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Chapter 1

Bifurcation micromechanics in granular
materials

1.1. Introduction

Plasticity, as induced by continuous irreversible rate-independent strains, is present in
many engineering and natural materials. In this large framework, granular materials
play a specific role due to the non-associate character of their plastic strains (the nor-
mality rule of the plastic incremental strain vectors to the elastic/yield surface is not
fulfilled). This non-associativeness is essentially due to a Mohr-Coulomb plastic limit
condition which gives rise to conical shapes for both the elastic/yield surface and the
plastic limit surface. An associated flow rule with conical surfaces would then result
in plastic increments dεp with large volumetric part Trdεp which is very far from
the experimental observations for all geomaterials (soils, rocks and concrete). This
is certainly the most important difference between conventional metal plasticity and
granular plasticity.

Now, the elasto-plastic theory shows that non-associate plasticity imposes that the
tangent constitutive tensor does not respect the so-called "major symmetry". Thus
the elasto-plastic matrix is no more symmetric. As the bifurcations are linked to the
singularities of this matrix, it becomes clear that the classes of bifurcations which can
be expected from this non-symmetric matrix are a lot more diverse than in associate
(symmetric) plasticity. Indeed, in associate plasticity, the bifurcations correspond to
the singularities of the constitutive elasto-plastic matrix, thus (most often) to the van-
ishing of the determinant of this matrix on the plastic limit surface. On the other hand,
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in non-associate plasticity, bifurcations and failures can occur largely before reaching
the Mohr-Coulomb plastic limit, like for example in the case of an undrained triaxial
loading applied on a loose sand [DAO 09]. Also, the failure modes can be different.
For example, we observe in labs and in situ that, for geomaterials, the failure can be
localized with shear, compaction or dilation bands or it can also occur and develop
without any visible macro-patterning like, for example, in the famous "sand liquefac-
tion" phenomenon. This kind of quasi-homogeneous failure has been called "diffuse
failure" [KHO 06].

If we limit our analyses to divergence instabilities (letting apart flutter instabilities and,
more generally, geometric instabilities), it appears that the general criterion [LER 13]
to study these bifurcations is the so-called "second order work criterion" as intro-
duced by [HIL 58] and applied to geomaterials since several decades [DAR 87]. An
overview about the applications of this criterion in geomechanics with experimental,
theoretical and numerical approaches can be found in [WAN 16]. The link between
this criterion and failure is recalled in the next section of this chapter by showing that,
when the second order work takes negative values and some proper loading variables
are applied, a burst of kinetic energy appears leading to a transition from a quasi-static
deformation regime to a dynamic one [NIC 12b], which is typical of a failure develop-
ment. We find here the basic reason why the second order work criterion can predict
the accurate conditions for an effective failure.

The second order work criterion corresponds to the loss of positive definitiveness of
the elasto-plastic matrix. So, according to linear algebra, when the determinant of
the symmetric part of this matrix is negative, there is a cone of directions where
the second order work takes negative values. This cone has been called "instability
cone" [DAR 00] and its existence and shape will be shown through a Discrete Ele-
ment Method (DEM) applied to a numerical cubical sample of spheres in section 1.2.
In associate plasticity, the material bifurcations appear on the plastic limit condition.
Since, in non-associate plasticity, the bifurcations are linked to the loss of positive
definitiveness of this matrix (or equivalently of its symmetric part), the large differ-
ences between observed failures in metal plasticity and in granular plasticity finds
here its basic explanation. Until now, the expression of the second order work has
been considered in the framework of continuous mechanics. It takes the following
form in small strains and by neglecting geometrical effects:

W2 = dσ : dε, (1.1)

However granular materials are discrete by nature and it is necessary to consider a
discrete expression related to intergranular forces and displacements. It can be con-
jectured that the unstable contacts are characterized by negative values of their discrete
second order works computed for those contacts. The purpose of section 1.3 is to eval-
uate this point. So, the spatial distribution of the grain contacts with negative values
of their second order works (called c− contacts) is investigated in case of localized
failure by shear band formation.
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Besides it has been observed experimentally and numerically by DEM simulations
that two classes of meso-structures play a central role in the strength/deformation
behavior of granular materials: these are the so-called "force chains" and "grain loops"
[SIB 15]. Roughly speaking the force chains are mainly responsible for the strength of
the material, while the grain loops are responsible for its deformational characteristics.
The complex interplay between these meso-structures is analysed in sub-sections 1.3.3
and 1.3.4. Basically the grain loops support laterally the force chains. While load is
applied, force chains bend and then buckle at failure. Letting aside the micro-scale
at grain level by considering now this meso-scale, it is interesting to understand and
analyze the failure mechanisms at this intermediate scale.

