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Abstract

We design a method called filter-based global sensitivity analysis (filter-
based GSA) to analyze computer models with functional inputs. Under-
standing the impact of functional inputs is central in many applicationsdike
building energy or environmental studies. The present work is a step further
in the analysis of the impact of functional inputs signal componentsyonto
model responses of interest. To perform filter-based GSA, the functional in-
puts are modified with filters in order to either enhance or suppress some
components in the signal. The influence of filters on_the model response is
assessed by computing the Sobol’ indices of Boolean‘factors that trigger the
filters application. Two relationships between. these indices and the error
resulting from the filters application are established. The method is illus-
trated with smoothing filters applied on\the climatic inputs of a toy model
simulating crop yield. We show, that the high frequencies for three out of
the four climatic inputs are not important in the tested configuration. The
present method does not require any hypotheses on the model or the type
of filters used. It seems promising for model understanding, validation or

simplification.

Keywords: Sobol’ indices, Switching variables, Boolean factors, Filtering

error, Crop,model, Climatic inputs



1. Introduction

This work is devoted to the analysis of computer models having func-
tional inputs. Functional inputs are related, for example, to temporally or
spatially distributed inputs. They are commonly used in environmentald@and
building energy studies in particular for studying the adaptations of physical
systems to present or future climatic conditions [1, 2, 3, 4]. They play an
important role in other domains such as nuclear energy [5], oiliindustry [6] or
mechanical engineering [7]. However the complex structure due to inter and
auto-correlation of temporal or spatial inputs as well @s their Targe dimension
make the deep analysis of their impact onto model predictions a challenging
issue.

Several methods have been proposed to apply sensitivity analysis tech-
niques to functional inputs. For instanee, the so-called labeling [6, 8, 9]
or joint metamodeling [10] appreaches aims at computing Sobol’ sensitivity
indices [11] of functional input variables considered as a whole. In several
studies [1, 2], scalar sensitivity analyses are repeated for different values of
the functional inputs:“Lhe post-processing of the results may give access to
more detailed information on the interactions between functional and non
functional inputs than the above-cited methods, but at the price of a larger
computational cost.

There is)however a real need for complementary analyses to better un-
derstand which parts of these complex inputs are responsible for their global
importance: is it their mean, their frequencies, their extreme values? Is the
sensitive information localized around a critical instant (or space localiza-
tion) or is it spread globally? The previous questions can be reformulated
using the concept of component, which we use here to denote generically a

term or group of terms in an additive decomposition of a functional variable



(e.g some frequencies in a decomposition of a signal in a Fourier basis). The
problem is thus to quantify the importance of such functional inputs compo-
nents. Such knowledge can bring useful insights into the model behavior for
understanding or validating model responses. It can also be used for simpli-
fying the structure of model inputs in order to get simpler models or models
with inputs easier to acquire.

To our knowledge, only few recent studies tackle the issuetof detecting
or characterizing sensitive components of functional inputs:* Fruth et al. [7]
introduces a decomposition into piecewise functions coupled with a screening
algorithm, Picheny et al. [12] applied sparse functional regression techniques.
Both approaches concentrate on one particular type of sensitive components:
the detection of sensitive time intervals.

The present paper introduces a new method, called filter-based global
sensitivity analysis (filter-based GSA), that allows to quantify the impor-
tance of a priori defined components: of model functional inputs. It is less
ambitious than methods that would automatically detect sensitive compo-
nents but offers a very flexible and mathematically justified framework for
testing hypothesisfon their importance. Its main principles are i) to asso-
ciate to a potentially sénsitive component a filtering operator (or filter) that
will transférm a functional input such that the component is suppressed or
enhanced and,ii) to quantify in the model output the effect of applying the
filter by,using GSA. An application detailed in this article is to test using
a'smoothing filter the influence of fine details of temporal inputs, i.e. their
high frequency content in a Fourier decomposition.

The paper is organized as follows: we first introduce the formalization
of the problem and the filter-based GSA approach in Section 2. We analyze
the link between the Total Sobol’ Index (TSI) and errors due to filtering



in Section 3. The method is illustrated on smoothing filters applied on the

inputs of a toy crop model in Sections 4 and 5.

2. The filter-based GSA method
2.1. Context and notations

The global sensitivity analysis (GSA) of a simulation model“zesponse
f(Z), where Z is a set of independent scalar inputs (Z;), can_be performed
by estimating variance-based sensitivity indices (also called Sebol” indices)
[13]. The first order and the total sensitivity indices are respectively defined

as:

_ Var[E[f(Z)| 7]

ShZ) = =50 12)
BlVarlf(£)|Z.]
TEIZ) = =)

where Var is the variance operator, £ the mathematical expectation, Z; € Z
and Z_; = Z\Z;.

