et al. [22| and Benyahia et.aly,[23] have assumed that the value of this parameter
is around 256 mmol. L™ *and 40’ mmol.L~! (Tablel of [23]), which matches 0.2713
gCOD.L™! and 0.058gCOBR.L~!, respectively.

To check thedmpact of a small value of K3 parameter on process behavior, we
simulated the/Operating diagram of the model with an intermediate value of Kjg,
about 0.1 gCQD. L.
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Figure 15: Operating diagram showing equilibria behavior as a functionfof D a in at pH = 6.5,
N = 0.011M, K;3 = 0.1. The area [J5 is too small in the OD because\it appears for only small
values of S;,,. %

Table 7: Existence and nature of equilibria as a function of and D at pH = 6.5, N;;,, = 0.011 M,

K 13): 0.1: unstable (U), stable (S), unstable or doe (X), equilibria does not exist (no
sign).

Area B, By, E} E2 EM E2 E; E! E2

T U )%

NG U S U

T3 U u s

Ja u U u U u S

Is U v X X S

Ts X U X X § S U

hat, at an acidic pH, the MAD model becomes more sensitive
ations with this value of K;3. The appropriate operational
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5. Properties of the ADM1m model in view of the properties of MAD
model

Mairet et al. [16] showed that the MAD model presents the same dynamic be-

havior as a modified ADM1 model [17]: ADM1 adapted to the AD of microalgae,
called hereafter ADM1m. Investigating the qualitative properties of such a complex
model give a general insight into process behavior, useful in the case of operation
and control of the production of biogas.
These properties can be investigated either by simulations requiring powerful numer-
ical tools [24], or by the study of a reduced ADM1m model. Based on the equivalence
of the ADM1m model and the MAD model, we try, to investigate the qualitative and
quantitative properties of the ADM1m model using the findings~on'the MAD model
properties presented above.

5.1. Qualitative properties of the ADMI1m model

From the OD of the MAD model (Figure 6) welcamobserve that, for a fixed value
of Si =2 gCOD.L™!, the progressive increase.of D\eads to the emergence of areas
T, T3, J1y Jo-

The transition from the operational zone Jj tonJs, J1 and J, involves, respectively,
the washout of the bacteria X5, X3 and(X;. The total washout of microorganisms is
then indicated by the area [y, obtained forlarge values of the dilution rate. However,
we can see from the same figure that _small values of S;, induce bacterial washout
by nitrogen while, higher values-of. S;, led to bi-stability, even to washout area when
K3 is too low (Figure 15).

Thus, the washout can be’caused éither by a high dilution rate, a low organic load
or by an organic overload.

Compared to the/original ADM]1, the simulations of the ADM1m model show a
shift in the amounttof various intermediate products, mainly the inorganic nitrogen
concentration [17]y, This is due to the different hydrolysis kinetics considered by the
two models: & first-order kinetic and a Contois kinetic are assigned for the first and
second medels;respectively. Fekih-Salem et al. [25] demonstrate that, in the case
of the "Anaerobic digestion models’, the change in the hydrolysis rate may act only
on the amount of soluble organic matter. It assumes, then, that the qualitative
properties/are not affected.

Henee, to verify our results and enhance scope of their validity, we tried to com-
pare the qualitative properties of the ADM1m model with those of the orginal ADM1
numerically studied by Bornhoft et al. [24]. The authors stressed that the washout
of the ADM1 model can occur either by: i) an increase in the dilution rate; ii) a
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decrease of substrate concentration (due to famine); or iii) an increase of input sub-
strate concentration (leading to inhibition).

All these properties of the ADM1 model correspond very well to the properties of
the ADM1m model [24].

5.2. Quantitative properties of the ADMIm model

As well as qualitative properties, quantitative properties of the ADMlm model
can also be revealed from the equilibria calculation of the MAD model./Khedim et
al. [26], established equivalence relationships between the MAD and ADMTm models
using the states-variables association method proposed in [27|. These relations are

simple algebraic equations where each variable of the MAD medel'is defined as a
combination of variables of the ADM1m model (Table 8).

