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The Next Generation Matrix (NGM) method has been applied (1) to derive the theoretical Ro 

calculation. 

The ordinary differential equations (ODE) are: 

 

 
dS

d𝑡
 =  −𝑎λ(W)𝑆  (1) 

 
𝑑𝐸

𝑑𝑡
=  𝑎𝜆(𝑊)S   𝜌𝐸 (2) 

 
𝑑𝐼

𝑑𝑡
=  𝜌𝐸 − 𝑟𝐼  (3) 

 
𝑑𝑊

𝑑𝑡
=  𝑒𝐼 −  𝜉𝑊  (4) 

 

with:  

 𝜆(𝑊) =  
𝑊

𝐾+𝑊
 ,  (5) 

 

With N = S + E + I. This system has 3 infected classes, exposed oysters (E), infected oysters (I) and 

free-living bacteria in the seawater (W). 

At the disease-free equilibrium (DFE), the disease has disappeared from the system or has not yet 

entered it, i.e. there is no infected or infectious hosts (E=0 and I=0) and there is no free-living 

bacteria in the seawater (W=0). The number of oysters is S=S0. 

The matrix T corresponds to transmissions if E0=1 or I0=1 or if W0 bacteria are introduced into the 

system at the DFE. It includes all epidemiological events that lead to new infections. The matrix Σ 

corresponds to transitions among states, and includes all other events, i.e. all exits from the infected 

classes and all entries into the infected classes for other reasons than the generation of a new infected 

entity (infected animal of free-living bacteria). 

In our system, we have 3 infected classes thus the matrices T and Σ are three-dimensional [equations 

(6) and (7)]. They are obtained from equations (2), (3) and (4) by separating the transmission events 

from other events. In the matrices, the upper left term corresponds to the partial derivative of the 

differential equation dE/dt with respect to E, considering I and W constant. The upper middle term 

corresponds to the partial derivative of the differential equation dE/dt with respect to I, considering E 

and W constant, and so on for other terms of the matrix. Especially, the only new infected entities 

generated are either shed bacteria (equal to e if one infectious animal is introduced at DFE), or newly 

infected animals (of state E, first line third column of matrix T) if seawater is initially contaminated 

at level W0. 

𝐓 =  (
0 0

𝑎𝐾𝑆0

(𝐾+𝑊0)²

0 0 0
0 𝑒 0

) (6) 
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  𝚺 =  (

−𝜌 0 0
𝜌 −𝑟 0
0 0 −𝜉

) (7) 

 

The NGM is defined as K = –T.Σ-1 

To find the inverse of a three-dimensional matrix A = (
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

), first we find the determinant 

(det) of matrix A:  

det(A)= 𝑎𝑒𝑖 + 𝑑ℎ𝑐 + 𝑔𝑏𝑓 − 𝑎ℎ𝑓 − 𝑑𝑏𝑖 − 𝑔𝑒𝑐 

Second, we find the transpose of the cofactor matrix C: 

  C = 

(

 
 
 
+ |
𝑒 𝑓
ℎ 𝑖

| − |
𝑑 𝑓
𝑔 𝑖

| + |
𝑑 𝑒
𝑔 ℎ

|

− |
𝑏 𝑐
ℎ 𝑖

| + |
𝑎 𝑐
𝑔 𝑖| − |

𝑎 𝑏
𝑔 ℎ

|

+ |
𝑏 𝑐
𝑒 𝑓

| − |
𝑎 𝑐
𝑑 𝑓| + |

𝑎 𝑏
𝑑 𝑒

|
)

 
 
 

 = (

𝑒𝑖 − ℎ𝑓 𝑓𝑔 − 𝑑𝑖 𝑑ℎ − 𝑔𝑒
𝑐ℎ − 𝑏𝑖 𝑎𝑖 − 𝑔𝑐 𝑔𝑏 − 𝑎ℎ
𝑏𝑓 − 𝑒𝑐 𝑑𝑐 − 𝑎𝑓 𝑎𝑒 − 𝑑𝑏

) 

And CT = (

𝑒𝑖 − ℎ𝑓 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑒𝑐
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑔𝑐 𝑑𝑐 − 𝑎𝑓
𝑑ℎ − 𝑔𝑒 𝑔𝑏 − 𝑎ℎ 𝑎𝑒 − 𝑑𝑏

) 

A-1 = 
1

det (𝐴)
× CT 

 

We have: det(Σ) = (−𝜌 × −𝑟 × −𝜉) + (𝜌 × 0 × 0) + (0 × 0 × 0) − (−𝜌 × 0 × 0) − (𝜌 × 0 ×

−𝜉) − (0 × −𝑟 × 0) =  −𝜌𝑟𝜉  

The determinant of matrix Σ is not null, thus Σ can be inversed. 

Then Σ -1 = 
1

−𝜌𝑟𝜉
× (

𝑟𝜉 0 0
𝜌𝜉 𝜌𝜉 0
0 0 𝜌𝑟

) = 

(

 
 

−
1

𝜌
0 0

−
1

𝑟
−
1

𝑟
0

0 0 −
1

𝜉)

 
 

 (8) 
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Thus K = –T.Σ-1 =  (
0 0

𝑎𝐾𝑆0

(𝐾+𝑊0)²

0 0 0
0 𝑒 0

) ×

(

 
 

1

𝜌
0 0

1

𝑟

1

𝑟
0

0 0
1

𝜉)

 
 
= (

0 0
𝑎𝐾𝑆0

𝜉(𝐾+𝑊0)²

0 0 0
𝑒

𝑟

𝑒

𝑟
0

) (9) 

Then, to find the eigenvalues of K, let solve det(–T.Σ-1 - λI) = 0, I being the identity matrix. 

B = –T.Σ-1 – λI =  (

0 0
𝑎𝐾𝑆0

𝜉(𝐾+𝑊0)²

0 0 0
𝑒

𝑟

𝑒

𝑟
0

) − (
λ 0 0
0 λ 0
0 0 λ

) =  (

−λ 0
𝑎𝐾𝑆0

𝜉(𝐾+𝑊0)²

0 −λ 0
𝑒

𝑟

𝑒

𝑟
−λ

) 

Det(B) = −λ3 +
eλ𝑎𝐾𝑆0

𝑟𝜉(𝐾+𝑊0)²
  

Det(B) = 0 ⇔−λ3 + 
𝑒λ𝑎𝐾𝑆0

𝑟𝜉(𝐾+𝑊0)2
= 0⇔ λ = 0 or λ2 = 

𝑒𝑎𝐾𝑆0

𝑟𝜉(𝐾+𝑊0)2
 

The largest eigenvalue corresponds to R0. 

R0 = √
𝑒𝑎𝐾𝑆0

𝑟𝜉(𝐾+𝑊0)2
   

 

 



   

Supplementary Figure 1. Distributions of the epidemiological parameters as observed in 

experimental conditions (grey histogram) and most probable values used in the model: observed 

mode (blue vertical line) and value estimated by ABC (blue shading). 
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