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Abstract

The present work aims at deriving theoretical guaranties on the behavior of some cross-
validation procedures applied to the k-nearest neighbors (kKNN) rule in the context of
binary classification. Here we focus on the leave-p-out cross-validation (LpO) used to assess
the performance of the kNN classifier. Remarkably this LpO estimator can be efficiently
computed in this context using closed-form formulas derived by Celisse and Mary-Huard
(2011).

We describe a general strategy to derive moment and exponential concentration in-
equalities for the LpO estimator applied to the kNN classifier. Such results are obtained
first by exploiting the connection between the LpO estimator and U-statistics, and second
by making an intensive use of the generalized Efron-Stein inequality applied to the L10O
estimator. One other important contribution is made by deriving new quantifications of
the discrepancy between the LpO estimator and the classification error/risk of the kNN
classifier. The optimality of these bounds is discussed by means of several lower bounds as
well as simulation experiments.

Keywords: Classification, Cross-validation, Risk estimation

1. Introduction

The k-nearest neighbor (kNN) algorithm (Fix and Hodges, 1951) in binary classification is
a popular prediction algorithm based on the idea that the predicted value at a new point is
based on a majority vote from the k nearest labeled neighbors of this point. Although quite
simple, the kNN classifier has been successfully applied to many difficult classification tasks
(Li et al., 2004; Simard et al., 1998; Scheirer and Slaney, 2003). Efficient implementations
have been also developed to allow dealing with large datasets (Indyk and Motwani, 1998;
Andoni and Indyk, 2006).

The theoretical performances of the kNN classifier have been already extensively inves-
tigated. In the context of binary classification preliminary theoretical results date back to
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Cover and Hart (1967); Cover (1968); Gyorfi (1981). The kNN classifier has been proved to
be (weakly) universally consistent by Stone (1977) as long as k = k, — +o00 and k/n — 0
as n — 4oo. For the INN classifier, an asymptotic expansion of the error rate has been
derived by Psaltis et al. (1994). The same strategy has been successfully applied to the
kNN classifier by Snapp and Venkatesh (1998). Hall et al. (2008) study the influence of the
parameter k on the risk of the kNN classifier by means of an asymptotic expansion derived
from a Poisson or binomial model for the training points. More recently, Cannings et al.
(2017) pointed out some limitations suffered by the “classical” kNN classifier and deduced
an improved version based on a local choice of k in the semi-supervised context. In contrast
to the aforementioned results, the work by Chaudhuri and Dasgupta (2014) focuses on the
finite-sample framework. They typically provide upper bounds with high probability on the
risk of the kNN classifier where the bounds are not distribution-free. Alternatively in the
regression setting, Kulkarni and Posner (1995) derived a strategy leading to a finite-sample
bound on the performance of 1NN, which has been extended to the (weighted) kNN rule
(k > 1) by Biau et al. (2010a,b) (see also Berrett et al., 2016, where a weighted kNN es-
timator is designed for estimating the entropy). We refer interested readers to Biau and
Devroye (2016) for an almost thorough presentation of known results on the kNN algorithm
in various contexts.

In numerous (if not all) practical applications, computing the cross-validation (CV)
estimator (Stone, 1974, 1982) has been among the most popular strategies to evaluate the
performance of the kNN classifier (Devroye et al., 1996, Section 24.3). All CV procedures
share a common principle which consists in splitting a sample of n points into two disjoint
subsets called training and test sets with respective cardinalities n — p and p, for any
1 < p < n-—1. The n—p training set data serve to compute a classifier, while its performance
is evaluated from the p left out data of the test set. For a complete and comprehensive review
on cross-validation procedures, we refer the interested reader to Arlot and Celisse (2010).

In the present work, we focus on the leave-p-out (LpO) cross-validation. Among CV
procedures, it belongs to exhaustive strategies since it considers (and averages over) all the
(Z) possible such splittings of {1,...,n} into training and test sets. Usually the induced
computation time of the LpO is prohibitive, which gives rise to its surrogate called V' —fold
cross-validation (V-FCV) with V' ~ n/p (Geisser, 1975). However, Steele (2009); Celisse
and Mary-Huard (2011) recently derived closed-form formulas respectively for the bootstrap
and the LpO procedures applied to the kNN classifier. Such formulas allow for an efficient
computation of the LpO estimator. Moreover since the V-FCV estimator suffers the same
bias but a larger variance than the LpO one (Celisse and Robin, 2008; Arlot and Celisse,
2010), LpO (with p = [n/V|) strictly improves upon V-FCV in the present context.

Although being favored in practice for assessing the risk of the kNN classifier, the use
of CV comes with very few theoretical guarantees regarding its performance. Moreover
probably for technical reasons, most existing results apply to Hold-out and leave-one-out
(L10), that is LpO with p = 1 (Kearns and Ron, 1999). In this paper we rather consider
the general LpO procedure (for 1 < p < n — 1) used to estimate the risk (alternatively
the classification error rate) of the NN classifier. Our main purpose is then to provide
distribution-free theoretical guarantees on the behavior of LpO with respect to influential
parameters such as p, n, and k. For instance we aim at answering questions such as: “Does
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there exist any regime of p = p(n) (with p(n) some function of n) where the LpO estimator
is a consistent estimate of the risk of the kNN classifier?”, or “Is it possible to describe the
convergence rate of the LpO estimator depending on p?”
Contributions. The main contribution of the present work is two-fold: (i) we describe
a new general strategy to derive moment and exponential concentration inequalities for
the LpO estimator applied to the kNN binary classifier, and (ii) these inequalities serve to
derive the convergence rate of the LpO estimator towards the risk of the kNN classifier.
This new strategy relies on several steps. First exploiting the connection between the
LpO estimator and U-statistics (Koroljuk and Borovskich, 1994) and the Rosenthal inequal-
ity (Ibragimov and Sharakhmetov, 2002), we prove that upper bounding the polynomial
moments of the centered LpO estimator reduces to deriving such bounds for the simpler
L10 estimator. Second, we derive new upper bounds on the moments of the L10 estimator
using the generalized Efron-Stein inequality (Boucheron et al., 2005, 2013, Theorem 15.5).
Third, combining the two previous steps provides some insight on the interplay between p/n
and k in the concentration rates measured in terms of moments. This finally results in new
exponential concentration inequalities for the LpO estimator applying whatever the value of
the ratio p/n € (0,1). In particular while the upper bounds increase with 1 <p <n/2+1,
it is no longer the case if p > n/2 + 1. We also provide several lower bounds suggesting our
upper bounds cannot be improved in some sense in a distribution-free setting.

The remainder of the paper is organized as follows. The connection between the LpO
estimator and U-statistics is clarified in Section 2, where we also recall the closed-form
formula of the LpO estimator applied to the kNN classifier (Celisse and Mary-Huard, 2011).
Order-g moments (¢ > 2) of the LpO estimator are then upper bounded in terms of those
of the L10 estimator. This step can be applied to any classification algorithm. Section 3
then specifies the previous upper bounds in the case of the kNN classifier, which leads to
the main Theorem 3.2 characterizing the concentration behavior of the LpO estimator with
respect to p, n, and k in terms of polynomial moments. Deriving exponential concentration
inequalities for the LpO estimator is the main concern of Section 4 where we highlight the
strength of our strategy by comparing our main inequalities with concentration inequalities
derived with less sophisticated tools. Finally Section 5 exploits the previous results to
bound the gap between the LpO estimator and the classification error of the kNN classifier.
The optimality of these upper bounds is first proved in our distribution-free framework by
establishing several new lower bounds matching the upper ones in some specific settings.
Second, empirical experiments are also reported which support the above conclusions.

2. U-statistics and LpO estimator
2.1. Statistical framework

Classification We tackle the binary classification problem where the goal is to predict the
unknown label Y € {0,1} of an observation X € X € R? The random variable (X,Y)
has an unknown joint distribution Px yy defined by Pxy)(B) = P[(X,Y) € B] for any
Borelian set B € X x {0,1}, where P denotes a reference probability distribution. In what
follows no particular distributional assumption is made regarding X. To predict the label,
one aims at building a classifier f : X — {0,1} on the basis of a set of random variables
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D, = {Zi1,...,Zy,} called the training sample, where Z; = (X;,Y;), 1 < i < n represent
n copies of (X,Y) drawn independently from P xy). In settings where no confusion is
possible, we will replace D,, by D.

Any strategy to build such a classifier is called a classification algorithm, and can be

formally defined as a function A : Up,>1 {X x {0,1}}" — F that maps a training sample
D,, onto the corresponding classifier AP" (-) = f € F, where F is the set of all measurable
functions from X to {0,1}. Numerous classifiers have been considered in the literature and
it is out of the scope of the present paper to review all of them (see Devroye et al. (1996)
for many instances). Here we focus on the k-nearest neighbor rule (kNN) initially proposed
by Fix and Hodges (1951) and further studied for instance by Devroye and Wagner (1977);
Rogers and Wagner (1978).
The ENN algorithm For 1 < k < n, the kNN classification algorithm, denoted by Ay,
consists in classifying any new observation x using a majority vote decision rule based on
the labels of the k closest points to x, denoted by X(1y(),..., X(x)(z), among the training
sample X1,...,X,. In what follows these k nearest neighbors are chosen according to the
distance associated with the usual Euclidean norm in R%. Note that other adaptive metrics
have been also considered in the literature (see for instance Hastie et al., 2001, Chap. 14 ).
But such examples are out of the scope of the present work, that is our reference distance
does not depend on the training sample at hand. Let us also emphasize that possible ties
are broken by using the smallest inder among ties, which is one possible choice for the
Stone lemma to hold true (Biau and Devroye, 2016, Lemma 10.6, p.125).

Formally, given Vi (z) = {1 <i <n, X; € {X(q)(x),..., X(3)(x)}} the set of indices of
the k nearest neighbors of x among X1, ..., X,, the kNN classifier is defined by

R L i e Y = F i Yo (@) > 05
Ai(Dn; ) = fo(Dnsx) = 0 if LS V() <05 , (2.1)
B(0.5) , otherwise

where Y{;) () is the label of the i-th nearest neighbor of x for 1 <7 < k, and B(0.5) denotes
a Bernoulli random variable with parameter 1/2.

Leave-p-out cross-validation For a given sample D,,, the performance of any classifier
f = APn () (respectively of any classification algorithm A) is assessed by the classification

N A

error L(f) (respectively the risk R(f)) defined by
L(f)y=P(fX)#Y|Da), and  R(f)=E[P(f(X)#Y|Da)].

N A~

In this paper we focus on the estimation of L(f) (and its expectation R(f)) by use of the
Leave-p-Out (LpO) cross-validation for 1 < p < n — 1 (Zhang, 1993; Celisse and Robin,
2008). LpO successively considers all possible splits of D,, into a training set of cardinality
n — p and a test set of cardinality p. Denoting by &,_, the set of all possible subsets of
{1,...,n} with cardinality n — p, any e € &,_,, defines a split of D,, into a training sample
D¢ ={Z; | i€ e} and a test sample D, where & = {1,...,n} \ e. For a given classification
algorithm A, the final LpO estimator of the performance of AP (-) = f is the average (over
all possible splits) of the classification error estimated on each test set, that is

-1
Ry(A,Dy) = <p) > <;21{ADE(X#YZ}>’ 22)

e€€n—p ice
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where AP” (+) is the classifier built from D¢. We refer the reader to Arlot and Celisse (2010)
for a detailed description of LpO and other cross-validation procedures. In the sequel, the
lengthy notation EP(A, D,,) is replaced by ﬁp,n in settings where no confusion can arise
about the algorithm A or the training sample D,,, and by ﬁp(Dn) if the training sample
has to be kept in mind.

Exact LpO for the KINN classification algorithm Usually due to its seemingly pro-
hibitive computational cost, LpO is not applied except with p = 1 where it reduces to the
well known leave-one-out. However in several contexts such as density estimation (Celisse
and Robin, 2008; Celisse, 2014) or regression (Celisse, 2008), closed-form formulas have
been derived for the LpO estimator when applied with projection and kernel estimators.
The KNN classifier is another instance of such estimators for which efficiently computing
the LpO estimator is possible. Its computation requires a time complexity that is linear
in p as previously established by Celisse and Mary-Huard (2011). Let us briefly recall the
main steps leading to the closed-form formula.

1. From Eq. (2.2) the LpO estimator can be expressed as a sum (over the n observations
of the complete sample) of probabilities:

<Z>_l 2 119<Z]I{ADE‘X”¢”}) - ]1)2”: <Z>_1 > Lpare oy Mige)

ecln_p ide e€€n—p
- fZP AP (X) £ Y| i ¢ e)Puli ¢ ).

Here P, means that the integration is made with respect to the random variable e €
En—p, which follows the uniform distribution over the (n) possible subsets in &,_, with
cardinality n—p. For instance P.(i ¢ e) = p/n since it is the proportion of subsamples
with cardinality n — p which do not contain a given prescribed index %, which equals

(2:119) / (;L) (See also Lemma D.4 for further examples of such calculations.)