Eventually section 1.4 is devoted to compare both the major regimes of failure evoked
previously: the localized one and the diffuse one, all being described by the second
order work criterion as divergence instabilities. The localized failure appears when,
in addition to the second order work criterion, the localization criterion by shear band
formation is fulfilled [RIC 76]. Let us note that, to respect consistency, the localization
criterion can be verified only when the second order work criterion is itself fulfilled
[NIC 11]. So, in this section 4, in spite of these different criteria, it will be shown that
the failure micro-structures have the same characteristics inside the localized bands
(when the failure is localized) and in the whole sample (for a diffuse failure). Indeed
failure of granular materials corresponds to an uniquely given assembly organization,
independently of the failure mode (localized or diffuse).

1.2. Application of the second order work criterion at REV scale

As recalled in section 1.1, the mechanical stability can be effectively assessed thanks
to the second order work criterion. The bifurcation domain is then defined as the
set of states where there exists at least one incremental loading path leading to the
vanishing of the second order work. If such an incremental loading exists, a suitable
choice in the control parameters will result in a brutal transition from a quasi-static to
an inertial regime characterized by a sharp increase in kinetic energy. This transition
is a consequence of the writing of the energy balance. Indeed, for a given mechanical
system originally in an equilibrium state, its variation in kinetic energy is a second
order term d2Ec which equals to the difference between the external second order
work at the boundary and the volume integral of the second order work [NIC 07,
NIC 09, NIC 12b]. Let Ω denote a mechanical system within the boundary ∂Ω. Let δf
be the force per surface unit applied on ∂Ω and δu be the corresponding displacement
on ∂Ω. Then the variation of kinetic energy from an equilibrium state to any new
infinitely close state reads

d2Ec = |Ω|
(
W

ext

2 − W 2

)
=

∫
∂Ω
δf · δu dS −

∫
Ω
W2 dV

(1.2)
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where W
ext

2 =
1

|Ω|
∫
∂Ω
δf · δu dS is referred to as the mean external second order

work and W 2 =
1

|Ω|
∫

Ω
W2 dV is the mean (internal) second order work. W2 is the

local second order work computed at the material point scale following equation 1.1
for small strains.

In practice forces and displacements can only be measured on the boundary of sample
volume. Based on these boundary quantities, only the external second order work
can be computed. As a result, this fundamental equation has strong implications with
respect to stability assessment at the material point scale:

- The initial state must be an equilibrium state (Ec = 0 and dEc = 0)
- In the final state the kinetic energy must be equal to zero (d2Ec = 0) in order to

identify W
ext

2 with W 2.

By keeping in mind these two remarks, a stress controlled systematic procedure to
assess the mechanical stability of a granular material at the material point scale is
formulated as follows:

(1) prepare a sample in an initial equilibrium state by waiting for the kinetic energy
to be negligible under a given constant mechanical stress state;

(2) perform a directional analysis by imposing stress (or strain) probes in several
directions (in order to identify W

ext

2 with W 2 it is important to wait for the kinetic
energy to return to its initial level);

(3) assess the negativeness of the second order work by computing the external sec-
ond order work associated to each stress (or strain) probe;

(4) determine whether the considered material is in its bifurcation domain for the
mechanical state and the microstructure considered.

In this section, a 3D cubic sample of 10 000 particles is used for illustrative purpose.
It is prepared in a loose state and in a mechanical state corresponding to a drained
triaxial loading up to a stress ratio η = q

p = 0.45 where p corresponds to the mean
pressure and q to the deviatoric stress. The lateral confining pressure is kept to 100
kPa during the mechanical test. Figure 1.1 shows the numerical sample used in DEM
simulations as well as its mechanical response while subjected to a drained triaxial
test. More details can be found in [WAU 18].