In this work, we conSider a model response f(X,p) whose inputs are
split into two groupsy, X+ =/ (xy,..,zy) a vector of functional inputs and
p = (p1,..,par) aveetor of scalar inputs. We suppose that we have a collection
(XY of L datasets of the functional inputs: (X')=1. . = (2!, .., 2% ) =11
For example/ X! may represent the weather data at a given year [. The
sensitivity analysis is performed over the joint pdf of p and [. We assume
known the pdf of p, that [ is uniformly distributed within [1, L] and that p
and"X” are independent of each other. Therefore, the scalar model response of
interest y = f(X', p) is a random variable. We also suppose that, compared
to p, the variability of the vector of functional inputs X has a substantial
effect on the model response y. This effect can be quantified by evaluating

the sensitivity of the model response to the random factors [ and p as in



[14, 9, 2]. Now, we would like to know to which components of the input

signals the model response is more sensitive to.

2.2. Principle of the method

We propose an approach to test if some a priori defined components of
the functional inputs X explains the variations of the model output:, The
principles of the method are i) to transform the functional inputs with fil-
tering operators in order to suppress or enhance some of their components
and ii) to quantify the effect of applying the filters on/the model output.
The quantification procedure is a global sensitivity analysis“applied to a re-
formulated model having additional Boolean factors.that trigger the filters
application. If the effect of applying a filter is\high-then it means that the
associated component is important in the simulation of the model output.
Otherwise, it means that the component is'not important and that the model
or its functional inputs can be simplified w.r.t. this component.

For illustration purposes, let us, consider the crop yield model further
detailed in Section 4. We are interested in the analysis of crop yield simula-
tions with respect to“several ‘climatic variables measured over the cropping
season at a daily/time-step. The aim of the case study is to identify if the
temporal resolution for climatic data acquisition could be decreased without
significantly Aimpacting crop yield prediction. This knowledge would eventu-
ally allow simplifying the model formulation and above all, alleviating the
climatic data acquisition as less data would recorded. This problem is related
to the question of influential frequency content of model functional inputs.
To address this issue, the filter-based GSA is applied with a smoothing filter
that removes fine details (high frequencies in the Fourier decomposition) of

the different climatic inputs.



2.2.1. Filtering operators

We associate to a potentially sensitive component a filtering operator. In
our context, a filtering operator is a signal transformation that can typically
suppress or enhance some components of a signal, as defined in the intro-
duction. No hypothesis is required on the filter definition (for instance ne
linearity of the operation), but its properties in terms of affected compenents
are essential to interpret the results of the method. Two different cases can
be considered: the case of a single filter and the case of’several filters. In
the latter case, a question of concern is the quantifiéation of the different
possible effects stemming from all possible combinations’of the filters. To
this aim, we introduce ¢ filters denoted by (gi,.-3g,)/that apply on vectors
of functional inputs. The filtered vector XSvhen applying all filters writes:

X! = 10 .. ogq(Xl)

2.2.2. Boolean switching factors

In order to quantify the effect of applying one or several filters, we perform
a sensitivity analysis on/a new model fthat extends the initial model f using
additional Booleannpits named switching factors. Switching factors have
been introduced.in the context of sensitivity analysis in [15] to assess the
sensitivity to the presence of stochastic errors in spatially distributed inputs.
They have been further analyzed in the general context of functional inputs
in [10]. In,/the context of filter-based GSA, switching factors are used to
trigger fthe filters application on the functional inputs X'. When a single
filter is considered (¢ = 1), we use a single switching factor 7 to trigger the

application of filter g. This defines a new model response f(n,[,p) such as:

_ X ifn=0
f(n,1,p) = f o) ! (1)
fg(XY,p) ifn=1



When ¢ filters g, .., g, are studied, we use ¢ switching variables 7, .., n, and

a new model fso that:

Fns e, p) = f (G100 Gy(X"),p) (2)

X! ifn, =0

with g;(X") =

g(XY) ifnp=1
Using this new model f, we quantify the effect of applying a.filter and
thus the influence of the associated component, using the total sensitivity
indices of the switching factor when performing a globalssensitivity analysis
on factors (1, , p) (resp. (n1, .., 14,1, p) for ¢ > 1)« Thedistribution associated
to the switching factor n for GSA purposes is the Bernoulli distribution
B(1/2) (resp. ¢ independent Bernoulli distributions for ¢ switching factors).

2.3. Steps of the approach

The numerical computations required to apply the method can be sum-

marized by the following steps:

1. Application of the filter(s) on the functional data

2. Implementation of'thé new model f (n,1,p) from f(X! p)

3. Global sensitivity analysis of f (n,1,p) using a classical method that
handles, continuous or discrete factors p and discrete factors n and [

4. Analysis0f Sobol” indices of f(n,,p)

These steps are also presented in Figure 1.

