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Adaptive estimation of High-Dimensional Signal-to-Noise Ratios

Nicolas Verzelen* and Elisabeth Gassiat!

Abstract

We consider the equivalent problems of estimating the residual variance, the proportion of
explained variance n and the signal strength in a high-dimensional linear regression model with
Gaussian random design. Our aim is to understand the impact of not knowing the sparsity of
the regression parameter and not knowing the distribution of the design on minimax estimation
rates of n. Depending on the sparsity k of the regression parameter, optimal estimators of 7
either rely on estimating the regression parameter or are based on U-type statistics, and have
minimax rates depending on k. In the important situation where k is unknown, we build an
adaptive procedure whose convergence rate simultaneously achieves the minimax risk over all k&
up to a logarithmic loss which we prove to be non avoidable. Finally, the knowledge of the design
distribution is shown to play a critical role. When the distribution of the design is unknown,
consistent estimation of explained variance is indeed possible in much narrower regimes than
for known design distribution.

1 Introduction

1.1 Motivations

In this paper, we investigate the estimation of the proportion of explained variation in high-
dimensional linear models with random design, that is the ratio of the variance of the signal to
the total amount of variance of the observation. Although this question is of great importance in
many applications where the aim is to quantify to what extent covariates explain the variation of
the response variable, our analysis is mainly motivated by problems of heritability estimation. In
such studies, the response variable is a phenotype measured on n individuals and the predictors are
genetic markers on each of these individuals. Then, heritability corresponds to the proportion of
phenotypic variance which can be explained by genetic factors. Usually, the number of predictors
p greatly exceeds the number n of individuals. When the phenotype under investigation can be ex-
plained by a small number of genetic factors, the corresponding regression parameter is sparse, and
methods exploiting sparsity are of utmost interest. It appeared recently in biological studies that,
for some complex human traits, there was a huge gap (which has been called the “dark matter” of
the genome) between the genetic variance explained by populations studies and the one obtained
by genome wide associations studies (GWAS), see [29], [33] or [21]. To explain this gap, it has been
hypothesized that some traits might be “highly polygenic”, meaning that genetic factors explaining
the phenotype could be so numerous that the corresponding regression parameter may no anymore
considered to be sparse. This may be the case for instance when psychiatric disorders are associated
to neuroanatomical changes as in [2] or [32], see also [35]. As a consequence, sparsity-based methods
would be questionable in this situation. When the researcher faces the data, she does not know in
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general the proportion of relevant predictors, that is the level of sparsity of the parameter. In this
work, our first aim is to understand the impact of the ignorance of the sparsity level on heritability
estimation. Another important feature of the model when estimating proportion of explained vari-
ation is the covariance matrix of the predictors. There is a long standing gap between estimation
procedures that assume the knowledge of this covariance (e.g. [8, 24]) (which mathematically is the
same as assuming that the covariance is the identity matrix) and practical situations where it is
generally unknown. Our second aim is to evaluate the impact of the ignorance of the covariance
matrix on heritability estimation.

To be more specific, consider the random design high-dimensional linear model
yi=x0"+e, i=1,...,n (1)

X1
where y;,¢; € R, f* € RP, i =1,...,n, and X = : € R™P. We assume that the noise
Xn
€ = (e1,...,€,)T and the the lines x;, i = 1,...,n, of X are independent random variables. We
also assume that the ¢;, i = 1,...,n, are independent and identically distributed (i.i.d.) with
distribution N(0,0?), and that the lines x;, i = 1,...,n, of X are also i.i.d. with distribution
N(0,%). Throughout the paper, the covariance matrix X is assumed to be invertible and the noise
level ¢ is unknown (the case of known noise level is evoked in the discussion section). Our general
objective is the optimal estimation of the signal-to-noise ratio
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or equivalently the proportion of explained variation

Elllx{A 3 0
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when the vector §* is unknown and possibly sparse. In the sequel, 8* is said to be k-sparse, when
at most k coordinates of 8* are non-zero.

Note that estimating 77 amounts to decipher the signal strength from the noise level in Var (y;) =
0?4 ||21/25%||3. Since ||Y||3/ Var (y1) follows a x? distribution with n degrees of freedom, it follows
that ||Y[|2/n = Var (y1) [l + Op(n~'/?)] and it is therefore almost equivalent (up to a parametric
n~1/2 loss) to estimate the proportion of explained variation 7, the quadratic function g*733*
or the noise level o2. For the sake of presentation, we mostly express our results in terms of the
estimation of 7, but they can be easily extended to the signal strength or to the noise estimation
problems.

1.2 Main results

There are two main lines of research for estimating ¢ or 7 in a high-dimensional setting. Under the
assumption that §* is k-sparse with some small k, it has been established that 5* can be estimated
at a fast rate (roughly \/klogp/n) using for instance Lasso-type procedures, so that using an
adequate plug-in method one could hope to estimate n well. Following this general approach, some
authors have obtained klog(p)/n-consistent [34] and /1/n-consistent [5, 20] estimators of o in
some specific regimes. When * is dense (that is when many coordinates of 8* are nonzero), such



approaches fail. In this regime, a U-type estimator [17] has been proved to achieve consistency at
the rate /p/n. However, its optimality has never been assessed.

Our first main contribution is the proof that the adaptation to unknown sparsity is indeed
possible when ¥ is known, but at the price of a y/log(p) loss factor in the convergence rate when
B* is dense. The idea is the following. Let 77 (X7!) be a U-type estimator which is \/p/n-consistent,
the true parameter 3* being sparse or not. We shall denote it the dense estimator. Let also 7°F be a
klog(p)/n-consistent estimator when * is k-sparse for some small k. Then, if the real 8* is sparse,
both estimators should be fairly accurate and should give similar answers, and if the real g* is
dense, or not sparse enough, then 7°” will be quite wrong and will give an answer slightly different
from the dense estimator. Therefore, the idea is to choose the sparse estimator 7°F when both
estimators are close enough, so that the quickly convergence rate is obtained when the unknown
sparsity k is small, and to choose the dense estimator when both estimators are not close, in which
case the slower rate is attained which is appropriate in the dense regime. Such a procedure should
adapt well to unknown sparsity. Now, to be able to give a precise definition of the estimator,
that is to set what “close enough” quantitatively means, one needs a precise understanding of the
behavior of the dense and of the sparse estimators. Thus as a first and preliminary step, we obtain
a deviation inequalities for the dense estimator, see Theorem 2.1. We also establish the minimax
estimation risk of 7 as a function of (k, n, p) when the parameter 5* is k-sparse (see Table 1 below)
and when ¥ is known, thereby assessing that Dicker’s procedure [17] is optimal in the dense regime
(k > /p) and an estimator based on the square-root Lasso [34] is near optimal in the sparse regime
(k < /p). Again for known X, we finally construct a data-driven combination of 77 (X~!) (the
dense estimator) and %% (the sparse estimator) following the idea explained before. We prove that
such a procedure is indeed adaptive to unknown sparsity, see Theorem 3.2, and that it achieves
the minimax adaptive rate with a y/log(p) loss factor compared to the non adaptive minimax rate.
This logarithmic term is proved to be unavoidable, see Proposition 3.1.

Our second main contribution is an analysis of the proportion of explained variance estimation
problem under unknown 3. The construction of dense estimators such as 7”(X7!) requires the
knowledge of the covariance matrix 3. But in many practical situations, the covariance structure
of the covariates is unknown. For unknown 3, there are basically two main situations:

e Under sufficiently strong structural assumptions on X so that 37! can be estimated at the
rate /p/n in operator norm, a simple plug-in method allows to build a minimax and an
adaptive minimax procedure with the same rates as when 3 is known, see Corollary 4.4.

e Our main result is that, for a general covariance matrix 3, it is basically impossible to build a
consistent estimator of 7 when k is much larger than n; see Theorem 4.5 and its comments for
a precise statement. This is in sharp contrast with the situation where X is known, for which
the problem of estimating n can be handled in regimes where 5* is impossible to estimate
(e.g. k= p and p = n'™* with x € (0,1) as depicted in Table 1). For unknown and arbitrary
3, the range of (k,n,p) for which 1 can be consistently estimated seems to be roughly the
same as for estimating £*, suggesting that signal estimation (5*) is nearly as difficult as signal
strength estimation (ﬁ*TZB*). This impossibility result unveils that, in the high-dimensional
dense case, the knowledge of the covariance matrix is fundamental and one cannot extend
known procedures such as [17, 18] or 7”(271) to this unknown variance setting.