2. For any X;, let X(1), ..., X(p4p—1), X(k4p)s ---» X(n—1) b€ the ordered sequence of neigh-
bors of X;. This list depends on X;, that is X(;) should be noted X(; ;). But this
dependency is skipped here for the sake of readability.

The key in the derivation is to condition with respect to the random variable R: which
denotes the rank (in the whole sample D,,) of the k-th neighbor of X; in the D¢. For
instance R?C = j means that X(;y is the k-th neighbor of X; in D°. Then

k+p—1
Pe(AP" (X;) # Yili ¢ ZPADE )#Yi|Ry=j, i PRy =jlige),
where the sum involves p terms since only Xy, ..., X(r4,—1) are candidates for being

the k-th neighbor of X; in at least one training subset e.

3. Observe that the resulting probabilities can be easily computed (see Lemma D.4):
*xPe(i¢e)=2
*x Pe(Rj, = jli ¢ ) = 5P (U =j — k)
* Po(AP" (X)) # Y|V =j.ide)=(1-Y) [1-Fuy (") ] + Y, [1 - Fu (551) ],
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with U ~ H(j,n —j—1,p—1), H ~ H(N?,j — N} =1,k —1), and H' ~ H(N/ —
1,7 — Nf ,k — 1), where Fy and Fp respectively denote the cumulative distribution
functions of H and H’, H denotes the hypergeometric distribution, and Nij is the
number of 1’s among the j nearest neighbors of X; in D,.

The computational cost of LpO for the kNN classifier is the same as that of L10 for the
(k + p — 1)NN classifier whatever p, that is O(pn). This contrasts with the usual (Z)
prohibitive computational complexity seemingly suffered by LpO.

2.2. U-statistics: General bounds on LpO moments

The purpose of the present section is to describe a general strategy allowing to derive
new upper bounds on the polynomial moments of the LpO estimator. As a first step of
this strategy, we establish the connection between the LpO risk estimator and U-statistics.
Second, we exploit this connection to derive new upper bounds on the order-¢ moments of
the LpO estimator for ¢ > 2. Note that these upper bounds, which relate moments of the
LpO estimator to those of the L10 estimator, hold true with any classifier.

Let us start by introducing U-statistics and recalling some of their basic properties that
will serve our purposes. For a thorough presentation, we refer to the books by Serfling
(1980); Koroljuk and Borovskich (1994). The first step is the definition of a U-statistic of
order m € N* as an average over all m-tuples of distinct indices in {1,...,n}.

Definition 2.1 (Koroljuk and Borovskich (1994)). Let h: X™ — R denote any measur-
able function where m > 1 is an integer. Let us further assume h is a symmetric function
of its arguments. Then any function U, : X™ — R such that

-1
n
Un(21y ... 2n) = Un(h)(z1,...,20) = (m) | Z h(xi,...,xi,)
1<i1<..<im<n
where m < n, is a U-statistic of order m and kernel h.

Before clarifying the connection between LpO and U-statistics, let us introduce the main
property of U-statistics our strategy relies on. It consists in representing any U-statistic as
an average, over all permutations, of sums of independent variables.

Proposition 2.1 (Eq. (5.5) in Hoeffding (1963)). With the notation of Definition 2.1, let
us define W : X" — R by

1 T
W(I’l,...,xn) = ;Zh(.%’(j_l)m+17...,xjm) s (23)
j=1
where r = |n/m| denotes the integer part of n/m. Then
1
Un(xla cee ,Cﬂn) = ﬁ Z W ($0(1)7 s ’xa(n)) )

where ) denotes the summation over all permutations o of {1,...,n}.
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We are now in position to state the key remark of the paper. All the developments
further exposed in the following result from this connection between the LpO estimator
defined by Eq. (2.2) and U-statistics.

Theorem 2.1. For any classification algorithm A and any 1 < p < n —1 such that a
classifier can be computed from A on n — p training points, the LpO estimator Ry, is a
U-statistic of order m =n — p+ 1 with kernel hy, : ™ — R defined by

1 m
1=

where D,(fb) denotes the sample Dy, = (Z1,. .., Zy) with Z; withdrawn.

Note for instance that when A = Ay denotes the kNN algorithm, the cardinality of Dﬁ,i)
has to satisfy n — p > k, which implies that 1 <p<n—k <n—1.

Proof of Theorem 2.1.

From Eq. (2.2), the LpO estimator of the performance of any classification algorithm A
computed from D,, satisfies

(A Dy) = my Z ZH{ADe(X )#Y;

eESn P zee

1 Z Z Y Lpmeutiny | Lpare(x,2vi)-

e€€n_p zGe vEER_pt1
since there is a unique set of indices v with cardinality n —p+1 such that v = eU{i}. Then

Z Z Z Ly=eufiny Liicey H{ADU\{@(XZ,#Y;}-

Uegn p+1 =1 eegn—p

Furthermore for v and i fixed, Zeesn_p Liv=cu{ipy Lice) = Lyico) since there is a unique set
of indices e such that e = v \ i. One gets

~

11
Bon =7y 2 Zﬂ{zev}ﬂ{f‘vv\{%xi#%}

vEER _py1 =1

1 1
- E _ g MYy
(n—ZH) i P+l {AD #Y}
by noticing p(3) = g% = gtz = (0 =P+ f)-
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The kernel h,, is a deterministic and symmetric function of its arguments that does only
depend on m. Let us also notice that hy, (Z1, ..., Zy) reduces to the L10 estimator of the
risk of the classifier A computed from Z1,..., Z,,, that is

hon (Z1, -y Zm) = Ry (A, D) = Ripn_pi1- (2.4)
In the context of testing whether two binary classifiers have different error rates, this fact
has already been pointed out by Fuchs et al. (2013).

We now derive a general upper bound on the ¢g-th moment (¢ > 1) of the LpO estimator
that holds true for any classifier (as long as the following expectations are well defined).

Theorem 2.2. For any classifier A, let AP (-) and APm(-) be the corresponding classifiers
built from respectively Dy, and D,,, where m = n —p+ 1. Then for every 1 < p <n—1
such that a classifier can be computed from A on n — p training points, and for any q > 1,

E Hép,n —E [ Rpn] q} <E Hﬁm ~E | Rim] m . (2.5)

Furthermore as long as p > n/2+ 1, one also gets

o forq=2

[ -2[fe]]

E||Rm —E[Bo]|’| < 2.6
sl
o for every q > 2
E Hfz n—E [ﬁp,n} q] < B(g,7)x
n El’m_E[Rl’m} q q
max { 204 LEJE B : : (2.7)

where v > 0 is a numeric constant and B(q,~y) denotes the optimal constant defined
in the Rosenthal inequality (Proposition D.2).

The proof is given in Appendix A.1. Eq. (2.5) and (2.6) straightforwardly result from the
Jensen inequality applied to the average over all permutations provided in Proposition 2.1.
If p > n/2+ 1, the integer part [n/m| becomes larger than 1 and Eq. (2.6) becomes better
than Eq. (2.5) for ¢ = 2. As a consequence of our strategy of proof, the right-hand side of
Eq. (2.6) is equal to the classical upper bound on the variance of U-statistics which suggests
it cannot be improved without adding further assumptions.

Unlike the above ones, Eq. (2.7) is derived from the Rosenthal inequality, which enables
us to upper bound a sum ||Y°;_; §i||q of independent and identically centered random vari-
ables in terms of >, [|&|, and >7i_; Var(§;). Let us remark that, for ¢ = 2, both terms
of the right-hand side of Eq. (2.7) are of the same order as Eq. (2.6) up to constants. Fur-
thermore using the Rosenthal inequality allows taking advantage of the integer part [n/m |
when p > n/241 (unlike what we get by using Eq.(2.5) for ¢ > 2). In particular it provides
a new understanding of the behavior of the LpO estimator when p/n — 1 as highlighted
later by Proposition 4.2.
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3. New bounds on LpO moments for the kNN classifier

Our goal is now to specify the general upper bounds provided by Theorem 2.2 in the case
of the kNN algorithm A (1 < k < n) introduced by (2.1).

Since Theorem 2.2 expresses the moments of the LpO estimator in terms of those of the
L10 estimator computed from D,,, (with m = n —p+ 1), the next step consists in focusing
on the L10 moments. Deriving upper bounds on the moments of the L10O is achieved
using a generalization of the well-known Efron-Stein inequality (see Theorem D.1 for Efron-
Stein’s inequality and Theorem 15.5 in Boucheron et al. (2013) for its generalization). For
the sake of completeness, we first recall a corollary of this generalization that is proved in
Section D.1.4 (see Corollary D.1).

Proposition 3.1. Let &1, ...,&, denote n independent Z-valued random variables and ¢ =
f(&,... &), where f: E™ — R is any measurable function. With &1, ..., independent
copies of the &;s, there exists a universal constant k < 1.271 such that for any q > 2,

n

Z(f(fl)"'agi""agn)_f(gl""’éz/'”"’én))z

=1

¢ —ECll, < v/2rq

q/2

Then applying Proposition 3.1 with ( = }?il(Ak, D) = fil,m (L10O estimator computed
from Dy, with m =n —p+1) and = = R? x {0,1} leads to the following Theorem 3.1. It
controls the order-¢ moments of the L10 estimator applied to the kNN classifier.

Theorem 3.1. For every 1 <k <n-—1, let AkD’” (m =n—p+1) denote the kNN classifier
learnt from Dy, and Ry, be the corresponding L10 estimator given by Eq. (2.2). Then

e forq=2,
E{(le,m—m[fzm]ﬂ gcq’“;/? : (3.1)
o for every q > 2,
B[R —E[Rim]['] < (@0 ()7, (3.2)

with C1 = 2+ 1674 and Cy = 4v4V/ 2k, where 4 is a constant (arising from Stone’s lemma,
see Lemma D.5) that grows exponentially with dimension d, and k is defined in Proposi-
tion 3.1.

Its proof (detailed in Section A.2) relies on Stone’s lemma (Lemma D.5). For a given
X, it proves that the number of points in Dg ) having X; among their k£ nearest neighbors
is not larger than kv4. The dependence of our upper bounds with respect to 74 (see explicit
constants C7 and C9) induces their strong deterioration as the dimension d grows since
74 ~ 4.8% — 1. Therefore the larger the dimension d, the larger the required sample size n
for the upper bound to be small (at least smaller than 1). Note also that the tie breaking
strategy (based on the smallest index in the present work) is chosen so that it ensures

Stone’s lemma to hold true.
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In Eq. (3.1), the easier case ¢ = 2 enables to exploit exact calculations of (rather than
upper bounds on) the variance of the L10 estimator. Since E [}Aﬁm} =R (Af"’p ) (risk of

the kNN classifier computed from D,,_,), the resulting k3/2 /m rate is a strict improvement
upon the usual k2 /m that is derived from using the sub-Gaussian exponential concentration
inequality proved by Theorem 24.4 in Devroye et al. (1996).

By contrast the larger k¢ arising in Eq. (3.2) results from the difficulty to derive a tight
(4)

upper bound for the expectation of (37, ]l{ )4 with g > 2, where Dy,
(Xi)}

(1) (2,7)
D. D
AT (X)AA™

(resp. D%’j)) denotes the sample D,, where Z; has been (resp. Z; and Z; have been)
removed.

We are now in position to state the main result of this section. It follows from the
combination of Theorem 2.2 (connecting moments of the LpO and L10O estimators) and
Theorem 3.1 (providing an upper bound on the order-¢ moments of the L10).

Theorem 3.2. For everyp,k > 1 such that p+k <n, let ﬁp,n denote the LpO risk estimator
(see (2.2)) of the kNN classifier Af“ () defined by (2.1). Then there exist (known) constants
C1,Co > 0 such that for every 1 <p <n—k,

o forq=2,

e for every q > 2,

E Hﬁpvn _E [EM} q} < (Cyk)? (n_g+1)Q/2, (3.4)

with C7 = 128# and Cy = 4v4v/ 2k, where vq denotes the constant arising from Stone’s

lemma (Lemma D.5). Furthermore in the particular setting where n/2 +1 < p < n —k,
then

o forq=2,

E [(Ep:n —B [ Ap:”DZ} < Cl( K (3.5)
o for every q > 2,

RN

)

)}
n 1:3/2 12 ,
: L’L—Zﬂ‘lJ Hmax (n—p+1) L#}MJ v (n—p+1) Ln—Z+1J2q o

where T' = 2v/2e max (\/201, 202).

10



PERFORMANCE OF CV TO ESTIMATE THE RISK OF KNN

The straightforward proof is detailed in Section A.3. Let us start by noticing that both
upper bounds in Eq. (3.3) and (3.4) deteriorate as p grows. This is no longer the case for
Eq. (3.5) and (3.6), which are specifically designed to cover the setup where p > n/2 + 1,
that is where |n/m] is no longer equal to 1. Therefore unlike Eq. (3.3) and (3.4), these
last two inequalities are particularly relevant in the setup where p/n — 1, as n — +o0,
which has been investigated by Shao (1993); Yang (2006, 2007); Celisse (2014). Eq. (3.5)
and (3.6) lead to respective convergence rates at worse k%2 /n (for ¢ = 2) and k9/n9~" (for
g > 2). In particular this last rate becomes approximately equal to (k/n)? as ¢ gets large.