3. Analysis of total sensitivity indices (TSI) of Boolean factors in
filter-based GSA

The filter-based GSA method can be used for model simplification. In-
deed, if the effect of a filter, and thus the influence of the associated compo-

nent, is weak, then the model inputs can be simplified w.r.t. this component.
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Initial simulation model : 2- Modified simulation model

f(x',p) f(n.Lp)=f(n-g(x")+(1-m) X', p)

1- Functional input filtering

n=0 n=1 3- Global Sensitivity
l X! g(x) Analysis on factors (n,l,p)
4- Analysis of
Sobol Sensitivity indices

A
== TSI

&
4
%

i
R FT
LN

Figure 1: The main steps of the filter-based 'GSA method (here with a single functional
input, a single filter (i.e. ¢ = 1)). First.the;functional inputs are filtered and stored. Then
a modified simulation model fv is defined“using an additional Boolean factor. The global
sensitivity analysis of the model response to each input factor is performed by estimating
the first order sensitivity index(.S71) Jand the total sensitivity index (7:ST). The impact of
the filter is studied using/the,sensitivity indices of the Boolean factor 7, as explained in
Section 3.

This is oneswayito reduce the dimensionality of a model with functional in-
puts. The filtered inputs may be for example easier to acquire or facilitate
the;mathematical analysis of the model.

We first remark that we can apply to the switching variable 1 the classical
result on the factor fixing problem [16] which states that a factor can be fixed
without significantly impacting the variance of the output if its TSI is small.
This leads to conclude that if TSI (n) is small enough, then it is equivalent to
fix n = 0 or n = 1, which means that it is equivalent to use the model with

the initial functional inputs X or with the filtered inputs X. But, as noted by
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Sobol’ et al [17] in the context of fixing non-influential scalar factors, ”a limit
with factor fixing is that of fixing unessential factors without knowing the
magnitude of the approximation error that is being produced from sensitivity
indices”. These authors have established theoretical relationships between
approximation errors and TSI to overcome this pitfall. In the following,
we extend their results to the filter-based GSA and present relationships
between TSI of switching variables and approximation errors when ¢ =1 and
q > 1. In the latter case, we study to what extent the 29 =1 pessible errors
corresponding to using any subset of the ¢ filters can.be, directly deduced

from the TSI of the ¢ Boolean factors.

3.1. Error of filtering
We introduce the mean squared error critetion &y, 4, to quantify the error
on the model output due to the combined application of ¢ filters g, .., g,
This error is computed relatively to, the ‘output variability induced by the
variations of all the selected modelinputs X and p as in [11, 17] where an
error due to fixing scalarmodel parameters is defined. Let V' be the variance
of f: V.= Var,[f]. Ahe'error of filtering &, . 4. is defined as:
591,~,gq = %

where By, denotes the expectation over factors [ and p. We can rewrite

Eip [(F(X'0) = flg1 00 04(X"),))’] 3)

the error with fas follows:

1 - ~ 2
Ennvnsa = 77 Eus [(fu,.., LLp) = [ (0,..,0,1,p)) } (4)

3.2. TSI of Boolean factors

We first present the expression of the TSI of Boolean factors of model f
(the proof is given in Appendix A). Let V denote the total variance of ]?

V =Var,,[fl

11



Proposition 3.1. The TSI of a Boolean factor n; when studying a model
f(m,.,ng, 1, p) can be expressed as a sum of 2971 mean squared differences of
model evaluations differing on the i-th Boolean factor:

~ 2
1 )0ty i—717 i+1y -y le
oy 2 [(Tesin i )

ae{O,l}q—l — (al,..,ai_l,o,aiﬂ,..,ozq,l,p
(5)

3.83. Case of a single switching factor

When a single filter g and so a single switching factor_n.isi¢onsidered, a

simple relation between the mean squared error £, and TS/, can be obtained:

Proposition 3.2. T'SI, and &, are directly linkedcwhen g =1 by:

§,=4-TSI, (6)

Proof. The result is a direct applicatiomof Eqy5) and Eq.(4) with ¢ = 1:

1 ~ ~ 2
TSIn == EEZ,;D |:<f(1?l7p) ;s f(()?lap)) :| =

In the case of a single switching factor, we have a direct relation between the
error due to filtering and,the TSI of the switching factor. A global sensitivity
analysis on f(n, {;p) completely characterizes the impact of applying a filter
on the functional inputs. Both the error level and its interactions with other

factors-€¢an be obtained from the sensitivity indices.

3.4 ~Case.of q switching factors (¢ > 1)

When considering ¢ filters, (2¢ — 1) different errors can be defined, each
corresponding to a subset (g;,, .., gi,) of (g1,..,94), with s < g. The error of
filtering associated with the application of the composed filter g;, o.. 0 g;, is

defined as follows:

oo = 1By [(FXL0) = flg 000, (X)) ()

12



In the following proposition (see proof in Appendix B), we relate each of

these errors to the TSI of the ¢ switching factors:

Proposition 3.3. Each (27 — 1) error of filtering &, 4, corresponding to
using a composed filter g;,, .., g, can be related to a partial sum of TSI asso-

ciated to the analysis of model f (01, ..,nq, 1, p) using the following inequality:

AN
—
0¢]
S~—

591-17--791'5 = Cgiy G

-fﬁwg

=11

with & = 2atl.