Table 1: Optimal estimation risk E[(77—n)?] when 8* is k-sparse and X is known. Here, a € (0,1/2)
is any arbitrarily small constant and it is assumed below that n < p < n2. The results remain valid

2 2 2 2
for p > n? if we replace the quantities %%(p) and % by %%(p) A1 and L3 A1, respectively.

| SPARSITY RECGIMES || MINIMAX RISK | NEAR-OPTIMAL PROCEDURE |
k< % 1 SQUARE-ROOT LASSO ESTIMATOR 7°% (12)
1O\g/é) <k <pl/?e % SQUARE-ROOT LASSO ESTIMATOR 7°F (12)
k> \/p L DENSE ESTIMATOR 17 (271) (8) (see also [17])

1.3 Related work

The literature on minimax estimation of quadratic functionals initiated in [19] is rather exten-
sive (see e.g. [11, 28]). In the Gaussian sequence model, that is n = p and X =1I,,, Collier et al [14]
have derived the minimax estimation rate of the functional ||3*||3 for k-sparse vector 8* when the
noise level ¢ is known. However, we are not aware of any minimax result in the high-dimensional
linear model even under known noise level.

Another problem related to the estimation of the quadratic functional B*7¥5* is signal de-
tection, which aims at testing the null hypothesis Ho:“8* = 07 versus Hj ;[r]: “|=V28413 >
rand |f*|p < k7 (where |5*|o denotes the number of non nul coordinates of *). The minimax
separation distance is then the smallest r such that a test of Hy vs Hj, is able to achieve small
type I and type II error probabilities. This minimax separation distance is somewhat analogous
to a local minimax estimation risk of |£/23%(|2 around £* = 0. In the Gaussian sequence model,
minimax separation distances haven been studied in [4, 23]. These results have been extended to
the high-dimensional linear model under both known [3, 22] and unknown [22, 39] noise level. Our
first minimax lower bound (Proposition 2.4) is largely inspired from these earlier contributions, but
the minimax lower bounds for adaptation problems require more elaborate argument. In particular,
the proof of Theorem 4.5 is largely based on new ideas.

Recent works have been devoted to the adaptive estimation of sparse parameters §* in (1) under
unknown variance. As a byproduct, one can then obtain estimators of the variance [5, 34]. See
also [20] for more direct approaches to variance estimation. In Section 2, we rely on the square-root
Lasso estimator to construct the estimator 7°% which turns out to be minimax in the sparse regime.

In the dense regime, we already mentioned the contribution of Dicker [17] that propose method
of moments and maximum likelihood based procedures to estimate n when 3 is known. It is shown
that the square risk of these estimators goes to 0 at rate \/p/n. When p/n converges to a finite
non-negative constant, these estimator are asymptotically normally distributed. Dicker also con-
siders the case of unknown 3 when X is highly structured (allowing 3 to be estimable in operator
norm at the parametric rate n~1/2). Janson et al. [24] introduce the procedure EigenPrism for
computing confidence intervals of n and study its asymptotic behavior when X is known and p/n
converges to a constant ¢ € (0,00). Under similar assumptions, Dicker et al. [18] have considered
a maximum likelihood based estimator. Bonnet et al. [8] consider a mixed effect model, which is
equivalent to assuming that the parameter 8* follows a prior distribution. In the asymptotic where
p/n — ¢, they also propose a n~1/2rate consistent estimator of 7. To summarize, none of the
aforementionned contributions has studied minimax convergence rates, the problem of adaptation



to sparsity or the estimation problem for unknown ¥ (to the exception of [17]).

Finally, there has been a recent interest in the adaptive estimation of other functionals in the
linear model (1), such as the coordinates §; of 3* or the sum of coordinates » ., 3 [10, 25, 26,
38, 41]. However, both the statistical methods and the regimes are qualitatively different for these
functionals.

1.4 Notations and Organization

The set of integers {1,...,p} is denoted [p]. For any subset J of [p], X is the n x |J| corresponding
submatrix of X. Given a symmetric matrix A, Apax(A) and Apin(A) respectively stand for the
largest and the smallest eigenvalue of A, |A| denotes the determinant of A. For a vector w, |lulf,
denotes its [, norm and |u|p stands for its Iy norm (ie number of non-zero components). For any
matrix A, ||A||, denotes the I, norm of the vectorialized version of A, that is (3 |A;;?)'/P. The
Frobenius norm is also denoted ||A | . Finally, the ls operator norm of a matrix A writes ||A||p. In
what follows, C, C’,...denote universal constants whose value may vary from line to line whereas
C1,C5y and C3 denote numerical constants that will be used in several places of our work.

In Section 2, we introduce the two main procedures and characterize the minimax estimation
risk of n when both the covariance matrix 3 and the sparsity are known. Section 3 is devoted to
the problem of adaptation to the unknown sparsity, whereas the case of unknown covariance X is
studied in Section 4. Extensions to fixed design regression and other related problems are discussed
in Section 5. All the proofs are postponed to the end of the paper.

2 Minimax rates for known sparsity

In this section, we consider two estimators. In the spirit of [17], the first estimator 7°(X7!) is
designed for the dense regime (|3*|o > p'/?) and it is proved to be consistent with rate VP/n
irrespectively of the parameter sparsity. When £* is in fact highly sparse, the estimator n°%
based on the square-root Lasso better exploits the structure of * and achieves the estimation rate
M +n~1/2. Tt turns out that these two procedures (almost) achieve the minimax estimation
rate when |8*| is known.

2.1 Dense regime

In this subsection, we introduce an estimator of 7 which will turn out to be mostly interesting for
dense parameters §*. Its definition is close to that in [17]. We provide a detailed analysis of this
estimator, and our bounds in Theorem 2.1 below will turn out to be useful both for the adaptation
problem and for the case of unknown X.

Since Var (y) is easily estimated by [|Y[|3/n, the main challenge is to estimate ||S/2*||2. Thus,
the question is how to separate in Y the randomness coming from X5* from that coming from the
€’s,1=1,...,n. The idea is to use the fact that the noise € is isotropic whereas, conditionally on
X, X3* is not isotropic. Respectively denote (A;,u;), i = 1,...,n the eigenvalues and eigenvectors
of (XXT)/p. We will prove, that in a high-dimensional setting where p > n, X3* is slightly more
aligned with left eigenvectors of X associated to large eigenvalues than with those associated to
small eigenvalues. This subtle phenomenon suggests that the distribution of the random variable
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(almost) does not depend on the noise level o and, at the same time, captures some functional of

the signal 8*. This functional turns out to be £*TX28*. One can rewrite the random variable as a

quadratic form of Y
YT (XXT — tr(XXT)In/n) Y

T= 3 ) (4)
Working with a normalized estimator V= %, we state in the following theorem that v
2

concentrates exponentially fast around B*7X?3*/ Var (y1).

Theorem 2.1. Assume that p > n.
There exist numerical constants Cy and Cy such that for all t < n'/3,

R 5*Tz25*
v UV ~ Var(y)

t
< Cl”zuopg} >1-— Cge_t. (5)

There exists a numerical constant C' such that

. [({7 B B*Tz25*

)| < crmiz )

Remark 2.1. The proof relies on recent exponential concentration inequalities for Gaussian
chaos [1] and a new concentration inequality of the spectrum of XX /n around tr(X)/n (Lemma
A.2). The concentration inequality (5) will be the key tool in the construction of adaptive estimators
in the next section.

Remark 2.2. When X is the identity matrix, the above theorem enforces that V estimates the
proportion of explained variation 7 at the rate /p/n, uniformly over all 5* and o > 0. Note that

Vis only consistent in the regime where n? is large compared to p.

For arbitrary 3 (with bounded eigenvalues), the above theorem only implies that Vis of the same
order as 1, that is, there exists positive constant ¢ and C' such that cApi, () < ‘7/ N < CApax(X).
Nevertheless, when the covariance X is known, it is possible to get a consistent estimator of 7.
Replace the design matrix X in the linear regression model by X := X®"Y2 in such a way that
its rows X; follow i.i.d. standard normal distributions and

Y =XZV28" 4e. (7)

Then, we define the estimator 7” as V where X is replaced by X, so that nP is a quadratic form
of Y with a matrix involving the precision matrix, that is the inverse covariance matrix X! Let
us denote © := X7, and define

YT (XQXT — tr(XQXT)L, /n) Y

~D N
T = CESIAL

(8)

(we could replace tr(XQX™) by p in the above definition without changing the rate in the corollary
below). We straightforwardly derive from Theorem 2.1 that 77 (€2) estimates 1 at the rate \/p/n.