One can also emphasize that, as a U-statistic of fixed order m = n — p + 1, the LpO
estimator has a known Gaussian limiting distribution, that is (see Theorem A, Section 5.5.1
Serfling, 1980)

vn (Rom —E [ Ry |) —Z2 N (0.0%).
m n—-+4o0o

where 0§ = Var[g(Z1)], with g(2) = E[hm(z, Za,...,Zm)]. Therefore the upper bound
given by Eq. (3.5) is non-improvable in some sense with respect to the interplay between n
and p since one recovers the right magnitude for the variance term as longas m =n—p+1
is assumed to be constant.

Finally Eq. (3.6) has been derived using a specific version of the Rosenthal inequality
(Ibragimov and Sharakhmetov, 2002) stated with the optimal constant and involving a
“balancing factor”. In particular this balancing factor has allowed us to optimize the relative
weight of the two terms between brackets in Eq. (3.6). This leads us to claim that the
dependence of the upper bound with respect to ¢ cannot be improved with this line of
proof. However we cannot conclude that the term in ¢® cannot be improved using other
technical arguments.

4. Exponential concentration inequalities

This section provides exponential concentration inequalities for the LpO estimator applied
to the kNN classifier. Our main results heavily rely on the moment inequalities previously
derived in Section 3, namely Theorem 3.2. In order to emphasize the gain allowed by this
strategy of proof, we start this section by successively proving two exponential inequalities
obtained with less sophisticated tools. We then discuss the strength and weakness of each
of them to justify the additional refinements we introduce step by step along the section.

A first exponential concentration inequality for R o( Ak, Dp) = Rp,n can be derived by
use of the bounded difference inequality following the line of proof of Devroye et al. (1996,
Theorem 24.4) originally developed for the L10 estimator.

Proposition 4.1. For any integers p,k > 1 such that p +k < n, let ﬁpyn denote the LpO
estimator (2.2) of the classification error of the kNN classifier Agn(-) defined by (2.1).

Then for every t > 0,
P (|Zn —E (Rpn)

where 4 denotes the constant introduced in Stone’s lemma (Lemma D.5).

t2
> t) < ¢ SERIDTG (4.1)
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The proof is given in Appendix B.1.

The upper bound of Eq. (4.1) strongly exploits the facts that: (i) for X; to be one of
the k nearest neighbors of X; in at least one subsample X, it requires X; to be one of the
k + p — 1 nearest neighbors of X; in the complete sample, and (ii) the number of points for
which X; may be one of the k + p — 1 nearest neighbors cannot be larger than (k+p—1)v4
by Stone’s Lemma (see Lemma D.5).

This reasoning results in a rough upper bound since the denominator in the exponent
exhibits a (k + p — 1)? factor where k and p play the same role. The reason is that we do
not distinguish between points for which X; is among or above the k nearest neighbors of
X; in the whole sample (although these two setups lead to highly different probabilities of
being among the k nearest neighbors in the training sample). Consequently the dependence
of the convergence rate on k£ and p in Proposition 4.1 can be improved, as confirmed by
forthcoming Theorems 4.1 and 4.2.

Based on the previous comments, a sharper quantification of the influence of each neigh-
bor among the k£ + p — 1 ones leads to the next result.

Theorem 4.1. For every p,k > 1 such that p+ k < n, let ﬁp,n denote the LpO estimator

(2.2) of the classification error of the kNN classifier AE"(-) defined by (2.1). Then there
exists a numeric constant 1 > 0 such that for every t > 0,

~ ~ R R 2
max (P (R”’" E (Rp’") g t) ’P(E <Rp’n) ez t)) = (_nDk2 [1 + (tk +p)ﬁ_—”> |

with O = 1024ek(1+474), where vq is introduced in Lemma D.5 and k < 1.271 is a universal
constant.

The proof is given in Section B.2.

Unlike Proposition 4.1, taking into account the rank of each neighbor in the whole
sample enables us to considerably reduce the weight of p (compared to that of k) in the
denominator of the exponent. In particular, letting p/n — 0 as n — 400 (with k£ assumed
to be fixed for instance) makes the influence of the k + p factor asymptotically negligible.
This would allow for recovering (up to numeric constants) a similar upper bound to that of
Devroye et al. (1996, Theorem 24.4), achieved with p = 1.

However the upper bound of Theorem 4.1 does not reflect the right dependencies with
respect to k and p compared with what has been proved for polynomial moments in The-
orem 3.2. In particular it deteriorates as p increases unlike the upper bounds derived for
p > n/2+ 1 in Theorem 3.2. This drawback is overcome by the following result, which is
our main contribution in the present section.

Theorem 4.2. For every p,k > 1 such that p+k < n, let ﬁpm denote the LpO estimator of
the classification error of the kNN classifier f, = AE”(-) defined by (2.1). Then for every
t>0,

max <IP’ (ﬁpyn —E [ﬁpyn} > t) P (E [ﬁpyn} — Epyn > t)) < exp (—(n —p+ 1)At22]<:2) ,
(4.2)
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where A = 4,/e max (C’Q, \/Cl) with C1,Co > 0 defined in Theorem 3.1.
Furthermore in the particular setting where p > n/2 + 1, it comes

w0 (P Ry~ B [ By ] > 1) B (B[ By ] = R > ) < | =2 |

9 9 9 1/3
ex —imin (n—p+1) o ! (n—p+1) n !
Ly n—p+1| 402/’ n—p+1| 4Tk ’

(4.3)

where T arises in Fq. (3.6) and g denotes the constant introduced in Stone’s lemma
(Lemma D.5).

The proof has been postponed to Appendix B.3. It involves different arguments for
deriving the two inequalities (4.2) and (4.3) depending on the range of values of p. Firstly
for p < n/2+1, a simple argument is applied to derive Ineq. (4.2) from the two corresponding
moment inequalities of Theorem 3.2 characterizing the sub-Gaussian behavior of the LpO
estimator in terms of its even moments (see Lemma D.2). Secondly for p > n/2 + 1, we
rather exploit: (i) the appropriate upper bounds on the moments of the LpO estimator
given by Theorem 3.2, combined with (i7) Proposition D.1 which establishes exponential
concentration inequalities from general moment upper bounds.

In accordance with the conclusions drawn about Theorem 3.2, the upper bound of
Eq. (4.2) increases as p grows unlike that of Eq. (4.3). The best concentration rate in
Eq. (4.3) is achieved as p/n — 1, whereas Eq. (4.2) turns out to be useless in that setting.
However Eq. (4.2) remains strictly better than Theorem 4.1 as long as p/n — 6 € [0, 1] as
n — +o0o. Note also that the constants I' and 7,4 are the same as in Theorem 3.1. Therefore
the same comments regarding their dependence with respect to the dimension d apply here.

In order to facilitate the interpretation of the last Ineq. (4.3), we also derive the following
proposition (proved in Appendix B.3) which focuses on the description of each deviation
term in the particular case where p > n/2 + 1.

Proposition 4.2. With the same notation as Theorem 4.2, for any p,k > 1 such that
p+k<mn,p>n/2+1, and for every t >0

~ ~ v 2ell k3/2 k
P\ o= [ B ]|> i T Y P
n—p n—p

where I' > 0 is the constant arising from (3.6).

The present inequality is very similar to the well-known Bernstein inequality (Boucheron
et al., 2013, Theorem 2.10) except the second deviation term of order #3/2 instead of ¢ (for
the Bernstein inequality).

With respect to n, the first deviation term is of order ~ k%?2/,/n, which is the same as
with the Bernstein inequality. The second deviation term is of a somewhat different order,
that is = kv/n—p+1/n, as compared with the usual 1/n in the Bernstein inequality.

13
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Nevertheless we almost recover the k/n rate by choosing for instance p ~ n(1 — logn/n),
which leads to kv/logn/n. Therefore varying p allows to interpolate between the k/y/n and
the k/n rates.

Note also that the dependence of the first (sub-Gaussian) deviation term with respect to
k is only k3/2, which improves upon the usual k2 resulting from Ineq. (4.2) in Theorem 4.2
for instance. However this k3/2 remains certainly too large for being optimal even if this
question remains widely open at this stage in the literature.

More generally one strength of our approach is its versatility. Indeed the two above
deviation terms directly result from the two upper bounds on the moments of the L10
established in Theorem 3.1. Therefore any improvement of the latter upper bounds would
immediately lead to enhance the present concentration inequality (without changing the
proof).

5. Assessing the gap between LpO and classification error

5.1. Upper bounds

First, we derive new upper bounds on different measures of the discrepancy between ﬁpyn =
ﬁp (Ag, D,,) and the classification error L( f;) or the risk R(f) = E [L(fk) } . These bounds

on the LpO estimator are completely new for p > 1, some of them being extensions of former
ones specifically derived for the L10 estimator applied to the kNN classifier.

Theorem 5.1. For every p,k > 1 such that p < VEk and Vk + k < n, let ﬁp,n denote the
LpO risk estimator (see (2.2)) of the kNN classifier fi = Af“(') defined by (2.1). Then,

B[ Ryn | - RO < J‘;ﬂpf , (5.1)
and
E[(fzp,nR(fk))Q] < 128\/;7Zdn_]€?;11 ;ip;k . (5.2)
Moreover,
E [(fzp,n - L(ﬁ)ﬂ < 2\/‘/; (2p +n3)\/E + % : (5.3)

In contrast to the results in the previous sections, a new restriction on p arises in
Theorem 5.1, that is p < v/k. This comes from the use of Lemma D.6 (proved by Devroye
and Wagner (1979b)), which gives an upper bound on the L! stability of the kNN classifier
when p observations are removed from the training sample D,,. Actually this upper bound
only remains meaningful as long as 1 < p < Vk.

14



PERFORMANCE OF CV TO ESTIMATE THE RISK OF KNN

Proof of Theorem 5.1.
Proof of (5.1): With f; = A?e, Lemma D.6 immediately provides

o e 0] = [5[0] - s
E H]I{AEC (X)#AY} — ]l{AZjn(X);éy}H

= P (AP () # AP () < S UE

Proof of (5.2): The proof combines the previous upper bound with the one established for
the variance of the LpO estimator, that is Eq. (3.3).

8 (Fon 2 [2480])"| =2 (Ron & [Roa])" | + (8 [ Run] -8 [1070)])

2
<128/€’7d k3/2 n 4 pVk
-~ V21 n—p+1 V2r n ’

which concludes the proof.

The proof of Ineq. (5.3) is more intricate and has been postponed to Appendix C.1. [

Keeping in mind that E |:§p,n:| = R(Ag”_p), the right-hand side of Ineq. (5.1) is an
upper bound on the bias of the LpO estimator, that is on the difference between the risks
of the classifiers built from respectively n — p and n points. Therefore, the fact that this
upper bound increases with p is reliable since the classifiers .Af’“” *1(-) and Af"(-) can
become more and more different from one another as p increases. More precisely, the
upper bound in Ineq. (5.1) goes to 0 provided p\/E/n does. With the additional restriction
p < vk, this reduces to the usual condition k/n — 0 as n — +oo (see Devroye et al.,
1996, Chap. 6.6 for instance), which is used to prove the universal consistency of the kNN
classifier (Stone, 1977). The monotonicity of this upper upper bound with respect to k can
seem somewhat unexpected. One could think that the two classifiers would become more
and more “similar” to each other as k increases enough. However it can be proved that, in
some sense, this dependence cannot be improved in the present distribution-free framework
(see Proposition 5.1 and Figure 1).

Note that an upper bound similar to that of Ineq. (5.2) can be easily derived for any
order-¢ moment (¢ > 2) at the price of increasing the constants by using (a + b)? <
20=1(a4 + b?), for every a,b > 0. We also emphasize that Ineq. (5.2) allows us to con-
trol the discrepancy between the LpO estimator and the risk of the kNN classifier, that is
the expectation of its classification error. Ideally we would have liked to replace the risk
R( fk) by the prediction error L( fk) But with our strategy of proof, this would require
an additional distribution-free concentration inequality on the prediction error of the kNN
classifier. To the best of our knowledge, such a concentration inequality is not available up
to now.

Upper bounding the squared difference between the LpO estimator and the prediction
error is precisely the purpose of Ineq. (5.3). Proving the latter inequality requires a com-
pletely different strategy which can be traced back to an earlier proof by Rogers and Wagner
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(1978, see the proof of Theorem 2.1) applying to the L10 estimator. Let us mention that
Ineq. (5.3) combined with the Jensen inequality lead to a less accurate upper bound than
Ineq. (5.1).

Finally the apparent difference between the upper bounds in Ineq. (5.2) and (5.3) results
from the completely different schemes of proof. The first one allows us to derive general
upper bounds for all centered moments of the LpO estimator, but exhibits a worse de-
pendence with respect to k. By contrast the second one is exclusively dedicated to upper
bounding the mean squared difference between the prediction error and the LpO estimator
and leads to a smaller vk. However (even if probably not optimal), the upper bound used
in Ineq. (5.2) still enables to achieve minimax rates over some Holder balls as proved by
Proposition 5.3.