Giq s Jis

<<

A practical interest of Eq.(8) is that from a singléssensitivity analysis per-
formed on the model with ¢ switching variables, one can identify among the
27—1 possible combinations of filters: those'who have no impact on the model
response. For instance, if & i1 oodiee== 0 then one can conclude that the com-
posed filter g;, o .. o g;, has no impaet on the model response. Compared to
the result of Eq.(6) obtained with ¢ = 1, we have lost the equality in the
relation between the‘approximation error and TSI. Note also that given the
way Eq.(8) was ebtained’in Appendix B using large upper bounds, it might

happen that & largely overestimate &g, |, . This is illustrated in the

i17~~7gi5

following from numerical experiments.

4.-Description of the numerical experiments

We illustrate our method on a simplified crop model. Our aim is to better
understand the impact of climate on crop yield and to study the possibility of
simplifying the model w.r.t. its climatic inputs. A low-pass (i.e. smoothing)
filter has been applied on its climatic inputs to quantify the impact of their

high frequency fluctuations on crop yield. This example aims at i) illustrating

13



the link between error due to filtering and TSI of switching factors (Eq.(6)
and Eq.(8)) and ii) checking whether the climatic data could be simplified

without introducing significant level of error on the simulated crop yield.
4.1. The ToyCrop model

We have defined a simple crop model called ToyCrop for the purpese of
this study. Three objectives motivated the development of this4oy model:
i) the requirement of analysing a model with a complex structure of inputs
(vector of functional inputs), ii) the need to work with a model having a very
low computational cost (order of magnitude: millisecondsspér simulation),
iii) the need to have a model structure with very-few_equations allowing
qualitative validation of sensitivity results.

ToyCrop main output y represents the cropwyield. The growth is simulated
over a period corresponding to several months and is affected by two limiting
factors: stress to high temperatures, and stress due to water scarcity. The
complete definition of the model is\given in Appendix C. For the purpose of
illustrating the filter-based GSA approach, we consider a case study where

ToyCrop response ofdnterest is of the form:

y = froyc (X' p)

Xl:(l,l ! ! ! )

. rain’ Trad xtemp? Leto
with:

b= (Ttmoya WSI/Vv kc)

The vector of functional inputs X' is made of four climatic variables dis-

cretized at a daily time step and sampled for year [ during several months:
!

rain

l

rain x rad

(t), mean temperature !, (t)

(t), incoming solar radiation x temp

and evapotranspiration x',,(t). The vector p of independent scalar inputs

is made of three parameters that affect the sensitivity to temperature and

14



water stress: Tymoy (threshold for high temperature stress), TT.SW (Total
Transpirable Soil Water) and k. (crop coefficient). More details are provided
in Appendix C.

4.2. Global itmpact of climatic variables

We studied the ToyCrop model and the impact of its climatic inplts on

a domain defined in Table 1. As for many crop models, it is expected,that

Factor Definition Distribution

P1(= Timoy) ~ Threshold for high temperature stress |\ U[20), 30]

pa(= TTSW)  Total Transpirable soil water U1100, 250]
p3(= k) Cultural coefficient (Transpiration rate)«" U[0.5,0.8]
l Label for climatic year DU (42)

Table 1: Definition of the ToyCrop input facters probability distributions. U
stands for Uniform distribution and DU *fer Discrete Uniform distribution.
The label [ has a Discrete Uniform{distribution DU(42): it is used to take
samples in a set of 42 historical climatie years.

the climatic variables have a strong global impact on the model output, as
they do on crop yield/n realilife. This property is checked by preliminarily
computing the TSE of the labeling variable [ (see Section 5.1).

4.3. Low-pass.filter

The low-pass filter employed averages the temporal inputs over a slid-
ing window, of size 2d + 1 (d=15 days in the numerical application). Its

application on a single temporal input z(t) gives:

d

1

31 2 R
k=—d

Gowp () (t) =

The effect of the application of this filter is to remove the high frequency

fluctuations of the functional input. We define a low-pass filter acting on the

15



vector X = [z1(t), .., zn(t)] of functional variables in the following way:

gliowP (X)(t) = [$1<t>, e xi—l(t)7 glowP(xi<t)>7 ‘Ii-l-l(t)? - TN (t)]

The application of filter gi,wp to each climatic variable is shown in Figure*2.
The impact of the filter depends on the type of climatic variable on wiiich it
is applied: the filtered temperature is relatively close to the originaligeries.
This is also globally true for evapotranspiration and radiation/but with' more
dispersion around the filtered signals. Rain however is pgorly approximated
due to its characteristic in Mediterranean climates (rare and.stormy rainfall
events). Due to these approximations and to the form of the model equations
(See Appendix C), it is thus expected that the filter effect will depend on
the climatic year and that the effect of filtering rain will prevail over the
other effects. One objective of the numerieal experiments is to show that
we are able to quantify these expected properties. We design two different
numerical experiments on the ToyCrop model to test the impact of applying
the low-pass filter on the«climatic inputs and to illustrate the link between

TSI and normalized miean. squared errors.