When the target stress ratio is reached, the external control is switched from strain
to stress in the axial direction (σzz) and kept constant until an equilibrium state is
reached. This pre-stabilization step is necessary because of the inherently dynamic
formulation of DEM codes.
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Figure 1.1. Visualisation of the 3D sample used in this section (a) and drained triaxial
response under a confining pressure of 100 kPa(b). The mechanical state η = 0.45 used in the

present directional analysis is shown as a blue diamond point.

From the reached equilibrium state, a stress directional analysis is performed in the
plane of axisymmetry such that dσxx = dσyy (Rendulic’s plane). This procedure
is commonly used and details can be found in [BAR 94, SIB 09, NIC 07, NIC 09,
WAU 18]. In this plane (

√
2dσxx,dσzz), a stress increment dσ is fully described by

its polar coordinates ||dσ|| and θ such that
√

2dσxx = ||dσ|| cos θ
dσzz = ||dσ|| sin θ

||dσ|| =
√

dσ2
zz + 2 dσ2

xx

. (1.3)

In practice, finite stress increments of 5 kPa are imposed in the form of a constant
stress loading rate followed by a stabilization phase on the sample boundaries [WAU 18].
As both initial and final states are equilibrium states, Hill-Mandel lemma holds and
an incremental stress tensor dσ can be defined from boundary stresses. To each in-
cremental loading dσ corresponds a strain increment dε. Based on these quantities a
normalized second order work is then defined at the material point scale (REV scale)
as

W norm
2 =

dε : dσ

||dε|| ||dσ||
(1.4)

The sign of this quantity is then sufficient to detect whether the considered incremental
direction is stable (W norm

2 > 0) or unstable (W norm
2 < 0). The result of the direc-

tional analysis can be represented as a polar diagram with coordinates (θ,W norm
2 ) or

in a circular diagram in which an offset is used to avoid negative radii in the polar
coordinates. As visible in Figure 1.2 the circular envelope corresponding to the tested
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Figure 1.2. Circular diagram of the normalized second order work for η = 0.45 and

||dσ|| = 5 kPa (solid black). Transient evolution of
W ext

2 (t)

||dε(t)|| ||dσ(t)|| are shown in dotted

lines between the initial (triangle) and final states (circle) of the directional analysis.
Directions with transient vanishing of W ext

2 are shown in red.

sample exhibits a cone of instability for θ ∈ [205◦, 225◦] where W norm
2 < 0. As a

result the considered sample in its current state (mechanical and microstructure states)
is inside the bifurcation domain.

Complementary to the classical circular envelope (θ,W norm
2 ) plotted in Figure 1.2

[SIB 09, WAU 18], time evolutions of W ext
2 (t) can be computed based on reaction

stresses and displacements on the sample boundary. Provided that the increase in
kinetic energy is limited, an incremental stress tensor dσ(t) can be defined at any
time from boundary stresses as well as an effective loading angle θ(t) in Rendulic’s
plane. If no loss of controllability (in the sense of Nova [NOV 94]) is observed, this
effective loading angle is constant as imposed by the incremental loading program.
However, because of microstructure modifications, transient losses of controllability
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might occur. In Figure 1.2, dotted lines correspond to circular representations of(
θ(t),

W ext
2 (t)

||dε(t)|| ||dσ(t)||

)

In this figure, transient losses of controllability are observed for some directions in

which the parametric curve
(
θ(t),

W ext
2 (t)

||dε(t)|| ||dσ(t)||

)
does not follow straight lines.

As the normalized external second order work decreases, the incremental stress load-
ing direction θ(t) deviates toward the direction of the cone of instability. During

this transient process, the parametric curve
(
θ(t),

W ext
2 (t)

||dε(t)|| ||dσ(t)||

)
stays slightly

outside the final normalized second order work envelope. As soon as the transient
softening regime is stopped, dσ(t) gets back to the targeted direction. This deviation
is consistent with the energy balance giving W ext

2 > W2. For some directions a tran-
sient vanishing of W ext

2 can even be obtained (see θ = 200◦ for instance). For future
developments, these transient evolutions should be considered systematically in the
numerical assessment of instabilities thanks to the second order work criterion.

1.3. From macro to micro analysis of instability

In Section 1.2, the notion of instability is defined at the material point scale. Within
the homogenization framework, the mechanical behavior of a given material at this
scale can be recovered by considering a representative elementary volume. While
zooming in this volume, it is possible to link the vanishing of the second order work
to micromechanics.