5.2. Lower bounds
5.2.1. B1as oF THE L10O ESTIMATOR

The purpose of the next result is to provide a counter-example highlighting that the upper
bound of Eq. (5.1) cannot be improved in some sense. We consider the following discrete
setting where X = {0,1} with 7o = P[X = 0], and we define np =P[Y =1| X =0] and
m =P[Y =1| X =1]. In what follows this two-class generative model will be referred to
as the discrete setting DS.

Note that (i) the 3 parameters 7,79 and n; fully describe the joint distribution P x y,
and (ii) the distribution of DS satisfies the strong margin assumption of Massart and
Nédélec (2006) if both 79 and 7, are chosen away from 1/2. However this favourable setting
has no particular effect on the forthcoming lower bound except a few simplifications along
the calculations.

Proposition 5.1. Let us consider the DS setting with mo = 1/2, no = 0 and n1 = 1, and
assume that k is odd. Then there exists a numeric constant C' > 1 independent of n and k
such that, for alln/2 <k <mn —1, the kNN classifiers A?” and Ag”_l satisfy

B [0 (Ap) - £ (ap) ] = eV

The proof of Proposition 5.1 is provided in Appendix C.2. The rate vk /m in the right-
hand side of Eq. (5.1) is then achieved under the generative model DS for any k > n/2. As
a consequence this rate cannot be improved without any additional assumption, for instance
on the distribution of the X;s. See also Figure 1 below and related comments.

Empirical illustration

To further illustrate the result of Proposition 5.1, we simulated data according to DS,
for different values of n ranging from 100 to 500 and different values of k ranging from 5 to
n — 1.

Figure 1 (a) displays the evolution of the absolute bias )E [L (A?”) - L (Af"”) } ’ as
a function of k, for several values of n (plain curves). The absolute bias is a nondecreasing
function of k, as suggested by the upper bound provided in Eq. (5.1) which is also plotted
(dashed lines) to ease the comparison. The non-decreasing behavior of the absolute bias
is not always restricted to high values of k (w.r.t. n), as illustrated in Figure 1 (b) which
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corresponds to DS with parameter values (m,n0,71) = (0.2,0.2,0.9). In particular the
non-decreasing behavior of the absolute bias now appears for a range of values of k that are
smaller than n/2.

Note that a rough idea about the location of the peak, denoted by kjeqr, can be deduced
as follows in the simple case where g = 0 and 1 = 1.

e For the peak to arise, the two classifiers (based on n and respectively n — 1 observa-
tions) have to disagree the most strongly.

e This requires one of the two classifiers — say the first one — to have ties among the k
nearest neighbors of each label in at least one of the two cases X =0 or X = 1.

e With my < 0.5, then ties will most likely occur for the case X = 0. Therefore the
discrepancy between the two classifiers will be the highest at any new observation
o = 0.

e For the tie situation to arise at xg, half of its neighbors have to be 1. This only occurs
if (i) k > no (with no the number of observations such that X = 0 in the training
set), and (i7) kono + kim = k/2, where kg (resp. k1) is the number of neighbors of z
such that X =0 (resp. X =1).

no(n1 —10)
m—1/2

e For large values of n, one should have nyg ~ nmg, that is the peak should appear at
o mo(m =)
ek S 1

e Since k > ng, one has kg = ng and the last expression boils down to k =

In the setting of Proposition 5.1, this reasoning remarkably yields kpeqr =~ n, while it
leads to kpeqr =~ 0.4n in the setting of Figure 1 (b), which is close to the location of the
observed peaks. This also suggests that even smaller values of kpeqxr can arise by tuning
the parameter 7y close to 0. Let us mention that very similar curves have been obtained
for a Gaussian mixture model with two disjoint classes (not reported here). On the one
hand this empirically illustrates that the v/k/n rate is not limited to DS (discrete setting).
On the other hand, all of this confirms that this rate cannot be improved in the present
distribution-free framework.

Let us finally consider Figure 1 (c¢), which displays the absolute bias as a function of n
where k = |Coef x n| for different values of Coef, where |-| denotes the integer part. With
this choice of k, Proposition 5.1 implies that the absolute bias should decrease at a 1/y/n
rate, which is supported by the plotted curves. By contrast, panel (d) of Figure 1 illustrates
that choosing smaller values of k, that is k = | Coef x \/n|, leads to a faster decreasing rate.

5.2.2. MEAN SQUARED ERROR

Following an example described by Devroye and Wagner (1979a), we now provide a lower
bound on the minimal convergence rate of the mean squared error (see also Devroye et al.,
1996, Chap. 24.4, p.415 for a similar argument).
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Figure 1: (a) Evolution of the absolute value of the bias as a function of k, for different
values of n (plain lines). The dashed lines correspond to the upper bound obtained
in (5.1). (b) Same as previous, except that data were generated according to

the DS setting with parameters (mo,n0,11) = (0.2,0.2,0.9). Upper bounds are

not displayed in order to fit the scale of the absolute bias.

(c) Evolution of

the absolute value of the bias with respect to n, when k is chosen such that

k = |Coef x n| (|-] denotes the integer part). The different colors correspond to
different values of Coef. (d) Same as previous, except that k is chosen such that

k = |[Coef x \/n].
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Proposition 5.2. Let us assume n is even, and that P(Y =1 | X)=P(Y =1)=1/2 is
independent of X. Then for k =n —1 (k odd), it results

5 5 )2 ! 5 ; 11
E (RL L fk> } :/ 2t-IP>HR1, — L(f, ’>t} dit>— —
(Ran-20) | = [ o L) T
From the upper bound of order vk/n provided by Ineq. (5.3) (with p = 1), choosing
k = n — 1 leads to the same 1/4/n rate as that of Proposition 5.2. This suggests that, at
least for very large values of k, the vk /n rate is of the right order and cannot be improved
in the distribution-free framework.

5.3. Minimax rates

Let us conclude this section with a corollary, which provides a finite-sample bound on the
gap between ﬁp’n and R( fk) =FE [L( fk) } with high probability. It is stated under the same
restriction on p as the previous Theorem 5.1 it is based on, that is for p < Vk.

Corollary 5.1. With the notation of Theorems 4.2 and 5.1, let us assume p,k > 1 with

p<Vk, Vk+k<n, and p < n/2 + 1. Then for every x > 0, there exists an event with
probability at least 1 — 2e™" such that

A2)2 N 4 pVk
X
n<1—p—;1> V2m n

(5.4)

where fi, = Af"(-).

Proof of Corollary 5.1. Ineq. (5.4) results from combining the exponential concentration
result derived for R, ,, namely Ineq. (4.2) (from Theorem 4.2) and the upper bound on the
bias, that is Ineq. (5.1).

4 pVk A2k?
+ T -
2T N n—p+1

O]

Note that the right-hand side of Ineq. (5.4) could be used to derive bounds on R( fk) that
seem similar to confidence bounds. However we do not recommend doing this in practice for
several reasons. On the one hand, Ineq. (5.4) results from the repeated use of concentration
inequalities where numeric constants are not optimized at all. This would lead to require
a large sample size n for the deviation terms to be small in practice. On the other hand,
explicit numeric constants such as A2 in Corollary 5.1 exhibit a dependence on 4 ~ 4.8¢—1,
which becomes exponentially large as d increases. Proving that this dependence can be
weakened or not remains a completely open question at this stage. Nevertheless one can
highlight that, for a given n, increasing d will quickly make the deviation term larger than
1, whereas both R(f) and R,,,, belong to [0,1].
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The right-most term of order vk/n in Ineq. (5.4) results from the bias. This is a
necessary price to pay which cannot be improved in the present distribution-free framework
according to Proposition 5.1. Besides combining the restriction p < vk with the usual
consistency constraint k/n = o(1) leads to the conclusion that small values of p (w.r.t. n)
have almost no effect on the convergence rate of the LpO estimator. Weakening the key
restriction p < vk would be necessary to potentially nuance this conclusion.

In order to highlight the interest of the above deviation inequality, let us deduce an
optimality result in terms of minimax rate over Holder balls H (7, «) defined by

Hra)={g: R =R, g(2) — ()| < 7 llz =]}

with a €]0,1[ and 7 > 0. In the following statement, Corollary 5.1 is used to prove that,
uniformly with respect to k, the LpO estimator R, , and the risk R(fj) of the kNN classifier
remain close to each other with high probability.

Proposition 5.3. With the same notation as Corollary 5.1, for every C > 1 and 6 > 0,
there exists an event of probability at least 1 — 2 - n~ (=Y on which, for any p,k > 1 such
that p < Vk, k+vVk <n, andp < n/2+1, the LpO estimator of the kNN classifier satisfies

A L1 07TA2C K?log(n) 4 ok
(1—0) [R(fk)_L ]_ 4 n(R(fk)_L*)_\/% n
0~1A2C  K%log(n) n 4 pk
bon(R(jo 1) VEmom
(5.5)

< Ry(Ax Do) = L' < (14 0) | R(f) — " | +

where L* denotes the classification error of the Bayes classifier.
Furthermore if one assumes the regression function n belongs to a Hélder ball H(T, o) for
2a
some o €]0,min(d/4,1)[ (recall that X; € R?) and T > 0, then choosing k = k* = kq - n2a+d
leads to

Ry(Ap,Dp) — L* ~psioo R(fir) — L, aus. . (5.6)

Ineq. (5.5) gives a uniform control (over k) of the gap between the excess risk R(fy,) —L*
and the corresponding LpO estimator f{p(f z) — L* with high probability. The decreasing
rate (in n~(C~1) of this probability is directly related to the log(n) factor in the lower
and upper bounds. This decreasing rate could be made faster at the price of increasing
the exponent of the log(n) factor. In a similar way the numeric constant 6 has no precise
meaning and can be chosen as close to 0 as we want, leading to increase one of the other
deviation terms by a numeric factor §~1. For instance one could choose § = 1/log(n), which
would replace the log(n) by a (logn)?.

The equivalence established by Eq. (5.6) results from knowing that this choice k = k*
makes the kNN classifier achieve the minimax rate n~ 274 over Holder balls (Yang, 1999).
This holds true for a €]0, 1] as long as d > 4. However if d < 4 the minimax rate is only
achieved over ]0,d/4[. This limitation results from the dependence of the deviation terms
with respect to k? in Eq. (5.5), which is not optimal and should be further improved.
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Proof of Proposition 5.5. Let us define K < n as the maximum value of k and assume
xp = C -log(n) (for some constant C' > 1) for any 1 < k < K. Let us also introduce the
event

k2 4 k
o )

n N2

Then P[] < ﬁ — 0, as n — 400, since a union bound leads to

Qn = {w <k <K, |R(f) — Rp(Ax, Dy)

K K 1
Zef:pk — Zefc'-log(n) - K. efC-log(n) < ef(Cfl)log(n) = —

> nC—
k=1 k=1

Furthermore combining (for a,b > 0) the inequality ab < a?6% +b*0=2/4 for every 6 > 0
with va + b < v/a + /b, it results that

k2 : 6! k2
A2, <0 (R(fk) - L*) + A ! i
n n (R(f) - 1*)
N 1 k2
<0 (R(fi) = L*) + A2 C - log(n),

n (R(f) - 1*)
hence Ineq. (5.5).

Let us now prove the next equivalence, namely (5.6), by means of the Borel-Cantelli
lemma.

First Yang (1999) combined with Theorem 7 in Chaudhuri and Dasgupta (2014) provide
that the minimax rate over the Holder ball H (7, «) is achieved by the kNN classifier with
k = k*), that is

(R(fi) = L*) = n 553,

where a < b means there exist numeric constants [, u > 0 such that [-b < a < u-b. Moreover
it is then easy to check that

- *2 —1A2 _d=3a P %
e Dy := %AQWGIOg(n) = w-(n 2a+d log(n)) = Op—stoo (R(fk*) - L ),

o Dy:= ok < kTT* = ko - n Tl = On—+00 (R(fk*) - L*)

Besides
| (Rp(Ae, Dn) — L*) — (R(fie) — L*
LIS RS (% i )~ ) sgq DrtDe
n R(fyx) — L* R(fy+) — L*
[| (Rp(Ag+, Dy) — L*
_p ( i >—1 spp DitDe
R(fy+) — L* R(fy) — L*
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Let us now choose any € > 0 and introduce the sequence of events {A;(€)},,~; such that

(E,,(Ak* D) — L*)

~ — 1| >e€
R(fy=) — L*

Ap(e) =

Using that D; and D are negligible with respect to R( fk*) — L* as n — 400, there exists
an integer ng = no(€) > 0 such that, for all n > ng and with 6 = €/2,

o DD
R(fk*)—L*
Hence
ﬁ (Ak*,Dn)—L*
P[An(e)] <P (& i >_1>,9+D}+D2 <o
R(fi=) — L* R(fi) — L* n

Finally, choosing any C' > 2 leads to 3> P[A,(€)] < +oo, which provides the expected
conclusion by means of the Borel-Cantelli lemma. O

6. Discussion

The present work provides several new results quantifying the performance of the LpO
estimator applied to the kNN classifier. By exploiting the connexion between LpO and U-
statistics (Section 2), the polynomial and exponential inequalities derived in Sections 3 and 4
give some new insight on the concentration of the LpO estimator around its expectation for
different regimes of p/n. In Section 5, these results serve for instance to conclude to the
consistency of the LpO estimator towards the risk (or the classification error rate) of the
ENN classifier (Theorem 5.1). They also allow us to establish the asymptotic equivalence
between the LpO estimator (shifted by the Bayes risk L*) and the excess risk over some
Holder class of regression functions (Proposition 5.3).

