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(Note: Coulomb: 1776, Darcy: 1856) 

Archimède (287 av. J.-C., 212 av. J.-C.)!

Théorème d’Archimède

Tout corps plongé dans un fluide, entièrement mouillé par celui-ci ou traversant sa surface libre, 

subit une force verticale, dirigée de bas en haut et égale au poids du volume de fluide déplacé ; 

cette force est appelée « poussée d'Archimède ».

(ce théorème fut ensuite démontré au XVIe siècle).


Expérience physique sur deux boules de métal, 

l'une en or, l'autre en argent, 


toutes deux plongées dans l'eau.
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(Note: Coulomb: 1776, Darcy: 1856) 

De Vinci (1452, 1519)!

Machine à étudier les frottements de De Vinci (1508)
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(Note: Coulomb: 1776, Darcy: 1856) 

Galilée (1564, 1642)!
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(Note: Coulomb: 1776, Darcy: 1856) 

Coulomb (1736, 1806)!

Machine à étudier les frottements de Coulomb
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(Note: Coulomb: 1776, Darcy: 1856) 

Darcy (1803, 1858)!

Appareil destiné a déterminer

la loi de l'écoulement de l'eau à travers le sable

de Darcy.
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(Note: Coulomb: 1776, Darcy: 1856) 

Terzaghi (1883, 1963)!

Karl von Terzaghi first proposed the relationship for effective stress in 1936. 









For him, the term ‘effective’ meant the calculated stress 

that was effective in moving soil, or causing displacements. 

It represents the average stress carried by the soil skeleton.


 !" = " # p
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(Note: Coulomb: 1776, Darcy: 1856) 

Biot (1905, 1985)!

A theory for acoustic propagation in a porous and elastic medium developed by M.A. Biot. 

Compressional and shear velocities can be calculated by standard elastic theory 

from the composite density, shear and bulk modulus of the total rock. 

The problem is how to determine these from the properties of the constituent parts. 

Biot showed that the composite properties could be determined from the porosity and 

the elastic properties (density and moduli) of the fluid, the solid material, 

and the empty rock skeleton, or framework. 

To account for different frequencies of propagation, it is also necessary to know the frequency, 

the permeability of the rock, the viscosity of the fluid and a coefficient 

for the inertial drag between skeleton and fluid.
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Questions 
 
1. A possible explanation of the leaning of the 
Pisa tower is that the subsoil contains a compressible 
Clay layer of variable tkickness. 
On what side of the tower would that clay layer  
be thickest ? 
 
2. Another possible explanation for the leaning of 
the Pisa tower is that in earlier ages (before the start 
of the bluiding of the tower, in 1400), a heavy 
structure stood near that location. 
On what side of the tower would that building  
have been ?  
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Pisa tower is that the subsoil contains a compressible 
Clay layer of variable tkickness. 
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2. Another possible explanation for the leaning of 
the Pisa tower is that in earlier ages (before the start 
of the bluiding of the tower, in 1400), a heavy 
structure stood near that location. 
On what side of the tower would that building  
have been ?  
 
 

Equations de bilan (HM linéaire)

2 phases! (solide=matrice  minérale, fluide=eau)

donc  2 équations de bilan de masse

et  2 équations d’équilibre

Masses Equilibres

     !n = (1!n)tr !!
!
variation de porosité

     div" + #
"
g =

"
0

      !
contraintes du milieu diphasique

     
n !#f + #f tr !! + div(#f

"
q ) = 0

       !
vitesse moyenne
d’écoulement
du fluide

     
!grad
# "###

p + #f
"
g =

"
I

           !
force de volume
d’interaction
fluide/solide
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Questions 
 
1. A possible explanation of the leaning of the 
Pisa tower is that the subsoil contains a compressible 
Clay layer of variable tkickness. 
On what side of the tower would that clay layer  
be thickest ? 
 
2. Another possible explanation for the leaning of 
the Pisa tower is that in earlier ages (before the start 
of the bluiding of the tower, in 1400), a heavy 
structure stood near that location. 
On what side of the tower would that building  
have been ?  
 
 

Lois de comportement (HM linéaire)

2 phases! (solide=matrice  minérale, fluide=eau)

donc 3 modèles de comportement (au moins)

Fluide (compressibilité)!:
    

p = !f log
"f

"f
0

Solide (élasticité)!:     
# + p1 = 2G$ + !! 2

3
G( )(tr$)1

Interaction (diffusion)!:
    

!
q = !

k
µf

!
I
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1. A possible explanation of the leaning of the 
Pisa tower is that the subsoil contains a compressible 
Clay layer of variable tkickness. 
On what side of the tower would that clay layer  
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On what side of the tower would that building  
have been ?  
 
 

Contenu du cours

Milieu poreux diphasique!: lois de bilan, PPV à deux champs de
vitesse
Diffusion linéaire (Darcy), Consolidation linéaire (Biot)
Elastoplasticité (Mohr-Coulomb, Cam-Clay)

Apercu de quelques enrichissements de modélisation sur études
de cas!:
- HM non saturé (solide/eau/air)
- THM (T=thermique)!: stockage profond de déchets nucléaires

(exothermiques) , injection d’eau froide dans un puit de
forage pétrolier

- THMC (C=chimique)!: transport de polluant (huile lourde,
pesticide) dans les nappes phréatique
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(Note: Coulomb: 1776, Darcy: 1856) 

Milieux poreux 
Poro-Mécanique 

Couplages hydro-mécanique 

Micro-scale: grains, pores, examples 
Macro-scale: porosity, specific surface 
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Different scales 

Field 

RVE 
Microscopic scale 

(discrete scale) 

Macro scale (continuum scale) 
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Influence of the RVE size 

Porosity 
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Grain size 

Grain size diagram 

%Mass 

  !solids " 2700 ±50 kg/m3

Density 
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Grain size 
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Grains 
 

SEM photomicrographs of kaolinite and illite in sandstone 
(Houseknecht and Pittman, 1992) 
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Grains 
 

SEM photomicrographs of kaolinite and illite in sandstone 
(Houseknecht and Pittman, 1992) 
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Pores 
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Pores 
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Pores 
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Illustration of the micro scale 
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Illustration of the micro scale 
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Illustration of the micro scale 
 



Stéphane Bonelli 

S2 

14!

Illustration of the micro scale 
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Illustration of the micro scale 
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Problème multi-échelle 
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Problème multi-physique 
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Transition to the continuum scale 
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Transition to the continuum scale 

Phase indicator function 

   
! i (x) =

1 if x " phase i
0 otherwise
#
$
%

Pore volume 

   
Vpore = ! pore(x)dV

V
"

Solid volume 

   
Vsolids = !solids (x)dV

V
"

   ! pore(x)+ !solids (x) = 1

Consider a representative elementary volume (REV) constitued of two-phases, 
Solids and pores (always filled with some fluid in the real world) 

 Vpore +Vsolids =V
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Transition to the continuum scale 
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n =

def

Vpore

Vtotal

  
Vsolids = N

!DGrain
3

6

  Vtotal = NDGrain
3

  
Vtotal = N

DGrain
3

2

  
1! n =

def

Vsolids

Vtotal

Loose arrangement 

!
  
n = 1! "

6
# 0.476

!
  
n = 1! "

18
# 0.259

Dense arrangement 

Practical situations for granular materials:    0.25 ! n ! 0.45

Practical situations for fine materials:    0.05 ! n ! 0.70

Porosity 

Porosity: Compacity: 

N: nb spheres 
DGrain: diameter 
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Porosity, schematic 

Effect of sorting on porosity (Bear, 1972) 

  n = 32%

  n = 17%

  n = 12.5%
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Porosity, schematic 
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Porosity, schematic 
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Porosity, examples 
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Porosity, examples 
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Specific surface 

Pore surface (m2) 

   
Apore = !Vpore = "# pore(x) dV

V
$

Solid surface 

  !Vsolids " !Vpore = contact area

   
Asolids = !Vsolids = "#solids (x) dV

V
$

Negligible in granular soils 
 
 
 
but not in fine soils!

Pore specific surface (m-1) 
   (pore surface per unit REV volume) 

 
aVpore

! aVsolids

Solids specific surface (m-1) 
   (solids surface per unit REV volume) 

 
aVsolids

=
def

Asolids

Vtotal

Solids mass specific surface (m2/kg) 
   (solids surface per unit REV mass) 

 
aWsolids

=
def

Asolids

Msolids

  
aVsolids

= (1! n)"solidsaWsolids

 
aVpore

=
def

Apore

Vtotal
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Specific surface 
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Examples Mass specific
surface

  
aWsolids

 (m2 / g)

Volume specific
surface

  
aVsolids

 (m-1)
Gravel

  Dgrain = 1 cm
10-4 400

Fine silt

  Dgrain = 200 µm
10-2 104

(1 ha/m3)

Montmorillonite

   e = 10 A
!

= 10!6  mm

750 8"108

(800 km2/m3

or 800 m2/cm3 )
the surface of a
football field in a

thimble

Specific surface 

  
Vsolids = N

!DGrain
3

6

  Vsolids = (1! n)Vtotal

  
aVsolids

= 6(1! n)
DGrain

!

