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Highlights

• A new method for GSA of models with functional inputs is introduced

• Filtering operators are used to perturb the functional inputs

• The response on model outputs is studied with Sobol Indices of boolean

variables

• Relationships between Sobol Indices and error due to filtering are es-

tablished

• The approach is generic and can improve model understanding or input

acquisition
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Abstract

We design a method called filter-based global sensitivity analysis (filter-

based GSA) to analyze computer models with functional inputs. Under-

standing the impact of functional inputs is central in many applications like

building energy or environmental studies. The present work is a step further

in the analysis of the impact of functional inputs signal components onto

model responses of interest. To perform filter-based GSA, the functional in-

puts are modified with filters in order to either enhance or suppress some

components in the signal. The influence of filters on the model response is

assessed by computing the Sobol’ indices of Boolean factors that trigger the

filters application. Two relationships between these indices and the error

resulting from the filters application are established. The method is illus-

trated with smoothing filters applied on the climatic inputs of a toy model

simulating crop yield. We show that the high frequencies for three out of

the four climatic inputs are not important in the tested configuration. The

present method does not require any hypotheses on the model or the type

of filters used. It seems promising for model understanding, validation or

simplification.

Keywords : Sobol’ indices, Switching variables, Boolean factors, Filtering

error, Crop model, Climatic inputs
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1. Introduction

This work is devoted to the analysis of computer models having func-

tional inputs. Functional inputs are related, for example, to temporally or

spatially distributed inputs. They are commonly used in environmental and

building energy studies in particular for studying the adaptations of physical

systems to present or future climatic conditions [1, 2, 3, 4]. They play an

important role in other domains such as nuclear energy [5], oil industry [6] or

mechanical engineering [7]. However the complex structure due to inter and

auto-correlation of temporal or spatial inputs as well as their large dimension

make the deep analysis of their impact onto model predictions a challenging

issue.

Several methods have been proposed to apply sensitivity analysis tech-

niques to functional inputs. For instance, the so-called labeling [6, 8, 9]

or joint metamodeling [10] approaches aims at computing Sobol’ sensitivity

indices [11] of functional input variables considered as a whole. In several

studies [1, 2], scalar sensitivity analyses are repeated for different values of

the functional inputs. The post-processing of the results may give access to

more detailed information on the interactions between functional and non

functional inputs than the above-cited methods, but at the price of a larger

computational cost.

There is however a real need for complementary analyses to better un-

derstand which parts of these complex inputs are responsible for their global

importance: is it their mean, their frequencies, their extreme values? Is the

sensitive information localized around a critical instant (or space localiza-

tion) or is it spread globally? The previous questions can be reformulated

using the concept of component, which we use here to denote generically a

term or group of terms in an additive decomposition of a functional variable

4
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(e.g some frequencies in a decomposition of a signal in a Fourier basis). The

problem is thus to quantify the importance of such functional inputs compo-

nents. Such knowledge can bring useful insights into the model behavior for

understanding or validating model responses. It can also be used for simpli-

fying the structure of model inputs in order to get simpler models or models

with inputs easier to acquire.

To our knowledge, only few recent studies tackle the issue of detecting

or characterizing sensitive components of functional inputs: Fruth et al. [7]

introduces a decomposition into piecewise functions coupled with a screening

algorithm, Picheny et al. [12] applied sparse functional regression techniques.

Both approaches concentrate on one particular type of sensitive components:

the detection of sensitive time intervals.

The present paper introduces a new method, called filter-based global

sensitivity analysis (filter-based GSA), that allows to quantify the impor-

tance of a priori defined components of model functional inputs. It is less

ambitious than methods that would automatically detect sensitive compo-

nents but offers a very flexible and mathematically justified framework for

testing hypothesis on their importance. Its main principles are i) to asso-

ciate to a potentially sensitive component a filtering operator (or filter) that

will transform a functional input such that the component is suppressed or

enhanced and ii) to quantify in the model output the effect of applying the

filter by using GSA. An application detailed in this article is to test using

a smoothing filter the influence of fine details of temporal inputs, i.e. their

high frequency content in a Fourier decomposition.

The paper is organized as follows: we first introduce the formalization

of the problem and the filter-based GSA approach in Section 2. We analyze

the link between the Total Sobol’ Index (TSI) and errors due to filtering

5
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in Section 3. The method is illustrated on smoothing filters applied on the

inputs of a toy crop model in Sections 4 and 5.

2. The filter-based GSA method

2.1. Context and notations

The global sensitivity analysis (GSA) of a simulation model response

f(Z), where Z is a set of independent scalar inputs (Zi), can be performed

by estimating variance-based sensitivity indices (also called Sobol’ indices)

[13]. The first order and the total sensitivity indices are respectively defined

as:

SI1(Zi) =
V ar[E[f(Z)|Zi]]

V ar[f(Z)]

TSI(Zi) =
E[V ar[f(Z)|Z−i]]

V ar[f(Z)]

where V ar is the variance operator, E the mathematical expectation, Zi ∈ Z
and Z−i = Z\Zi.

In this work, we consider a model response f(X, p) whose inputs are

split into two groups: X = (x1, .., xN) a vector of functional inputs and

p = (p1, .., pM) a vector of scalar inputs. We suppose that we have a collection

(X l) of L datasets of the functional inputs: (X l)l=1,..,L = (xl1, .., x
l
N)l=1,..,L.