Table 8: States-Variables association ADMLm-MAD)[26].
MAD variables Associated ADM1 variables
S1 (g COD/Y) S+ Spa + Xo B XA+ Xii
Sy (g COD/1) Saa + Xpr
S5 (g COD/1)  Sya + Seu + Spro + Sac
X; (g COD/1) Xou + X¢g
X, (g COD/1) X4
XS (g COD/I) Xc4 + va‘o + Xac + Xh2

N (M) S5
C (M) S,

z (M) Scat — San
PeogA(bar) Pyas,co2
PCH4 (bar) Pgas,ch4
qgas (Ld_l) qgas

Basedon these combinations, we have evaluated the equilibrium value of the
MAD and ADM1m models.
We apply thesame dilution rates and organic loads to both models. Then, for each
value of D and S;,, we calculate the value of the stable equilibrium in the corre-
sponding area. In the case of bi-stability (Js or J2), we represent the interior point
(positive equilibrium excluding washout). Calculation results are reported in Table
9.
Table 9 shows a good correspondence between the equilibrium values of the MAD
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Table 9: Equilibria values of ADM1m-MAD models in each area.

Area models Dilution rate / organic load values S So Sy X, X, X3 N
Jo ADMlm D =0.35, S;, =15 4.1602 6.1747 0 0 0 0 0.0109
MAD 4.5 6 0 0 0 0 0.0110
Ji ADMIm D=0.2,85;, =15 2.4625 6.2185 0.3642 0.1494 0 0.0718 0.0095
MAD 1.1435 6 3.08 0.2685 0 0 0.0093
T ADMIm D =0.12, S, =28 1.4806 11.6867 0.1591 0.4376 0 0.2947 40.0061
MAD 0.8545 11.2000 0.1653 0.6036 0 0.3388 0.0051
T3 ADMIm D =0.07, S, =15 0.3526  6.3002  0.0866 0.2341 0 0.1600 0.0082
MAD 0.2211 6 0.0217 0.3423 0 0:1957 0.0076
Ta ADMIm D =0.025, S;, =15 0.1574 0.1523  0.0553 0.1807 0.2843, 0.4081 0.0479
MAD 0.0684 0.0328  0.0057 0.3545 0.6557 0:4691 0.0413
Ts ADMIm D =0.0491, S;, =29.5 0.4144 1.1963  0.1161 0.4432 «0.6503 0.9537 0.0759
MAD 0.2845 0.8315 0.0191 0.6852. 1.205 0.8812 0.0663

model and those of the ADM1m model. Slight differences/between-the values of some
variables may be due to the fact that bacterial death i not accounted for the MAD
model.

However, a significant offset in the VFA concentration,can be observed in most re-
gions. These gaps in the results can be explaineds=bysthe fact that the MAD model
considers only the acetic acid while the modified, ADM1 model takes into account
also the propionic, valeric, butyric, acetic acids:*Fhe high value of the Haldane inhi-
bition constant K3 considered in the MAD model can also be another cause of such
mismatches. These results validate,qon one hand, the theoretical results obtained by
the mathematical study of the MAD"model and stress its ability - with a modified
Haldane inhibition constant - to"predict the behavior of a more complex model such
as the ADM1m model.

Thus, ADM1m can be controlled~via the study of the MAD model, which appears
to be a good candidate“for'synthesizing control laws.

6. Conclusion

This paper presents the mathematical analysis of a Microalgae Anaerobic Diges-
tion (MAD) model. The qualitative properties of the model were compared with
those of the.otiginal and modified ADM1 models. Simulation results show the key
role of control parameters in process behavior as well as the strong effect of pH on
the digestion of protein-rich substrates. On the one hand, these results enable us to
identify the ideal conditions for the operation of such digestion. On the other, they
give an insight into the behavior of the modified ADM1 solutions. Thus, they should
be very helpful for controlling AD processes treating protein-rich substrates.
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Perspectives of this work include the extension of the present results to the case
where the pH is not constant, stressing the qualitative properties of the model in
such cases. This will be useful for knowing how to proceed under the different pHs
of the system as well as for a wide range of organic load and dilution rates.

Appendix A. Proof of proposition 1

PROOF. An equilibrium point £* = (S}, 55, 55, X7, X5, X§, N*) of the system must
be a solution of (19a-19g) with the left-hand side equal to zero. From equation (19d),
we have:

o X7 = 0; hence, using (19a), one obtains S} = 515

e or S; and X must satisfy equation p(S1, X1) = D; henee, using (19a), one
gets S} and X7 together as a solution of (20a-20b). Therefore S} and X} are
given by (25) and (24), respectively.