  Asolids = N!DGrain
2

  
aVsolids

= 6
!solids DGrain

Granular material 
N: nb spheres 
DGrain: diameter 
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Hydraulic radius 

  

Pore hydraulic radius =
def

Cross section available for flow
Wetted perimeter

                                  =
Volume available for flow

Wetted surface

                                  =
(Volume of pores)/(Total volume)
(Surface of pores)/(Total Volume)

                                  =
n

aVPore

Granular material 

  
Pore hydraulic radius=

nDGrain

6(1! n)

Tube 

  
Tube hydraulic radius=

Rtube

2

  

Mean pore radius=
nDGrain

3(1! n)
(granular material)

  
Mean pore radius=

2n
aVPore

! 2n
(1" n)#solidsaWsolids
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Questions 

1. What is the density of a dry soil (i.e filled with air) ? 
 
2. What is the density of a water-saturated soil ? 
 
3. Assume n=0.3 for a sand. What is the weight of 1 m3 of this sand in dry conditions ? 
 
4. Fill the pores of this sand with water. What is the volume of the water than the sand 
    could contain ? Then, what is the density of the saturated sand ? 
 
5. A building is constructed on a clay layer of 5 m thickness, with initial porosity of 50%, on top 
   of a stiff sand. After the construction, the clay porosity is reduced to 40%. 
   What is the settlement of the soil ? 
 
6. The void ratio is another engineering quantity widely used in porous mechanics. 
    Void ratio is defined as follows: 
 
 
 
 
 
    Express the void ratio as a function of the porosity. 
 
7. Express the volume strain as a function of the porosity. 
 
8. Express the volume strain rate as a function of the porosity. 
 

 
e =

def

Vpore

Vsolids
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(Note: Coulomb: 1776, Darcy: 1856) 

Milieux poreux 
Poro-Mécanique 

Couplages hydro-mécanique 

Balance equations: 
mass, momentum, energy and entropy 

State laws and dissipations 

Stéphane Bonelli 
Irstea , Aix-en-Provence, France 

stephane.bonelli@irstea.fr 
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Basic microscopic quantities 

   ̂vw

 V =Vsolids !Vpore

!

   ̂v s
Micro 

flow velocity 

REV: 

Micro 
solids velocity 

 ! pore
Pore 

Indicator function 

Macroscopic 
 control volume 
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n =

def
! pore

Basic quantities 

Porosity: 

  
• = 1

V
•dV

V
!Averaging opérator: 

   
vw =

def

! pore"w !vw

! pore"w

Mean pore flow velocity: 

   
v s =def

!solids"s !v s

!solids"s

Mean solid velocity: 

 V =Vsolids !VporeREV: 

Macro control volume: !

Control volume velocity: 
(to be defined) 

 v

The control volume can not be a material volume: 
It can not be defined with the same material particles 
at two different moments 
     can not be equal at the same time to      and to  v   v s   vw
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Basic quantities 

   ̂vw

 V =Vsolids !Vpore

!

   ̂v s
Micro 

flow velocity 

REV: 

Micro 
solids velocity 

 ! pore
Pore 

Indicator function 

Control volume 
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Total time derivatives 

   
d s

dt
(•) = !

!t
(•)+ v s "#(•)Derivative with respect to the solid: 

   
d w

dt
(•) = !

!t
(•)+ vw "#(•)Derivative with respect to the fluid: 

Derivative of quantities (scalars, vectors, tensors): 

Reynolds transport theorem (scalars, vectors, tensors): 

   

d
dt

(•)d!
!
" = #

#t
(•)dx

!
" + (•)v $nda

#!
" : control volume velocity 

        (to be defined) 
 v
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Solid total time derivatives of volume integrals 

Derivative with respect to the solid: 

   

d s

dt
(•)dx

!
" =

def

d
dt v=vs

(•)dx
!
"

                = #
#t

(•)dx
!
" + (•)v s $nda

#!
"

                = #
#t

(•)dx
!
" + %$ (•)v s

&' ()dx
!
"

                = #
#t

(•)+ v s $%(•)+ (•)%$v sdx
!
"

d s

dt
(•)dx

!
" = d s

dt
(•)+ (•)%$v s

&

'
*

(

)
+dx

!
"

: the derivative is taken by following the solid in its movement   v = v s
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Fluid total time derivatives of volume integrals 

Derivative with respect to the fluid: 

   

d w

dt
(•)dx

!
" =

def

d
dt v=vw

(•)dx
!
"

                 = d w

dt
(•)+ (•)#$vw

%

&
'

(

)
*dx

!
"

: the derivative is taken by following the fluid in its movement   v = vw

And also 

   

                 = !
!t

(•)+ vw "#(•)+ (•)#"vw

$

%
&

'

(
)dx

*
+

                 = !
!t

(•)+ v s "#(•)+ (vw , v s ) "#(•)+ (•)#"v s + (•)#"(vw , v s )
$

%
&

'

(
)dx

*
+

                 = d s

dt
(•)+ (•)#"v s +# (•)(vw , v s )$% '(

$

%
&

'

(
)dx

*
+

d w

dt
(•)dx

*
+ = d s

dt
(•)dx

*
+ + (•)(vw , v s ) "nda

!*
+
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Solid mass balance 

Solid mass of any domain 
  
Ms (!

t ,t) = (1" n)#sdx
!
$

Mass balance 
  
!" ,  d s

dt
Ms (" ,t) = 0

 
!

localization
theorem

    

!"v s

variation
of

total
volume

! = 1
1# n

d sn
dt

variation
of

porosity

"#$ %$
# 1
$s

d$s

dt
variation

of
solid volume

"#%

Assumption: 
- Homogeneous and rigid solids 

(relevant for many - but not all - porous media, 
 irrelevant for rocks, for example) 

  

!" ,  
d s

dt
Ms (" ,t) = 0

Assumption: 
- No mass exchange between phases 

    

!"v s

variation
of

total
volume

! = 1
1# n

d sn
dt

variation
of

porosity

"#$ %$ !
  
tr ! = ln 1" n0

1" n
#

$
%

&

'
(

Bulk equation to be used 
in the following 
(VPP, energy balance, …) 

Bulk equation to be used 
to evaluate the porosity 
which appears to be  
a secondary unknown 

 
!

localization
theorem
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Fluid mass balance 

Fluid mass of any domain: 
  
Mw(! t ,t) = n"wdx

!
#

Mass balance 

  

!" ,  
d w

dt
Mw(" t ,t) = 0

Assumption: 
- No mass exchange between phases 

    

d
dt

n!wdx
"
#

variation of
fluid mass in "

! "# $#
+ !wq $nda

%"
#
mass flux of fluid

crossing %"

! "# $#
= 0

   q = n(vw ! v s )Average relative pore-fluid velocity: 

 
!

localization
theorem
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Fluid mass balance 

    

n
d s!w

dt
fluid density

influence

!"#
+ !w"#v s

solid matrix
porosity
influence

!"$ #$
+"# !wq( )

fluid mass
diffusion

!"$ #$
= 0

Assumption: 
- Homogeneous and rigid solids Bulk equation to be discretized 

(FDM, FEM, FVM, …) 

    

n
!w

d w!w

dt
fluid

volume
strain rate

!"# $#
+   "#v s   

total
volume

strain rate

!"# $#
+   "#q  

fluid
diffusion

!"$ = 0

Bulk equation to be used in the following 
(VPP, energy balance, …) 

  

!" ,  
d w

dt
Mw(" t ,t) = 0

 
!

localization
theorem

!
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Total time derivatives of mass integrals 

the derivative of mass integrals with respect to the solid reads 

  

d s

dt
(1! n)"s (•)dx

#
$ = (1! n)"s

d s

dt
(•)dx

#
$

Accounting for the solid mass balance equations, 

the derivative of mass integrals with respect to the fluid reads 

  

d w

dt
n!w(•)dx

"
# = n!w

d w

dt
(•)dx

"
#

Accounting for the fluid mass balance equations, 

The total time derivative of mass integrals of mixture quantities are therefore 

  

D
dt

n!w(•)dx
"
# = (1$ n)!s

d s

dt
(•)dx

"
# + n!w

d w

dt
(•)dx

"
#

  !(•) = (1" n)!s (•)+ n!w(•)where 
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Kinetic energy 

    

K (! ,v s ,vw ) = 1
2 (1" n)#s v s( )2

solid kinetic energy
! "## $##

+   1
2 n#w vw( )2

  
fluid kinetic energy
! "## $##

dx
!
$

Mixture kinetic energy 

Total time derivative of the mixture kinetic energy 

   

D
dt

K (! ,v s ,vw ) = (1" n)#sv s $ % sdx
!
& + n#wvw $ % wdx

!
&

  
! s =

d s

dt
v s

: solid acceleration 
  
! w = d w

dt
vw

: fluid acceleration 
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Virtual inertia 

In terms of  

    
A(! , v̂ s , v̂w ) = (1" n)#sv̂ s $ % s

Solids
! "## $##

dx
!
& + n#wv̂w $ % w

Fluid
! "# $#

dx
!
&

   (v̂ s , v̂w )

In terms of  

    

A(! , v̂ s ,q̂) = (1" n)#s $ % s + n#w% w
&' ()

Barycentric acceleration
! "#### $####

$ v̂ sdx
!
*

Mixture
! "##### $#####

+ #w% w $ q̂dx
!
*

Pore fluid
! "# $#

   (v̂ s ,q̂)

However, the current modelling often use a simplified description 
(more for numerical reasons that for physical evidences)  ! w " ! s

Therefore 

    

A(! , v̂ s ,q̂) = "# s $ v̂ sdx
!
%

Mixture
! "# $#

+ "w# s $ q̂dx
!
%

Pore fluid
! "# $#
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Internal virtual power 

    
Pint (! , v̂ s , v̂w ) = " rs # v̂ s + rw # v̂w

order zero
! "## $##

+ Ts :$v̂ s + Tw :$v̂w

order one
! "### $###

dx
!
%

Assumption: 
- First gradient theory 

Assumption: 
- Material indifference 

  P
int (! t ,t) = 0 for any rigid translation !    rs + rw = 0

  P
int (! t ,t) = 0 for any rigid rotation !