For example, X l may represent the weather data at a given year l. The

sensitivity analysis is performed over the joint pdf of p and l. We assume

known the pdf of p, that l is uniformly distributed within [1, L] and that p

and X are independent of each other. Therefore, the scalar model response of

interest y = f(X l, p) is a random variable. We also suppose that, compared

to p, the variability of the vector of functional inputs X has a substantial

effect on the model response y. This effect can be quantified by evaluating

the sensitivity of the model response to the random factors l and p as in

6
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[14, 9, 2]. Now, we would like to know to which components of the input

signals the model response is more sensitive to.

2.2. Principle of the method

We propose an approach to test if some a priori defined components of

the functional inputs X explains the variations of the model output. The

principles of the method are i) to transform the functional inputs with fil-

tering operators in order to suppress or enhance some of their components

and ii) to quantify the effect of applying the filters on the model output.

The quantification procedure is a global sensitivity analysis applied to a re-

formulated model having additional Boolean factors that trigger the filters

application. If the effect of applying a filter is high then it means that the

associated component is important in the simulation of the model output.

Otherwise, it means that the component is not important and that the model

or its functional inputs can be simplified w.r.t. this component.

For illustration purposes, let us consider the crop yield model further

detailed in Section 4. We are interested in the analysis of crop yield simula-

tions with respect to several climatic variables measured over the cropping

season at a daily time-step. The aim of the case study is to identify if the

temporal resolution for climatic data acquisition could be decreased without

significantly impacting crop yield prediction. This knowledge would eventu-

ally allow simplifying the model formulation and above all, alleviating the

climatic data acquisition as less data would recorded. This problem is related

to the question of influential frequency content of model functional inputs.

To address this issue, the filter-based GSA is applied with a smoothing filter

that removes fine details (high frequencies in the Fourier decomposition) of

the different climatic inputs.

7
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2.2.1. Filtering operators

We associate to a potentially sensitive component a filtering operator. In

our context, a filtering operator is a signal transformation that can typically

suppress or enhance some components of a signal, as defined in the intro-

duction. No hypothesis is required on the filter definition (for instance no

linearity of the operation), but its properties in terms of affected components

are essential to interpret the results of the method. Two different cases can

be considered: the case of a single filter and the case of several filters. In

the latter case, a question of concern is the quantification of the different

possible effects stemming from all possible combinations of the filters. To

this aim, we introduce q filters denoted by (g1, .., gq) that apply on vectors

of functional inputs. The filtered vector X̃ l when applying all filters writes:

X̃ l = g1 ◦ .. ◦ gq(X l)

2.2.2. Boolean switching factors

In order to quantify the effect of applying one or several filters, we perform

a sensitivity analysis on a new model f̃ that extends the initial model f using

additional Boolean inputs named switching factors. Switching factors have

been introduced in the context of sensitivity analysis in [15] to assess the

sensitivity to the presence of stochastic errors in spatially distributed inputs.

They have been further analyzed in the general context of functional inputs

in [10]. In the context of filter-based GSA, switching factors are used to

trigger the filters application on the functional inputs X l. When a single

filter is considered (q = 1), we use a single switching factor η to trigger the

application of filter g. This defines a new model response f̃(η, l, p) such as:

f̃(η, l, p) =





f
(
X l, p

)
if η = 0

f
(
g(X l), p

)
if η = 1

(1)

8
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When q filters g1, .., gq are studied, we use q switching variables η1, .., ηq and

a new model f̃ so that:

f̃ (η1, .., ηq, l, p) = f
(
ḡ1 ◦ .. ◦ ḡq(X l), p

)
(2)

with ḡi(X
l) =





X l if ηi = 0

gi(X
l) if ηi = 1

Using this new model f̃ , we quantify the effect of applying a filter and

thus the influence of the associated component, using the total sensitivity

indices of the switching factor when performing a global sensitivity analysis

on factors (η, l, p) (resp. (η1, .., ηq, l, p) for q ≥ 1). The distribution associated

to the switching factor η for GSA purposes is the Bernoulli distribution

B(1/2) (resp. q independent Bernoulli distributions for q switching factors).

2.3. Steps of the approach

The numerical computations required to apply the method can be sum-

marized by the following steps:

1. Application of the filter(s) on the functional data

2. Implementation of the new model f̃(η, l, p) from f(X l, p)

3. Global sensitivity analysis of f̃(η, l, p) using a classical method that

handles continuous or discrete factors p and discrete factors η and l

4. Analysis of Sobol’ indices of f̃(η, l, p)

These steps are also presented in Figure 1.

3. Analysis of total sensitivity indices (TSI) of Boolean factors in
filter-based GSA

The filter-based GSA method can be used for model simplification. In-

deed, if the effect of a filter, and thus the influence of the associated compo-

nent, is weak, then the model inputs can be simplified w.r.t. this component.

9
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Xl

 
l

1

..

L

.. ..

η=0
 

η=1
 

g(Xl)
 

1- Functional input filtering
 

Initial simulation model :  2- Modified simulation model  
~
f (η ,l , p)=f (η⋅g (X l

)+(1−η)X l , p)

3- Global Sensitivity
 Analysis on factors (η,l,p)

4- Analysis of 
Sobol Sensitivity indices

f (X l , p)

ηp

TSI

l

2

SI
1

Figure 1: The main steps of the filter-based GSA method (here with a single functional
input, a single filter (i.e. q = 1)). First the functional inputs are filtered and stored. Then

a modified simulation model f̃ is defined using an additional Boolean factor. The global
sensitivity analysis of the model response to each input factor is performed by estimating
the first order sensitivity index (SI1) and the total sensitivity index (TSI). The impact of
the filter is studied using the sensitivity indices of the Boolean factor η, as explained in
Section 3.