It is worth mentioning that the upper-bounds derived in Sections 4 and 5 — see for
instance Theorem 5.1 — can be minimized by choosing p = 1, suggesting that the L10
estimator is optimal in terms of risk estimation when applied to the kNN classification
algorithm. This observation corroborates the results of the simulation study presented in
Celisse and Mary-Huard (2011), where it is empirically shown that small values of p (and
in particular p = 1) lead to the best estimation of the risk for any fixed k, whatever the
level of noise in the data. The suggested optimality of L10 (for risk estimation) is also
consistent with results by Burman (1989) and Celisse (2014), where it is proved that L10O is
asymptotically the best cross-validation procedure to perform risk estimation in the context
of low-dimensional regression and density estimation respectively.

Alternatively, the LpO estimator can also be used as a data-dependent calibration pro-
cedure to tune £, by choosing the value k, which minimizes the LpO estimate. For instance
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in classification, LpO can be used to get the value of k leading to the best prediction perfor-
mance. In this context the value of p (the splitting ratio) leading to the best kNN classifier
can be very different from p = 1. This is illustrated by the simulation results summarized
by Figure 2 in Celisse and Mary-Huard (2011) where p has to be larger than 1 as the noise
level becomes strong. This phenomenon is not limited to the kNN classifier, but extends
to various estimation/prediction problems (Breiman and Spector, 1992; Arlot and Lerasle,
2012; Celisse, 2014). If we turn now to the question of identifying the best predictor among
several candidates, choosing p = 1 also leads to poor selection performances as proved by
Shao (1993, Eq. (3.8)) with the linear regression model. For the LpO, Shao (1997, Theo-
rem 5) proves the model selection consistency if p/n — 1 and n — p — +o00 as n — +o0.
For recovering the best predictor among two candidates, Yang (2006, 2007) proved the con-
sistency of CV under conditions relating the optimal splitting ratio p to the convergence
rates of the predictors to be compared, and further requiring that min(p,n — p) — +oo as
n — +00.

Although the focus of the present paper is different, it is worth mentioning that the
concentration results established in Section 4 are a significant early step towards deriving
theoretical guarantees on LpO as a model selection procedure. Indeed, exponential con-
centration inequalities have been a key ingredient to assess model selection consistency or
model selection efficiency in various contexts (see for instance Celisse (2014) or Arlot and
Lerasle (2012) in the density estimation framework). Still theoretically investigating the
behavior of l%p requires some further dedicated developments. One first step towards such
results is to derive a tighter upper bound on the bias between the LpO estimator and the
risk. The best known upper bound currently available is derived from Devroye and Wagner
(1980, see Lemma D.6 in the present paper). Unfortunately it does not fully capture the
true behavior of the LpO estimator with respect to p (at least as p becomes large) and
could be improved in particular for p > vk as emphasized in the comments following Theo-
rem 5.1. Another important direction for studying the model selection behavior of the LpO
procedure is to prove a concentration inequality for the classification error rate of the kNN
classifier around its expectation. While such concentration results have been established
for the kNN algorithm in the (fixed-design) regression framework (Arlot and Bach, 2009),
deriving similar results in the classification context remains a challenging problem to the
best of our knowledge.
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Appendix A. Proofs of polynomial moment upper bounds
A.1. Proof of Theorem 2.2

The proof relies on Proposition 2.1 that allows to relate the LpO estimator to a sum of
independent random variables. In the following, we distinguish between the two settings
q = 2 (where exact calculations can be carried out), and ¢ > 2 where only upper bounds
can be derived.

When ¢ > 2, our proof deals separately with the cases p <n/2+1and p>n/2+1. In
the first one, a straightforward use of Jensen’s inequality leads to the result. In the second
setting, one has to be more cautious when deriving upper bounds. This is done by using
the more sophisticated Rosenthal’s inequality, namely Proposition D.2.

A.1.1. EXPLOITING PROPOSITION 2.1

According to the proof of Proposition 2.1, it arises that the LpO estimator can be expressed
as a U-statistic since

p,n n| ZW U(n)) ’

with
| 2]
—1
W (Z1,.... Zn) = L”J hon (Zia—tymsts- > Zam)  (withm =n—p+1)
m
a=1
1 & .
d b (Ziye Zm) = =S 1 . = Rinpit1
an (Z1 ) m 2 {ADQ(Xi);AYi} 1Ln—p+1

(%) ;
where AP™ (.) denotes the classifier based on sample DY — (Z1y s Zi1, Zig 1y ooy Do)
Further centering the LpO estimator, it comes

EP’” B { p’”} n! Z W ( (n)) J

where W (Z1,..., Zy) = W(Zy, .. Z) E[W(Z1,....Z)]
Then with hp(Z1,. .., Zm) = hn(Z1, ..., Zm) — B[ hm(Z1, ..., Zm)], one gets

£ (-2 3]

q] <E[|W(Z,..., Zn)m (Jensen's inequality)
L ) i

=K L%J -1 ; Bm (Z(ifl)erl, RN sz) (Al)
e [l ;
- \;aJ E hn (Z(i—l)m+1, ce 7sz)

=1
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A.1.2. THE SETTING ¢ = 2

If ¢ = 2, then by independence it comes

L]
Y FETR | A——
— _%— - Z Var [hm (Z(i—l)m-‘,-l? e 7Zim) ]
= _%_ ! Var (]:31(.»4, Z1,n—p+1)) )

which leads to the result.

A.1.3. THE SETTING ¢q > 2

If p<n/2+1:
A straightforward use of Jensen’s inequality from (A.1) provides

Telx]” ZE i (s Zan) |
=E HRl,n,pH —E [Rl,nfpﬂ} ’q] .

If p > n/2+ 1: Let us now use Rosenthal’s inequality (Proposition D.2) by introducing
symmetric random variables (1, ..., (|y/m| such that

Vl S S Ln/mJ C’L = hm (Z(i—l)m—i-l’ ey Zlm) — hm (Zgi—l)’m—‘rl’ ceey Z{m) s
where Z1,...,Z], are i.i.d. copies of Z1,...,Z,. Then it comes for every v > 0
n q n q
L] L]
Z Z(z 1m+17---aZim) SE ZC’L >
i=1 i=1

which implies

q
L7 ] L)
Z 7, 1m+17"')Zim) SB((L’Y)maX ’YZEHCZ|(1]7

Then using for every i that

EHCZW] < 29K [ ‘Bm (Z(i—l)m-‘rlv .- 7Z74m)‘q] )
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it comes
q

5]
E Z Em (Z(ifl)erl? R sz)
i=1

< stayme (20 2 [ [ ] ([ v (31)) )

Hence, it results for every ¢ > 2

B (|~ & [

< a0 (2| 2] 2[R0 2[R0 ]2 (v (1)) ).

which concludes the proof.

A.2. Proof of Theorem 3.1

Our strategy of proof follows several ideas. The first one consists in using Proposition 3.1
which says that, for every ¢ > 2,

_ m 2
(21, Zu)||, < v/25q Z(hm(Zl,...,Zm)—hm(Zl,...,Z]/.,...,Zm)) ,
j=1

where hp(Z1,...,Zm) = Rim by Eq. (24), and ho(Z1,...,Zm) = ho(Z1,. .., Zm) —
E[hm(Z1,...,Zmn)]. The second idea consists in deriving upper bounds of
Ny =b(Z1, .. Zjy oo Zn) = b1, 2 o)

by repeated uses of Stone’s lemma, that is Lemma D.5 which upper bounds by kv, the
maximum number of X;s that can have a given X; among their k nearest neighbors. Finally,
for technical reasons we have to distinguish the case ¢ = 2 (where we get tighter bounds)
and ¢ > 2.

A.2.1. UPPER BOUNDING AYh,,

For the sake of readability let us now use the notation D® = Dﬁ,? (see Theorem 2.1), and
let D](.Z) denote the set (Zl, ceey Zj’~, ey Zn) where the i-th coordinate has been removed.
Then, AMhy, = b (Z1, .. Zm) — hin(Z14, . . ., Zj’., ...+ Zm) is now upper bounded by

: 11
Ahy,| < —+ — 1 (i) -1 ()
| | m m; AP (xi2vi} {Afj (X#Yi}
11
<=+ =Y (1, ® : (A.2)
mem ; {AE“) (Xi)#A, (Xn}
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Furthermore, let us introduce for every 1 < j <mn,
Aj={1<i<m, i#j, jeVi(Xy)} and A; = {1 <i<m, i #j, jeVi(Xi)}
where V;(X;) and V/(X;) denote the indices of the k nearest neighbors of X; respectively

among Xla'--anflanan+1a-- . ,Xm and Xl’...’Xjfl,X;"XjJrl,...’Xm. Setting Bj =
Aj U A%, one obtains

m  m ; j
i€B; AP (XA ()

From now on, we distinguish between ¢ = 2 and ¢ > 2 because we will be able to derive
a tighter bound for ¢ = 2 than for ¢ > 2.

A.2.2. CASE ¢ > 2

From (A.3), Stone’s lemma (Lemma D.5) provides

|Ajhm‘§*+*z]l . NG| < —4— -
meomics, {AE“’ (Xi)#A, (X@-)} moem
Summing over 1 < j < n and applying (a + b)4 < 297! (a? +b9) (a,b > 0 and ¢ > 1), it
comes

(14 (2k7a2)?) <—(2k7a)* ,

2 4
m m

> (&hy)* <
J
hence
ST (hlZaye o Zin) = (21, 2 Z)) P <
=1 q/2

(2kva)?.

|-

This leads for every ¢ > 2 to
_ 4k
Hhm(Zh cee Zm)Hq < q1/2 v 2’{% )
which enables to conclude.

A.2.3. CASE ¢ =2

It is possible to obtain a slightly better upper bound in the case ¢ = 2 with the following
reasoning. With the same notation as above and from (A.3), one has
- 2

N2 2 2 :
E [(A]hm) ] =—+ —E Z 1 ' o0 (using 174 < 1)
m i€B; {AE‘” (Xo)AA? (Xn}

IA
&=

icp, APV (x)#2A (X))

2 2
5t o3 ’Bj|zﬂ{ () }
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Lemma D.5 implies |B;| < 2kvq, which allows to conclude

1€B;

- 2 4k'yd
E|(AThy,)” 1 Z.
@ity < o {AE“(&)#A? )<Xz->}

Summing over j and introducing an independent copy of Z; denoted by Zy, one derives

m

Y E [(hm(zl, s Tm) = (2, 2 .,Zm)ﬂ

2 4k~y
< — =+ ]E 1 : i + 1 . z
“mom 2_: {ap xppap? o x ) {ALJ(”“ZO(xi#A? )<Xi>}

2 Wk 2 32k vk
<2 b dkyg %2 vk _ +'7df<(2+16%,)n{, (A.4)

V2mm T m V2r m

where the last but one inequality results from Lemma D.6.

3

A.3. Proof of Theorem 3.2

The idea is to plug the upper bounds previously derived for the L10 estimator, namely
Ineq. (2.5) and (2.6) from Theorem 2.2, in the inequalities proved for the moments of the
LpO estimator in Theorem 2.2.

Proof of Ineq. (3.3), (3.4), and (3.5): These inequalities straightforwardly result from
the combination of Theorem 2.2 and Ineq. (2.5) and (2.6) from Theorem 3.1.

Proof of Ineq. (3.6): It results from the upper bounds proved in Theorem 3.1 and plugged
in Ineq. (2.7) (derived from Rosenthal’s inequality with optimized constant v, namely Propo-
sition D.3).

Then it comes

‘an—]E pn 26) X
q
2
B Vk n —atl k
2C k| — | —— 2C I —=
- M( =) | i) e (s
a q
max 201\/E i y (qS/Q)q {“J QCQ i
n—p+1) 2] nopt || vi—pTT

— p+1JmaX{ /\1q1/2 7(,\2q3/2)q}7
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with

k
(n—p+1) ||

k

A\ = 2v2er/201VE :
{ﬁJ vn—p+l

Ay = 2v/2e205

Finally introducing I' = 2v/2e max (202, V2C 1) provides the result.
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Appendix B. Proofs of exponential concentration inequalities

B.1. Proof of Proposition 4.1

The proof relies on two successive ingredients: McDiarmid’s inequality (Theorem D.3), and
Stone’s lemma (Lemma D.5).