   Ts + Tw( )skew
= 0

    
Pint (! , v̂ s , v̂w ) = " rw #(v̂w " v̂ s )

order zero
! "# $#

+ $ : D(v̂ s )+ Tw :%(v̂w " v̂ s )
order one

! "#### $####
dx

!
&

Given: the set of virtual velocities     H (! ) = (v̂ s , v̂w ) k.a{ }

   !" ,  !(v̂ s , v̂w ) #H (" )

   
D(v̂ s ) = !v̂ s( )sym

  ! = Ts + Tw

Virtual strain rate 

Total stress 
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Internal virtual power 

Assumption: 
- Inviscid fluid (at the macro-scale)   Tw = !npI

   
Pint (! , v̂ s ,q̂) = " fw #q + $ : D(v̂ s )" p%# q̂dx

!
&    !" ,  !(v̂ s ,q̂) #H (" )

  fw Vector of solid/fluid interaction 

New choice for  the set of virtual velocities     H (! ) = (v̂ s ,q̂) k.a{ }

Significance can best be assessed by inserting the fluid mass balance equation 

    

Pint (! , v̂ s ,q̂) = " fw #q
solid/fluid
interaction

term

! + ($ + pI)
effective

stress

"#$ %$ : D(v̂ s )

solid matrix
term

" #$$ %$$

+ np
%w

d w%w

dt
pore-fluid

term

"#$ %$
dx

!
&
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External loading virtual power 

    

Pext (! , v̂ s , v̂w ) = (1" n)#sg $ v̂ s

solids
! "## $##

+ n#wg $ v̂w

fluid
!"# $#

dx
!
%

bulk loading
! "##### $#####

+ t s $ v̂ s

solids
% + tw $ v̂w

fluid
!"$

da
&!
%

boundary loading
! "### $###

With the new choice of virtual velocities 
 
Noticing that, for an inviscid fluid in a porous medium 

   (v̂ s ,q̂)

   (v̂ s , v̂w )In term of 

    

Pext (! , v̂ s ,q̂) = "g # v̂ s

mixture
!"#

+ "wg # q̂
pore-fluid
!"#

dx
!
$

bulk loading
! "$$$ #$$$

+ t # v̂ s

mixture
% % pextq̂ #n

pore-fluid
!"#

da
&!
$

boundary loading
! "$$$ #$$$

  ! = (1" n)!s + n!w Mixture density  t Total traction vector on boundary 

  tw = !npextn
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VPP (Virtual Power Principle) : dynamics 

   !" ,  !(v̂ s ,q̂) #H (" )    P
int (! , v̂ s ,q̂)+ Pext (! , v̂ s ,q̂)" A(! , v̂ s ,q̂) = 0

Movement equations 

Dynamics 
VPP !    

!"# + $(g % & s ) = 0 in '       (movement eq.)

# skew = 0 in '
# "n = t  on ('                        (boundary condition)

)

*
+

,
+

   

!"p + #w(g ! $ s ) = fw   in %      (movement eq.)

p = pext  on &%                           (boundary condition)

'
(
)

*)

Mixture 

Pore-fluid 
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Kinetic energy theorem 

   !" ,  (v s ,q)

   
D
dt

K (! ,v s ,q) = Pint (! ,v s ,q)+ Pext (! ,v s ,q)

: actual velocities 
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VPP (Virtual Power Principle) : quasi-statics 

   !" ,  !(v̂ s ,q̂) #H (" )    P
int (! , v̂ s ,q̂)+ Pext (! , v̂ s ,q̂) = 0

Equilibrium equations 

Quasi-static 
VPP !    

!"# + $g = 0 in %           (equilibrium eq.)
# skew = 0 in %
# "n = t  on &%                 (boundary condition)

'

(
)

*
)

   

!"p + #wg = fw   in $      (equilibrium eq.)

p = pext  on %$               (boundary condition)

&
'
(

)(

Mixture 

Pore-fluid 
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Archimède’s theorem vs. Terzaghi’s principle 

Solid matrix equilibrium equation 

   

!" #$ + #% g = 0 in &                     (equilibrium eq.)
#$ skew = 0 in &
#$ "n = t + pextn on '&                 (boundary condition)

(

)
*

+
*

Effective stress (Terzaghi, 1925) 

Assume hydrostatic conditions:    fw = 0

Inserting the fluid equilibrium eq. into the mixture equilibrium eq. yields: 

  

!" = " # "w

   = (1# n)("s # "w )
Buyoant mixture density (Archimede, 250 av. J.-C.) 

  !" = " + pI
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Balance of equations and unknowns 

Solid mass balance eq.  1 
 
Fluid mass balance eq.  1 
 
Fluid behaviour   1 
 
Mixture equilibrium eq.  3 
 
Pore-fluid equilibrium eq.  3 
 
Solid/fluid behaviour   3 
 
Geometric relationship  6 
 
Solid matrix behaviour  6 
 
Terzaghi’s principle   6   ! = "! # pI

  !"# + $g = 0

Porosity 
 
Pore pressure 
 
Fluid density 
 
Solid matrix velocity 
 
Pore-fluid velocity 
 
Solid/fluid interaction 
 
Strain rate 
 
Effective stress 
 
Total stress !

!"

 n

 p

 !w

  v s

 q

  fw

 D

  !"p + #wg = fw

  
D = !v s( )sym

   
n

d s!w

dt
+ !w"#v s +"# !wq( ) = 0

   
d sn
dt

= (1! n)"#v s

? 

? 

? 

Equations Dimension Unknowns 



Stéphane Bonelli 

S3 

22!

Balance of energy 

  
E int (! ) = "edx

!
#Global internal energy: 

: Heat flux vector  q!

   

!e = (1" n)!ses

solids
! "# $#

+ n!wew

fluid
% + !emix

coupling term
% : Mixture internal energy 

   
Pheat (! ) = " q# $nda

%!
&Global heat power: 

Balance of energy 
  
D
dt

E int (! )+ D
dt

K (! ) = Pheat (! )+ Pext (! )

 
!

kinetic energy theorem

  
D
dt

E int (! ) = Pheat (! )" Pint (! )
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Energy equation 

  
D
dt

E int (! ) = Pheat (! )" Pint (! )

 
!

localization
theorem

   
(1! n)"s

d s

dt
es + n"w

d w

dt
ew +#$q% = fw $q + & : D ! p#$q

Mixture energy equation 

    

(1! n)"s

d s

dt
es ! #$ : D

%

&
'

(

)
*

solids
! "#### $####

+ n "w

d w

dt
ew !

p
"w

d w"w

dt
%

&
'
'

(

)
*
*

pore fluid
! "### $###

++,q-

heat
% = fw ,q

solid/fluid
interaction

%

 
!