1.3.1. Local second order work and contact sliding

Besides the second order work definition recalled in the introduction within a contin-
uum mechanics framework, W2 can be derived from microscopic variables describ-
ing the granular material microstructure while considering the interparticle reaction
[NIC 07, NIC 12a, HAD 13, SIB 15]. Let lc be the branch vector connecting the two
centers of a contacting pair of particles in contact, F c the inter-particulate contact
force, F p the resultant contact force on particle p and xp the position of its mass
center. Then W2 reads at the material point scale

W2 =
1

|Ω|

(∑
δF ci δl

c
i +

∑
δF pi δx

p
i

)
(1.5)

where Ω is a representative elementary volume of granular material.
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Provided that only quasi-static evolutions are considered, W2 reduces to the first term
and a microscopic form of second order work can be defined at the contact scale as
wc2 = δF ci δl

c
i [NIC 06].

Thanks to this definition, two categories of contacts are defined according to the sign
of wc2. In the following text c− is used to designate contacts with strictly negative
values of wc2 [HAD 13, SIB 15] (compared with the cited references we exclude the
condition wc2 = 0 which may correspond to contacts with unchanged forces and rel-
ative displacements). The condition wc2 < 0 is associated with local failure, i.e. con-
tact sliding [NIC 06, NIC 13]. In this case Mohr-Coulomb criterion is fulfilled at
the microscopic scale through a decrease in the normal contact force [NIC 13]. Be-
sides, if an effective failure is triggered, local second order work wc2 will be concen-
trated in a specific domain in which bursts of kinetic energy will occur simultaneously
[NIC 12b, DAR 04].

Based on the previous comments a sliding potential Ip is introduced to describe the
contact state as:

Ip = Ft/(Fntanϕ) (1.6)

where Fn and Ft are the magnitudes of normal and tangential forces, and ϕ is the
friction angle at the contact scale. Ip lies in [0, 1] with Ip = 1 meaning that the sliding
condition is absolutely fulfilled.

Considering the spatial distribution of c− and sliding contacts when failure occurs,
intuitive images of a 2D specimen suffering shear banding are shown in Figure 1.3
(More details in [LIU 17]). For the sake of comparison, incremental deviatoric strain
distribution are plotted in Figure 1.3(a). It is clear that both the c− contacts and con-
tacts close to sliding (Ip > 0.99) are concentrated within the shear band area. Similar
results of wc2 were shown for different loading paths [SIB 15]. Therefore at the mi-
croscopic scale, the second order work criterion, contact sliding and instabilities are
highly correlated.

1.3.2. Role of strong contact network on stable and unstable loading directions

As recalled in subsection 1.3.1, contact sliding is a necessary condition to result in a
microscopic vanishing of the second order work, and c− contacts play an important
role in local failure characterization. For a granular material within the bifurcation do-
main, the role of strong contact network is significant [HAD 13]. Following [RAD 98]
the overall contact system is splitted into two populations of contacts:

- strong contacts transmitting contact forces larger than the average
- weak contacts transmitting contact forces smaller than the average
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(a)

(b) (c)

Figure 1.3. Spatial distribution of contacts with negative microscopic second order work and
contacts close to sliding: (a) incremental deviatoric strain distribution; (b) c− contacts; (c)

contacts close to sliding (Ip > 0.99).
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Figure 1.4. Repartition of sliding contacts with wc
2 < 0 between strong and weak contact

networks with respect to the incremental strain loading direction αε [HAD 13]

In [HAD 13], the authors presented a strain controlled directional analysis carried out
on a sample within the bifurcation domain. The overall contact network was com-
posed of roughly 40 % of strong contacts (Ns

c /Nc) and 60 % of weak ones (Ns
w/Nc)

for all loading directions. Nc− denotes the number of contacts with negative second
order work wc2 < 0. Among this population of c− contacts, it is then interesting to dis-
tinguish those belonging to strong (Ns

c− ) and weak (Nw
c− ) contact networks. In Figure

1.4, the fractions Ns
c−/Nc− and Nw

c−/Nc− are given for different strain loading direc-
tions αε, which shows different partitions in comparison with the overall contacts.