First with D,, = D and D; = (Zl,...,Zj,l,Z;-,ZjH,...,Zn), let us start by upper
bounding ‘ﬁp (Dy) — ]/%p (Dj)’ for every 1 < j <n.
Using Eq. (2.2), one has

1 o —1
< 5 — (p) ; ]I{AkDC(Xi)i’éYi} - H{AkD;(Xi)#Yi} ]l{ige}
e, 1
=7 » I 5 1 e
) P (P) ; {AkDﬁ(Xi);gAkDJ (Xi)} {ige}
l — ny —1 1
. oy 2 Ee: [ﬂ{jEVkDe(Xi)} * ]l{jev,f’?(xi)}] Ligey + () ze:]l{j@ze},

where D denotes the set of random variables among D; having indices in e, and V.PU(X;)

D¢
(resp. V, 7 (X;)) denotes the set of indices of the k nearest neighbors of X; among D¢ (resp.
D°).
Second, let us now introduce

En_ . . . D¢ . De -
B; P:eeg_p{lgzgn, igeU{j}, V., ' (Xi)2jorVy (Xz‘DJ}-

Then Lemma D.5 implies Card(Bf"_p) <2(k+ p —1)v4, hence
1 1 _4k+p—1)y 1
SITRD IS PR EE
e

B

Ep (Dn) — f{p (Dj)‘ <

D=

The conclusion results from McDiarmid’s inequality (Section D.1.5).

B.2. Proof of Theorem 4.1

In this proof, we use the same notation as in that of Proposition 4.1.
The goal of the proof is to provide a refined version of previous Proposition 4.1 by taking
into account the status of each X; as one of the k nearest neighbors of a given X; (or not).
To do so, our strategy is to prove a sub-Gaussian concentration inequality by use of
Lemma D.2, which requires the control of the even moments of the LpO estimator ﬁp.
Such upper bounds are derived

e First, by using Ineq. (D.4) (generalized Efron-Stein inequality), which amounts to
control the g-th moments of the differences

R,(D) - R, (D).
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e Second, by precisely evaluating the contribution of each neighbor X; of a given Xj,
that is by computing quantities such as P, [j €e, 1€E jJE VkDe (Xi) ], where P | -]
denotes the probability measure with respect to the uniform random variable e over
En—p, and VkDe(Xi) denotes the indices of the k£ nearest neighbors of X; among X°¢ =
{Xg, l e 6}.

B.2.1. UPPER BOUNDING ﬁp(D) - ﬁp (Dj)

For every 1 < j < n, one gets

~ ~ n 1
FplD) = By (D5) = < ) 2 {]l{jeé}p (Lap ) ~ Ly

p
+ ey 29 ( {Ap (oA}~ ﬂ{ﬁﬂx#m}) } '

ZEe

Absolute values and Jensen’s inequality then provide

n\ 1
<p) Z{]l{]ee} +]1{J€€} Z {AEE(Xi)¢Aij(Xi)}}

e ZEe

1 n
n+(p> Zﬂ{]@} Z {aprceyral o)

IN

IN

:;+;;Pe [j Ce,ice, AP(X) #Afﬁ(Xi)} :

where the notation P. means the integration is carried out with respect to the random
variable e € &,,_,, which follows a discrete uniform distribution over the set &,_, of all
n — p distinct indices among {1,...,n}.
e Df . e Df
Let us further notice that {AE (X5) # A7 (XZ)} C {j eVl (Xx;)uv”’ (Xi)}, where

e

De
V.. 7 (X;) denotes the set of indices of the k nearest neighbors of X; among D5 with the
notation of the proof of Proposition 4.1. Then it results

SR [jee iea AP (X) £ AD(X)]

=1

gzn:Pe [j €e, i€e, jerDE(Xi)UV,CD;(XZ-)}
=1

<Z( [jee ice jeVP (X )]+Pe[jee,ieé,jerDe(Xi)qupf(Xi)D
SQZPe[jEQ,iEé,jGVkDE(XZ’)]7
i=1
which leads to

R,(D) — R, (D; ‘ —+ Z]P’ jce,ice jeVP(Xy)].
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Summing over 1 < j < n the square of the above quantity, it results

n n

n 2
Z(EP(D)—E,,(D]-))QS {i+;zpe [jce ice, jeV,;De(Xi)]}
=1

=1 =1
<2Zn2+2{ ZIP’ jce ice je VP z”}
j=1 =1
2 1L ‘ 2
gn+sz{pzmee, ice jeVp (XOJ} :
j=1 i=1

B.2.2. EVALUATING THE INFLUENCE OF EACH NEIGHBOR

Further using that

n n 2
Z( ZP jEe, i€e, jer ( Z)])

7j=1 i=1

_Z Z (jee ice jeV, (1)])2"’_

Z Z P, ]66 ice jeVP (XZ)}IP’e[jee,ieé,jEVkDE(Xg)]
1<i#l<n
- T1 T2,

let us now successively deal with each of these two terms.

Upper bound on 71
First, we start by partitioning the sum over j depending on the rank of X; as a neighbor

of X; in the whole sample (X7,..., X,). It comes
= Xn:Z{Pe [j €e, ice j€ V,g’e(Xi)H2
2

( (mliceicaicwmlie ¥ {pe[jee,iEe,jerDE<Xi>]}2>.
1 \jeVi(Xy) JEVip (Xi)\ Vi (X5)

1=

Then Lemma D.4 leads to

Z {IP’e[jee,z’eé,jerDE(Xi)}f—k Z {Pc[jee ice jeViP(X)]}

JEVR(X:) JEVitp(Xa)\ Vi (X5)
2
pn—p . .. De pn—p
S‘Z <nn—1> +‘ Z P.[jce ice jeV, (Xi)]ﬁn_l
JEVR(X:) TEVip (Xi)\ Vi (X3)

2 _ _ 2., _

pn—p kpp—1pn—p pP\2n—p

=k + — = =k(=
nn—1 nn—1nn-—1

2
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where the upper bound results from } . a < (max; a;) >, aj, for a; > 0. It results

ZZZ{P jEe 1€ e, jer ( Z)]}Q 1n[k(p)2n—p]:kn—p

n/ n-—1 nn-—1
Jj=11=1

Upper bound on 72
Let us now apply the same idea to the second sum, partitioning the sum over j depending
on the rank of j as a neighbor of £ in the whole sample. Then,

22 Z P.[jce ice jeVE(X)]|Pe[jce Lee je VP (Xy)]
7=11<i#l<n

ZZ Z P, jEe i€e, jGVkE(Xi)]%Z:];

i=1 (i jEV;,(Xy)

FEYY Y mfjecienjer o] 22

i=1 L1 jEViyp(Xe)\Vi(Xe

We then apply Stone’s lemma (Lemma D.5) to get
T2

pn—p kpp—1
2ZZP {Jee ice jeVP( i)} (Z]ljevk(xé)nn_l+Z]]'jevk+p(xl)\vk(Xlnn_l)

i=1 j=1 123 0F£i

kp pn—p kpp—1 k> (n—p p—1

— — | kvg— k — ) =yg— k —

_p2;n<mnn_l+( v ) = (k) —
2

k p—1
=v4— [ 1+ (k -1H)—.
de<+( +p )n—1>

Gathering the upper bounds
The two previous bounds provide

n n 2
Z{;Zpe [j€e, ice, jerDe(Xi)]} =T1+T2
j=1 i=1

2

kn— k -1
<ZDTP L= <1+(k—|—p—1)p>,
nn—1 n n

which enables to conclude

j=1
2
n

<

<1+4k+4k27d[ + (k+p) _1]> SM

- - [l—i—(k—l—p) _1}.

1
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B.2.3. GENERALIZED EFRON-STEIN INEQUALITY

Then (D.4) provides for every ¢ > 1

1+ 7q)k? -1
<4,ﬁ\/ V) {1+(/€+p)p].
2¢q n—1
Hence combined with ¢! > ¢%¢~9,/2mq, it comes

o[ (o ]} < v (20220

[ -2 ]|

1+ (k+p)

3%
}_.._.
_
\_/

8(1 k? 1
<q!<16e;~@(+7d>[1+ k:+pp )
n n—1
The conclusion follows from Lemma D.2 with C' = 16(3,‘4M [1 + (k+p) 2= . ] Then

for every t > 0,

~ ~ ~ ~ 2
P (Rpn —E (Bpn) > t) VP (B (Rpn) = Byn > t) <exp [ - n
1024erk2(1 + q) [1 + (k+ p)—}]
B.3. Proof of Theorem 4.2 and Proposition 4.2
B.3.1. PROOF OF THEOREM 4.2

If p<n/2+1:
In what follows, we exploit a characterization of sub-Gaussian random variables by their
2¢-th moments (Lemma D.2).

From (3.3) and (3.4) applied with 2¢, and further introducing a constant A =
4./e max <\/01/2,Cg> > 0, it comes for every ¢ > 1

R R 2% A2 12 q A2 12 q
E ‘ L—E[R,, < (2" )< (22 ) g, (B
[Rp’ [Rp’] ]_<l6en—p+1) (29) _<8n—p+1> 1 (B-1)
with ¢? < ¢le?//2mq. Then Lemma D.2 provides for every ¢t > 0
~ ~ ~ ~ +2
IP’(Rpm—E [Rp,n} >t) VP(E [van} —Ryn >t) §exp< (n—p—+ 1)A2k‘2)

If p>n/2+1:
This part of the proof relies on Proposition D.1 which provides an exponential concentration
inequality from upper bounds on the moments of a random variable.

Let us now use (3.3) and (3.6) combined with (D.1), where C' = [n%pHJ’ qo = 2, and
min; a; = 1/2. This provides for every ¢ > 0

o] |2 ex
“In—p+1

) 5 o \1/3
ex —imin (n—p+1) o ! (n—p+1) r !
Pl 2 n—p+1] 4r2kvk’ n—p+1]| 4I2k2 ’

[ []
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where I' arises from Eq. (3.6).

B.3.2. PROOF OF PROPOSITION 4.2
As in the previous proof, the derivation of the deviation terms results from Proposition D.1.

With the same notation and reasoning as in the previous proof, let us combine (3.3)
and (3.6). From (D.2) of Proposition D.1 where C' = LH—LPHJ’ go = 2, and min; o; = 1/2,

it results for every ¢t > 0

~ ~ 2 3/2
P ‘an—E[an] >T ¢ LGP L VL) I B
’ ’ (n—p+1) n n n—p+1
n—p+1 n—p+1

where I" > 0 is given by Eq. (3.6).
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Appendix C. Proofs of deviation upper bounds

C.1. Proof of Ineq. (5.3) in Theorem 5.1

The proof follows the same strategy as that of Theorem 2.1 in Rogers and Wagner (1978).

Along the proof, we will repeatedly use some notation that we briefly introduce here.
First, let us define Zy = (Xo,Yy) and Z, 11 = (Xp+1, Yn+1) that are independent copies
of Z1. Second to ease the reading of the proof, we also use several shortcuts: fix(Xo) =
.Af” (Xo), and f¢(Xo) = AP" (X,) for every set of indices e € &,_, (with cardinality n— p).

Finally along the proof, e,¢’ € &,_, denote two random variables which are sets of
distinct indices with discrete uniform distribution over £,_,. The notation P (resp. P, o)
means the integration is made with respect to the sample D and also the random variable
e (resp. D and also the random variables e,€’). E.[-] and E . [-] are teh corresponding
expectations. Note that the sample D and the random variables e, ¢’ are independent from
each other, so that computing for instance P, (i € ) amounts to integrating with respect
to the random variable e only.

C.1.1. MAIN PART OF THE PROOF

With the notation L,, = L(AL"), let us start from

~

E[(Rpn — Ln)?] = E[RAAP")] + E[L2] = 2 [RpnLa) ,
let us notice that
E[£2] =P (Fu(Xo) # Yo, fi(Xut1) # Yat1)
and
E[RpnLn| =P (Ful(Xo) £ Yo, i(X0) £ Vil i ¢ e) P (i ¢ ).
It immediately comes

E [(ﬁp,n - Ln)ﬂ

— B [R2(AD)] ~ P (FulX0) # Yo Fe(X0) £ Vi | i g e)Pe(i ¢ €) (€.1)
+ [P (FulX0) # Yo, FulXns1) # Y1) = Pe (JulXo) # Yo, i (X)) £ Vil i ¢ e) Pe(i ¢ ) ] -
(C.2)

The proof then consists in successively upper bounding the two terms (C.1) and (C.2) of
the last equality.

Upper bound of (C.1)
First, we have

2 D2 Dy, _

PE[RAT] = 3B | 170y T L7y oy Lo |
.7

= D Eeo []l{mxi#n}ﬂ{i@}ﬂ{f,s%x#n}]l{i%e'}}

+§'Ee’e/ Loy Lo L7 oo heeen |
7]
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Let us now introduce the five following events where we emphasize e and €’ are random
variables with the discrete uniform distribution over &, _,:

Sy = {ide, ide,
Sl = {ige jge,i¢ge, jget, Sh={ige jgc, i¢ge, jee},
S} o= {ide jgc, ice, jtel, Sh={i¢ge j¢c, ice, jee}

i
N
&=
&)
AN
.L
@
=
)
/—\

(X0 # Y (XG0) # YilSY) P (S7)

+ZZ}P’@€ (f;C )£ Y;, fF(X:) # Yi|5i{j) Pe e (Sfj)

i#j £=1
= nPe,e’ (J?IS(XI) 7& Y17 f/%/(Xl) 7& Yl‘S(l)> ]P)e’e/ (S(l))

4
+nln—1)Y P (X0 # Y10 i (X2) # Y2 | S) Peer (S1,).