Inserting the fluid mass balance equation

Assumption: 
(no internal energy coupling term)  

  emix = 0
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Imbalance of entropy 

  
S(! ) = "sdx

!
#Global entropy: 

   

!s = (1" n)!sss

solids
! "# $#

+ n!wsw

fluid
% + !smix

coupling term
% : Mixture entropy 

Imbalance of entropy 

   

D
dt

S(! ) " # 1
T

q$nda
%!
&

Assumption: thermal equilibrium of each phase, having therefore the same 
                        absolute temperature  

 T Absolute temperature 
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Dissipations 

   
!m =

def
T (1" n)#s

d s

dt
ss + n#w

d w

dt
sw

$

%
&

'

(
) +*+q,

Volume intrinsic dissipation 

Volume heat dissipation 

   
!" =

def
# 1

T
q" $%T

Assumption: 
(no internal entropy coupling term)  

  smix = 0

   

D
dt

S(! ) " # 1
T

q$nda
%!
&  

!
localization

theorem
  !m +!" # 0
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Dissipations 

    

!m = fw "q
solid/fluid
interaction

! + #$ : D % (1% n)&sss

d s

dt
T % (1% n)&s

d s

dt
's

(

)
*

+

,
-

solid matrix
" #$$$$$$$ %$$$$$$$

+n p
&w

d w&w

dt
% &wsw

d w

dt
T % &w

d w

dt
'w

(

)
*
*

+

,
-
-

pore fluid
" #$$$$$$ %$$$$$$

Inserting           i, as well as           and             in the energy equation yields  !m

 !s = e" ssT : Solid matrix free energy  !w = ew " swT : Fluid matrix free energy 

 !s  !w
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State variables 

    

!m = fw "q
solid/fluid
interaction

! + #$ % (1% n)&s

'(s

')
*

+,
-

./
: D + (1% n)&s %ss %

'(s

'T
0

1
2

3

4
5

d s

dt
T

0

1
2
2

3

4
5
5

solid matrix
" #$$$$$$$$$$ %$$$$$$$$$$

+n p
&w

% &w

'(w

'&w

*

+,
-

./
d w&w

dt
+ &w %sw %

'(w

'T
*

+,
-

./
d w

dt
T

0

1
2
2

3

4
5
5

pore fluid
" #$$$$$$$$$ %$$$$$$$$$

Assumptions 

  !w " !w(T ,#w )   !s " !s (T ,#)

Therefore 

(Matrix elasticity, fluid compressibility 
  and thermal effects) 

State variables 

 T Température  !w Fluid density 
  
! = "us( )sym Elastic small strain 

   
D(v s ) = !v s( )sym

= ! d s

dt
us

"

#
$

%

&
'

(

)*
+

,- sym

= d s

dt
!us( )sym

= d s

dt
. (Small strains) 
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State laws 

  !m = fw "q

By usual reasoning, the state laws are as follows 

  
!" = (1# n)$s

%&s

%'

  
p = !w( )2 "#w

"!w

Solid matrix 
elasticity 

Fluid 
compressibility 

 
ss = !

"#s

"T

 
sw = !

"#w

"T

Solid entropy 

Fluid entropy 

Mechanics Thermics 

Solid 
matrix 

Pore 
fluid 

The intrinsic dissipation reduces to the solid/fluid interaction 
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Energy equation and dissipations 

Finally, the energy equation - which is not yet the heat equation - reads 

   
T (1! n)"s

d s

dt
ss + n"w

d w

dt
sw

#

$
%

&

'
( +)*q+ = fw *q

The dissipations are 

   
!" =

def
# 1

T
q" $%T  !m = fw "q

A sufficient - but not necessary condition to fulfill the imbalance entropy is 

  !m " 0  !" # 0
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Balance of equations and unknowns: poro-mechanics 

Solid mass balance eq.  1 
 
Fluid mass balance eq.  1 
 
Fluid behaviour   1 
 
Mixture equilibrium eq.  3 
 
Pore-fluid equilibrium eq.  3 
 
Solid/fluid dissipation  3 
 
Geometric relationship  6 
 
Solid matrix behaviour  6 
 
Terzaghi’s principle   6   ! = "! # pI

  !"# + $g = 0

Porosity 
 
Pore pressure 
 
Fluid density 
 
Solid matrix displacement 
 
Pore-fluid velocity 
 
Solid/fluid interaction 
 
Small strain 
 
Effective stress 
 
Total stress !

!"

 n

 p

 !w

  us

 q

  fw

!

  !"p + #wg = fw

   
n

d s!w

dt
+ !w"#v s +"# !wq( ) = 0

   
d sn
dt

= (1! n)"#v s

Equations Dimension Unknowns 

  
p = !w( )2 "#w

"!w

  
!" = (1# n)$s

%&s

%'

   fw !q " 0

  
! = "us( )sym
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Balance of equations and unknowns: thermics 

Solid matrix behaviour.  1 
 
 
Fluid matrix behaviour.  1 
 
 
Energy equation   1 
 
 
 
 
 
Thermal dissipation   1 

Solid entropy 
 
 
Fluid entropy 
 
 
Absolute temperature 
 
 
 
 
 
 
 
Heat vector 

 ss

 sw

 T

Equations Dimension Unknowns 

   
T (1! n)"s

d s

dt
ss + n"w

d w

dt
sw

#

$
%

&

'
( +)*q+ = fw *q

 
ss = !

"#s

"T

 
sw = !

"#w

"T

 q!
   
! 1

T
q" #$T % 0
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(Note: Coulomb: 1776, Darcy: 1856) 

Milieux poreux 
Poro-Mécanique 

Couplages hydro-mécanique 

Thermal diffusion, mass diffusion 
Fourier’s and Darcy’s laws 
Heat and seepage equations 

Stéphane Bonelli 
Irstea , Aix-en-Provence, France 

stephane.bonelli@irstea.fr 
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Balance of equations and unknowns: deformations 

Equations Dimension Unknowns 

Solid mass balance eq.  1 

 

Mixture equilibrium eq.  3 

 

Geometric relationship  6 

 

Solid matrix behaviour  6 

 

Terzaghi’s principle   6   ! = "! # pI

  !"# + $g = 0

Porosity 

 

Solid matrix displacement 

 

Small strain 

 

Effective stress 

 

Total stress !

!"

 n

  us

!

   
d sn
dt

= (1! n)"#v s

  
!" = (1# n)$s

%&s

%'

  
! = "us( )sym
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Effective stress 

The total stress is defined by the static equilibrium equation  

 !"# = 0

The effective stress is defined as follows (Terzaghi, 1925)  

  !" = " + pI

 tr! < 0 "  compression( )

The effective stress differs than the total stress only on the isotropic part 

  
1
3 tr !" = 1

3 tr" + p

 !" d = " d

The behaviour law of the solid matrix involves the effective stress, 
for example, isotropic linear elasticity in small strains 
 
 

   
!" = 2G# + tr # $ % 2G

3
&
'(

)
*+

I
  
G = E

2(1+! )   
! = E

3(1" 2# )

(shear modulus) (bulk modulus) 
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Balance of equations and unknowns: thermics 

Solid matrix behaviour.  1 
 
 
Fluid matrix behaviour.  1 
 
 
Energy equation   1 
 
 
 
 
 
Thermal dissipation   1 

Solid entropy 
 
 
Fluid entropy 
 
 
Absolute temperature 
 
 
 
 
 
 
 
Heat vector 

 ss

 sw

 T

Equations Dimension Unknowns 

   
T (1! n)"s

d s

dt
ss + n"w

d w

dt
sw

#

$
%

&

'
( +)*q+ = fw *q

 
ss = !

"#s

"T

 
sw = !

"#w

"T

 q!
   
! 1

T
q" #$T % 0
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Specific heat od solids and fluid 

 
ss = !

"#s

"T

  !s " !s (T ,#)

!  
T d s

dt
ss = cs

d s

dt
T !T

"#s

"T"$
%

&'
(

)*
d s

dt
$

  
cs = !T

"2#s

"T 2 Specific heat of the solid matrix 

Solid matrix 

 
sw = !

"#w

"T

  !s " !s (T ,#w )

!  
T d w

dt
sw = cw

d w

dt
T !T

"#s

"T"$w

%

&'
(

)*
d w

dt
$w

Specific heat of the pore fluid 
  
cw = !T

"2#w

"T 2

Pore fluid 
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Specific heat of the porous medium 

 
ss = !

"#s

"T

  !s " !s (T ,#)

!

Solid matrix 

 
sw = !

"#w

"T

  !s " !s (T ,#w )

Specific heat of the mixture 
   
!c = (1" n)!scs

solids
! "# $#

+ n!wcw

fluid
%

Pore fluid 

   

T (1! n)"s

d s

dt
ss + n"w

d w

dt
sw

#

$
%

&

'
(

=

"c d s

dt
T + "wcw)T *q !Tr+

   

r! = (1" n)#s

$!s

$T$%
&

'(
)

*+

solid dilatation
!"# $#

d s

dt
% + n#w

$!s

$T$#w

&

'(
)

*+

fluid dilatation
! "# $#

d w

dt
#w Volume power due to dilatation 
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Heat equation in the porous medium 

    

!c d s

dt
T +"#q$

Heat diffusion in the porous medium
! "## $##

=    fw #q   
Intrinsic dissipation
(elastic solid matrix)

!"# $#
+    Tr%    

Power due to 
dilatation

!"# $#

Often  neglected
! "### $###

& !wcw"T #q
Heat transport by

seepage
(advection)

! "# $#

 !" # 0

  state variables = (T ,!w ,")

Fourier’s law 

   
q! = " #

#$T
%! ($T ,state variables)

  !" =
1
2 #T( ) $% $ #T( )

! Symmetric definite positive order two tensor 

 ! = ! state variables( ) Thermal conductivity of the porous medium 

!