Similarly, from equation (19e) it is deduced that:
e X = 0; hence, using (19b), one obtains S; < (25,

e or S5 and X; must satisfy equation us(S2, X2) = D; hence, using (19b), one
obtains S5 and X as a solution of (21a-21b). Therefore, S5 and X5 are given
by (28) and (27), respectively.

On the other hand, from equation (19f) it is deduced that:

e X3 = 0; hence, using (19c)hand (19g), one obtains S; and N* with respect of
X7, 55 and ¥4

e or S; and NX must satisfy equation u3(Ss, N) = D; hence, using (19¢) and
(19g), one“obtains S5, X; and N* as a solution of (22a-22¢). Therefore, X3
and N*sare given by (29) and (30), respectively, where S} is a solution of equa-
tion (32)satisfying the condition S5 < S5, -

Eight cases must be distinguished, as shown in Table 1. The 8th case corre-
sponding to X; = 0, Xy = 0, X3 # 0 cannot occur since, according to (19f),
we would have ps = D and hence, using (19¢) we will obtain

DS; + OégX;: =0

which is impossible (positivity property of biological systems is not fulfilled).
The rest of the proof is illustrated in Figure 5.
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Appendix B. Analytical calculation of equilibria nature (c.f 2.3)

When we consider & = [S}, X1, Sa, X5, S3, X3, N]T, the state vector of the model
MAD, the Jacobian matrix will be described as a block-diagonal structure:

A 02*2 02*3
J=1| 022 B 03
FE F C
where ) /
. ( —D —onXipng —Xionpyx —onpn (57, X7) )
Xips p1 (ST, X7) =D+ X p i 7
B — ( —D—OZ5X2M/25 —X2@5M/2X—Q5M2(S§>X§) )
Xoflyg 12(S3, X5) — Dt Xafiyy
asXipys s Xipyx o (ST, X7)
E - O 0 )
—o Xy —olST, XT) —aa Xy x
a5 Xaflas amQeXaox +asua(Ss, X5)
F= 0 0 ,
o7 Xoflyg arpa( Sy, X3)+ar Xty
cl1 C12 C13
0= 21 C22 C23
C31 (32 (C33
with
Cll = -D+~ O@Xg;ﬂés s C12 = — Qg U3 s C13 = —ang,uéN

G2h= Xsizg , 0C2=-D+pu; , C23= Xzuyy

C31 = —Ozlng,u;)S s C32 = — Qo3 s C33=-D — XgOél(),u/BN
and
- 8M1<ST7XT) - 8@1(5';,)@) - 6M2(557X;>
NlS 851 ) Mix 8X1 ) MZS 832 )
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o O0pa(S5, X3) + Ous(S3,N¥) . Ops(S3,N¥)
Hox = —8X2 y  M3g = —853 o My = T ON
The eigenvalues of the Jacobian matrix are the eigenvalues of matrices A, B and
C. Since A and B are square matrices, we can calculate their trace and determinant.
To guarantee the system stability: traces must be negatives (tr(matriz)<0) and de-
terminants must be positives (det(matriz)>0).
The stability of the matrix C can be tested using the Routh-Hurwitz criterion, in
particular in the case of the equilibria B and EX. For example

e The calculation of Jacobian matrix at the equilibrium FE; gives:

A— ( —D  —a1p11(B1Sin,0) )
0 Ml(ﬁlsmao)—D ’

B — ( -D —CL5/~02(525m70) >
0 M2(525m70)—D 7
—D _059,u3(0 Nm)
C= 0 _D+M3(O Nm)
0 —alO,ug(O Nm)

0

0

—D
The eigenvalues of A and B are'negative (i.e. tr(A) < 0,tr(B) < 0) and
(det(A) > 0, det(B) > 0 ) if,.and only"if, ,ul(/Bl Sin,0) < D, ps(B25:n,0) < D,
respectively.
Since the matrix C' is block-triangular, its eigenvalues are —D and the eigen-
values of the second order. matrix in the upper left corner. Since, this second
order matrix is anAipper triangular matrix, its eigenvalues are on the diagonal,
i.e. —D and —D4-pu3(03N;,). Thus, C' is stable if, and only if, u3(0, N;,) < D.
The stability of theimatrix C' can also be investigated using the Routh-Hurwitz
criterion where the characteristic polynomial is defined by:

PE1 :A3 N (—/,63(0, Nln)+3D)A2 + (3D2—2DIM3(0, Nln))A—DQ/,Lg(O, N,m)ﬂ—DB
Thus, the Routh array is

A3 |1 3D? — 2Dy3(0, Ni) 0
A? | —u3(0, N;y)+3D  —D?us(0, Niyp)+D? 0
Al | cstl 0 0
AY | cst2 0 0
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with
1

= 4130, Nin)+3D) (8D = 2D (0, Nin)) — (115(0, Ni

estl = o Ny rap a0 Nan) +3D) 150, Nin) — (4130, i)
D? +D?)]

cst2 = _D2M3(O;Nm)+D3

The Routh-Hurwitz criterion require that all the terms of the firstieolumn of
array must have the same sign. Since the first term of the first column’is posi-
tive then all the subsequent terms must be positive, i.e. —ug(0,NV;,) 43D, cstl
and cst2, to fullfill the stability condition. It yields that the neeessar condition
to garantee that the eigenvalues of the matrix C are negative is j13(0, Ny,,) < D.
Hence, if ST < (1.Sin, S5 < P25, and Sg’i < S5, the equilibrium £ is locally
asymptotically stable. This equilibrium is unstable it 57 > 315, S5 > 525,
or 3" > S5,

e The assessment of the Jacobian matrix around the equilibrium F, gives:
A ( —D—G}Xfﬂis —ale/#ix—alD )
pys X7 Py x X1
= ( =Dy —aspi5(2Sin, 0) )
0 ,U2(525m70)—D 7
)

=D —aou3(S3;, 1, Ni o 0
C'= 0 M3(S§in,17 N;;z,l) - D 0
0 —ops(S5im1, Nint) —D

The eigenvalues of the matrix B has a negative real part if, and only if,
2(B2S8,, 0).< D. We obtain for matrix A :

tT(A) =—-D — OéleM;s + M/lXXik

det(A) = DXT(_MIU( + alM;S)

The eigenvalues of the matrix A are negatives if, and only if,

/ /
Qg > Hix
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In this case, the characteristic polynomial of the matrix C is:

PE4 :A3 + (3D - M3(S§in,1a N;,

7/rL,1))‘A2 + (3D2 - 2DN3(S§ N; )A + DQ(D
- M3(S§in,17 Nzl,l))

in,1y * Vin,1

Using the Routh-Hurwitz criterion, we can deduce that the matrix C'is stable
if, and only if, 13(S3;, 1, Nj,,1) < D. This can also be deduced‘easily from
the structure of the matrix C whose eigenvalues are simply thé values.on the
diagonal, i. e. —D, u3(S3;, 1, Ni,, 1) — D and —D. The matrixis stable if, and
only if, ps(S%;, 1, N

wn,1) * Vin,l

in,1’

) < D.

e We obtain from calculation of the Jacobian matrix,around the equilibria Ef
(i = 1,2), the following submatrices:

A= ( _D_/GIXTM;S _ale/Nllx_alD )
PsXT Phy x X1 7
B— < -D —asuz(ﬁsz,O) )
0 M2(525m70)—D ’

Clly \C125 Cl3p

with

CllEg’ = —D- (Sékm,l - Sék)/i;,s
Cl3g; = —(Sgin1 — Sg)ﬂi’szv
(S;;m 1 S;;) /
C2p =
( §m,1 - S;) 4
C23p = a—gﬂgzv

37



Sa. . — S5,
C3lp = —alo—( 31"’; 3)M35
9

C32Eé = —ClloD
O33Eé = —-D— &10##:3]\[

The eigenvalues of the matrix B have a negative real part if, and. only if,
pi2(B25:m,0) < D. We obtain for matrix A:

tr(A) = =D — a1 X{ iy + prx X7
det(A) = DX{(—px + aijiyg)

The eigenvalues of A are negatives if, and only if,

Qiflys > Hix
However, the stability of matrix C' can be“checked/using the Routh-Hurwitz
criterion, where the characteristic polynemial-is:

1 ’ * / * ’ * ’ * 1
Pp; =A°+ a_9<2049D + ot S5, — Q10MEN S5 — QofizeSy + Aotz Sy, ) AT+ o
(2DS5,01005n — 255000 Dyt 24155 D S5i,00 — 241555509 D + ag D*) A+