This is one way to reduce the dimensionality of a model with functional in-

puts. The filtered inputs may be for example easier to acquire or facilitate

the mathematical analysis of the model.

We first remark that we can apply to the switching variable η the classical

result on the factor fixing problem [16] which states that a factor can be fixed

without significantly impacting the variance of the output if its TSI is small.

This leads to conclude that if TSI(η) is small enough, then it is equivalent to

fix η = 0 or η = 1, which means that it is equivalent to use the model with

the initial functional inputs X or with the filtered inputs X̃. But, as noted by

10
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Sobol’ et al [17] in the context of fixing non-influential scalar factors, ”a limit

with factor fixing is that of fixing unessential factors without knowing the

magnitude of the approximation error that is being produced from sensitivity

indices”. These authors have established theoretical relationships between

approximation errors and TSI to overcome this pitfall. In the following,

we extend their results to the filter-based GSA and present relationships

between TSI of switching variables and approximation errors when q = 1 and

q > 1. In the latter case, we study to what extent the 2q − 1 possible errors

corresponding to using any subset of the q filters can be directly deduced

from the TSI of the q Boolean factors.

3.1. Error of filtering

We introduce the mean squared error criterion Eg1,..,gq to quantify the error

on the model output due to the combined application of q filters g1, .., gq.

This error is computed relatively to the output variability induced by the

variations of all the selected model inputs X and p as in [11, 17] where an

error due to fixing scalar model parameters is defined. Let V be the variance

of f : V = V arl,p[f ]. The error of filtering Eg1,..,gq is defined as:

Eg1,..,gq =
1

V
El,p

[(
f(X l, p)− f(g1 ◦ .. ◦ gq(X l), p)

)2]
(3)

where El,p denotes the expectation over factors l and p. We can rewrite

the error with f̃ as follows:

Eg1,..,gq =
1

V
El,p

[(
f̃ (1, .., 1, l, p)− f̃ (0, .., 0, l, p)

)2]
(4)

3.2. TSI of Boolean factors

We first present the expression of the TSI of Boolean factors of model f̃

(the proof is given in Appendix A). Let Ṽ denote the total variance of f̃ :

Ṽ = V arη,l,p[f̃ ].

11
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Proposition 3.1. The TSI of a Boolean factor ηi when studying a model
f̃(η1, .., ηq, l, p) can be expressed as a sum of 2q−1 mean squared differences of
model evaluations differing on the i-th Boolean factor:

TSIηi =
1

2q+1 · Ṽ
∑

α∈{0,1}q−1

El,p



(
f̃(α1, .., αi−1, 1, αi+1, .., αq, l, p)

−f̃(α1, .., αi−1, 0, αi+1, .., αq, l, p)

)2



(5)

3.3. Case of a single switching factor

When a single filter g and so a single switching factor η is considered, a

simple relation between the mean squared error Eg and TSIη can be obtained:

Proposition 3.2. TSIη and Eg are directly linked when q = 1 by:

Eg = 4 · TSIη ·
Ṽ

V
(6)

Proof. The result is a direct application of Eq.(5) and Eq.(4) with q = 1:

TSIη =
1

4Ṽ
El,p

[(
f̃(1, l, p)− f̃(0, l, p)

)2]
=
Eg
4

V

Ṽ

In the case of a single switching factor, we have a direct relation between the

error due to filtering and the TSI of the switching factor. A global sensitivity

analysis on f̃(η, l, p) completely characterizes the impact of applying a filter

on the functional inputs. Both the error level and its interactions with other

factors can be obtained from the sensitivity indices.

3.4. Case of q switching factors (q > 1)

When considering q filters, (2q − 1) different errors can be defined, each

corresponding to a subset (gi1 , .., gis) of (g1, .., gq), with s ≤ q. The error of

filtering associated with the application of the composed filter gi1 ◦ .. ◦ gis is

defined as follows:

Egi1 ,..,gis =
1

V
El,p

[(
f(X l, p)− f(gi1 ◦ .. ◦ gis(X l), p)

)2]
(7)

12
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In the following proposition (see proof in Appendix B), we relate each of

these errors to the TSI of the q switching factors:

Proposition 3.3. Each (2q − 1) error of filtering Egi1 ,..,gis corresponding to
using a composed filter gi1 , .., gis can be related to a partial sum of TSI asso-

ciated to the analysis of model f̃ (η1, .., ηq, l, p) using the following inequality:

Egi1 ,..,gis ≤ Ēgi1 ,..,gis (8)

with Ēgi1 ,..,gis = 2q+1 · Ṽ
V
·

is∑

i=i1

TSIηi

A practical interest of Eq.(8) is that from a single sensitivity analysis per-

formed on the model with q switching variables, one can identify among the

2q−1 possible combinations of filters those who have no impact on the model

response. For instance, if Ēgi1 ,..,gis ' 0 then one can conclude that the com-

posed filter gi1 ◦ .. ◦ gis has no impact on the model response. Compared to

the result of Eq.(6) obtained with q = 1, we have lost the equality in the

relation between the approximation error and TSI. Note also that given the

way Eq.(8) was obtained in Appendix B using large upper bounds, it might

happen that Ēgi1 ,..,gis largely overestimate Egi1 ,..,gis . This is illustrated in the

following from numerical experiments.