(=1

Furthermore since

pg[n}P’e’e (S7) +n(n—1 ;}Pee/( )

1
= PZPW' (z ¢e jé& e’) =
i,

it comes
PN ~ ~ -1
B[ BRAD)] ~ Powr (BuX0) # Y0, fi(X1) £ V1) = A+ "(”pg)B, (C.3)
where
A= [Pew (X0 # Y1 JE(X0) # V1| 97) = Pew (Jul(X0) # Y0, Fi(X0) £ Y | 57) |

X Pe,e’ (Sg) y
4
and B=3" [Pow (F0X0) # Y, F(X0) £ Yo | 8,) — e (FulXo) # Yo, F{(X1) # 11 | 81,)]
/=1

X ]P>676/ (5{72) .

e Upper bound for A:
To upper bound A, simply notice that:

A S R () <Fulige igd)< ().

e Upper bound for B:
To obtain an upper bound for B, one needs to upper bound

Peor (FE(X0) A1, i (X2) # Y2 | 815) = Pew (B(Xo) # Yo Ji(X0) £ Y1 | S1,)  (C.4)

which depends on /, i.e. on the fact that index 2 belongs or not to the training set e.
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e If2¢ e (i.e. £=1or 3): Then, Lemma C.2 proves

ApVk

C4) <
( )< 2mn

o If 2c e (i.e. £=2or4): Then, Lemma C.3 settles

8Vk vk

C.4
(C4) < 27 (n —p) 2mn

Combining the previous bounds and Lemma C.1 leads to

B< (4])2\7Zi> []P)e,e’ (Si2) _}_Pe’e, (S%’Q)} + <\/2—f(\T/LE_ 2 + 422;5) [Pe,e’ (512,2) + P e (Si2)]

22 ~[p 2 4
< F\/% E []P)e,e’ (Sll,Q) + Pe,e/ (S%,Q)] + (TL —p + n) []P)e,e’ (S%,Q) + ]P)e,e/ (5%72) ]:|

< 2\\//%5\/% _%Pe,e’ (Z §Z €, ] ¢ 6/) + 112—p (Pe,e’ (512,2) JFIP)e,e’ (Si2)):|
2V2 p[p (2, 2 ((n—pp’(p—1) (n—p)*?
SF\/% n (E) +n—p< n?(n —1)2 +n2(n—1)2)]
2v2 ~/p\2[p 2
< =V () [nm_l]
Back to Eq. (C.3), one deduces
B [RAP)] ~ Puwr (FiX0) # Y0 Fi00) £ 11) = B4+ 02U
1, 20 VE
—n Jr n

Upper bound of (C.2) First observe that
P. o ( fr(Xo) # Yo, FE(X)) £ Y | i — P (FUY(Xo) # Yo, FE(X Y,
e,e fk( 0)7’é 07fk< z)?‘é z‘zgée e,e fk ( 0)7‘é vak( n+1)7é n+1
where fk(_l) is built on sample (X3,Y3), ..., (Xn41, Ynt1). One has
P (fulX0) # Yo, FuXan) # Yot ) = Pewr (FulXo) # Y0, Fo(X0) # Vi | ¢ )

= P (FilXo) # Yo, u(Xat1) # Va1 ) — Pewr (Fi' " (X0) # Vo, Ff (Xns1) # Yo

P (FlXo0) # ' (X0)) + Bew (Fi(Xni1) # Fil(Xnsn)
Wk Apvk
V2mn omn

IN

IN
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where we used Lemma D.6 again to obtain the last inequality.

Conclusion:
The conclusion simply results from combining bonds (C.1) and (C.2), which leads to

o [(Em - Ln)2:| . 2\;/; (2p +n3)\/E N TlL

C.1.2. COMBINATORIAL LEMMAS

All the lemmas of the present section are proved with the notation introduced at the be-
ginning of Section C.1.

Lemma C.1. For any 1 <i# j <mn,

Gp) ) (s D) GB)
1y lnp p (52) = n
Pee B =y oy P B0 =T 0
5y ) Gh ) iy G G
f L e I B

Proof of Lemma C.1. Along the proof, we repeatedly exploit the independence of the ran-
dom variables e and ¢/, which are set of n — p distinct indices with the discrete uniform
distribution over &, _p,.

Note also that an important ingredient is that the probability of each one of the following
events does not depend on the particular choice of the indices (7, ), but only on the fact
that ¢ #£ j.

Pe,e’ (Sll,]) = Pe,e’ (i¢ea j¢6/7 i¢€/7 ]¢€)
— Pe(i¢€aj¢e)Pe’(j¢e/7i¢6/): Zﬁp X

Pe,e’ (SZ]) = ]P)e,e’ (Z §é €, ] ¢ 6/7 Z¢ 6,7 ] S 6)

= Pe(id¢de jee)Pu(jde, ide)="2 x(n

Pee (S7;) = Pee(ide jge, ice, jie)

= P(ige jge)Pu(jg¢e, ice)= 2200

Pee (Si;) = Pee (ide, jge, ice, jee)

= Pe(ige jee)Pu(jge, ice)= "2 x
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Lemma C.2. With the above notation, for ¢ € {1,3}, it comes
apvk

2mn

B, (FE(X0) # Y, JE (Xa) # Y2 | S15) — B (Fu(X0) # Yo, fi(X0) £ Vi | S1,) <

Proof of Lemma C.2. First remind that as a test sample element Zj cannot belong to either
e or ¢/. Consequently, an exhaustive formulation of

P (fu(Xo) # Yo, fE(X1) # Y1 | S12) = P (Fe(X0) # Yo, FE(X1) # V1 | S12) -
Then it results

Pe (Fu(Xo) £ Yo, (X0 £ Y1 1 882) = B (R7(00) £ %8, Jo(X0) £7115%,).

where fi” is built on sample (Xo,Y0), (X1, Y1), (X3, Y3), -rrs (X, V).
Hence Lemma D.6 implies

Pe e (fzf(Xl) £ Y1, f{(X2) #Ya | S 2) — Peer (J?k(XO) # Yo, fE(X1) # V1 | sz)
Peor (FEOX0) 271, JE (Xa) # Y | 88s) = Per (77 (X2) # Y2, Fi(X1) # 71 | 51)

({ﬁs X0) Ao {frxq) £ i1 80a) + B ({77 00) 22} A {7 (0) 22} 1 812)
(3"

Apvk
V21

r (X2) #fk(Xz)\S )_

Lemma C.3. With the above notation, for £ € {2,4}, it comes

Poo (FE(X0) # Vi, J (X2) # Y2 | S15) = Pewr (ful(Xo) # Yo, (1) # Y1 | S1,)

8vVk vk
= V27(n — p) * 2mn

Proof of Lemma C.3. As for the previous lemma, first notice that

Peer (FlXo) # Yo, FE(X1) £ V1 | 8) = P (A7 00) 272, A°(X0) 2111 81,).

where . is built on sample e with observation (X2, Ys) replaced with (Xo, Yp). Then
P, (f;:(Xn AV, J(Xa) £ 2| SEo) = Pewr (FulXo) # Yo, fi(X1) # Y | S1,)

~ (2 ~e€o
00) # i JY () # Y21 805) ~ P (7060) # Va0 57060 #1481, )

~

s
{0 #nfa{f @) #1i}18,) +Pew ({fk@’(XZ) # YQ} a{F X2 # v} Sf,2>

—Pu (FEC0) £ R700) 1 8L) + P (5700 # 7 (30) | 81 < ﬁf(f p)+4p£~
O
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C.2. Proof of Proposition 5.1

The bias of the L10 estimator is equal to

B2 (AP) -2 (A7)

= —2E [(n(X) - 1/2) (E[E [ AP"(x)

= —2E | (n(X) ~ 1/2) (E [E [ AP"(X) Dn-1<X>rX<k+1><X>, |

—1/2 {E [A,?H(O) — AP 0) | X g1y (0) = 0, X = 0] P [ X(01)(0) = 0
B | AP (0) = AP0 | X1y (0) = 1,X = 0| P[ Xy (0) = 1] X = 0]}

—1/2 {E[AEH(U—A?*Q) | Xy (1) :0,X:1]]P’[X(k+1)( )=0] X =1]

+E [,433”(1) — AP (1) | Xy (1) = 1, X = 1} P X)) =1] X = 1]},

where X ;4 1)(7) denotes the k + 1-th neighbor of x.

Then, a few remarks lead to simplify the above expression.

e On the one hand it is easy to check that

E | AP"(0) = AL (0) | Xgi1)(0) = 0, X =0

N Dy
—E [AE (1) = AP (1) | Xy (1) = 1, X = 1} —0,
since all of the k + 1 nearest neighbors share the same label.

e On the other hand, let us notice

E | AP"(0) = A7 (0) | Xty1)(0) = 1, X =0
=P [ AP (0) = 1, A7 (0) = 0| Xy1)(0) = 1, X = 0]

_p [AEH(O) =0, AP 1(0) = 1| X(pa1)(0) = 1, X = 0] .

Then knowing X(;11)(X) and X are not equal implies the only way for AkD” and

Af“’l to differ is that the numbers of k nearest neighbors of each label are almost
equal, that is either equal to (k —1)/2 or to (k+ 1)/2 (k is odd by assumption).

With N} (respectlvel ]\7&) denoting the number of 1s among th k£ nearest neighbors of
X =0 among Xi,...,X, (resp. X1,...,X,_1), the proof of Theorem 3 in Chaudhuri
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and Dasgupta (2014) leads to

P [ AP (0) = 1A (0) = 0 X (0) = 1,X = 0]

—P [n € Vi(0), N§ = (k+1)/2,N§ = (k = 1)/2| X(341)(0) = 1, X = o}

= % X P [1\701 =(k—1)/2| Ny = (k+1)/2, X(5:1)(0) =1, X :o}

xP[Ny = (k+1)/2| X441)(0)=1,X =0]

_k k+1 k=1 ) _ k _(h41)/2 (1 =\ (k—1)/2
= () = ()

k+1 koo o2 () _ gy (=172
= — 1 —
on M ((k+ 1)/2)77 (1=m)

Y

where H(a, b; ¢) denotes a hypergeometric random variable with a successes in a pop-
ulation of cardinality a + b, and ¢ draws, and 77 = mono + (1 — mo)n1 = 1/2.

Following the same reasoning for P [.Af" (0) =0, AE"‘I(O) =1 X4p41)(0)=1,X = 0}

and recalling that ng = 0 and n; = 1 by assumption, it results

E [Agn(o) - Afn—l(o) | Xo+y(0) =1, X = 0} = —kQ—J;l X <(k +/<71)/2> (1/2)%.

Similar calculations applied to X = 1 finally lead to

E [L (Afn) .y (Af"*l)] - ’“;;1 X <(k +k1)/2> (1/2)F x P [ X(431)(0) = 1| X = 0]

- % X ((k; +k1)/2> (1/2)% x P[B(n,1/2) < k].

The conclusion then follows from considering k& > n/2 which entails that
P[B(n,1/2) < k] > 1/2, and also by noticing that

k+1 k VEk
on <(k + 1)/2> (12" 2 0,

where denotes a numeric constant independent of n and k.
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Appendix D. Technical results
D.1. Main inequalities
D.1.1. FROM MOMENT TO EXPONENTIAL INEQUALITIES

Proposition D.1 (see also Arlot (2007), Lemma 8.10). Let X denote a real valued random
variable, and assume there exist C > 1, A\1,...,A\ny >0, and oy, ...,any >0 (N € N*) such
that for every q > qo,

N q
E[|X]"] < C (2 Aiqai) .
i=1
Then for every t > 0,
=
. —(min; a;)e ! min]-{( t*]) J }
Pl X|>t] < Celo™ni%e , (D.1)

Furthermore for every x > 0, it results

al ex \"
F [|X| - Z)\i <min-a-)
i=1 7

< Clefoming oy, o= (D.2)

Proof of Proposition D.1. By use of Markov’s inequality applied to |X|? (¢ > 0), it comes
for every t > 0

q
E[1X]7] S g
P[’X‘ > t] < ]ququ + ]1q<qo < ﬂquoC % + ]lq<qo-

Now using the upper bound sz\; 1 Aig® < N max; {\;¢* } and choosing the particular value

1

G=q(t) = e ' miny { (ﬁ) % }, one gets

1 [e7) q
max; {N/\z (eai minj {(Nt)\]> & }) }
PIX| > t] < 1g24,C

t

1
e ()
J
< Lg>q Ce 4 1oy,

which provides (D.1).
o
Let us now turn to the proof of (D.2). From t* = Zz]\;1 i ( L ) combined with

ming oy

* x

= S it arises for every x > 0
N . —-1__ex i N . €x &
SN Ai(g)s 2= N (e min; aj) Lo it (minj aa‘) — minj, &
B t* - N a = m]?Xe ' N a = ¢ o
. ex . ex
Zi:l >\l (minj a; ) Zi:l >\Z (minj aj>
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Then,
N Naa1et a _ : x
C <Zi—l ;\:(q ) ) < Ce (mlnkak)mmjaj —Ce ",
Hence,
N ex i
PlIX|>) N[ — < Ce  gesgy + Lgrag, < Ce®M Y . =T
!| | ; g <m1nj aj) = q*>qo0 q*<qo =
since e ™M > 1 and —z + gomin; a; > 0if ¢ < qo.