This is the Fourier’s law   q! = "# $%T
Here, we have 
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Balance of equations and unknowns: seepage 

Fluid mass balance eq.  1 

 

Fluid behaviour   1 

 

Pore-fluid equilibrium eq.  3 

 

Solid/fluid dissipation  3 

Pore pressure 

 

Fluid density 

 

Pore-fluid velocity 

 

Solid/fluid interaction 

 p

 !w

 q

  fw

  !"p + #wg = fw

   
n

d s!w

dt
+ !w"#v s +"# !wq( ) = 0

Equations Dimension Unknowns 

  
p = !w( )2 "#w

"!w

   fw !q " 0
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Water state law 

  !w " 2 GPa Bulk water modulus 

  
!w = !w

ref exp
p
"w

#

$%
&

'(

The water state law can be found in many books 
 
For current applications with FEM codes, the following satet law is often used 
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Seepage diffusion law 

   fw !q " 0

   
q = !

!fw

" fs (fw ,state variables)

   ! fs =
1
2 fw "# fs " fw

 ! fs Symmetric definite positive order two tensor 

!

  ! fs = ! fs state variables( ) Hydraulic conductivity of the porous medium 

This is a diffusion law   q = ! fs " fw   state variables = (T ,!w ,")
Here, we have 
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Darcy’s law (mechanics-like form) 

Actually, the hydraulic conductivity may be written as 

  
! fs =

1
"w#w(T )

$ s (T ,%)

  ! s  (m2 ) Geometric permeability of the solid matrix 

  !s  (m2 /s) Kinematic fluid viscosity 

Inserting the equilibrium eq. of the pore fluid yields 

Darcy’s law 
   
q = 1

!w"w

# s $ %&p + !wg'( )*
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Darcy’s law (engineering-like form) 

The hydraulic conductivity may also be written as 

   
! fs =

1
" w

K

  K  (m/s) Hydraulic permeability of the porous medium 

  g  (m/s2 ) Gravitational constant 

Inserting the equilibrium eq. of the pore fluid yields 

Darcy’s law   q = !K "#H

 ! w = "wgwhere 

The hydraulic head is defined as follows  

  
H =

p ! patm

" w

+ z  (m)

Where the (hidden) assumptions are: 1) incompressible fluid, 2)    patm = 0 (reference pressure) 
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Milieu stratifié 
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Testing: constant head permeability test 

  

!h :  constant head drop (m)

Q :  total discharge (m3 /s)

A :  area of soil sample (m2 )
!L :  length of soil sample (m)

 Q

 A



Stéphane Bonelli 

S4 

15!

Testing: falling head test 

  

!h(t) :  variable head drop (m)

Q(t) :  total discharge (m3 /s)

a :  area of tube above soil (m2 )

A :  area of soil sample (m2 )
!L :  length of soil sample (m)

 A

  !h(t)

 a

 !L
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Perméabilité anisotrope 
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Perméabilité micro 
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Résultats théorique et numérique connus 

Solide 
rigide et impermeable 

+ 
Ecoulement de Navier-Stokes 

dans les pores 

    
!!" !vw = 0

   
!w

"!vw

"t
+ !#!vw $ !vw

%

&'
(

)*
= !# !+

   
!! = " !pI + #w$w

!%!vw( )
sym

Homogeneisation 
(changement d’échelle 

Micro!macro) 

Matrice solide rigide 
+ 

Ecoulement de Darcy 

  !"q = 0

   
q = ! 1

"w#w

$ s %&p

   
   !l    
pore scale
"#    L   

REV scale
"

   
q =

def
! pore !vw

avec 

   
! =    

!l
L

  "1
 p : terme du 1er ordre en  !
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Origines microscopique de la dissipation 
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Tortuosity 

Tortuosity 

  
! =    

Leff

L
"

#
$

%

&
'

2

  
 
! " 25

12
" 2

Rough approximation 

(Hirasaki) 

  ! " 35.6# 77.3n
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The porous medium viewed as a bundle of tubes 

Hagen-Poiseuille’s law 

   
!vw tubes

= R2

8!w"w

#p
Leff

     

  
!vw pore

= L
Leff

!vw tubes

   

q = n !vw pore

  = n
L

Leff

!vw tubes

  = nR2

8!w"w#
$p
L

%
&'

(
)*

  Assumption 

Darcy’s law 

 
q = !

"w#w

$p
L

  
! = nR2

8"

Hydraulic radius 
 
Tube    
 
 
 
 
Porous medium 

  
Rh =

R
2

 
Rh =

n
aV

  
R = 2n

aV

  
! = n3

2" (aV )2
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The Kozeny-Karman relationship for granular materials 

  
! = n3

2" (aV )2

  

n: porosity
aV : volume specific pore surface

!: tortuosity

 
! " 25

12

  
aV = (1! n) 6

Dgrain

  
! =

n3Dgrain
2

150(1" n)2

General relationship 

The Kozeny-Karman relationship for granular materials 

  
! = !ref

n
nref

"

#
$

%

&
'

3
1( nref

1( n
"

#
$

%

&
'

2
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Geometric permeabilities for fine materials 

  
! =

n3deq
2

2" (1# n)2

General relationship (assuming pore surface!solid surface) 

  

n: porosity
aWsolids

: mass specific solid surface

!: tortuosity

  
deq = (!saWsolids

)"1 :  equivalent grain size

  
! = !ref

n
nref

"

#
$

%

&
'

3
1( nref

1( n
"

#
$

%

&
'

2

More accurate descriptions can be found in petrophysics, relating permeabilities 
and porosities to others physical quantities (like the cation exchange capacity, 
or the electrical conductivities)  
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In brief: Deformations 

( Total equilibrium eq.)   !"# + $g = 0

(Terzaghi’s principle)   ! = "! # pI

( Pore fluid state law) 
   
!" = 2G# + tr # $ % 2G

3
&
'(

)
*+

I

Constitutive laws 

(For conciseness, strain due to dilatation is not explicited) 

Material informations: 

 

!
G

Bulk solid matrix modulus 

Shear solid matrix modulus 

Coupling: 

 p Pore-pressure 

 T Temperature  
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In brief: Seepage equation 

(Darcy’s law) 
   
q = 1

!w"w

# s $ %&p + !wg'( )*

   
n

d s!w

dt
+ !w"#v s +"# !wq( ) = 0 ( Pore fluid mass balance) 

  
!w = !w

ref exp
p
"w

#

$%
&

'(
( Pore fluid state law) 

Material informations: 

 

!w

"w#w

$

Bulk water modulus 

Water viscosity 

Geometric permeability 

Coupling:    (n,v s ) Solid matrix deformation on the mass balance 
and the permeability  

 T Temperature on    !w ,"w ,#w

   (!"v s )
!

Constitutive laws 
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In brief: Heat equation 

( Fourier’s law)   q! = "# $%T

   
!c d s

dt
T +"#q$ + !wcw"T #q = 0 ( Energy balance) 

Material informations: 

Specific heat of the mixture 
   
!c = (1" n)!scs

solids
! "# $#

+ n!wcw

fluid
%

 ! = ! state variables( ) Thermal conductivity of the porous medium 

Coupling:          heat transport by seepage flow (advection)  q

Constitutive law 
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THM coupling 

Darcy’s law 

Fluid flow 

Fourier’s law 

Heat flow 

Stress-Strain 
constitutive law 

Matrix 
displacement 

Change in density, viscosity 

Fluid velocity, heat transport 
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Couplages THMC: transport de particules 
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Couplages THMC: pollutions de nappes 
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(Note: Coulomb: 1776, Darcy: 1856) 

Milieux poreux 
Poro-Mécanique 

Couplages hydro-mécanique 

Elastoplasticité 
Mohr-Coulomb 

Cam-Clay 

Stéphane Bonelli 
Irstea , Aix-en-Provence, France 

stephane.bonelli@irstea.fr 



Stéphane Bonelli 

S5 

2!

Notations 

Consider any order two-tensor   (a,c,b)

Identity order-two tensor: 
   
I /

def
!a,  I "a = a "I{ }

   
tr a =

def
I :a = a : ITrace operator: 

Tensorial products 

   
! /

def
"(a,c,b) order two tensors,  a ! b#$ %& :c = b :c( )a = c : b ! a#$ %&{ }

   
! /

def
"(a,c,b) order two tensors,  a!b#$ %& :c = a 'c 'b = c : aT !bT#$ %&{ }

    

amI =    1
3 I ! I"# $%:

spheric projector
! "# $#

a = 1
3 tr a( )I

    

a =    amI   
spheric part
!"#

+      ad      
deviatoric part
!"$ #$

    

ad = I! I " 1
3 I # I$% &'

deviatoric projector
! "## $##

:a = a " 1
3 tr a( )I

Decomposition into spheric and deviatoric parts 
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Invariants of order-two tensors 

Eigenvalues of any symmetric order two tensor  a

  det a ! "I( ) = 0 !
   ! = am + ! d ,   det ad " ! dI( ) = 0 

   det ad ! " dI( ) = 0 !
   !

d( )3
" 1

2 (ad :ad )! d " det(ad ) = 0

 cos3! = 4cos3! " 3cos!Trigo tools:  sin3! = 3sin! " 4sin3!