Corollary 2.2. Assume that p > n. There exists a numerical constant C such that the estimator
P (Q) satisfies

E|#(@) -] <0L . (9)

Remark 2.3. It turns out that 7”(2) is consistent for p small compared to n? even though
consistent estimation of 5* is impossible in this regime. Although developed independently, the
estimator 7 (£2) shares some similarities with the method of moment based estimator of Dicker [17],
which also achieves the \/p/n convergence rate.

2.2 Sparse regime: square-root Lasso estimator

When g* is highly sparse, the signal to noise ratio estimator is based on a Lasso-type estimator of
B* proposed in [6, 34]. As customary for Lasso-type methods, we shall work with a standardized
version W of the matrix X, whose columns W,; satisfy |[W,j|l2 = 1. Since the noise-level o is
unknown, we cannot readily use the classical Lasso estimator whose optimal value of the tuning
parameter depends on o. Instead, we rely on the square-root Lasso [6] defined by

_ \ . _
Bsr :=argmin/[|Y — W3 + \/—%HﬁHl ; (Bsr); = (Bsr)i/lIx;ll2 - (10)

BERP

In the sequel, the tuning parameter Ao is set to Ao := 134/log(p) (there is nothing specific with
this particular choice). In the proof, we will also use an equivalent definition of the square-root
estimator introduced in [34]

(Bsp,ds.) = argmin + XollBll1 - (11)

o, by Wl
BERP, o/>0
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(To prove the equivalence between the two definitions, minimize (11) with respect to o’.) Notice
that ogp = ||[Y — Wgsr||2/+/n. Then, we define the estimator

AL .1 nog, _ Y — Whswll3
' b Y3 ’

(12)

The following proposition is a consequence of Theorem 2 in [34].

Proposition 2.3. There exist two numerical constants C' and C' such that the following holds.
Assume that 5* is k-sparse, that p > n and

)\max (2)

klog(p) o (3)

<Cn. (13)

Then the square-root Lasso based estimator °% satisfies

2 o 2 2
B[ -] < |+ o) e 14

Remark 2.4. Condition (13) is unavoidable, as the minimax risk of proportion of explained varia-
tion estimation is bounded away from zero when k log(p) is large compared to n (see Proposition 2.4
later). To ease the presentation, we have expressed Condition (13) in terms of largest and smallest
eigenvalues of . One could in fact replace these quantities by local ones such as compatibility
constants (see the proof for more details).



2.3 Minimax lower bound

We shall prove in the sequel that a combination of the estimators 7” (£2) and 77°% essentially achieves
the minimax estimation risk. In the following minimax lower bound we assume that the covariance
¥ is the identity matrix I,,.

Define By[k] the collection of k-sparse vectors of size p. Given any estimator 7, define the
maximal risk R(7, k) over k-sparse parameters by

R(n, k) :== sup Egg, [{77 - 77(@0)}2] )
BEBo[K], 0>0

where Eg,[.] is the expectation with respect to (Y,X) where Y = X + ¢, with € ~ N (0,071,
and the covariance matrix of the rows of X is I,. Then, the minimax risk is denoted R*(k) :=

Proposition 2.4 (Minimax lower bound). There ezists a numerical constant C > 0 such that for

any 1 <k < p,
R*(k y py 2] !

The proof of this proposition follows the lines developed to derive minimax lower bounds for
the signal detection problem (see e.g. Theorem 4.3 in [39]). Nevertheless, as this proposition is a
first step towards more complex settings, we provide a self-contained proof in Section 7.1.

In (15), we recognize three regimes:

e If k > p'/2, the minimax rate is larger than (v/p/n) A1. This optimal risk is achieved by the
dense estimator 7 () up to a constant number.

o If k < p'/277 for some arbitrary small 4 > 0, the minimax rate is of order

L (ke

More precisely for k < [\/n/log(p)], it is of order n~'/2, whereas for larger k it is of order
klog(p)/n A 1. This bound is achieved by the square-root Lasso estimator 7°”, which does
not require the knowledge of 3 and k.

e For k close to p'/? (e.g. k = (p/log(p))*/?), the minimax lower bound (15) and the upper
bound (14) only match up to some log(p) factors. Such a logarithmic mismatch has also been
obtained in the related work [4] on minimax detection rates for testing the null hypothesis
B* = 0 when the design matrix is fixed and orthonormal, that is p = n and X = I,. In
this orthonormal setting, Collier et al. [14] have very recently closed this gap. Transposed
in our setting, their results would suggest that the optimal risk is of order klog(p/k?)/n,
suggesting that Proposition 2.4 is sharp. In the specific case where ¥ = I, it seems possible
to extend the estimator of ||3*||3 introduced by [14] to our setting by considering the pairwise
correlations YT W, for j = 1,...,p. Such estimator would then presumably be klog(p/k?)/n
consistent. As this approach does not seem extend easily to arbitrary 3, we did not go further
in this direction.



3 Adaptation to unknown sparsity

In practice, the number |3*|y of non-zero components of 5* is unknown. In this section, our purpose
is to build an estimator 7 that adapts to the unknown sparsity |3*|g. Although the computation of
the estimators 7 (2) and 7°” does not require the knowledge of |3*|y, the choice of one estimator
over the other depends on this quantity. Observe that, when p > n?, the dense estimator 7 () is
not consistent. Therefore, only the estimator 77°% is useful and 7° alone is minimax adaptive to
the sparsity & (up to a possible log factor when k is of the order of pt/ 2). This is why we focus on
the regime where p is large compared to n and where plogp < n?.

It turns out that no estimator 7 can simultaneously achieve the minimax risk R*(k) over all
k=1,...,p, and that there is an unavoidable loss for adaptation. This may be seen in the following
proposition.

Proposition 3.1. Assume that plogp < n?, and that for some a €]0,1/2[, p*~%(logp)? > 16n.
Then for any estimator 1), for all k such that \/plogp < k < p, one has

~ ~ 2
R@,1)  R@.k)  a®
1 /p plogp = 4
n\m n?

Recall that R*(1) is of order 1/n and R*(k) is of order p/n?. Proposition 3.1 implies that any
estimator 7 whose maximal risk over Bg[k] is smaller than plog(p)/n? exhibits a huge maximal
risk over Bg[l]. As a consequence, any estimator admitting a reasonable risk bound over Bg[1]
should have a maximal risk at least of order plog(p)/n? for all k € [\/plog(p),p]. Next, we define
an estimator N simultaneously achieving the risk R*(k) for k small compared to /P and achieving
the risk R*(k)logp in the dense regime where k > v/plogp.

Define the numerical constant ¢y as two times the constant C; arising in the deviation bound
(5) of Theorem 2.1. We build an adaptive estimator by combining the estimator 7°% and 77 as

follows

—a_ [t i R (Q) = 7% < co/plog(p)/n 16

T =19 =D (16)
nr(Q) else

where, for technical reasons, we consider 7% (£2) := min(1, max(0,7”(€2))) a truncated version of
7P (Q) which lies in [0, 1].

The rationale behind 7* is the following. Suppose that B* is k-sparse, with k < VD, in
which case, 7°L achieves the optimal rate. With large probability, |72 (€2) — 7| is smaller than
cor/plog(p)/(2n) (this is true for arbitrary 8*) and |[7°F — g is smaller than (1/y/n + klog(p)/n)
which is smaller than co+/plog(p)/(2n). Hence, N4 equals 7°" with large probability. Now assume
that k > \/p, in which case the optimal rate is of order ,/p/n and is achieved by 77 (£2). Observe
that 7 = % () except if 77 is at distance less than co\/plog(p)/n from 7% (£2). Consequently,
|74 —n| < co\/plog(p) /n+|7% () —n|. Formalizing the above argument, we arrive at the following.