1

a—(ﬂésDQS:’z‘m% — pan 10?85 — pi3s D*S5a9 + iy a1 D*S3,)
9

The stability is guaranteedwwhen all the coefficients of the first column of Routh
matrix retain the.same sign. In this case, the conditions of stability can’t be
easily deduced.

e The calculation of Jacobian matrix at the equilibrium FEg, gives:

A— ( —D —a1X{pyg —onXipx —aiD )

/1/15X 1 :U’IIXX 1
B < D —as X3 plgg —s X3 gy — 5D )
Hos X5 ox X3 7
—D _a9u3(5§in,total’ N*) 0
C= 0 /‘L3(S§in,total7 N*> -D 0
0 _a10N3<S§in,total7 N*) —D
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We obtain for matrix A
tr(A) = =D — a1 X{ g + pr X7
det(A) = DXT (=i x + aajiyg)
The eigenvalues of the matrix A are negative if, and only if,
Qiftys > fhx
We have for matrix B
tr(B) = =D — a5 X3 jiyg + fox X3
det(B) = X3 D(—piyy + asis)
The eigenvalues of the matrix B are negative if, and*only if,
Qsflag > flox
The characteristic polynomial of matrix“C_is:
Pay =X + (3D — i5(Siinporats N 823D — 2Dps5 (S gars N')A + D

(D — #3(S§in,totala N7))

Using the Routh-Hurwitz criterion, we can deduce that the matrix C' is stable
if, and only if, D > pus(’S; N*). This condition guarantees that all the

in,total’
coefficients of the first. column of Routh table retain the same sign. This can

also be deduced evidently, from the block-triangular form of the matrix C

The Jacobiah matrix calculation around the equilibria E% (i = 1,2), gives:
A= ( _D_/aleMis _O‘le/ﬂllx_alD )
s X1 pyx X{
B— ( —D—%X;M/zs _O‘5X§,:U“/2X_O‘5D )
fos X3 fox X3
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with

CllE% = —D- (Sgin,total - S;)M&S’
ClBE; = _(Sg’:in,total - S;)M;%N

/ *' _ S*
C21E; = F35( 3m§;tal 3)

/ *' _ S*
CQSE% — MSN( 3m(,;:tal 3)

aqo(S% — S ’
C3lp = — 10 3m,to;z; 5)1sg

aqo(SE g ’

CBBE; —= _D _ 10( 31n,t0tal 3)M3N

Qg
For matrix A, we have
tr(A) = =D ailXips + X5
det(A) = DX{(—pyy + aipiys)
The eigenvalues of the matrix A are negative if, and only if,
afing > Hix
For matrix B, we obtain
tr(B) = =D — a5 X3 jiyg + fox X3
det(B) = X3 D(—pox + aspizs)
The eigenvalues of the matrix B are negative if, and only if,
Qsflag > flox

As'In the case of equilibrium E}, the conditions of stability of the matrix C ob-
tained at the equilibria Ef cannot be easily deduced using the Routh-Hurwitz
criterion in view of the complicated form of the characteristic polynomial pre-
sented as below:
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Table B1: Analytical study of the stability of MAD equilibria.