   
!i

d =
i=1,2,3

2
3 ad :ad cos " + 2#

3 (1$ i)%& '( =
i=1,2,3

2
3 ad :ad sin ) + 2#

3 (2$ i)%& '(

   

cos3! =
def  !

 
27detad

2 3
2 ad :ad( )3/2

   

sin3! =
def  !

 " 27detad

2 3
2 ad :ad( )3/2

 0 !" ! #
3  -

!
6 "# " !

6
 
! = "

6
#$
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Principal stress invariants 

  !m = 1
3 tr!

  ! eq =
3
2 !

d :! d

  
cos3!" =  

27det" d

2" eq
3/2

  
sin3!" =  # 27det" d

2" eq
3/2or 

Mean stress: 

Von-Mises equivalent stress (1913): 

Lode’s angle (1925): 

Traction                      !   Compression   !m > 0   !m < 0

Shear stress intensity 

Shear type (pure shear, simple shear, extension, …) 
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Principal stresses as a function of principal stress invariants 

  ! I = !m + 2
3! eq cos"!

  ! II = !m + 2
3! eq cos("! # 2$

3 )

  ! III = !m + 2
3! eq cos("! + 2#

3 )

  ! I = !m + 2
3! eq sin("! + 2#

3 )

  ! II = !m + 2
3! eq sin"!

  ! III = !m + 2
3! eq sin("! # 2$

3 )

or 

 0 !" ! #
3  -

!
6 "# " !

6
 
! = " # $

6

 ! I > ! II > ! III
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Principal stress invariants as a function of principal stresses 

  !m = 1
3 (! I +! II +! III )Mean stress: 

  
! eq =

1
2 (! I "! II )2 + (! II "! III )2 + (! III "! I )2#$ %&Von-Mises equivalent stress: 

  
cos3!" =  

9(2" III #" I #" II )(2" II #" I #" III )(2" I #" II #" III )
2(" I

2 +" II
2 +" III

2 #" I" II #" II" III #" I" III )3/2Lode’s angle: 
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Shear type vs. Lode’s angle: extension 

 cos!"

 cos(!" # 2$
3 )

 cos(!" + 2#
3 )

 !" = 0

  

! d = 2
3! eq

1 0 0
0 - 1

2 0
0 0 - 1

2

"

#

$
$
$

%

&

'
'
'

  

! II
d = ! III

d = - 1
2! I

d  

! I
d > 0

"
#
$

%$
&  

! eq = 3
2! I

d

cos3'! =  1

"
#
$

%$

  

! =
!m +! I

d 0 0
0 !m- 1

2! I
d 0

0 0 !m- 1
2! I

d

"

#

$
$
$

%

&

'
'
'

 !" = 0

Extension along   ! I

 ! I

 ! I  ! I

  ! II = ! III = 0
 ! II

 ! II

 ! III ! III

 ! I > ! II = ! III

Examples 



Stéphane Bonelli 

S5 

8!

Shear type vs. Lode’s angle: pure shear 

 cos!"

 cos(!" # 2$
3 )

 cos(!" + 2#
3 )

  

! I
d = -! III

d

! I
d = 0

"
#
$

%$
 &  

! eq = 3 ! I
d

cos3'! = 0

"
#
$

%$

  

! =

!m + ! I
d 0 0

0 !m 0

0 0 !m " ! I
d

#

$

%
%
%
%

&

'

(
(
(
(

 
!" = #

6

Shear orthogonal to   ! 2

 ! I > ! II = !m > ! III

 !" = #
6

  

! d = 2
3! eq

3
2 0 0
0 0 0

0 0 - 3
2

"

#

$
$
$
$

%

&

'
'
'
'

 ! III = "! I

 ! I

  ! II = 0

 ! I  ! I

 ! III = "! I

 ! III = "! I

 !m

 !m

 !m

 !m

 !13

Examples 
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Shear type vs. Lode’s angle: compression 

 cos!"

 cos(!" # 2$
3 )

 cos(!" + 2#
3 )

  

! I
d = ! II

d = - 1
2! III

d

! III
d < 0

"
#
$

%$
 &  

! eq = ' 3
2! III

d

cos3(! = ' 1

"
#
$

%$

  

! =
!m + 1

2! III
d 0 0

0 !m + 1
2! III

d 0
0 0 !m-! III

d

"

#

$
$
$

%

&

'
'
'

 
!" = #

3

Compression along   ! III

 ! III  ! III  ! III

  ! I = ! II = 0  ! I  ! I

 ! II

 ! II

 ! I > ! II = ! III

  

! d = 2
3! eq

1
2 0 0
0 1

2 0
0 0 "1

#

$

%
%
%

&

'

(
(
(

 !" = #
3

Examples 
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Shear type vs. Lode’s angle 

 ! I
d

 ! II
d

 ! III
d

 
!" = #

6

Shear orthogonal to   ! I

 
!" = #

3

Compression along   ! I

 !" = 0
Extension along   ! I

!"

The Lode’s angle       gives 
Angle between the axis of  
the biggest principal stress 
and the path stress as defined by the vector 
 

!"

 ! I

 

! II

! II

! III

"

#
$

%
$

&

'
$

(
$
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Principal strain-rate invariants 

   !!v = tr !!Volume strain rate: 

Equivalent strain rate 

Dilatancy                      !   Contractancy    !!v > 0    !!v < 0

Shear strain rate intensity 

   
!!eq =

2
3
!!d : !!d

   !" : !# = " eq
!#eq + !"m

!#v

Power equivalence 

if !"  !!and have the same eigen vectors 
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Elastoplastic models for porous and for granular materials 

Assumptions: small strains, isotropic material 
(for conciseness only, thing are much pore complicated for large strains and/or anisotropy 

   
! =     !e    

reversible strain
!"# +     ! p    

irreversible strain
!"#Strain decomposition 

Elasticity      !!" =
"
De( !" ) : !#e

Plasticity 
 
   Yield locus 
 
 
   Flow rule (non associated, not standard, not generalized) 
         - Plastic strains 
 
 
         - Isotropic hardening 
 
 
        - Consistency condition 

  f ( !" , R) # 0

    !!
p = !"Q( #$ , R)

   !R = ! !"H (R)

   
!! " 0,  !! f ( #$ , R) = 0
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Elastic models for porous and for granular materials 

 
- usually written in incremental form 
- not always thermodynamics consistent 
- always non-linear 
- usually depend on the mean effective stress  

    !!" =
"
De( !" ) : !#e

    
!
De( !" ) = 2 G( !"m )

shear modulus
"#$

I# I $ 1
3 I % I&' ()

deviatoric projector
" #%% $%%

+ 3 *( !"m )
bulk modulus
"#$

   1
3 I % I   

spheric projector
" #% $%

  !"m = 1
3 tr !"

  !( "#m )
  
G( !"m ) = #( !"m ) 3(1$ 2% )

2(1+% )
: shear modulus 

: bulk modulus 

! : constant Poisson’s coefficient 

Isotropic non-linear elasticity 
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Elastic models for porous and for granular materials 

Granular materials 

  

!( "#m ) =
! e $ "#m

pref

%

&
'

(

)
*

n

 if "#m < 0 (for compression only)

not defined if "#m > 0 (traction not allowed)

+

,
--

.
-
-

where 

 !
e : reference bulk modulus (kPa) 

 pref : reference stress (kPa) 

 n : exponent    (0 < n <1,  usual value n=0.6)
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Elastic models for porous and for granular materials 

Clays materials 

  

!( "#m ) =
1+ e
$ e (% "#m ) if "#m < 0 (for compression only)

not defined if "#m > 0 (traction not allowed)

&
'
(

)(

where 

 ! e : elastic index (dimensionless) 

 e : initial void ratio, usually considered as constant 
  and equal the initial void ratio in small strains   e0
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Questions 

The void ratio is another engineering quantity widely used in porous mechanics. 
    Void ratio is defined as follows: 
 
 
 
 
 
    The solids material is rigid. 
1. Express the void ratio as a function of the porosity. 
 
 
2. Express the volume strain as a function of the porosity. 
 
 
3. Express the volume strain as a function of the void ratio. 
 
 
4. Express the volume strain rate as a function of the porosity. 
 
 
5. Express the volume strain rate as a function of the void ratio. 
 
 
6. Express the mean effective stress as a function of the void ratio for a clay matrix 
    and a clay elastic model. 
 

 
e =

def

Vpore

Vsolids
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Drucker-Prager failure criterion for cohesionless media (1952) 

  f ( !" ) = " eq + M !"m

  f < 0

  f > 0   f = 0

 ! "#m

 ! eq

 0

  f < 0

  f > 0   f = 0

  !1
d   ! 2

d

  ! 3
d

Yield locus 

Evolution rule (not associated) 

    
!! p = !"

M#

3
I + 3

2$ eq

$ d
%

&
'
'

(

)
*
*

Two material constants 

 
M =

! eq

" #!m failure   

M! =
!"v

p

!"eq
p

failure

   ! : !" p = !# $!m( M% & M )

   

! : !" p > 0
#! < 0

$
%
&

 '  0 ( M) ( M

 M
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Drucker-Prager failure criterion (with cohesion) 

  f ( !" ) = " eq + M !"m #" eq
coh

  f < 0

  f = 0

 ! "#m

 ! eq

 0

Yield locus 

Evolution rule (not associated) 

    
!! p = !"