4. Description of the numerical experiments

We illustrate our method on a simplified crop model. Our aim is to better

understand the impact of climate on crop yield and to study the possibility of

simplifying the model w.r.t. its climatic inputs. A low-pass (i.e. smoothing)

filter has been applied on its climatic inputs to quantify the impact of their

high frequency fluctuations on crop yield. This example aims at i) illustrating

13
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the link between error due to filtering and TSI of switching factors (Eq.(6)

and Eq.(8)) and ii) checking whether the climatic data could be simplified

without introducing significant level of error on the simulated crop yield.

4.1. The ToyCrop model

We have defined a simple crop model called ToyCrop for the purpose of

this study. Three objectives motivated the development of this toy model:

i) the requirement of analysing a model with a complex structure of inputs

(vector of functional inputs), ii) the need to work with a model having a very

low computational cost (order of magnitude: milliseconds per simulation),

iii) the need to have a model structure with very few equations allowing

qualitative validation of sensitivity results.

ToyCrop main output y represents the crop yield. The growth is simulated

over a period corresponding to several months and is affected by two limiting

factors: stress to high temperatures and stress due to water scarcity. The

complete definition of the model is given in Appendix C. For the purpose of

illustrating the filter-based GSA approach, we consider a case study where

ToyCrop response of interest is of the form:

y = ftoyC
(
X l, p

)

with:





X l =
(
xlrain, x

l
rad, x

l
temp, x

l
et0

)

p = (τtmoy, TTSW, kc)

The vector of functional inputs X l is made of four climatic variables dis-

cretized at a daily time step and sampled for year l during several months:

rain xlrain(t), incoming solar radiation xlrad(t), mean temperature xltemp(t)

and evapotranspiration xlet0(t). The vector p of independent scalar inputs

is made of three parameters that affect the sensitivity to temperature and
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water stress: τtmoy (threshold for high temperature stress), TTSW (Total

Transpirable Soil Water) and kc (crop coefficient). More details are provided

in Appendix C.

4.2. Global impact of climatic variables

We studied the ToyCrop model and the impact of its climatic inputs on

a domain defined in Table 1. As for many crop models, it is expected that

Factor Definition Distribution

p1(= τtmoy) Threshold for high temperature stress U [20, 30]

p2(= TTSW ) Total Transpirable soil water U [100, 250]

p3(= kc) Cultural coefficient (Transpiration rate) U [0.5, 0.8]

l Label for climatic year DU(42)

Table 1: Definition of the ToyCrop input factors probability distributions. U
stands for Uniform distribution and DU for Discrete Uniform distribution.
The label l has a Discrete Uniform distribution DU(42): it is used to take
samples in a set of 42 historical climatic years.

the climatic variables have a strong global impact on the model output, as

they do on crop yield in real life. This property is checked by preliminarily

computing the TSI of the labeling variable l (see Section 5.1).

4.3. Low-pass filter

The low-pass filter employed averages the temporal inputs over a slid-

ing window of size 2d + 1 (d=15 days in the numerical application). Its

application on a single temporal input x(t) gives:

glowP(x)(t) =
1

2d+ 1

d∑

k=−d
x(t+ k)

The effect of the application of this filter is to remove the high frequency

fluctuations of the functional input. We define a low-pass filter acting on the

15
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vector X = [x1(t), .., xN(t)] of functional variables in the following way:

gilowP(X)(t) = [x1(t), .., xi−1(t), glowP(xi(t)), xi+1(t), .., xN(t)]

The application of filter glowP to each climatic variable is shown in Figure 2.

The impact of the filter depends on the type of climatic variable on which it

is applied: the filtered temperature is relatively close to the original series.

This is also globally true for evapotranspiration and radiation but with more

dispersion around the filtered signals. Rain however is poorly approximated

due to its characteristic in Mediterranean climates (rare and stormy rainfall

events). Due to these approximations and to the form of the model equations

(See Appendix C), it is thus expected that the filter effect will depend on

the climatic year and that the effect of filtering rain will prevail over the

other effects. One objective of the numerical experiments is to show that

we are able to quantify these expected properties. We design two different

numerical experiments on the ToyCrop model to test the impact of applying

the low-pass filter on the climatic inputs and to illustrate the link between

TSI and normalized mean squared errors.

4.4. First numerical experiment (q = 1)

In the first experiment, we use a single switching factor ηall to trigger

the simultaneous application of the low-pass filter glowP on the four climatic

variables. This is obtained using the composed filter galllowP = g1lowP ◦ g2lowP ◦
g3lowP ◦ g4lowP. We thus define the model f̃toyC(ηall, l, p):

f̃toyC(ηall, l, p) =





ftoyC
(
X l, p

)
if ηall = 0

ftoyC
(
galllowP (X l), p

)
if ηall = 1

16
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Figure 2: Result of the application of the low-pass filter (pure averaging over a 2d+1 = 31
days) on four climatic variables: temperature, radiation, rain, evapotranpiration (ET0).
The filtered variables are plotted in red, the original in black.