Equilibria  Area D, S;, Trace of matrices Determinant of matrices Routh-Hurwitz criterion/condition of existence nature of equilibrium
By Jo D=035 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 E, stable
Sin =16 tr(B) <0 det(B) >0
T D=020 tr(A)<0 det(A) <0 all the coefficients of the first Routh column> 0 E; unstable
Sm=6  tr(B)<0 det(B) > 0
NS D=0.1 tr(A) >0 det(A) <0 all the coefficients of the first Routh column> 0 FE) unstable
Sin=25 tr(B)<0 det(B) >0
T D =007 tr(A)>0 det(A) <0 all the coefficients of the first Routh column> 0 E, unstable
Sin =6 tr(B) <0 det(B) >0
T D =003 tr(A)>0 det(A) <0 all the coefficients of the first Routh column> 0 E unstable
Sin="6 tr(B) <0 det(B) <0
Ts D=0.04 tr(A)>0 det(A) <0 all the coefficients of the first Routh column> 0 By unstable
Sin =001 tr(B) <0 det(B) < 0
Ts D=004 tr(A)>0 det(A) <0 all the coefficients of the first Routh column> 0 E, unstable
Sim=29 tr(B)<0 det(B) <0
E,4 T D =015 tr(A)<0 det(A) >0 all the coefficients of the first Routh columin> 0 E, stable
Sin =6 tr(B) <0 det(B) >0
NS D=0.1 tr(A) <0 det(A) >0 all the coefficients of the first Routh’column>0; E, stable
Sin=25 tr(B)<0 det(B) >0
T D =007 tr(A)<0 det(A) >0 not all the coefficients of the first Routh column> 0 Ej; unstable
Sin =6 tr(B) <0 det(B) >0
VA D=003 tr(A)<0 det(A) >0 not all the coefficients of the firstsRouth column> 0 E, unstable
Sin="6 tr(B) <0 det(B) < 0
Ts D=004 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 Ej4 unstable
Sin =001 tr(B) <0 det(B) < 0
Ts D=004 tr(A)<0 det(A) >0 not all the coéfficients of the first Routh column> 0 FE, unstable
Simn=29 tr(B)>0 det(B) <0
E} N D=0.1 tr(A) <0 det(A) >0 all the goefficients ‘of the first Routh column> 0 E} stable
Sin=25 tr(B)<0 det(B) >0
T D=0.07 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 E3 stable
Sin =106 tr(B) <0 det(B) >0
T D =003 tr(A)<0 det(A) >0 allithe coefficients of the first Routh column> 0 E} unstable
Sm=6  tr(B)<0 det(B) <0
T D=004 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 E} unstable
Sim=29 tr(B)<0 det(B) <0
Eg N D =003 tr(A)<0 det(A) >0 not all the coefficients of the first Routh column> 0 Ejg unstable
Sin =16 tr(B) <0 det(B) >0
Ts D=004 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 L stable
Sin =0.01 tr(B) <0 det(B) >0
E} Ti D=0.03 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 E} stable
Sm=6  tr(B)<0 det(B).> 0
Ts D=004 tr(A)<0 det(A) >0 all the coefficients of the first Routh column> 0 E} stable
Sin=29 tr(B)<0 det(B) >0

1 ’ % ’ % x ! ! * 1
PE% = A+ a_(ﬂsss?)mag — p3gS309 — 10533y + 209D + alo'u?’NS?’i")AZ + a_(2D
) 9

! * * ! * I * ’ 1 /
H35555, 00,4 295,010 Dty — 285000 Dty + agD? — 285004135 D)A + a_(DZMSN
9

1095, — $5010D° iy + S5 09 D piys — pizs D9 S;)

Notice that the Jacobian matrix was not evaluated around the equilibria s and
E% Because they have never been stable (see Tables 3, 4, 5).
Application
The stability of Jacobian matrix is investigated for some values of D and S,, using
the previous analytical calculations as illustrated in Table B1.
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Appendix C. Algorithm of the Operating Diagram

The operating diagram is the two-parameter bifurcation scheme that shows how
the system behaves when we vary two control parameters [28].
Due to the higher order of the MAD model, the system’s behavior with respect to
the changes of D, S;, and N;, cannot be investigated analytically. Hence, we obtain
the operating diagram of the MAD model using numerical simulations realized with
MATLAB.
Initially the script performs a calculation of the eigenvalues of the Jagobian matrix
defined for the MAD model. These calculations are evaluated for eachyequilibrium
of the MAD around certain values of D and S;,. According to the sign of the eigen-
values and the conditions of existence, we assign to each of 10"equilibria: stability,
instability or non existence. This procedure gives a set of ¢ombinations matching
pairs of values (D, S;,).

Algorithm 1 Operating diagram.
Model input
for i varying from 1 to length (D) do
for j varying from 1 to length (S;,) do
calculate values of the 10 equilibfia of(the model £ = Fy, ..., E?
for k varying from 1 to length (B) do
calculate the Jacobian matrix‘around Fj (Jg, )
calculate the eigenvalues, of (Jg,)
if all (the conditions of existence of Ej, are fulfilled & all the eigenvalues of
(Jg,) are non-positive)ithen
E,, is stable
else if all (¢omditions of existence of Ej, are fulfilled & any of the eigenvalues
of (Jg,) ispositive) then
FE, isunstable
else
£, "does not exist
end if
end. for
end for
end for
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