4.4. First numenical, experiment (q =1)

In the firsthexperiment, we use a single switching factor 7,; to trigger
the simultaneous ‘application of the low-pass filter g;,,p on the four climatic
variables. This is obtained using the composed filter g&! , = g p o g2 po

gfowp o gf“owp. We thus define the model ﬁoyc(na”, l,p):

~ ftoyC (Xl,p) if Nall = 0
ftoyC(nalla lap) =

Jroyc (9%£P<Xl)ap) if nay =1

16
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Figure 2: Result of the application of the low-pass filter (pure averaging over a 2d+1 = 31
days) on four climatic variables: temperature; radiation, rain, evapotranpiration (ETp).
The filtered variables are plotted in red, the original in black.

4.5. Second numericalvetperiment (q = 4)

In the second experiment we use four switching factors to trigger the
application,ef low-pass filters independently on the four climatic variables and
compute.their TSI. The new model on which sensitivity analysis is performed

in that case'is the following:

ftoyC (nrain> Nrad, ntempy Net0 l,P) = ftoyC (91 6..0 §4(Xl),p) (9>
gliowP(Xl) if ;i = 1

17



4.6. Details of the numerical computations

We follow the algorithmic steps described in section 2.3. The first and the
total sensitivity indices are estimated using a Sobol” algorithm (SobolJansen
from the Sensitivity package [18]) with an input size N = 5000 and 100
replicates for the bootstrap step.

We also perform additional computations to gain more insights into the
theoretical results presented in Section 3. We estimate independently of
the sensitivity experiment several errors of filtering as defined in Fq.(3) and
Eq.(7). For the first experiment (¢ = 1) there is enly ene/such error to
compute denoted by € . For the second (¢ = 4) we.compute 7 errors among
the 21 — 1 = 15 possible combinations. We seléct 1),the 4 errors associated to
filtering a single variable: &,,,&,,, £y, £y,; 1) the error associated to filtering

the variables 2 and 4: &

50005 111) the erromsassociated to filtering the last

three variables: &, . 4, , and iv) the error of filtering all the four variables:
Eg1.90.95.9s- These errors are computed using a direct Monte Carlo estimation
based on 42000 samples and ensuring equal representation of each climatic
year.

We compute the right hapd side of Eq.(6) and Eq.(8) which are bounds of
the filtering error (with equality for ¢ = 1) deduced from the TSI values.

These estitnates are:

. 1%

Egu =4-TSI, , - v

& = 2011 ZZSTSI 4 (10)
GiysGis i V

i=i1
We also analyze more precisely Eq.(8) by computing all quantities involved

in the decomposition of &, 0 : 1) the partial sum of TSI, ii) the ratio of

yJis

variances \7/ V' and iii) the quantity noted Cj, ;. that should be multiplied

18



by stzil TSI, - V/V to exactly obtain the mean squared error &

i15-9is "

E,. 4
C; _ TIheis (11)

i TSI, -

=11

<<

5. Results of the numerical experiments
5.1. Global effect of climatic inputs

The result of the global sensitivity analysis on non filtered. data is pre-
sented in Figure 3. We can see that the TSI of factor'l corresponding to
the label of the climatic variables is high (= 0.7)4 which confirms that the
global effect of climatic variables on the modéloutput is high and that a

complementary analysis of this global effectsmakes sense on this model.

00 02 04 06 08

Figure 3: First-order (SI;) and total sensitivity indices (TSI) obtained using a labeling
technigue to characterize the global effect of climatic variables. This effect is quantified
using the sensitivity indices of factor [ representing the index of the weather series.

5.2, Results of the low-pass filter application with one switching factor

The estimated sensitivity indices with the low-pass filter applied on all
climatic variables are presented in Figure 4. The switching factor 7,; has a

rather high TSI 0.166 + 0.01, the highest after the TSI of the climate label
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factor [ which dominates the sensitivity results (T'S7; ~ 0.6). This suggests
that the high frequency content, i.e. rapid fluctuations, of climatic inputs has
a non negligible impact on crop yield. This result is not surprising because of
the strong effect of the filter on some variables particularly on (2,4, Teto) and
of the fact that the water stress definition is strongly influenced by thé ,.in

(see Appendix C). A qualitative analysis based on the value of T'S1,, javould

all
lead to reject the simultaneous simplification of all ToyCrop elimatieinputs
by a smooth approximation: there is an influential information,in the high
frequency fluctuations of the climatic inputs that should be preserved to keep
precise predictions. However, it is not possible to“guess from this numerical
experiment to which climatic variable these impertant components belong
to.

The second objective of this numerical.experiment is to illustrate and
verify Eq.(6). This is done in Tables2. The two independent estimations
of the mean squared error, the direct one £ and the other ggall deduced
from the TSI value, are virtually equal as expected from Eq.(6). The filtering

error is about 0.79 which is a‘very large value confirming that climatic inputs

should not all be réplaced-simultaneously by a smooth approximation.

& i TSI 1A% & an

g 9

0.797 0.166 001 1.141 0.759 +0.044

Table' 2: Numerical verification of the link (Eq.6) between the normalized
meéan squated error £ and the TSI of the single switching factor for first
numeri¢al experiment. Confidence intervals are indicated when possible.