4.5. Second numerical experiment (q = 4)

In the second experiment we use four switching factors to trigger the

application of low-pass filters independently on the four climatic variables and

compute their TSI. The new model on which sensitivity analysis is performed

in that case is the following:

f̃toyC (ηrain, ηrad, ηtemp, ηet0, l, p) = ftoyC
(
ḡ1 ◦ .. ◦ ḡ4(X l), p

)
(9)

with ḡi(X
l) =





X l if ηi = 0

gilowP(X l) if ηi = 1
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4.6. Details of the numerical computations

We follow the algorithmic steps described in section 2.3. The first and the

total sensitivity indices are estimated using a Sobol’ algorithm (SobolJansen

from the Sensitivity package [18]) with an input size N = 5000 and 100

replicates for the bootstrap step.

We also perform additional computations to gain more insights into the

theoretical results presented in Section 3. We estimate independently of

the sensitivity experiment several errors of filtering as defined in Eq.(3) and

Eq.(7). For the first experiment (q = 1) there is only one such error to

compute denoted by Egall . For the second (q = 4) we compute 7 errors among

the 24−1 = 15 possible combinations. We select i) the 4 errors associated to

filtering a single variable: Eg1 , Eg2 , Eg3 , Eg4 ; ii) the error associated to filtering

the variables 2 and 4: Eg2,g4 ; iii) the error associated to filtering the last

three variables: Eg2,g3,g4 , and iv) the error of filtering all the four variables:

Eg1,g2,g3,g4 . These errors are computed using a direct Monte Carlo estimation

based on 42000 samples and ensuring equal representation of each climatic

year.

We compute the right hand side of Eq.(6) and Eq.(8) which are bounds of

the filtering error (with equality for q = 1) deduced from the TSI values.

These estimates are:

Ēgall = 4 · TSIηall ·
Ṽ

V

Ēgi1 ,..,gis = 2q+1

is∑

i=i1

TSIηi ·
Ṽ

V
(10)

We also analyze more precisely Eq.(8) by computing all quantities involved

in the decomposition of Ēgi1 ,..,gis : i) the partial sum of TSI, ii) the ratio of

variances Ṽ /V and iii) the quantity noted Ci1,..,is that should be multiplied
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by
∑is

i=i1
TSIηi · Ṽ /V to exactly obtain the mean squared error Egi1 ,..,gis :

Ci1,..,is =
Egi1 ,..,gis

is∑

i=i1

TSIηi ·
Ṽ

V

(11)

5. Results of the numerical experiments

5.1. Global effect of climatic inputs

The result of the global sensitivity analysis on non filtered data is pre-

sented in Figure 3. We can see that the TSI of factor l corresponding to

the label of the climatic variables is high (≈ 0.7), which confirms that the

global effect of climatic variables on the model output is high and that a

complementary analysis of this global effect makes sense on this model.

TSI
SI1

p1 p2 p3

0.
0

0.
2

0.
4

0.
6

0.
8

l

Figure 3: First-order (SI1) and total sensitivity indices (TSI) obtained using a labeling
technique to characterize the global effect of climatic variables. This effect is quantified
using the sensitivity indices of factor l representing the index of the weather series.

5.2. Results of the low-pass filter application with one switching factor

The estimated sensitivity indices with the low-pass filter applied on all

climatic variables are presented in Figure 4. The switching factor ηall has a

rather high TSI 0.166 ± 0.01, the highest after the TSI of the climate label
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factor l which dominates the sensitivity results (TSIl ≈ 0.6). This suggests

that the high frequency content, i.e. rapid fluctuations, of climatic inputs has

a non negligible impact on crop yield. This result is not surprising because of

the strong effect of the filter on some variables particularly on (xrain, xet0) and

of the fact that the water stress definition is strongly influenced by the xrain

(see Appendix C). A qualitative analysis based on the value of TSIηall would

lead to reject the simultaneous simplification of all ToyCrop climatic inputs

by a smooth approximation: there is an influential information in the high

frequency fluctuations of the climatic inputs that should be preserved to keep

precise predictions. However, it is not possible to guess from this numerical

experiment to which climatic variable these important components belong

to.

The second objective of this numerical experiment is to illustrate and

verify Eq.(6). This is done in Table 2. The two independent estimations

of the mean squared error, the direct one Egall and the other Ēgall deduced

from the TSI value, are virtually equal as expected from Eq.(6). The filtering

error is about 0.79 which is a very large value confirming that climatic inputs

should not all be replaced simultaneously by a smooth approximation.

Egall TSI Ṽ /V Ēgall
0.797 0.166 ±0.01 1.141 0.759 ±0.044

Table 2: Numerical verification of the link (Eq.6) between the normalized
mean squared error Egall and the TSI of the single switching factor for first
numerical experiment. Confidence intervals are indicated when possible.

5.3. Results of low-pass filter application with four switching factors

The sensitivity indices for the second numerical experiment involving

combined filters are presented in Figure 5. They allow to differentiate the

effect of filtering the different variables and illustrate the result of Eq.(8).

20



V
er

si
on

 p
os

tp
rin

t

Comment citer ce document :
Roux, S., Loisel, P., Buis, S. (2019). A filter-based approach for global sensitivity analysis

of models with functional inputs. Reliability Engineering and System Safety, 187, 119-128. ,
DOI : 10.1016/j.ress.2019.01.012

ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

TSI
SI1

p1 p2 p3 ηall

0.
0

0.
2

0.
4

0.
6

0.
8

l

Figure 4: First-order (SI1) and total sensitivity indices (TSI) obtained in the first numer-
ical experiment when using a single switching factor to trigger the application of a single
filter on the four climatic variables.