Theorem 3.2. There exists a numerical constant C such that the following holds. Assume that
p > n. For any integer k € [p|, any k-sparse vector * and any o > 0, the estimator 04 satisfies

B[t -] <o [b+ (Frg BN (s}

min

As a consequence of Propositions 2.4, 3.1 and 3.2, and, in the asymptotic regime where plogp <
n? and p'~® is large compared to n for some positive a, 77 is achieves the optimal adaptive risk
for all k € {1,...,p"2="YU{(plog(p))'/?,...,p} where v > 0 is arbitrary small. For k close to N2
there is still a logarithmic gap between the upper and lower bounds as in the non-adaptive section.



Remark 3.1. Theorem 2.1 is the basic stone for the construction of 7 by the use of the deviation
inequality. The constant ¢y may be quite large, as the constant C7 in the deviation inequality,
making the estimator difficult to use in practice if n and p are not large enough. Theorem 3.2
however allows to understand how adaptation to sparsity is possible.

4 Minimax estimation when Y. is unknown

In this section, we investigate the case where the covariance matrix 3 is unknown. As the compu-
tation of the sparse estimator 757, does not require the knowledge of X, the optimal estimation rate
is therefore unchanged when |3*|q is much smaller than /p. In what follows we therefore focus on
the regime where [3*[o > |/p.

4.1 Positive results under restrictions on X

Here, we prove that a simple plug-in method allows to achieve the minimax rate as long as one
can estimate the inverse covariance matrix €2 sufficiently well. This approach has already been
considered by Dicker [17] who has proved a result analogous to Proposition 4.1. For the sake of
completeness, we provide detailed arguments and also consider the problem of adaptation to the
sparsity. Without loss of generality, we may assume that we have at our disposal an independent
copy of X, denoted X2 (if it is not the case, simply divide the data set into two subsamples of the
same size). R

Given an estimator © of @ := X! based on the matrix X®), the proportion of explained
variation 7 is estimated as in Section 2.1, using (8), except that the true inverse covariance matrix
is replaced by its estimator:

T (XﬁXT — r(XOXDL, /n> Y
T DIV ' "

Proposition 4.1. Assume that p > n. For any non-singular estimator Q based on the sample
X (),

. T 5
P ‘UD(Q) - 77‘ > Cl”z“OpHQHop— + ”E”op”Q - QHop
n

X(2)] < Cge™t (18)

for allt < nl/3. Here, Cy and Cs are the numerical constants that appear in Theorem 2.1.

Thus, if one is able to estimate € at the rate ,/p/n, then 0P (ﬁ) achieves the same estimation
rate as if 3 was known. To illustrate this qualitative situation, we describe an example of a class
U of precision matrices and an estimator €2 satisfying this property.

For any square matrix A, define its matrix /; operator norm by [|A 151 = maxi<j<p > 1<;<p, [Adjl-
Given any M > 0 and M; > 0, consider the following collection U of sparse inverse covariance ma-
trices

(19)

U = (M M) {Q . T < Anin(Q) € Aax(2) < My, Q15 < M, }
= ) 1) = : :

. p _p_
maxi<;<p Zi:l ]‘Qi,j #0 < nlog(p)

Cai et al [13] introduced the CLIME estimator to estimate sparse precision matrices. Let A, > 0
and p > 0 be two tuning parameters, whose value will be fixed in Lemma 4.2 below. Denote

)

2
E( = X@TX(?) /n the empirical covariance matrix based on the observations X (2.

10



Let ﬁl be the solution of the following optimization problem
~(2
min |, subject to  [|SVQ — Ll < An, @ € RPXP | (20)

Then, the CLIME estimator ﬁCL is obtained by symmetrizing ﬁlz for all 4, j, we take (ﬁCL)i,j =
(Q1)i; if [(21)i5] < [(Q1)4] and (Qecr)i; = (1), in the opposite case. We may now apply
Theorem 1.a in [13] to our setting with = 1/5A1/y/M;, K = /2 and 7 = 1. This way we obtain
the following.

Lemma 4.2. There exists a numerical constant Cs > 0 such that the following holds. Fix A\, =
2125 vV Mi](3 + €3(5 Vv /My)?>M~/log(p)/n. Assume that log(p) < n/8 and that Q belongs to U.
Then, the CLIME estimator satisfies

HQC'L - Q”op < C'3]\42]\4’12§ ) (21)
with probability larger than 1 —4/p.

Let us modify the estimator of 1) so that it effectively lies in [0, 1]. Let ﬁjl?(ﬁ) := min(1, max (0, 72 ().

Corollary 4.3. Assume that p > n and that € belongs to the collection U defined above. Then,
tre exists a universal constant C > 0 such that the following holds. For any p* and o > 0,

E [{ﬁ?(ﬁ@) - ”}1 < [CM‘*ME%} A

We shall now define an adaptive estimator ﬁé ;, in the same spirit as 74 in the previous subsec-
tion. Define co(M, M;) by
co(M, My) := 4Cy M} + 203 M? M3,
Here, C; is the numerical constant that appears in Theorem 2.1 and C3 the numerical constant
that appears in Lemma 4.2. Define the estimator as:

A U it 3R (Qcr) — 7] < eo(M, My)/plog(p) /n
NCL =19 ~D/& (22)
nr (QCL) else .

We then obtain that ﬁéL is asymptotically minimax adaptive to € (if it is known that © € U)
and to sparsity, in the same regimes as those in which 74 is asymptotically minimax adaptive to
sparsity.

Corollary 4.4. Assume that € belongs to the collection U defined above. Then, there exists a
constant C(M,My) > 0 only depending on M and M; such that the following holds. For any
integer k € [p], any k-sparse vector B* and any o > 0,

B[~ )] < corn) |+ <k2 “35@) r (ZE2)] (23)

n2

Remark 4.1. When Q belongs to U, the estimator 7% (QCL) achieves a similar risk bound to that
of N2 (). Also, ﬁéL performs as well as estimator 77 which requires the knowledge of . As a
consequence, there does not seem to be a price to pay for the adaptation to €2 under the restriction
Qel.

Remark 4.2. If the quantity /p/(nlog(p)) in the sparsity condition maxj<j<, y b, lq, 20 <

p/(nlog(p)) in the definition (19) of U is replaced by some s > /p/(nlog(p)), the CLIME-
based estimator 72 () will only be consistent at the rate sy/log(p)/n which is slower than the

desired /p/n. This is not completely unexpected as we prove in the next subsection that a reliable
estimation of 17 becomes almost impossible when the collection of precision matrices is too large.

11



4.2 Impossibility results

We now turn to the general problem where 3 is only assumed to have bounded eigenvalues. As
explained in the beginning of Section 3, the estimator 77°F, which does not require the knowledge
of 3, is minimax adaptive to Bo[k] when p > n?. Hence, we focus in the remainder of this section

on the regime n < p < n2.

In this subsection and the corresponding proofs, we denote P35 the distribution of (Y, X), in
order to emphasize the dependency of the data distributions with respect to the covariance matrix
of X. For any M > 1, let us introduce Z[M] the set of positive symmetric matrices of size p whose
eigenvalues lie in the compact [1/M, M]. The purpose of these bounded eigenvalues in (1/M, M)
is to prove that the difficulty in the estimation problem does not simply arise because of poorly
invertible covariance matrices.

Denote R [p, M] the minimax estimation risk of the the proportion of explained variation 7
when the covariance matrix is unknown

R'[p,M] :=1inf  sup sup Epo = [(ﬁ— n(ﬁ,a))z] . (24)
N BeBo[p], >0 ZEE[M]

When the covariance matrix 3 is known, the minimax rate has been shown to be of order \/p/n
and therefore goes to 0 as soon as p is small compared to n?. The following proposition shows that,
for unknown 3, there is no consistent estimators of n when p is large compared to n.

Theorem 4.5. Consider an asymptotic setting where both n and p go to infinity. Then, there
exists a positive numerical constant C' and a function M : x — M(x) mapping (0,00) to (1,00)
such that the following holds. If for some ¢ > 0,

-0, (25)

then the minimaz risk R |[p, M(s)] is bounded away from zero, that is imR [p, M ()] > C.

Remark 4.3. Theorem 4.5 tells us that it is impossible to consistently estimate the proportion of
explained variation in a high-dimensional setting where p is much larger than n. This lower bound
straightforwardly extends to R [k, M (<)] when k is much larger than n in the sense n'*/k — 0 for
some ¢ > 0.