In this figure, the plastic tensorial zone is shown in light grey and the cone of instability
in hatching. The cone of instability is characterized by a high proportion of strong c−

contacts while outside the cone in the plastic zone, c− contacts are more likely to be
found in the weak phase. This result highlights that a negative macroscopic second
order work originates from microscopic modifications destabilizing the strong contact
network that loses its bearing capacity.

1.3.3. From contact sliding to mesoscale mechanisms

As a great deal of the complex mechanical behavior of granular materials is due to
geometrical effects, a contact scale description of granular materials is usually not
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sufficient to explain the macroscopic behavior. Therefore a mesoscopic scale is often
introduced to capture the elementary mechanisms. At the scale of a few grains, force
chains and loops (in 2D), may be defined to account for the stress transmission as
well as volumetric changes [ZHU 16b, TOR 10]. Force chains are always related to
the strong contact network mentioned in Section 1.3.2, moreover, they are defined
by incorporating more geometrical considerations [PET 05]. The bending of force
chains and topological changes of 2D loops are regarded as loss of sustainability at
meso-scale, which shows strong correlations with contact sliding [LIU 17].

Force chains mainly contribute to the elastic strength of the assembly, while contact
sliding is an indication of plastic dissipation. It is well accepted that sliding contacts
are excluded from the strong contact network [RAD 98], however, force chain bending
often occurs close to contact sliding positions. According to the definition of force
chains [PET 05], force chain bending is defined at the scale of 3-particle group inside
force chains as a deviation from geometrical linearity [ZHA 17, ZHU 16b, TOR 07,
WAU 18]. In order to correlate the bending and its surrounding contact sliding a mean
particle sliding index Srp can be computed as follows [LIU 17]:

(1) For each 2D meso-loop i, compute the proportion of sliding contacts as Sirl =
N i
s/N

i
c , where N i

s is the number of sliding contacts within loop i and N i
c the total

number of contacts within loop i;
(2) Identify all loops containing a given particle p, name the loop set as Lp and

average the sliding proportion Sirl for i ∈ Lp to define a particle sliding index Sprp as

Sprp =
1

Nlp

∑
i∈Lp

Sirl, (1.7)

where Nlp is the cardinal of Lp;
(3) For a given group of particles, the associated mean sliding index Srp is defined

by averaging particle’s sliding indices Sprp. By definition Srp ∈ [0, 1] and a large Srp
value corresponds to a large fraction of sliding contacts in the loops surrounding the
considered group of particles.

Considering a biaxial test for a dense frictional granular assembly [LIU 17], the evo-
lutions of Srp along axial strain are shown in Figure 1.5 for different particle groups.
It is clear that Srp computed for all bending groups of three chained particles exhibits
higher values than those for the two other groups of particles considered. This result
supports the fact that force chain bending is linked to surrounding contact sliding. Ac-
cording to previous studies [ZHU 16b, TOR 07], force chain bending firstly appears
at the point near the characteristic point (the most compressive state of deviatoric
loading, before stress peak) and reaches a high magnitude at the stress peak. In fact,
before the characteristic point, elastic mechanisms dominate and only few sliding con-
tacts exist, homogeneously distributed within the assembly. After this point, sliding
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develops around force chains, which result in force chain bending. This explains the
reason why a transition is observed before stress peak in Figure 1.5.
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Figure 1.5. Evolution of sliding proportions around particles Srp, for three groups: bending
particles within force chains; non-bending particles within force chains; all particles in the

assembly.

For 2D granular materials, the kinematic constraints existing between grains can be
characterized through topological changes in the loop structures. From an incremental
point of view, existing loops can topologically

- keep constant: a loop of N grains stays incrementally unchanged (called
"Future_NC" hereafter)

- get smaller: a loop of N grains disappears between two incremental states and
its grains form smaller loops (called "Future_NS" hereafter)

- get larger: a loop of N grains incorporates new grains between two incremental
states (called "Future_NL" hereafter)

Figure 1.6 illustrates the evolution of average sliding proportions Srl of 3 kinds of 6-
grain loops (Future_6C, Future_6S and Future_6L) versus axial strain during a drained
biaxial loading. Data of Figure 1.6 is from the same biaxial simulation as Figure 1.5.
As Future_6L demonstrates a higher value of sliding proportion, we can conclude that
contact sliding mainly induces loop enlargement.