Unlike the previous experiment, we obtain very small TSI for ηrad, ηtemp

and ηet0, the largest value being associated to ηtemp (0.0066 ± 0.0007). On

the other hand ηrain has a much larger TSI (0.1481 ± 0.0124). This result

strongly suggests that high frequency fluctuations of solar radiation, tem-

perature and evapotranspiration have weak impact on crop yield and that

on the contrary the high frequency content of rain is important. We can

compute, by using Eq.(8) the filtering error upper bounds Ēgi1 ,..,gis of all

combined filters gi1lowP ◦ .. ◦ gislowP in order to get a more quantitative view of

the errors that would be made by simplifying the climatic variables using a

smooth approximation. These values, which are directly obtained from the

TSI of the sensitivity experiment, are also compared with direct independent

estimations of the filtering errors Egi1 ,..,gis in Table 3. As Egi1 ,..,gis ≤ Ēgi1 ,..,gis ,

we can conclude from the sole knowledge of the TSI that filtering the sec-

ond and fourth variables (xrad and xet0) alone or together leads to a low

error on yield prediction, as Ēg2 , Ēg4 and Ēg2,g4 are low (Table 3). The error

bounds associated to filtering the third variable xtemp alone or simultane-
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ously with xrad and xet0 are moderately high (0.243 and 0.256 respectively).

Basing conclusions only on the sensitivity experiment and computations of

Ēgi1 ,..,gis , we cannot be sure that the effect of filtering these three variables

is small enough to simplify them by smooth approximations. However the

error bounds allow to make the hypothesis that the filtering error is very

low since we know that the bound in Eq.(8) is likely pessimistic in practice.

Actually, for this experiment and using the independent computation of the

errors, we find that the effective ratio between error and partial sums of TSI

(taking into account the ratio Ṽ /V = 1.14), denoted by Ci1,..,is (see Eq.(11)),

is very small compared to 2q+1 = 32: it lies between 3 and 6 (see Table

3). The additional numerical experiment required to validate the hypothesis

that three variables can be simplified simultaneously is a single-switch GSA

with filter g2lowP ◦ g3lowP ◦ g4lowP . The result of this experiment (not shown) is

a negligible error level of Eg2,g3,g4 = 0.021 obtained using Eq.(6) and the TSI

of the switching factor (TSI = 0.005± 0.001).

5.4. Conclusion on the numerical experiments

Using filter-based GSA we were able to show that high frequency fluctu-

ations of mean temperature, solar radiation and evapotranspiration have a

negligible effect on the simulation of crop yield. It is not the case for rain as

expected. Using the theoretical link between TSI and model error developed

in section 3, we concluded from the 4-switch experiment that solar radiation

and evapotranspiration can be replaced by a smooth approximation without

increasing significantly the level of model error. An additional experiment

with a single switch was required to confirm the hypothesis that the com-

bined filtering of (xtemp, xrad, xet0) also induces a very low error on crop yield.

Apart from a better understanding on the behavior of the ToyCrop model

and a reduction of its dimensionality, a practical application of this result
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is related to the missing data problem. It shows that missing data could

be replaced by smooth interpolation data without impacting model results.

Indeed, smoothing only alters high frequency content of a signal which was

proven not sensitive.

TSI
SI1

p1 p2 p3 ηrain ηrad ηtemp ηET0

0.
0

0.
2

0.
4

0.
6

0.
8

l

Figure 5: First-order (SI1) and total sensitivity indices (TSI) obtained in the second
numerical experiment: four switching factors are used to trigger the application of 4 filters
on the 4 climatic variables.

i1, .., is Egi1 ,..,gis
is∑

i=i1

TSIηi Ēgi1 ,..,gis Ci1,..,is

{1} 0.6546 0.1481 ±0.0124 5.373 ±0.338 3.91 ±0.25

{2} 0.0012 0.0003 ±0.0000 0.010 ±0.001 4.12 ±0.27

{3} 0.0228 0.0066 ±0.0007 0.243 ±0.027 3.05 ±0.34

{4} 0.0006 0.0001 ±0.0000 0.004 ±0.000 4.51 ±0.35

{2, 4} 0.0017 0.0004 ±0.0000 0.014 ±0.001 4.07 ±0.28

{2, 3, 4} 0.0212 0.0070 ±0.0008 0.256 ±0.028 2.68 ±0.30

{1, 2, 3, 4} 0.7971 0.1551 ±0.0131 5.629 ±0.366 4.55 ±0.30

Table 3: Link between Egi1 ,..,gis and TSI for the second numerical experi-
ment. (i1, .., is) ∈ {1, .., 4} are indices of a set of variables inside vector
(xrain, xrad, xtemp, xet0). Confidence intervals are indicated when possible.
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6. Discussion and Conclusion

We propose an approach to analyze models with functional inputs. The

method is designed to test and quantify the importance of a priori defined

components of these functional inputs. This might be particularly useful

for model understanding, simplification or validation in research areas using

models with functional inputs. The method is based on the use of filters

applied on the functional inputs to suppress or enhance some of their com-

ponents. Sensitivity analysis of the model response to these components can

then be conducted by triggering the application of the filters with Boolean

factors. This approach was illustrated on a toy model simulating crop yield.

In the numerical exercise, high frequencies of climatic inputs were found

non-important for three out of four climatic inputs.