Remark 4.4 (Dependency of constants with ¢). In the proof of Theorem 4.5, the bound M|c]
is increasing when ¢ gets closer to zero, thereby allowing the spectrum of 3 to be broader. If we
want to consider the minimax risk B [p, M] with a fixed M > 0 (independent of £), then one can
prove that, whenever n'*</p — 0, then imR [p, M] > C(s) for some C(s) > 0 only depending on
¢. Some details are provided in the proof.

Let us get a glimpse of the proof by trying to build an estimator of n(8* o) in the high-
dimensional regime p > n. As 2 is unknown and cannot be consistently estimated in this regime,
a natural candidate would be to consider 7”(I,) = V as defined below (4). By Theorem 2.1, one

has ﬁ*Tz25* \/_
~D _ p
n(Ip) = Nar (1) 0P(7) .

Although the signal strength 3*7%3* cannot be consistently estimated for unknown X (Theorem
4.5), it is interesting to note that some regularized version of the signal strength FTE25* is
estimable at the rate /p/n (this phenomenon was already observed in [17]).

12



Going one step further, one can consistently estimate 8*7338* for p < n®? by considering a

quadratic form of Y as in T (4) but with higher-order polynomials of X. For p of order n'*s for
some small ¢ > 0, it will be possible to consistently estimate all a, := BT8IB* for ¢ = 2,3,...,7(S)
where 7(¢) is a positive integer only depending on .

Then, one may wonder whether it is possible to reconstruct a; = S*7Ep* from (aq), ¢ =
2,...,7(s). Observe that a, is the ¢g-th moment of a positive discrete measure p supported by the
spectrum of 3 and whose corresponding weights are the square norms of the projections of #* on
the eigenvectors of 3. As a consequence, estimating £*7 3 3* from (aq), g=2,...,r(s) is a partial
moment problem where one aims at recovering the first moment of the measure p given its higher
order moments up to r(s). Following these informal arguments, we build, in the proof of Theorem
4.5, two discrete measures p1 and po supported on (1/M(s), M(s)) whose g-th moments coincide
for ¢ = 2,...,7(s) and whose first moments are far from each other. Define By (resp. Bs) the
collection of parameter (5*, ¥) whose corresponding measure is p; (resp. p2). Then, we show that
no test can consistently distinguish the hypothesis Hy : (5%, X) € By from Hy : (8*,X) € By. As the
signal strengths f*T X 8* of parameters in B; are far from those in Bs, this implies that consistent
estimation is impossible in this setting.

Remark 4.5. Let us summarize our findings on the minimax estimation risk when 3 is unknown
and n < p < n?:

e if k is small compared to \/p, the minimax risk is of order [klog(p)/n A 1] + n~'/? and is
achieved by the square-root Lasso estimator 7.

e if k is large compared to n (in the sense n'*</k — 0 for some ¢ > 0), then consistent
estimation is impossible.

e if k lies between \/p and n/log(p), the square-root Lasso estimator 7°L is consistent at the
rate klog(p)/n. We conjecture that this rate is optimal.

o if k lies between n/log(p) and n, we are not aware of any consistent estimator n and we
conjecture that consistent estimation is impossible.

5 Discussion and extensions

We focused in this work on the estimation risk of 1 in high-dimensional linear models under two
major assumptions: the design is random (with possibly unknown covariance matrix) and the level
of noise ¢ is unknown. We first discuss how the difficulty of the problem is modified when the
two assumptions are not satisfied: when the design is not random, then consistent estimation of
is impossible in the dense regime, and when the level of noise is known, then the estimation of n
becomes much easier in the dense regime. Finally, we mention the problem of constructing optimal
confidence intervals.

5.1 Fixed design

If the regression design X is considered as fixed, then the counterpart of the proportion of explained
variation would be

X313 /n
IX5*(3/n + 2

n|B*, o0, X] :=

13



In this new setting, the square-root Lasso estimator still estimates n[3*, o, X] at the rate n~1/2 4
klog(p)/n up to multiplicative constants only depending on the sparse eigenvalues and compatibility
constants of X. In contrast, the construction of V relies on the fact that X is random and is
independent of the isotropic noise e. When X is considered as fixed, V does not consistently
estimate n[3*, o, X] for p small compared to n?. As a simple example, take o = 1 and define 3* by
BTy = /\Z-_l/2 fori =1,...,n where (v;); denote the right eigenvectors of X and ()\3/2)@ its singular
values. Then, the random variables 7' and V (defined in Section 2.1) are concentrated around 0,
whereas n[5*, 0, X] equals 1/2.

More generally, the next proposition states that it is impossible to consistently estimate n[5*, o, X]
in a high-dimensional setting p > n 4 1. The randomness of X therefore plays a fundamental role
in the problem.

Proposition 5.1. Assume that p > n and consider any fixed design X such that Rank(X) =
n. Gwen B* and o, denote Pg. , and Eg. , the probability and expectation with respect to the

distribution Y = X3* + € with ¢ ~ N'(0,0°1,,). Then, the minimaz estimation risk satisfies
. _ ‘ 1
inf sup Eg. ,[(7 —n[B%, 0, X])?] > 1 (26)

N B*eRr,o>0

5.2 Knowledge of the noise level

Throughout this manuscript, we assumed that the noise level o was unknown. As explained in
the introduction, the situation is qualitatively different when o is known. Let us briefly sketch the

optimal convergence rates in this setting, still restricting ourselves to p > n. For any k =1,...,p
define the maximal risk and the minimax risks
R(i),k,0) == sup Eg, [{H —n(B,0)}*] . R*(k,0) = inf R(7}, k,0) ,
BEBo k] Ul

It follows from the minimax lower bounds for signal detection [3, 22], that for some C' > 0 (lower

bounds in [3, 22] are asymptotic but it is not difficult to adapt the arguments to obtain non-
asymptotic bounds to the price of worse multiplicative constants),
* k P\ 1

R*(k,o0) > C <Elog(1 + ﬁ)> A o (27)

which is of order [klog(p)/n]?> A n~! except in the regime where n is of order p and where k is

of order p'/? in which case the logarithmic factors do not match. As for the upper bounds, since

|Y]13/[0? + B*T2p*] follows a x? distribution with n degrees of freedom, the estimator 77 :=

1— % admits a quadratic risk (up to constants) smaller than 1/n. This implies that the proportion

of explained variation 1 can be efficiently estimated for arbitrarily large p. For small k, one can

use the Gauss-Lasso estimator based on 3L, Let J be the set of integers j such that 35 %0 and

define: )
e TLY3/n
o + [[IL;Y[3/n

where IT; = X (X ?X j)_lX 5 is the orthogonal projector of R™ onto the space spanned by the
columns of X ;. The Gauss-Lasso estimator was introduced to get an estimator of heritability in
the sparse situation in a first version of this work [40]. Following the proof of Theorem 2.3 in [40]
we may obtain that, under Assumption (13) and when |5*|g = k,

k?10g% (p) Amax ()
»GLo _ . N\2] < max
RS E e
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In conclusion, the rate [klog(p)/n] A n~1/2 is (up to a possible logarithmic multiplicative term)
optimal. These results contrast with the case of unknown o in two ways: (i) The optimal rate is
order-wise faster when o is known especially when k is small (n~/2 versus klog(p)/n) and when
k,p are larger (p'/?/n versus n='/2). (ii) Since 7% and 7 do not use the knowledge of X,
adaptation to unknown covariance of the covariates is possible.

5.3 Minimax confidence intervals

In practice, one may not only be interested in the estimation of n(8*,0), but also on building
confidence intervals [24]. In the proof of Theorem 2.1 and in Proposition 2.3, we obtain exponential
concentration inequalities of 7 (£2) and 7°” around *. This allows to get, for any o > 0 and any
k=1,...,p, confidence intervals

12 = [P+ 0]
gk = [3r iC/(a)<nll/2 . krloi;(p) i?;axg)))] 7

where C(a) and C’(a) are universal constants only depending on o. When p > n, ICZ is honest
over RP in the sense that

inf P cICPl>1-a.
BeBolpl, >0 7 U wl =

For p > n and if Assumption (13) is satisfied, then the confidence interval I C’OCS/;; is honest over
By[k] in the sense that

inf P cICLl >1-qa .
BEBo[k}, >0 670- |:”7 Oé,k?] -

In high-dimensional linear regressions, there have been recent advances towards the construction
of optimal confidence regions both for the unknown vector $* [30] or low-dimensional functional
of the parameters such as components 5 [10, 25, 38, 41] or >, 8 [10]. Building on this line of
work, it seems at hand to prove the minimax optimality of ICg and ICiLk, proving the existence
of such honest confidence intervals. Of course, as already noticed when constructing our adaptive
estimator, the choice of the constants C'(«) and C’(«) are probably far to be optimal in applications.