Bifurcation micromechanics 19

0.00 0.01 0.02 0.03 0.04 0.05
Axial strain ε22

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14
S

lid
in

g
 p

ro
p

o
rt

io
n

 w
it

h
in

 l
o
o
p

s

Future_6C

Future_6S

Future_6L

Figure 1.6. Evolution of sliding proportions of 6-grain loops owning 3 kinds of futures: keep
constant, Future_6C; become smaller, Future_6S; become lager, Future_6L.

1.3.4. Micromechanisms leading to bifurcation at the REV scale

In [ZHU 16b, TOR 10], the authors concluded that at the mesoscale, there is an inter-
play between force chains and grain loops. As sliding mostly occurs within loops in
contact with force chains, the decreasing of kinematic constraints around force chains
may enable force chain to bend and collapse more easily.

To look into the process of the kinematic constraints decrease and the failure sce-
nario at the REV scale, the numerical procedure presented in Section 1.2 is used,
focusing on an unstable loading direction θ = 210.5◦. The release in kinematic
constraints around force chains is directly linked to the decrease in the number of
contacts between chained and non-chained particles. By dividing the contacts into
three groups, namely chained/chained (cc), non-chained/non-chained (nn) and non-
chained/chained (nc) contacts, the time evolutions of the sizes of the three populations
can be tracked during an incremental loading leading to the vanishing of second order
work (θ = 210.5◦). These evolutions are shown in Figure 1.7. During the incremental
loading, the microstructure reorganization is linked to the onset and propagation of
a burst of kinetic energy which is indicated in Figure 1.7 by two vertical solid lines
(more details may be found in [WAU 18]).

In Figure 1.7 the onset of the kinetic burst is strongly linked to an early decrease
in Nnc which results in a deconfinement of force chains. Complementary to this
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Figure 1.7. Time evolution of Nnn, Nnc and Ncc during an incremental loading leading to
the vanishing of the second order work (θ = 210.5◦). The onset of the mechanical instability

is associated with a kinetic burst of energy indicated by two vertical solid lines.

observation, one can look at the time evolution of the loss of controllability: the mean
bending rate of groups of three chained particles (β̇, where β is the deviation angle
from the straight line, and ˙ stands for its time derivative) and the mean kinetic energy
per particle. These evolutions are shown in Figure 1.8 for the whole sample and for a
control volume defined around the location where the burst of kinetic energy initiates.

These graphs confirm that the release in kinematic constraints around force chains
will result in bending mechanisms which is visible at the REV scale as a loss of con-
trollability. As force chain bending does not stop, existing force chains eventually
disappear and the microstructure reorganizes as a whole which results in plastic strain
development at the REV scale.

1.4. Diffuse and localized failure in a unified framework

As recalled in the introduction the second order work W2 is a material point scale
quantity which requires the definition of a REV. When shear band appears during the
deviatoric loading, the specimen is no more homogeneous and cannot be regarded as
a material point. In this section we would like to show how similar are the microme-
chanics in homogeneous samples suffering from different patterns of failure.
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Figure 1.8. Time evolution of the difference between measured incremental stresses and their
setpoint value (top), mean kinetic energy per particle (left) and mean bending rate of groups of

three chained particles (right) [WAU 18]. The considered sample is the one introduced in
section 1.2 for a mechanical state η = 0.45 and an incremental stress loading direction

θ = 210.5◦. Dashed lines represent averaged quantities in a control volume located close to
the onset of the kinetic burst indicating microstructure reorganizations.

1.4.1. Diffuse and localized failure pattern

Granular materials in their bifurcation domain can indeed fail following two different
kind of failure patterns, namely diffuse or localized [ZHU 16a, SIB 15]. If the local-
ized failure is at stake, homogeneity of the considered sample is lost and the problem
of interest has to be treated as a boundary value problem. Consequently the notions of
REV and bifurcation point vanish.

Figure 1.9 shows the comparison between two microstructures undergoing a drained
biaxial test. One corresponds to a dense state with a well marked localized failure
in the form of a shear band, and one corresponds to a loose state for which a diffuse
failure is observed. Following the results presented in the previous section, failure is
triggered by force chain bending. As mentioned in Section 1.3.4, for each group of
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Figure 1.9. Failure patterns for a dense (a) and a loose (b) sample during a drained biaxial
test. Only chained particles are shown and colored according to the local bending rates of

elementary groups of three chained particles.

three particles, if β denotes the deviation angle from the straight line, a bending rate
can be defined with respect to the axial strain ε as dβ

dε .