D.1.2. SUB-GAUSSIAN RANDOM VARIABLES

Lemma D.1 (Theorem 2.1 in Boucheron et al. (2013) first part). Any centered random
variable X such that P(X >t) VP (=X >t) < et/ satisfies

E [X%] < q! (4v)7.
for all g in N4.

Lemma D.2 (Theorem 2.1 in Boucheron et al. (2013) second part). Any centered random
variable X such that

E [X?%7] < qlC1.
for some C >0 and q in Ny satisfies P(X > t) VP (=X > t) < e /@) with v = 4C.

D.1.3. THE EFRON-STEIN INEQUALITY

Theorem D.1 (Efron-Stein’s inequality Boucheron et al. (2013), Theorem 3.1). Let
X1,..., Xy be independent random wvariables and let Z = f(X1,...,Xy) be a square-
integrable function. Then

Var(2) < Y B[(Z ~E[Z | (X)) = v.

Moreover if X|,..., X] denote independent copies of X1, ..., X, and if we define for every
1< <n

ZZ{:f(Xl,...,XZ{,...,Xn),

then
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D.1.4. GENERALIZED EFRON-STEIN’S INEQUALITY

Theorem D.2 (Theorem 15.5 in Boucheron et al. (2013)). Let &1,...,&, be n indepen-
dent Z-valued random wvariables, f : Z" — R denote a measurable function, and define
¢ = fl&,....&) and ¢ = f(&,...,&, ..., &), with &,...,&, independent copies of &;.
Furthermore let V., = E [Zi:l [(C=¢). )7 | 51] and V- = E [Zi:l [(C=¢) ]| fl}

Then there exists a constant k < 1,271 such that for all q in [2,+00],

1€ -EOL |, < /2malVallye . and (€ —EQ)_|, < \/2ralVo]ls -

Corollary D.1. With the same notation, it comes

I¢ — Ell, < D=2 <2vrg Z C—E[C| ()i (D.3)
i=1 a/2 =1 a/2
Moreover considering C(j) = fl&,.. . &§-1,841, -, &n) for every 1 < j < mn, it results
¢ - Bl s2r2mqm2?1 (o] .- (D.4)

D.1.5. McDIARMID’S INEQUALITY

Theorem D.3. Let Xy, ..., X, be independent random variables taking values in a set A,
and assume that f : A™ — R satisfies

sup }f(xl, ooy Ty ey T) — f(1, ey ,mn)‘ <g¢g,1<i<n.

Z1yeesTn, T,
Then for all € > 0, one has
_252/2?—1 sz
_252/21 16

P(f(X1, .0, Xp) = E[f(X1, .0, Xn)]
P(E [f(Xla 7Xn)] - f(Xla 7Xn)

£)
£)

A proof can be found in Devroye et al. (1996) (see Theorem 9.2).

IAIN

>
>

D.1.6. ROSENTHAL’S INEQUALITY

Proposition D.2 (Eq. (20) in Ibragimov and Sharakhmetov (2002)). Let Xi,..., X, de-
note independent real random variables with symmetric distributions. Then for every q > 2
and v > 0,

q

> EIXE) ¢

i=1

n q

>ox

=1

n

<B(g,) 7Y E[IXi|] v

=1

E

where a V' b = max(a,b) (a,b € R), and B(q,7) denotes a positive constant only depending

on q and vy. Furthermore, the optimal value of B(q,y) is given by

B*(gy) = 1+200H Cif 2<q<4,
v VB[ Z -2 i 4<q,
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where N denotes a standard Gaussian variable, and Z,Z' are i.i.d. random variables with
Poisson distribution P (71/(2(1_1) )

Proposition D.3. Let Xi,..., X, denote independent real random variables with symmet-
ric distributions. Then for every q > 2,

n
>
=1

Proof of Proposition D.3. From Lemma D.3, let us observe

E

] < (2\/%>qmax ¢"> E[1X]7], (V)"
=1

e if 2 < g <4, choosing v = 1 provides
q
B*(q,7) < (2\/26\/5) :
o if 4 < q,v=q@ /2 Jeads to

B*(q,7) < ¢ 2 ( deq (qV/? +q))q < g2 (\/@q)q _ (2\/%\/5)11-

Plugging the previous upper bounds in Rosenthal’s inequality (Proposition D.2), it results
for every q > 2

Lemma D.3. With the same notation as Proposition D.2 and for every v > 0, it comes

o for every 2 < q <4,

q
B*(q,7) <1+ Wiﬂ),

o for every 4 < q,

q

B*(g,v) <~y Y7 <\/ deq (y1/(a=1) + Q)>
Proof of Lemma D.5. If 2 < q < 4,
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by use of Lemma D.9 and \/Zjl/q < /e for every q > 2.
If g >4,

B*(q,y) =y Y VE[|Z - 2'|"]
—q/(g-1)9q/2+1 4 (/1) a/2
e )

< /e 1)9u/2, /3¢ /e [g (,71/(q—1) +q) }q/2
q

<y 1) [aeq (/67D 4 ) }Q/ 2 /) < VJea (a0 & q)) ’

applying Lemma D.11 with A = 1/2!/(a=1),

O
D.2. Technical lemmas
D.2.1. BASIC COMPUTATIONS FOR RESAMPLING APPLIED TO THE ENN ALGORITHM
Lemma D.4. For every 1 <i<n and 1 <p<mn, one has
P, (ice) = %, (D.5)
n
. . kp
Y Plice, jeVi(X)] =~ , (D.6)
=1 "
L kpp—1
Z P, [i € g, jGV,f(Xi)]:;pi_l : (D.7)
k<o (5)<k+p

Proof of Lemma D.J. The first equality is straightforward. The second one results from
simple calculations as follows.

n n -1 -1 n
Zpe [ice jeViXy)] = Z (”) Z Liceljeve(x;) = <n> Z Lice Z Lieve(x)
e e 7j=1

=1 =1 P P

_ ((Z>_l§ni€e> k= %k .

For the last equality, let us notice every j € V; satisfies

-1
P lice jeVAX) ] =Pe[j e VE(X:)|ice]Pelice] = —=L
n—pn
hence
Z Pe[iEévjevke(Xi)]:ZPe[ieajEVkE(Xi)]_ Pe[ieéajevke(Xi)]
k<oi(j)<k+p J=1 oi()<k
_ P 1£: pp—1
n n—pn nn—1
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D.2.2. STONE’S LEMMA

Lemma D.5 (Devroye et al. (1996), Corollary 11.1, p. 171). Given n points (1, ..., Ty) in
R?, any of these points belongs to the k nearest neighbors of at most kvy of the other points,
where g increases on d.

D.2.3. STABILITY OF THE kNN CLASSIFIER WHEN REMOVING p OBSERVATIONS

Lemma D.6 (Devroye and Wagner (1979b), Eq. (14)). For every 1 < k < n, let Ay denote
k-NN classification algorithm defined by Eq. (2.1), and let Z1, ..., Z, denoten i.i.d. random
variables such that for every 1 <i<n, Z; = (X;,Y;) ~ P. Then for every 1 <p <n—k,

4 k
P AW(Zin; X) £ Ax(Z1p i X)] < %P*nf |

where Zy; = (Z1,...,Z;) for every 1 <i <n, and (X,Y) ~ P is independent of Z .

D.2.4. EXPONENTIAL CONCENTRATION INEQUALITY FOR THE L10O ESTIMATOR

Lemma D.7 (Devroye et al. (1996), Theorem 24.4). For every 1 < k < n, let Ay denote
k-NN classification algorithm defined by Eq. (2.1). Let also Ry(-) denote the L10 estimator
defined by Eq. (2.2) with p=1. Then for every e > 0,

P (‘ﬁl(Ak,ZLn) —E [ﬁl(Ak,ZLn)} ‘ > 6) < 2exp {—nré;} )

D.2.5. MOMENT UPPER BOUNDS FOR THE L10O ESTIMATOR

Lemma D.8. For every 1 <k < n, let Ay, denote k-NN classification algorithm defined by
Eq. (2.1). Let also Ry(-) denote the L10 estimator defined by Eq. (2.2) with p = 1. Then
for every g > 1,

E “ﬁl (A, Z1n) —E | Ry (Akal,n)} ‘Qq] <q <2W>q. (D.8)

n
The proof is straightforward from the combination of Lemmas D.1 and D.7.

D.2.6. UPPER BOUND ON THE OPTIMAL CONSTANT IN THE ROSENTHAL’S INEQUALITY

Lemma D.9. Let N denote a real-valued standard Gaussian random variable. Then for
every q > 2, one has

q

2

E[|N|?] < ﬂeﬂ(%) .

Proof of Lemma D.9. 1f q is even (q = 2k > 2), then

E[|N] /+Oo L -2y \/5( )/+Oo 2%
=2 T e 2dr=1/—(qg—1 x?™%e” 2 dx
NP =2 [ et -1 |

J2 (g1 )2 q'
N \/;2’f—1(k -1 \/;Q‘I/Q(q/Q)! '
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Then using for any positive integer a

it results

which implies

2l <2y (2)" < viva 2)

If g is odd (¢ = 2k + 1 > 2), then

E[|N|7] \f/qu—zdx_\f/qu—tdt

by setting = v/2¢t. In particular, this implies

E[|N]] < \/7/ (2t)% e~tdt = \/72’%1 \Fq1<_>'<\fe\f()g

Lemma D.10. Let S denote a binomial random variable such that S ~ B(k,1/2) (k € N*).
Then for every q > 3, it comes

EHS—E[S]\%M\@\@

Proof of Lemma D.10. Since S — E(S) is symmetric, it comes
+00 +oo
E[\S—E[S]]q]:Q/ P[5<E[S]—t1/q}dt:2q/ P[S < E[S] - u]ut du.
0 0
Using Chernoff’s inequality and setting u = \/k/2v, it results

+00 .2 p? pteo 2
E[|S-E[S]] < 2q/ ulte” F du = 2q 5 / vi~le™ 2 du.
0 0

If ¢ is even, then ¢g—1 > 2 is odd and the same calculations as in the proof of Lemma D.9
apply, which leads to

k i’ q/2 [qk" [qk"
_ 1) < q/2 I < \/> a/2 q — q q
E[IS-E[S]|?] < 2\/; 2 (2) 2 5 29/=, /meq (28) 2v/me /q o < 4\/e /q 9
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If ¢ is odd, then ¢ — 1 > 2 is even and another use of the calculations in the proof of
Lemma D.9 provides

q q
k™ (g—1)! k q!
_ q — _ _
E[IS-E[S]] ]<2q\/; 2(s-1)/241] _2\/; 2(-1/24 11"

Let us notice

¢! < V2req (1) — V2, 1 (2)*
2(¢-1)/2a 1y — 1\ (@-1/2 qg—1 (g_1)\(@D/2
2 20-1/2, /x(q —1) (%) (‘1?)

g\ (a+1)/2 q (a=1)/2
= V2e q— g—1 ( ) q—1

(g-1)/2
[ a <Q) < Ve
g—1\qg—1

: q!; < % (g)(q+l)/2:2\/é\/a(g)tﬂ2’
—

Blls-Bl517 < 2% 2veva (1) = aveva [ -

Lemma D.11. Let X,Y be two i.i.d. random variables with Poisson distribution P(\)
(A > 0). Then for every q > 3, it comes

and also that
This implies

hence

O]

2
E[|X - Y]7] < 292 e /g {g(2>\+q)}q/ .

Proof of Lemma D.11. Let us first remark that
E[IX -Y["]=En[E[|X -Y[" | N]] =2"En [E[|X - N/2|" | N]],

where N = X + Y. Furthermore, the conditional distribution of X given N = X +Y is a
binomial distribution B(NV,1/2). Then Lemma D.10 provides that

E[|X ~ N/21" | N] < avevay/ L
4\/5\/5 /% ] 2q/2+2\[\/’\/> Nq/2
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It only remains to upper bound the last expectation where N is a Poisson random variable
P(2)) (since X, Y are i.i.d. ):

Ex [N7?] < VE A7)

by Jensen’s inequality. Further introducing Touchard polynomials and using a classical
upper bound, it comes

Ey [N7?] < Zq}m)i;(?)iq—is i(zw;(‘?)qq—i
i=0

- 1
=1 1=

Finally, one concludes

q 2
E[|X —Y]?)] < aq/%%ﬁ\ﬁ 2% 2+ )77 < 22 ey [ L2+ 9) )"
e e
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