M#

3
I + 3

2$ eq

$ d
%

&
'
'

(

)
*
*

Three material constants 

 
M =

! eq

" #!m failure

  

M! =
!"v

p

!"eq
p

failure

 ! eq
coh

 ! eq
coh

 M

 !"1

 !" 2

 !" 3
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Coulomb friction criterion (1773) 

  ! + µ" n # 0

 0

Yield locus !

µ

 !" n

 MT

 M N

 S

 MT < µM N

No sliding 

 MT

 M N

 S

Sliding 
 MT > µM N

 
! =

MT g
S  

! n =
M N g

S

 µ :  friction coefficient
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Coulomb friction criterion (1773) accounting for Archimèdes principle (-260) 

  ! + µ "# n $ 0

 0

Yield locus !

µ

 ! "# n

 MT

 M N

 S

  MT < µ( M N ! "WV )

No sliding 

 MT

 M N

 S

Sliding 
  MT > µ( M N ! "WV )

 
! =

MT g
S   

!" n =
( M N # $WV )g

S

Water Water 
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Mohr(1900)-Coulomb (1773) failure criterion 

   

!n, 

" + #$ tan #%n & 0

" = I ' n(n)* +, - #$

#$ = n(n)* +, - #$

.

/
00

1
0
0

Yield locus !

 µ = tan !"

 n

 !" :  internal friction angle  ! "# n
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Mohr-Coulomb failure criterion (cohesionless) 

  f ( !" ) = 1
2 ( !" I # !" II )+ 1

2 ( !" I + !" II )sin !$

  f < 0
  f > 0

  f = 0

 0

Yield locus 
  
1
2 !" I # !" II

  !
1
2 ( "# I ! "# II )

 sin !"

  f ( !" ) # 0 !
  

!" I

!" III

# 1+ sin !$
1% sin !$

= tan2 &
4
+ !$

2
'
()

*
+,
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Mohr-Coulomb failure criterion (with cohesion) 

Yield locus 

  f1( !" ) = 1
2 !" 2 # !" 3 + 1

2 ( !" 2 + !" 3)sin !$ # !c cos !$

  f2 ( !" ) = 1
2 !"1 # !" 3 + 1

2 ( !"1 + !" 3)sin !$ # !c cos !$

  f3( !" ) = 1
2 !"1 # !" 2 + 1

2 ( !"1 + !" 2 )sin !$ # !c cos !$
 !"1  !" 2

 !" 3

 

!"
10°
20°
30°
40°
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Mohr-Coulomb failure criterion 

Yield locus 

  f ( !" ) = " eqh(#" )+ M !"m

  
h(!" ) = 2

3# sin $%
( 3cos!" + sin $% sin!" )

  
M = 6sin !"

3# sin !"

 !" = 0
 
!" = #

6  
!" = #

3

  

! eq

" #!m

$ 6sin #%
3+ sin #%   

! eq

" #!m

$ 3sin #%
  

! eq

" #!m

$ 6sin #%
3" sin #%

Extension Pure shear Compression 
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Mohr-Coulomb failure criterion 

  

! eq

" #!m

$ 6sin #%
3+ sin #%

  

! eq

" #!m

$ 3sin #%
  

! eq

" #!m

$ 6sin #%
3" sin #%

 !" 2 !"1

 !" 3

Compression 
along 

 
 !"1

Pure shear 
orthogonal to 

 !"1

Pure shear 
orthogonal to 

 !"1

Extension 
along 

 !"1

  

! eq

" #!m

$ 3sin #%
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Regularized mohr-Coulomb like failure criteria 

Yield locus: 

  f ( !" ) = " eqh(#" )+ M !"m

Matsuoka-Nakaï (1974) 

  
h(!" ) =

1+ #$cos3!"

1% #
&

'(
)

*+

1/2

 
! =

" eq

#M $"m  
! = 9" sin2 #$

9(3+ sin2 #$ )

Lade-Duncan (1975) 

  
h(!" ) =

1+ #$cos3!"

1% #
&

'(
)

*+

1/2

 
! =

" eq

#M $"m  
! = 4

9

Van Eekelen (1980) 

  
h(!" ) =

1+ # cos3!"

1$ #
%

&'
(

)*

k

  
! = 1" r

1+ r   
r = 3! sin "#

3+ sin "#
$
%&

'
()

1/k

  k = 0.229

Seule valeur possible avec Abaqus:    k = 1 (attention à la perte de convexité !!) 

Valeur optimum assurant la convexité:    k = 0.229
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Regularized mohr-Coulomb like failure criteria 

Mohr-Coulomb

Lade
Mastuoka-Nakaï

-1

Van-Eekelen

 !" 2 !"1

 !" 3

Matsuoka-Nakaï 

Lade-Duncan 

Van Eekelen 

Mohr-Coulomb 



Stéphane Bonelli 

S5 

28!

 
   Yield locus 
 
 
   Flow rule 
         - Associated plastic potential 
 
 
         - Non associated isotropic hardening 

Cambridge elastoplastic models: Cam-Clay 

  
f ( !" ," c ) = " eq + M !"m ln

" c

# !"m

$

%&
'

()

The Cam-Clay model for isotropic media in small strains is usually described as follows 

 ! = !e + ! pStrain decomposition 

Isotropic non-linear elasticity  

Plasticity 

   
Q( !" ," c ) = #f

# !"
( !" ," c )

   !! c = ! c
0 exp("#$v

p )

  
!( "#m ) = 1+ e

$ e (% "#m )
  
G( !"m ) = #( !"m ) 3(1$ 2% )

2(1+% )

  !v
p = tr ! p

Material constants 

  !
e ,  " , M ,  #

Initial state 

  ! c
0 ,  e0
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Cambridge elastoplastic models: Cam-Clay 

 ! "#m

Elastic domain 

The isotropic hardening variable           is the consolidation stress. 
 
The material has some memory of the greatest consolidation stress  
undergone in the course of its history.       

 ! c
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Cambridge elastoplastic models: Cam-Clay 

 ! "#m

 ! "#m
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Cambridge elastoplastic models: modified Cam-Clay 

  f ( !" ," c ) = " eq
2 + M !"m( !"m +" c )

The modified Cam-Clay model for isotropic media in small strains is  
the same as the Cam-Clay model, with the following yield locus 

 ! "#m

  
f ( !" ," c ) = " eq + M !"m

" c

# !"m

#1Equivalent expression: 
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Modified Cam-Clay accouting for the third stress invariant 

  
f ( !" ," c ) = " eqh(#" )$% &'

2
+ M !"m( !"m +" c )

Yield locus 

 !" 2 !"1

 !" 3

 ! "#m

 ! "#m

 

6sin !"
3+ sin !"

 1

 

6sin !"
3# sin !"

 1

Compression 

Extension 
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Questions 

Modèle de Cam-Clay 
1. Le point d’intersection de la surface de charge du modèle de Cam-Clay et de la droite 
    définie par 

    est un point particulier. Le positionner sur le graphique. 
 
2. Expliciter la vitesse de déformation plastique en fonction de 

3. Expliciter la condition cinématique du modèle de Cam-Clay, en fonction de 
     
Cette condition relie          et 
 
4. Quelle inéquation doit vérifier                        pour que l’on ait une évolution avec dilatance 

plastique ?                  
 
5. Quelle inéquation doit vérifier                        pour que l’on ait une évolution avec 

contractance plastique ? 
 
6. Comment évolue la variable d’écrouissage isotrope en dilatance plastique ?  
    Et en contractance plastique ? 

  ! eq + M "!m = 0

   ! eq , "!m  et !#

 ! c(        ne doit pas apparaître.) 

  !!v
p

  
!!eq

p
  ! eq  et "!m

  ( !"m ," eq )

  ( !"m ," eq )
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(Note: Coulomb: 1776, Darcy: 1856) 

Milieux poreux 
Poro-Mécanique 

Couplages hydro-mécanique 

Stresses in soils 
Cases study 

Stéphane Bonelli 
Irstea , Aix-en-Provence, France 

stephane.bonelli@irstea.fr 
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Pore pressures and hydraulic head 

 p = ! wh

Hydrostatic water pressure depends upon depth only 

  ! w "10 kN/m3 h

  p = 0

  p > 0 in the water( )

The hydraulic head is defined as follows  

 
H =

p ! patm

" w

+ z  ! w = "wg

water level surface 

 H   p(z) = ! w(H " z)

  z = 0
 z
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Effective stress 

The total stress is defined by the static equilibrium equation  

 !"# = 0

The effective stress is defined as follows (Terzaghi, 1925)  

  !" = " + pI

 tr! < 0 "  compression( )

The effective stress differs than the total stress only on the isotropic part 

  
1
3 tr !" = 1

3 tr" + p

 !" d = " d

The behaviour law of the solid matrix involves the effective stress, 
for example, isotropic linear elasticity in small strains 
 
 

   
!" = 2G# + tr # $ % 2G

3
&
'(

)
*+

I
  
G = E

2(1+! )   
! = E

3(1" 2# )

(shear modulus) (bulk modulus) 
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Question (1/4): total vertical stress in a dry soi 

1. Assume a dry and homogeneous semi-infinite soil.   
    Express the total vertical stress. 

Assume a porosity n=0.3, what is the total vertical stress for a 10 m depth (in kPa) ? 

surface 

  ! zz (h) = ?

 h
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2. Assume a water-saturated and homogeneous semi-infinite soil. 
   Express the total vertical stres and the pore-pressure. 
   Infer the vertical effective stress. 