For the dense sample, large bending rates dβ
dε concentrate in a diagonal persistent zone

whereas in the loose one, large bending rates form evanescent clusters distributed in all
the specimen. Another important observation is that large positive bending rates (asso-
ciated with deviations from the straight line configuration) and large negative bending
rates (corresponding to evolutions closer to the straight line configuration) tends to
concentrate at the same spots. A possible explanation for that might come from force
chains forming (replacing the buckled ones) due to microstructural reorganizations.

1.4.2. Common micromechanisms and microstructures

As shown in [ZHU 16a], localized and diffuse failure modes have been proved to be
identical within internal structures, i.e., the strain localized domain owns the same
micromechanical characteristics as the diffuse failure case. The void ratio is regarded
as one of the most important critical state parameters, Figure 1.10 gives the evolutions
of void ratios for dense and loose specimens under biaxial drained loading [ZHU 16a].
Convergent values are observed for loose specimen and the localized domain of dense
specimen (shear band area).

Besides the void ratio, the fabric anisotropy represents another important common
aspect. Figure 1.11 exhibits the second deviatoric invariant of local fabric tensors
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Figure 1.10. Void ratios for dense and loose granular assemblies subjected to biaxial test
[ZHU 16a]: S1 denotes dense assembly; S1* denotes shear band area of dense assembly; S4

denotes loose assembly.

within loops [ZHU 16a], which further identifies a unique microstructure for localized
and diffuse failure.

Following the definitions introduced in section 1.3.3 the strain evolution of Srp around
bending particles within force chains are shown in Figure 1.12 for both dense and
loose granular assemblies undergoing drained biaxial test. For the dense case in which
a shear band forms, Srp is also computed particularly in the shear band area. After
the failure point (or stress peak of the dense assembly), both the dense and loose
specimens demonstrate the same micro scale mechanism with Srp ∼ 0.035. And no
difference is identified between the whole dense assembly and the shear band area,
because the contact sliding concentrates inside the shear band area. In addition to the
microstructure geometry, Figure 1.12 highlights the fact that the failure micromecha-
nisms are similar in the loose and dense assemblies.

1.5. Conclusion

This Chapter has pointed out the importance of the second-order work criterion to
detect the existence of an unstable state. More specifically, for a given material volume
and after a given loading history, the mechanical state of a granular material is reputed
to be unstable by divergence if some loading directions leading to an outburst in kinetic
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energy exist. Such directions will be associated with negative values of the internal
second-order work.

Interestingly, the internal second-order work cannot be computed readily even at the
scale of a representative elementary volume (REV). As the accessible variables are
those acting on the boundary of the specimen, the external second-order work is com-
puted instead. Taking advantage of the fundamental equation stating that the second-
order increase in kinetic energy equals to the difference between the external and
internal second-order works, it appears that the external second-order work (recalling
that the kinetic energy is always positive) constitutes an upper bound of the internal
second-order work. In particular, if the external second-order work is negative, so is
the internal second-order work.

Taking advantage of DEM-based numerical simulations run on two-dimensional spec-
imens, local information is available on the contact scale between granules, making
it possible to compute the second-order work from microscopic quantities. Thus, the
vanishing of the microscopic second-order work can be related to some geometrical
features of the local packing on the mesoscale. This micro to macro link has high-
lighted the major role played by two grain meso-structures: force chains and grain
loops. These two kind of meso-structures in close interaction, strongly govern the me-
chanical strength and the deformational properties of the specimen. In particular, it is
shown that grain rearrangements affecting loops in contact with force chains are prone
to destabilize these force chains, contributing to the strength limit of the specimen.
These rearrangements involve grain sliding, probably resulting from macroscopic di-
latancy.

These conclusions, mostly based and motivated by strong physical arguments, will
have to be confirmed in a three-dimensional context. If it can be thought that the
physics pointed out so far should be preserved, it must be noted that a quantitative
description will be much more challenging, as the local packings (force chains, grain
loops) will be also much more difficult to describe from a topological point of view.
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