5.3. Results of low-pass filter application with four switching factors

The sensitivity indices for the second numerical experiment involving
combined filters are presented in Figure 5. They allow to differentiate the

effect of filtering the different variables and illustrate the result of Eq.(8).
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Figure 4: First-order (SI;) and total sensitivity indices (TSI) obtained in the first numer-
ical experiment when using a single switching factor to trigger-the application of a single
filter on the four climatic variables.

Unlike the previous experiment, we obtain,very small TSI for 7,44, Memp
and 7, the largest value being associated t0ytem, (0.0066 = 0.0007). On
the other hand 7,4, has a much larger TSI (0.1481 £ 0.0124). This result
strongly suggests that high frequengy fluctuations of solar radiation, tem-
perature and evapotranspiration have weak impact on crop yield and that
on the contrary the high frequency content of rain is important. We can
compute, by using”Eq{(8) the filtering error upper bounds é_’gil,,,’gis of all
combined filters gfgwp ©..0 gfgwp in order to get a more quantitative view of
the errors that would be made by simplifying the climatic variables using a
smooth/approximation. These values, which are directly obtained from the
TSLof the sensitivity experiment, are also compared with direct independent
estimations of the filtering errors 891.1,.,791.3 in Table 3. As 591'17»91'3 < ggilﬂ--,giw
we,can conclude from the sole knowledge of the TSI that filtering the sec-
ond and fourth variables (2,4 and z.y) alone or together leads to a low

error on yield prediction, as &,,,&,, and &,, ,, are low (Table 3). The error

bounds associated to filtering the third variable ., alone or simultane-
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ously with z,,4 and x.y are moderately high (0.243 and 0.256 respectively).
Basing conclusions only on the sensitivity experiment and computations of
ggil,”’gis, we cannot be sure that the effect of filtering these three variables
is small enough to simplify them by smooth approximations. However the
error bounds allow to make the hypothesis that the filtering error is very
low since we know that the bound in Eq.(8) is likely pessimistic in practice.
Actually, for this experiment and using the independent comptutation-of the
errors, we find that the effective ratio between error and partialisums of TSI
(taking into account the ratio V/V = 1.14), denoted by Oipyis”(see Eq.(11)),
is very small compared to 2971 = 32: it lies between 3/and 6 (see Table
3). The additional numerical experiment requiredyto validate the hypothesis
that three variables can be simplified simultanéously is a single-switch GSA
with filter g2 p o g2 pogi o . The resultwof this experiment (not shown) is

a negligible error level of &, ;. ,, = 0.021 ebtained using Eq.(6) and the TSI
of the switching factor (7°S1 = 0.005< 0.001).

5.4. Conclusion on the nwmerical experiments

Using filter-based“GSA we were able to show that high frequency fluctu-
ations of mean témperature, solar radiation and evapotranspiration have a
negligible effeet on the simulation of crop yield. It is not the case for rain as
expected:“Using the theoretical link between TSI and model error developed
in section 3, we concluded from the 4-switch experiment that solar radiation
and evapotranspiration can be replaced by a smooth approximation without
increasing significantly the level of model error. An additional experiment
with a single switch was required to confirm the hypothesis that the com-
bined filtering of (Ztemp, Trad, Teto) also induces a very low error on crop yield.
Apart from a better understanding on the behavior of the ToyCrop model

and a reduction of its dimensionality, a practical application of this result
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is related to the missing data problem. It shows that missing data could
be replaced by smooth interpolation data without impacting model results.
Indeed, smoothing only alters high frequency content of a signal which was

proven not sensitive.

00 02 04 06 038
|

Figure 5: First-order (SI;) and total sensitivity. indices (TST) obtained in the second
numerical experiment: four switching factors are dsed to trigger the application of 4 filters
on the 4 climatic variables.

is
Zl’ R ZS 89117"7.9715 : : TSInZ 69i1:-~7gis Cilv"7i5

=11

{1} 0.6546  0.1481 +o.0124 5.373 +0.338 3.91 +0.25
{2} 0:0012  0.0003 +0.0000 0.010 +0.001  4.12 +0.27
{3} 0.0228  0.0066 +0.0007 0.243 +0.027  3.05 +0.34
{4} 0.0006  0.0001 +0.0000 0.004 +0.000 4.51 +0.35
{2,4} 0.0017  0.0004 +0.0000 0.014 +0.001  4.07 +0.28

{2,3,4} 0.0212  0.0070 +0.0008 0.256 +0.028 2.68 +0.30
{1,2,3,4} 0.7971  0.1551 +0.0131  5.629 +0.366  4.55 +0.30

dable 3: Link between &, g and TSI for the second numerical experi-
ment. (i1,..,i5) € {1,..,4} are indices of a set of variables inside vector
(Zrains Trads Tremp, Teto). Confidence intervals are indicated when possible.
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6. Discussion and Conclusion

We propose an approach to analyze models with functional inputs. The
method is designed to test and quantify the importance of a priori defined
components of these functional inputs. This might be particularly useful
for model understanding, simplification or validation in research areasusing
models with functional inputs. The method is based on the use,of filters
applied on the functional inputs to suppress or enhance some of their com-
ponents. Sensitivity analysis of the model response to thése components can
then be conducted by triggering the application of the filters with Boolean
factors. This approach was illustrated on a toy model simulating crop yield.
In the numerical exercise, high frequencies of. climatic inputs were found
non-important for three out of four climatic jnputs.