Question (2/4): total vertical stress in a water-saturated soil 

water level surface 

  ! zz (h) = ?

 h

  p(h) = ?   !" zz (h) = ?

Assume a porosity n=0.3, for a 10 m depth what are (in kPa): 
 
- the total vertical stress? 
 
- the pore pressure ? 
 
- the effective stress ? 
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3. Assume a semi-infinite soil with a homogeneous solid matrix. 
   Assume a hydrostatic water level. 
   Express the total vertical stres and the pore-pressure. 
   Infer the vertical effective stress. 

Question (3/4): total vertical stress in a soil 

Assume a porosity n=0.3,and a water level depth hw =5 m. For a 10 m depth what are (in kPa): 
 
- the total vertical stress? 
 
- the pore pressure ? 
 
- the effective stress ? 

water level 

surface 

  ! zz (h) = ?

 h

  p(h) = ?   !" zz (h) = ?

 hw
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4. Assume a semi-infinite soil with a homogeneous solid matrix. 
   Assume a hydrostatic water level. 
   Express the total vertical stres and the pore-pressure. 
   Infer the vertical effective stress. 

Question (4/4): stresses again 

Assume a porosity n=0.3,and a water level depth hw =5 m. For a 10 m depth what are (in kPa): 
 
- the total vertical stress? 
 
- the pore pressure ? 
 
- the effective stress ? 

water level 

Sea bottom 

  ! zz (h) = ?

 h

  p(h) = ?   !" zz (h) = ?

 hw
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1. Assume a rigid and impervious retaining wall below a semi-infinite dry soil. 
    Assume that the soil behaves elastically, with an homogeneous isotropic and linear  
    elastic behaviour law relating the effectives stresses       to the strain. 
    Assume a perfect wall/soil contact with no interface displacement. 
    Express the mean horizontal force exerted by the soil on the wall. 

Question (1/4): the retaining wall 

  
FH = ! xx (h)

0

H

" dh
surface 

 FH

dry soil 

!"
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2. Now the soil is water-saturated. 
    Express the mean horizontal force exerted by this soil on the wall. 

Question (2/4): the retaining wall 

 FH

saturated soil 

water level 
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3. Now the soil is water-saturated but the wall is drained. 
    Express the mean horizontal force exerted by this soil on the wall. 
    Conclusion ? 

Question (3/4): the retaining wall 

 FH

saturated soil 

water level 

drainage 
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Question (4/4): the retaining wall 
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1. We consider a soil constitued by a layer of soft clay, lying on a rigid rock. 
    The clay is assumed saturated, and have a constant density. 
 
     Express the total vertical stress              , the pore pressure  
     
     and the effective vertical stress              as a function of depth        
 
     corresponding to this situation. 

Question (1/3): long subsidence after a construction 

Usual water level 

Soft clay 

  ! zz
0 (z)   p

0 (z)

  !" zz
0 (z)  z

 z

rigid rock 

 H

Sol surface 
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2. A building is constructed very quickly. The pore-water is assumed to compensate integraly 
     this excess loading. The clay is assumed saturated, and have a constant density. 
 
     Express the total vertical stress              , the pore pressure  
     
     and the effective vertical stress              as a function of depth        
 
     corresponding to this situation, which is the « short-term » situation, just after the construction. 

Question (2/3): long subsidence after a construction 

Soft clay 

  ! zz
1 (z)   p

1(z)

  !" zz
1(z)  z

 z

rigid rock 

Short-time: increase of pore-pressure 
below the building 
due to the additional structure weight 
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3.  Now we skip to many years afetr the construction. The pore-pressures have dissipated. 
     The clay is assumed saturated, and have a constant density. In addition, this clay 
     behaves elastically as follows 
 
 
     where         is the vertical strain, and        is the oeodometric modulus. 
 
      Give an estimation of the subsidence           , considering that 

Question (3/3): long subsidence after a construction 

Soft clay 

rigid rock 

Long-term subsidence 

 !" zz = Eœd# zz
  
Eœd =

E(1!" )
(1+" )(1! 2" )

 ! zz  Eœd

 !hsoil

 !hsoil

  E = 1 000 kPa, != 1
3 , H = 12 m
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1. A building lies on a soil. 
    This soil is constitued by a layer of soft clay, lying on a rigid rock. 
    The clay is assumed saturated, and have a constant density. 
 
     Express the total vertical stress              , the pore pressure  
     
     and the effective vertical stress              as a function of depth        
 
     corresponding to this situation. 

Question (1/4): subsidence by pumping 

Usual water level 

Soft clay 

  hw
0

  ! zz
0 (z)   p

0 (z)

  !" zz
0 (z)  z

 z

rigid rock 

 H
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2. Somebody install a huge pump not too far from the building. 
    This water level falls down. 
    The clay is assumed saturated, and have a constant density. 
 
     Express the total vertical stress              , the pore pressure  
     
     and the effective vertical stress              as a function of depth        
 
     corresponding to this situation. 

Question (2/4): subsidence by pumping 

Current water level 

Soft clay 

  hw
1

  ! zz
1 (z)   p

1(z)

  !" zz
1(z)  z

 z

rigid rock 

Pump 



Stéphane Bonelli 
17!

3. Somebody install a huge pump not too far from the building.The water level falls down. 
    The clay is assumed saturated, and have a constant density. In addition, this clay 
    behaves elastically as follows 
 
 
      where         is the vertical strain, and        is the oeodometric modulus. 
 
      Give an estimation of the subsidence           , considering that 
 
 
 
 
 
 

Question (3/4): subsidence by pumping 

Current water level 

Soft clay 

rigid rock 

Pump 

 !hsoil

 !" zz = Eœd# zz

 ! zz  Eœd

  
Eœd =

E(1!" )
(1+" )(1! 2" )

  E = 1 000 kPa, != 1
3 , hw

0 = 2 m, hw
1 = 4 m, H = 12 m

 !hsoil
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Question (4/4): subsidence by pumping 
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Question(1/3): floatation 

1. A concrete floor under water. 
Examples: foundations of basements, or pavements of the access road of a tunnel. 

One of the function of the concrete plate is to give additional weight to the soil, 
in order to prevent the soil to float. 
 

Excavation of the pit under  
water, with dredging equipment 

Construction of the concrete floor 
under water 

Lowering of water 

 d

 D

soil 

concrete plate 

What is the minimum thickness D  of the concrete layer ensuring that it will not float itself 
(and therefore it will be able to provide additional weight to the soil) ? 
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Question(2/3): floatation 

2. A pipe or a tunnel under water. 
 
For the risk of floatation, the most dangerous situation will be when the structure is empty. 
 

What is the minimum thickness d of the soil above the structure ensuring that  
the structure it will not float ? 
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Question(3/3): floatation 

3. Miscealinous. 
 
A tunnel os square cross section H2 has a weight (above water) M per meter length. 
The tunnel is beeing floated to its destination. 
Calculate the draught d. 
 
The tunnel is now sunk into a trench that has been dredged in the sand at the bottom of the river, 
and then covered with sand of volumic weight gsand. 
Determine the minimum cover of sand hsand necessary to prevent floatation of the tunnel. 
 
Numerical values: 
   H = 8 m, M = 50 t/mL,! sand = 20 kN/m3

 H

 H

 M
 d

 hsand
sand 
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Question(1/3): nappe côtière phréatique 
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Question(2/3): nappe côtière phréatique 
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Question(3/3): nappe côtière phréatique 
piézomètres 

Principe de Ghyben-Herzberg 
 
1) On suppose l’équilibre hydrostatique. 
Ecrire la relation entre pw et  hw. 
Ecrire la relation entre pf et  hf. 
 
 
 
 
2) On suppose que la pression est continue 
à travers l’interface. 
Ecrire la relation entre hw et  hf. 
 
 
 
 
3) On note h l’élévation de la surface libre 
au-dessus du niveau de la mer. 
Exprimer hf en fonction de h. 
 
 
 
 
Application numérique:  
 

  

!w :  masse volumique de l'eau douce

pw :  pression dans l'eau douce

hw :  hauteur de colonne d'eau douce dans le piézo 1

! f :  masse volumique de l'eau salée

p f :  pression dans l'eau salée

hf :  hauteur de colonne d'eau salée dans le piézo 2  

!w = 1000 kg/m3

! f = 1025 kg/m3