A further step would be to study the problem of the construction (if possible) of adaptive
confidence intervals. We leave those important questions for future research.

6 Proof of the upper bounds

6.1 Proof of Theorem 2.1
6.1.1 Some preliminary notation and deviation bounds

Consider the spectral decomposition ¥ = OT'O? where T is a diagonal matrix and O is an or-
thogonal matrix. Define the matrix Z = XOI' /2 whose entries are independent standard normal
variables. We denote
F1/2OT5*
P i (28)
1327283
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In the following, we need to control the eigenvalues of XX”. Define A := XX — tr[X]I,, and
note that

p
A =7ZTZ" — tr(D)I, = Y Ty; (Ze;Z5; — 1) |
j=1

where Z,; stands for the j-th column of Z, so that A is a weighted sum of centered Wishart
matrices with parameters (1,n). Extending the deviation inequalities of Davidson and Szarek [16]
for Wishart matrices to weighted sums of Wishart matrices, we obtain the following, which is proved
in Appendix B.

Lemma 6.1. For anyt > 0,
P[IAlly < 2v/B )TN (Vi + 10+ VL) +3[Sop [0+ 100+ 26]] =1 -2e7 . (29)
As a consequence, for all n > 20, we get that
Pll[Allop < 25|1%lop(v/rp + 1)) = 1 = 27" . (30)

To control [|Al|yp, we could have applied non-commutative Bernstein inequalities (Theorem
6.1.1 in [36]). However, this approach would have produced additional logarithmic terms.

6.1.2 Analysis of T'

We decompose T' into four terms, whose deviations will be controlled independently.

T = To+T+T.+ 1y

gIXT (XX — tr(3)1,) X3*
T, = 2

YT [{tr(2) — tr(XXT) /n}1,] Y
T, = 5

n

T T *

T, = 6?6, Td::2ﬂ.
n n

Control of T,. The main term in the above decomposition is 7T,. Since its control is quite
technical, we only state a deviation bound for the time being. Subsections 6.1.4 and 6.1.5 below
are devoted to the proof of this lemma.

Lemma 6.2. For allt < nl/g, we have

- x x pt -
P |17, - (140 B8 IB] 2 CIZV 28 BBy 2 < 2 (31)

Control of T}, T, and T,;. Since tr(XX7)I,,/n is a Gaussian quadratic form, we have by Lemma
A.1 that

P

‘tr(E) — tr(XXT)/n‘ > 8||%|opt/ %t] <2t YVt < np, (32)

where we used that ||X||r < \/p||Z||op. Also, [|Y]|3/ Var (y1) follows a x? distribution with n degrees
of freedom, which implies P[||Y||3 > Var (y1) (n + 4v/nt)] < et for all t < n. We conclude that for

all t <mn,
Vpt

P |11 > 40 Var () 215 < 37 (3)
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The term T, is a Gaussian chaos of order 4. We could apply the general deviation bounds from [1],
but it is easier to work here conditionally to X. Conditionally to X, T, is a quadratic form with
respect to . By Lemma A.1,

AT,
P [n ‘20’ > [tr(A)]| +8\|A\|op\/ﬁ] <27, Vt<n,
g

where we used ||A|r < /n||Allsp. Gathering this bound with the deviation inequality (32) for
tr(A), the deviation inequality (30) for ||Al,p, and using the fact that p > n, we conclude that, if

n > 20, for all t < n,
t
P [ch\ > 20802\\2|yop@;2] <6e ", (34)
n

Conditionally to X, n?Ty/(20) follows a centered normal distribution with variance ||AX3*(|3 <
IA[[2, X 8*[13. Hence,

P [nledl
20

> ||A||0p\|X5*||2\/2_t} <oet. ViSO

Then, ||Al|,p is controlled by (30) and || X3*(|3/||="/28%||3 follows a x?(n) distribution so that it
can be controlled using Lemma A.1. If n > 20, for all ¢t < n, we arrive at

t
P [Td > 125a|121/25*|12u2|yopg] < 5et. (35)

Gathering all the deviation inequalities (31-35), we obtain that for some constants C,C’ > 0, if
n > 20,

n

P “T - BT (1+n7t) ( > C Var (y) quop\/ﬁ} < (et (36)
for all t < n'/3.

6.1.3 Analysis of v
Since [|Y]|3/ Var (y;) follows a x? distribution with n degrees of freedom, we obtain by Lemma A.1
that P [H|Y||%/n — Var (y1) | > 4 Var (y1) \/t/n} < 2e7! for all t < m, so that using (36) and the

fact that p > n, we conclude that, for all t < n'/3, with probability larger than 1 — (2 + C")e~?, for
some constant C' > 0,

. ﬁ*Tz2ﬁ* pt
V- S| < Izl
Var (y) n
and the first part of Theorem 2.1 is proved.
-~ * 2 ox
Let us now turn to the second moment of U = V — % Define A the event such that

U] < C||Z||ppE n1/37 where C' is the same constant as in the above bound. The probability of A

n

is larger than 1 — C’ e="""* for some C’ > 0. Then, the square risk decomposes as

/8*T22B*
Var (y)

p c c i 1/2

< DI, 5 + 2PA) S, + 2 [P [E{ (M)}

E[U?] < E[14U%) +2E |1 )2}+2E[1Ac(‘7)2}
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where we have integrated the above deviation inequality in the last line. It remains to control the
fourth moment of V. We have

YEXXE — tr(XXDT/n) Y _ |[Allp |, [tr(B) = tr(XXT)/n|

V< <
n||Y||3 n n

Gathering the deviation inequalities (29) and (32), we derive that for some constants C' and C’, for
any t > 0,
. 7 -
P [V > C|IZ||op <\/g+ g +t>} <C'e .

- ~ 1/2
Integrating this deviation inequality, we obtain that |E {(V)‘lH is upper bounded by a constant

times ||%(|2,p/n. In conclusion, for some numerical constant numbers C' and ',

,8*T22,8*
Var (y;)

E“f/—

2 r W1/3
}gcwzw p 1+mr:z}scwzw p

w32 o7

and the second part of Theorem 2.1 is proved.

6.1.4 Deviation inequalities for Gaussian chaos

We shall use deviation inequalities for (non necessarily homogeneous) Gaussian chaos. Let us recall
a recent result from Adamczak and Wolff [1]. In order to state this result, we need to introduce
some new notation.

Let d and ¢ denote positive integers. Consider a d-indexed matrix B = (bh,---,id)gl,...,id:l- For
i=(i1,...,iq) € [¢]? and I C [d] we write i; = (i} )res. Let Py be the set of partitions of [d] into
non empty disjoint subsets. Given a partition J = {Ji,..., i}, define the norm
: 0]
_ . . O]
IB|s = sup Zd bllHlxi‘” c 2V e <1, 1<i<ky (37)
i€lq] =

where z() is a |Jj|-indexed matrix and ||z()| r is its Frobenius norm.

Note that taking union of subsets in the partition increases the norm: given J = {Jy,..., Ji}, the
partition J' = {{Jy U Ja}, J3,..., Ji} satisfies |B||7 < ||B||7/. Indeed, the |J;| 4 |J2|-dimensional
matrix () ® z(?) in the definition (37) of ||B||.s satisfies ||z() @ 23 ||p < 1.