The proposed method is global, model'free and generic in the sense that
it does not depend on the type.of filtersapplied. We used smoothing filters
in the numerical example but other'types of modifications can be handled in
the same way. For instance,filters acting specifically on high signal values or
at a specific time (or‘Space)position can be used to assess the importance of
different kind of Components of functional inputs.

We have shown that the mean squared error resulting from the filters
application,is rélated to the total sensitivity indices (T'SI). This new result
can be seenjas a detailed analysis of the relationship between TSI and ap-
proximation error in a factor fixing approach ([11],[17]) when applied to a
Boolean factor. A direct relation between TSI and approximation error was
derived when a single filter was used, whereas only an upper bound involving
a partial sum of TSI was found in the case of multiple filters. This result is
particularly useful in a perspective of model simplification.

Filters allow to modify functional inputs in a very flexible way and thus
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to quantify the importance of diverse types of functional input components.
Practitioners may however define filters that lead to unrealistic transformed
datasets. This was for example the case in the presented application since
the chosen filter did not respect the correlation structure between climatic
inputs. It is important to note that this issue does not impact the concliisions
if the method is used for model simplification as in the presented example.
It is however an aspect to keep in mind when interpreting high effeets of a
filter application if the method is used for model behavior‘exploration, since
the filtered functional input may be outside of the medel validity domain.
Concerning our numerical application, to overcome. such situations, one op-
tion could be to use constrained filters that preserve the functional inputs

correlation structure.
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A. Proof of Eq.(5)

To establish Eq.(5), we will use two properties of Boolean random vari-

ables:

e the varianee of Z.~ B(1/2) taking values zy and z;:

Var[Z] = (zo _ Zl>2 (A.1)

2

e thesexpectation of a random variable h(ny, ..,n,) where all n; are inde-

pendent and have a Bernoulli distribution B(1/2):
1
E [h(n, . 1a)] = o > hlar, ) (A.2)

(a17~~7an)€{0,1}"
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We write N—i = (7717 s i1 Mig 15 -5 T]l]) and X—m = (77—1'7 lap) Then Sta‘rting
from the definition of the TSI, we can write:

1
TSI, = =E [Var(Y|X_,)]

= =Byt [Var, (7m0, p) (hg)

Using Eq.(A.1) in Eq.(A.3), with Z = f(n,..,n,, [, p) we can wrife:

<{=<

2

1
1 _(f(nh"777i—171777i+17"777 7lap)
TSIm = ?En—i,l,p ’ !

- (7717 "7771‘*1707771#17 ~'>77q>lap))
2

o 1 %(f(nla"ani—lalani+17">77qalap)
Vo s
- (7717 ey i1, 07 Tit1y -5 Ty laP))
Finally, we use Eq.(A.2) to simplifysthe previous expression by taking:

%(f(nh -y Thi—1, 1777i+17 --:nq7lap)

- (7717 w1, 07 Nit1y -5 nqa l7p))

h(nl, c Mi—1, Mi+1, ..’77q> = El,p

This yields exactly/to Eq.(5).
B. Proof of'Eq.(8)

We_start. with the case s = ¢q. The general case s < ¢ can be directly
deduced from it. The main idea comes from the comparison of &, 4 (Eq.
(4)) and the expression of T'S1,, (Eq.(5)). The error &, 4. is defined using
the difference ]7(1, 1L Lp)— f(O, .,0,1,p) where ¢ bits are different, whereas
1'ST,, is defined as a sum of terms differing only on one bit. So the principle
of the proof is to decompose the difference on ¢ bits as several sums of one-bit

differences. Such decompositions should also use a maximum of these one-bit

differences in order to make a efficient use of the TSI definition.
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Let us define the ¢* differences (A;; f(1,p))ijef1.qr by:

(

f(:[? cey 1777] = 17 ]-7 tey ]-7l7p)

—f(1,.,1,3;,=0,1,..,1,1,p) if o= i

N F, . 1,9, =0,0,.,0,7; =1,1,...1,1,p)
Amf(lap) =

—-f(1,..,1,7,=0,0,..,0,n; =0,1,..,1,1,p), 15 >1

ﬁ (07 "707773' = 17 17 ) 1 N = Oa 07 "707lap)

—F(0,.,0,m; = 0,1, ..,1,m; =0,0,..,0,1,p) ifj <i

\
where the only difference if i < j (resp. j < i— I)\isvon the j-th Boolean
variable, where Boolean factors for k =1,..,i <=1 and k = j + 1, .., q are set

to 1 (resp. k=7 +1,..,i—1). We can use these one-bit differences to build

q decompositions of f(1,..,1,1,p) — f(O, 00 p):

itq—1

FL L L) = FO, 0 L P) = > Ajsmodi—1.0f (1,p) for i = 1.