The proposed method is global, model free and generic in the sense that

it does not depend on the type of filter applied. We used smoothing filters

in the numerical example but other types of modifications can be handled in

the same way. For instance filters acting specifically on high signal values or

at a specific time (or space) position can be used to assess the importance of

different kind of components of functional inputs.

We have shown that the mean squared error resulting from the filters

application is related to the total sensitivity indices (TSI). This new result

can be seen as a detailed analysis of the relationship between TSI and ap-

proximation error in a factor fixing approach ([11],[17]) when applied to a

Boolean factor. A direct relation between TSI and approximation error was

derived when a single filter was used, whereas only an upper bound involving

a partial sum of TSI was found in the case of multiple filters. This result is

particularly useful in a perspective of model simplification.

Filters allow to modify functional inputs in a very flexible way and thus
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to quantify the importance of diverse types of functional input components.

Practitioners may however define filters that lead to unrealistic transformed

datasets. This was for example the case in the presented application since

the chosen filter did not respect the correlation structure between climatic

inputs. It is important to note that this issue does not impact the conclusions

if the method is used for model simplification as in the presented example.

It is however an aspect to keep in mind when interpreting high effects of a

filter application if the method is used for model behavior exploration, since

the filtered functional input may be outside of the model validity domain.

Concerning our numerical application, to overcome such situations, one op-

tion could be to use constrained filters that preserve the functional inputs

correlation structure.
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A. Proof of Eq.(5)

To establish Eq.(5), we will use two properties of Boolean random vari-

ables:

• the variance of Z ∼ B(1/2) taking values z0 and z1:

V ar[Z] =

(
z0 − z1

2

)2

(A.1)

• the expectation of a random variable h(η1, .., ηn) where all ηi are inde-

pendent and have a Bernoulli distribution B(1/2):

E [h(η1, .., ηn)] =
1

2n

∑

(α1,..,αn)∈{0,1}n
h(α1, .., αn) (A.2)
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We write η−i = (η1, .., ηi−1, ηi+1, .., ηq) and X−ηi = (η−i, l, p). Then starting

from the definition of the TSI, we can write:

TSIηi =
1

Ṽ
E [V ar(Y |X−ηi)]

=
1

Ṽ
Eη−i,l,p

[
V arηi(f̃(η1, .., ηq, l, p)

]
(A.3)

Using Eq.(A.1) in Eq.(A.3), with Z = f̃(η1, .., ηq, l, p) we can write:

TSIηi =
1

Ṽ
Eη−i,l,p







1
2
(f̃(η1, .., ηi−1, 1, ηi+1, .., ηq, l, p)

−f̃(η1, .., ηi−1, 0, ηi+1, .., ηq, l, p))




2


=
1

Ṽ
Eη−i


El,p







1
2
(f̃(η1, .., ηi−1, 1, ηi+1, .., ηq, l, p)

−f̃(η1, .., ηi−1, 0, ηi+1, .., ηq, l, p))




2





Finally, we use Eq.(A.2) to simplify the previous expression by taking:

h(η1, .., ηi−1, ηi+1, .., ηq) = El,p







1
2
(f̃(η1, .., ηi−1, 1, ηi+1, .., ηq, l, p)

−f̃(η1, .., ηi−1, 0, ηi+1, .., ηq, l, p))




2


This yields exactly to Eq.(5).

B. Proof of Eq.(8)

We start with the case s = q. The general case s < q can be directly

deduced from it. The main idea comes from the comparison of Eg1,..gq (Eq.

(4)) and the expression of TSIηi (Eq.(5)). The error Eg1,..gq is defined using

the difference f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p) where q bits are different, whereas

TSIηi is defined as a sum of terms differing only on one bit. So the principle

of the proof is to decompose the difference on q bits as several sums of one-bit

differences. Such decompositions should also use a maximum of these one-bit

differences in order to make a efficient use of the TSI definition.
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Let us define the q2 differences (∆ij f̃(l, p))i,j∈{1..q} by:

∆ij f̃(l, p) =





f̃(1, .., 1, ηj = 1, 1, .., 1, l, p)

−f̃(1, .., 1, ηj = 0, 1, .., 1, l, p) if j = i

f̃(1, .., 1, ηi = 0, 0, .., 0, ηj = 1, 1, .., 1, l, p)

−f̃(1, .., 1, ηi = 0, 0, .., 0, ηj = 0, 1, .., 1, l, p) if j > i

f̃ , (0, .., 0, ηj = 1, 1, .., 1, ηi = 0, 0, .., 0, l, p)

−f̃(0, .., 0, ηj = 0, 1, .., 1, ηi = 0, 0, .., 0, l, p) if j < i

where the only difference if i ≤ j (resp. j < i − 1) is on the j-th Boolean

variable, where Boolean factors for k = 1, .., i− 1 and k = j + 1, .., q are set

to 1 (resp. k = j + 1, .., i− 1). We can use these one-bit differences to build

q decompositions of f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p):

f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p) =

i+q−1∑

k=i

∆i,1+mod(k−1,q)f̃(l, p) for i = 1..q

where mod(k − 1, q) is equal to k − 1 modulo q. The sum of the previous

decompositions yields:

q
(
f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p)

)
=

q∑

i=1

i+q−1∑

k=i

∆i,1+mod(k−1,q)f̃(l, p)