Proposition 6.3 (Theorem 2 in [1]). Let f : R? — R be a polynomial of q variables of total
degree smaller or equal to D. For any integer d > 1, let T%f denote the d-th derivative of f. Let

Z =(Z,...,Z,) denote a q-dimensional standard Gaussian vector. Then, for anyt >0,
2
PIS(Z)~E(/(2)|2 1] <2 i () 39)
— exp |— min min [ ——————— ,
R It =R AN

where C' is a numerical constant.
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6.1.5 Proof of Lemma 6.2
Define the variable
n2T,

Vi=—_° = plz"\(2Zrz") - tr(2)1,|Zp ,
ST (Zrz") — 1r(2)1, | Zp

where we recall that p is introduced in (28). First, we compute the expectation of V:
E[V] = (n® +n)p' Tp = |S67(3/IIZ"/26713 - (39)

V is a polynom f(Z) of degree 4 of the ¢ = np independent standard Gaussian variables Z =
(Z; j)1<i<n,i<j<p) so that we can apply Proposition 6.3. Since V is the sum of an homogeneous
polynom of degree 4 and an homogeneous polynom of degree 2, we only have to consider the
derivatives of order 2 and of order 4 in (38), all the other terms (of order 1 and 3) being null. Write
V as

n D
V= Z Z ZiwZji(ZimZijm — 6i3) k1T mm (40)
i,j=1k,l,m=1

where ¢; ; = 1 is the indicator function of 7« = j. We may express V' using the four-indexed matrix
B:

B (j1,k1),(2.k2), (3 k3), (G ka) = Pl PhaOji 205354 Ok ks Lok

as follows:

n p
V=12)= . > Bk ok Gssks). Gk Bk (Zigaks Zshs — 0o gs) ks
JisesJa=1ki,....ka=1

so that the expectation E[I'* f(Z)] of the fourth derivative of f(Z) is obtained by a symmetrization
of B. More precisely, for any index (i1,...,44) in ([n] x [p))*, BT £(Z))iy insisis = D0 Bi,)iow
where the sum runs over all permutations of {1,...,4}. Using the triangular inequality, we shall
obtain a bound on ||E[T*f(Z)]||7 from a bound on ||B| 7. Thus it suffices to bound |B||% for all
partitions J. We start with J = {1, 2, 3,4}.

”BH%LQ,?,A} = HB”% < nQHpHétr(I‘Q) = nth(Ez)

Let us now consider any partition J = {Jy, Jo} of size 2. Without loss of generality, there exists
t € {1,2,3} such that t € J; and t + 1 € Jp. Since each entry of B contains a Dirac dj, j,,, or
Oky kysr» there is a n or p factor less in ||BJ|% in comparison to HB||%1,273’4}, and we get HB||12]17J2 <
nA2 (Z)(pVn). Let us illustrate this with J; = {1}, Jo = {2,3,4}. By symmetry, |B| s is
achieved for xgl,z = p;n~ /2, and by Cauchy-Schwarz inequality, we obtain IBZ = ntr(?).

If now the partition J = {.J1, ..., J,} has cardinality larger than 2, it was observed in the previous

subsection that [|B[% < ”BH31,U5>2JS' We have thus proved that, for all ¢ > 0,

‘ " 7 /2 2 1/k
o (rerram) 2 S | A, () | @

Let us now turn to the second derivative of f(Z). Denote B’ = E[I'2f(Z)]. Coming back to the
definition (40) of V', observe that B’(j1 k)G k) is zero when (j; # jo) because any term involving
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j1 and jo in V contains exactly two terms with index j; and two terms with index js. Now, if
j1 = jo, the entries of B’ are bounded in absolute values by

‘B/(j,kl),(j,kz)‘ < Cnlppy |10k |(Trsky + Thoka) + Thyiy -

As a consequence,

IB'[71.2) IB'[I% < Cn >~ n?loli, |pli, A () + 10> TRy,
k1

k1,k2
< [ (B) + ntr(S2)]

since |[p|2 = 1 and ZI‘%,C = tr(X?). For J = {{1},{2}}, |B’||s is the spectral norm of B’ when
considered as 2-dimensional np x np matrix. Since B’ can be seen as a block diagonal matrix, we
obtain

IB[l{1},421 < Cndmax(2)
We arrive at

2

t2 N t
(2) + ntr(2?) " nAmax(E)

s (o) ¢
7en \[ET2f@);) = i

max

Proposition 6.3 together with (39), (41), and (42) allows us to conclude.

6.2 Proof of Proposition 2.3

This proposition is a consequence of the analysis of the square-root Lasso in [34]. We start with
the decomposition

=2 2 2 2

~SL ~2 n 1 o5y — llella/n | lellz/n—o
oo <HYH% V) ) Ve "
By definition of the Lasso estimator, we have ng%; = [|Y — WESLH% < ||[Y]]3. As a consequence,

the first term in the above equation is smaller in absolute value than |1 —||Y||2/(n Var (y1))|. Since
Y13/ Var (y1) and ||€||3/o? each follow a x? distribution with n degrees of freedom, we have

2 €|l3/n — o? ot
e 1% = (6] - s =5

where we used Var (1) = |ZY26*|3 + 02. Let A be an event of large probability to be defined
below. Since |7°F — 7,| < 1, we deduce from (43) that

~ 2
12 SB[ (38— lel3/n)"14]
E ~SL *2 < P(A¢ i
7% = mf?| < B(A)+ o) ,

(44)

so that we only have to focus on P(A°) and the difference 5%, — ||¢|3/n. We need a few more
notation. In the sequel, J, denotes the support of 5*, that is the set of indices ¢ such that 3 # 0.
For T' C [p] and £ > 0, the compatibility constant x[¢, T; W] is defined by

{ T2 Wl

k[E, T; W] = min
l[ur |1

, where C(§,T) = {u: elly < .
ueC(€,T) } where C(§,T) = {u: |lure|[s <&flurli}
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The compatibility constant, which quantifies how the design acts on the cone C(£,T), arises in state
of the art results for the Lasso estimator [7, 27, 37]. We now define A as the event on which the
following conditions are satisfied:

IWTe|oo < 204/log(p) , (45)
8o < |lel2 < gna2, (46)
Kl5, e, W] > 167N (S)/ALA(S) . (47)

The first lemma provides a deterministic prediction error for the square-root estimator. It is a
simplified version of Theorem 2 in [34] (the notation and normalizations are slightly different).

Lemma 6.4 ([34]). On the event A, the design W and the noise € are such that

Aollell2

12X3|8%|o 1 < k%[5, J; W d |[WTe|ls < 48
$16°lolog(r) < (5, L W] and [Wel < S22 (48)
and the square root Lasso estimator satisfies
Vnose [[€]l2 2 180
1— ,1— - ]<3/\—<12. 49
T T, T Vi) = s awy =Y (49)

Proof. First, the second part of (48) is enforced by Conditions (45) and (46) together with the
definition of Ag. The first part in (48) is a consequence of (47) and hypothesis (13). Then, we
apply Theorem 2 of [34] to the estimator ogg7. Notice that the choice of A\ and (48) in the above
lemma differs by a factor y/n from Theorem 2 in [34] because the design is normalized differently.
Using the notation of [34], we fix £ = 2 so that Condition (48) implies that 72 < 1/4 (we fix v = 1/2
in [34, Eq.(16)]). Then, the condition on z* in [34, Th.2] is a consequence of the second part of
(48). The result follows. O

It follows from (49) that, under A,

~9 2 2 QHEH% ~ 2
(3~ llel/n)® < 97E (Fsr — flell2/ V)

lell2 4 1813
<
s ¢ n? /\0n2/£4[5,J*;W]

B RI0E () M)
B n? A?nm(z]) ’
where we used the conditions (46) and (47) in the last line. In view of (44), Proposition 2.3 follows

finally from the following lemma.