k=i
where mod(k — 1, g)~is'equal to k& — 1 modulo ¢. The sum of the previous

decompositions.yields:

i+q—1

G (FL200p) = J10,,0,00) =30 " Aitemoair 1.0 (1,p)

i=1 k=

Q

EN

Each difference A;; f(l, p) occurs only in the ith decomposition, hence occurs

exactly once in the sum of the decompositions. So we are able to re-number

these ¢* differences as Ay f(1,p), .., Az f(l,p) and to write:
0 (J L p) = J0,.,0.p)) = D" Axf(l.p)
k=1
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Then we have:

(Fe 1) = F10,0.0)) = = | +2 30 3 AT AT (0.9)
k=1 k=1 j>k

q2

1 ~
<5 Z Acf)? + ZZ AN+ (0D | (o) = (AL ()
q k=1 j>k k=1
Each ¢ square difference (A, f)2(l, p) occurs once in the sum;
a ~ ~ 2
Z Z (f(nl,..,l,..,nq,l,p)—f(nl,..,(),..,nq,l,p)>
=1 77_1'6{0,1}‘171

We deduce the relation:

591,- 94 %Elp |:(f(X 7p) - f(gl © qu(X) ))2}
Eotvan <27 5 gTSI

If wewant to”consider the mean squared error &, 4 due to input sim-
plification”of the switching variables iy, ..,i5, we build the decompositions
assogiated to the restriction of f to variables i1, ..,7, and make a similar
reasoning to obtain:

V&
Egiy s, < 2070 v > 181,

s

=11
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C. ToyCrop Model complete definition

The ToyCrop main output that is, crop yield, is affected by two limiting
factors: high temperature and water scarcity. The model has four climatic
inputs discretized at a daily time step and sampled during several months

and over several years [ = 1,2,..,42. These inputs are rain ', (#), solar

rain,

l

temp(t) and evapotranspiration by (t).

radiation z!_,(¢), mean temperature z
Crop yield in this model is defined as a weighted sum over<each. day of the
simulated period of the solar radiation z!_,(t). Compared to the formalisms
of classical complex crop models [19], it can be notéd that ToyCrop makes
use of the Radiation Use Efficiency (RUE) concept [20, 2] used in many crop
models, as for example the STICS crop model~22;%23]. Moreover, ToyCrop
uses a water balance equation to compute aswater stress index as in some

vineyards studies [24, 25]. The detailed \déefinition of model outputs, inputs

and equations are presented in the following.
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C.1. Model inputs

Name Type Definition Unit

Trad functional Daily incoming radiation Jem ™2

Train functional Daily rain mm

Ttmoy functional Daily mean air temperature °C

Zet0 functional Daily evapotranspiration demand~,min

t scalar Starting date for biomass growth Day of Year
123 scalar Harvest date Day of Year
Ttmoy scalar Threshold for heat stress °C

Trrsw ~ scalar Threshold for. water\stress no unit

k. scalar Crop coefficient no unit
TTSW  scalar Total transpirable soil water mm

RS scalar Runoff strength no unit

bo scalat Biomass at simulation start g

atswy Scalar Water at simulation start min

C.2. Statewariables

Name Definition

Ab Daily biomass increment

RUE! Daily radiation use efficiency

ATSW?*'  Daily available transpirable soil water
FTSW*' Daily fraction of transpirable soil water
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C.3. Model equations

b(t) = zt: Ab®

s=t1

y = b(ty)
At = RUE - ot
FTSWt1
RE' =1, .. -min (1, —)
tmoy Y TETSW

STIrt
AL tmp rain y Yrain

FT t—1
— ATV t! + gt - Q (RS :L_t—5,.,t) — k. - xito - min (17 ﬂ)

TETSW
ATSW* = min (TTSW, max(0, ATSW, )
ATSW

t_
FTSW_ITSW

The only definition remaining for a complete description of the ToyCrop

model is the runoff function @ (RS xt*‘r’"’t). This function is inspired by

M rain

the Curve Number method [26] used in many crop model applications. The
principle is to define from the Runoff Strength (RS) parameter three values
for the soil retention eapacity (S) corresponding to wet, medium and dry

antecedent runoff comnditions. The choice between these states depends on

t—>5,.,t
rain

the rainfall .aceumulated during the five previous days denoted by x
Runoff @ isdetermined from S and z,.;, by using the following expressions

26]:

0 if Zpgin < 0.25

(Train—0.25)% .
g i Train 2 0.25

t—>5,.,t
rain

The computation of S from x and RS is given by:
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Version postprint

ACCEPTED MANUSCRIPT

254(100/cnl — 1) if 207" < 12.7

rain

S =19 254(100/cn3 — 1) if 207" > 28

rain

254(100/en — 1) otherwise &
with: ) Q
cn =95 RS+30 (1— RS) '\,

§ cnl =4.2cn/(10 — 0.058 cn) ( : %

en3 =23 cn/(10+0.13 cn)‘ :
Even if this definition is less intuitive than the ot ; introducing a non

sting to test the effect

linear runoff function in the ToyCrop model is\i

of smoothing temporally the rain input,_x,q,
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