Each difference ∆ij f̃(l, p) occurs only in the ith decomposition, hence occurs

exactly once in the sum of the decompositions. So we are able to re-number

these q2 differences as ∆1f̃(l, p), ..,∆q2 f̃(l, p) and to write:

q
(
f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p)

)
=

q2∑

k=1

∆kf̃(l, p)
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Then we have:

(
f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p)

)2
=

1

q2




q2∑

k=1

(∆kf̃)2 + 2

q2∑

k=1

∑

j>k

∆kf̃ .∆j f̃


 (l, p)

≤ 1

q2




q2∑

k=1

(∆kf̃)2 +

q2∑

k=1

∑

j>k

((∆kf̃)2 + (∆j f̃)2)


 (l, p) =

q2∑

k=1

(∆kf̃)2(l, p)

Each q2 square difference (∆kf̃)2(l, p) occurs once in the sum:

q∑

i=1

∑

η−i∈{0,1}q−1

(
f̃(η1, .., 1, .., ηq, l, p)− f̃(η1, .., 0, .., ηq, l, p)

)2

We deduce the relation:

El,p

[(
f̃(1, .., 1, l, p)− f̃(0, .., 0, l, p)

)2]
≤ El,p




q2∑

i=1

(∆if̃)2(l, p)




≤ Ṽ · 2q+1

q∑

k=1

TSIηk

We can then conclude that:

Eg1,..,gq =
1

V
El,p

[(
f(X l, p)− f(g1 ◦ .. ◦ gq(X l), p)

)2]

Eg1,..,gq ≤ 2q+1 · Ṽ
V
·

q∑

i=1

TSIηi

If we want to consider the mean squared error Egi1 ,..,gis due to input sim-

plification of the switching variables i1, .., is, we build the decompositions

associated to the restriction of f̃ to variables i1, .., is and make a similar

reasoning to obtain:

Egi1 ,..,gis ≤ 2q+1 · Ṽ
V
·

is∑

i=i1

TSIηi
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C. ToyCrop Model complete definition

The ToyCrop main output that is, crop yield, is affected by two limiting

factors: high temperature and water scarcity. The model has four climatic

inputs discretized at a daily time step and sampled during several months

and over several years l = 1, 2, .., 42. These inputs are rain xlrain(t), solar

radiation xlrad(t), mean temperature xltemp(t) and evapotranspiration xlet0(t).

Crop yield in this model is defined as a weighted sum over each day of the

simulated period of the solar radiation xlrad(t). Compared to the formalisms

of classical complex crop models [19], it can be noted that ToyCrop makes

use of the Radiation Use Efficiency (RUE) concept [20, 21] used in many crop

models, as for example the STICS crop model [22, 23]. Moreover, ToyCrop

uses a water balance equation to compute a water stress index as in some

vineyards studies [24, 25]. The detailed definition of model outputs, inputs

and equations are presented in the following.
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C.1. Model inputs

Name Type Definition Unit

xrad functional Daily incoming radiation Jcm−2

xrain functional Daily rain mm

xtmoy functional Daily mean air temperature ◦C

xet0 functional Daily evapotranspiration demand mm

t1 scalar Starting date for biomass growth Day of Year

t2 scalar Harvest date Day of Year

τtmoy scalar Threshold for heat stress ◦C

τFTSW scalar Threshold for water stress no unit

kc scalar Crop coefficient no unit

TTSW scalar Total transpirable soil water mm

RS scalar Runoff strength no unit

b0 scalar Biomass at simulation start g

atsw0 scalar Water at simulation start mm

C.2. State variables

Name Definition

∆bt Daily biomass increment

RUEt Daily radiation use efficiency

ATSW t Daily available transpirable soil water

FTSW t Daily fraction of transpirable soil water
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C.3. Model equations

b(t) =
t∑

s=t1

∆bs

y = b(t2)

∆bt = RUEt · xtrad

RUEt = 1xttmoy<τtmoy
·min

(
1,
FTSW t−1

τFTSW

)

ATSW t
tmp = ATSW t−1 + xtrain −Q

(
RS, xt−5,.,train

)
− kc · xtet0 ·min

(
1,
FTSW t−1

τFTSW

)

ATSW t = min
(
TTSW,max(0, ATSW t

tmp)
)

FTSW t =
ATSW t

TTSW

The only definition remaining for a complete description of the ToyCrop

model is the runoff function Q
(
RS, xt−5,.,train

)
. This function is inspired by

the Curve Number method [26] used in many crop model applications. The

principle is to define from the Runoff Strength (RS) parameter three values

for the soil retention capacity (S) corresponding to wet, medium and dry

antecedent runoff conditions. The choice between these states depends on

the rainfall accumulated during the five previous days denoted by xt−5,.,train .

Runoff Q is determined from S and xrain by using the following expressions

[26]:

Q =





0 if xrain < 0.2S

(xrain−0.2S)2
xrain+0.8S

if xrain ≥ 0.2S

The computation of S from xt−5,.,train and RS is given by:
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S =





254(100/cn1− 1) if xt−5,.,train < 12.7

254(100/cn3− 1) if xt−5,.,train ≥ 28

254(100/cn− 1) otherwise

with: 



cn = 95 RS + 30 (1−RS)

cn1 = 4.2 cn/(10− 0.058 cn)

cn3 = 23 cn/(10 + 0.13 cn)

Even if this definition is less intuitive than the others, introducing a non

linear runoff function in the ToyCrop model is interesting to test the effect

of smoothing temporally the rain input xrain(t).
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