Lemma 6.5. Under Assumption (13), we have for some positive constants C, C', and C” that

7

P[.AC] < C[pe—C’(n/\p) _|_p—1]

n

Proof of Lemma 6.5. We control the probability of each event defined by (45), (46), and (47).
Conditionally to W, |[W7¢| s /o is distributed as a supremum of p independent standard Gaussian
variables. Applying an union bound over all variables (WTE)Z', we derive that

P ”WTGHOO < a\/4log(p)] >1—pt.
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Turning to (46), we see that ||e||3/0? follows a x? distribution with n degrees of freedom. By
Lemma A.1, we obtain

8 6
P|-no? < |l€]3 < =no?| >1—2¢7"
9 5
for some positive constant C' > 0.
Finally, we need to control the compatibility constant [5, Jy; W] . As the compatibility constant

is larger than restricted eigenvalues, we can readily apply the results of [31]. In particular, their
Corollary 1 entails that, with probability larger than 1 — ¢1 exp[—con] for some ¢; > 0 and ¢z > 0,

k[5, Jo X/ (VA2 (2] > 1/8

min

as long as |J,|log(p) < csn. The latter condition is satisfied by hypothesis (13). Coming back to
the definition of W and of the compatibility constant, we have

1/2
1/2 VA i (2)
H[5,J W] "i[5 J. X/(\/ﬁ)‘mm(z))] HlaXHX.iH2

Since, for all 4, 3;; is larger than Ay, (X), we can apply Lemma A.1 to get
P| min [ Xeill3 > ndmin(3)/2] > 1 —pe " (50)
i=1,..p

=1,...,

for some positive constant C' > 0. Finally, Assumption (13) enforces that log(p) is small compared
to n so that pe~©™ is smaller than C’/n for some positive constant C”. O

6.3 Proof of Theorem 3.2
Notice first that we always have |77 (€2) —n| < [77(Q) — n| and |72 (22) — | < 1.

We first consider the case where (3*,0) is arbitrary. The difference 7 — 7 decomposes as

7t —n= @ =7 (Q)) Lya_gse + (17(2) =) Lga_gse + (77 () =) 1ga_zp(q) -

The difference n” — 7 is controlled thanks to Corollary 2.2, whereas the difference 7° — 77 (Q) is
small when 7# = 7°% by definition of 74.

B[ -n)°] < 3E[@P@) —n)’] +3E [@R(@) - )] + 3B [ - 77()" 154 g1
< 6E [(ﬁD(n) - n)2] +3E [(ﬁ“ — 7P @)’ 1ﬁA:ﬁSL]
< C%+2%plog2(p),

where we used the definition of 7 = 7°F in the last line. Thus, considering that the risk of the
estimator is bounded by 1, it is possible to choose the numerical constant C' such that Theorem
3.2 holds true if 8* is k-sparse with k such that (13) does not hold.

Assume now that §* is k-sparse with k such that (13) holds. We start from the decomposition

B[ =) =E[@% —0) 15000 | +E | R() ~ 1) 1ggpia] -

In this sparse setting, the risk of 7° is minimax optimal but the risk of ﬁ? (2) is possibly quite
large. We have to work around the event 74 = 2 (€2). This event can only be achieved if either we
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have |7% (Q2) —n| > coy/plog(p)/(2n) or if we have simultaneously |[7°F —n| > co/plog(p)/(2n) and
7R (Q) — 1| < coy/plog(p)/(2n). Under this last possibily, observe that |7X(€2) —n| < [7°F — 7]
Thus, we obtain

E|(7 -] < E|G" 77)21AA=ﬁSL] +E | (iR —n)zle(m_,ﬂZco\/m/@n)}
+E [(?/7\11? — ’\SL_m>COW/ 2n - \<00\/M/(2")}
< 2B (7" - ) ]+P[| |>60\/plog /27%} :

The risk E[(ﬁSL — 17) 2] is bounded thanks to Proposition 2.3 whereas the deviation inequality

P [177(92) | = co\/plog(p)/(2n)]

is smaller than Cy/p by Theorem 2.1. Together with the fact that p > n, we have proved that when
B* is k-sparse with k£ such that 13 holds,

B[ -] <0 [% 4 Hloely >§?;ax(<§)>] |

min

Theorem 3.2 follows.

6.4 Analysis of the plug-in method

Proof of Proposition 4.1. We first note that the estimator 7” (ﬁ) is built using the following linear
regression model
1/2 .
v =[xa”[a™" ]+

It then follows from Theorem 2.1 in Section 2.1 that 772 (€2) is an estimator of |]ﬁl/22ﬁ* 13/ Var (y1).
More precisely, we have

D () HQ 25*”2 > Vp ‘
—_— 3 [op 1€2]o xX@| <
@)~ Sy | 2 OISl 5 Coe™!
for all t < n!'/3. Decomposing the difference 7 (ﬁ) 7 into
525502 165258012
~D (S Doy I ESS T 85
Q) —n= Q) — + -,
7o) =0 =77(8) - ) Varg)

we only have to consider the second term

~1/2 ~
||Q / Eﬁ*H% B ‘ ‘B*Tzl/Z(zl/Zﬂzl/Q _ Ip)zl/ZB*

Var (y1) Var (y1)
< E=PQEY? -1yl
< 13 lopll€2 — €210y
where we used in the second line that f*TX4*/ Var (y;) < 1. O
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Proof of Corollary 4.3. Define the event B such that inequality (21) is true. Assume first that
CMQMQ\/_ < (2M;)™! (51)
where C' is the numerical constant in (21).
DA 2 DA 2 DA 2
E {77T (Qor) - n} = E {nT (Qcr) - n} 1| +E {nT (Qcr) - n} 13
o~ 2
< E |:{77T(QCL) - ?7} 13] +P[B,

where we used that 7% (QCL) belongs to [0,1]. By Lemma 4.2, P[B] < 4/p. Under event B,
)\min(QCL) > Amin (2) — HQCL Q|lop > (2M;)~t and ﬁCL is therefore non-singular. Plugging (21)
in Proposition 4.1 and integrating the deviation bound with respect to ¢ > 0, we get that for some
numerical constant C,

~ 2
E [{ﬁ?(ncm -} ] < omtupd;

If now, (51) is not satisfied, we just use that since the thresholded estimator is 7% (QCL) belongs

to [0, 1], the risk is always smaller than 1, which is smaller than CM sz’g )
O

Proof of Corollary 4.4. In order to show (23), we follow the same steps as for proving Proposition
3.2, the only difference being that we need to prove that P[|7% (Qc1)—n| > co(M, My)y/plog p/(2n)]
is larger than C/p for some C' > 0. As above, we consider two cases whether (51) is satisfied or
not. If Condition (51) is satisfied, we use Proposition 4.1 with ¢t = log(p) and the event B to prove
that

Cy+4

|7 (@) —n| = 20107 )

I
VPIB) | VP | <
n n

If Condition (51) is not satisfied, we again use that

AR Q) —nl <1< 20M2M3\/_

7 Proofs of the minimax lower bounds

7.1 Proof of Proposition 2.4
7.1.1 Proof of the parametric rate R*(k) > R*(1) > Cn~!

First, we prove that n cannot be estimated faster than the parametric rate n=/2. Fix ¢ = 1,

Bt =(1,0,...,00T and 85 = (1 +n~"Y2,0,...,0)". Then n = n(B;,0) = 1/2 and 1y = 1(B5,0) >
1/2 +n~Y2/4. Denoting K(Pg: 5 Pgs o) the Kullback-Leibler divergence between Pg: , and Pg; -,

we have
IX(5; - 55)\@} 1

K(Pg: 03 Pgs,0) = E [ 5 =
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Using Pinsker’s inequality, we provide a lower bound of R*(1) in terms of K(Pg: ,;Pgs ;) and

(n1 — m2)? as follows:
R*(l) > i%fEﬁf,cr [(ﬁ_ 771)2] \/EB;,U [(ﬁ— 7]2)2]

(2 —m)* . ¢ . .

= ———inf Pg; 5 [ > (m +12)/2] \/ Pay.o [ < (m1 +12)/2]
4 G

= m — ?71)2 inf Pgx 5(A) + Pgs 4 (A) where A is any measurable event
- 8 A oo b ’ f

(n2 —m)?
> g 1= IPsp0 — Py llrv]

(2 —m)? ~1/25¢1/2 . . . .
= ] L=2 K7 (Pgr0:Ppso)| by Pinsker’s inequality
- 16 ~ 162n

which concludes the proof.

7.1.2 Proof of R*(k) > C{[glog (1+ &V %)}2 A 1}

In this proof, we follow the standard strategy of reducing the heritability estimation problem to a
detection problem, thereby taking advantage on available bounds of [39]. We could simply derive
Proposition 2.4 from Theorem 4.3 in [39], but we prefer to detail the arguments as a first step
towards the minimax lower bounds for adaptation problems.

Denote Py the distribution of (Y,X) when * = 0 and ¢ = 1. Let p > 0 be a positive quantity
that will be fixed later. Also, denote B the collection of all vectors 8 € RP with exactly & non-zero
components that are either equal to [(1+p§)k]1/2 or _[(1+p§)k]1/2' Defining aﬁ = 1+ pH)7L we
obtain, for all 8 € B, n(8,0,) = p?/(1 + p*). Following the beaten path of Le Cam’s approach, we
consider y the uniform measure on B and denote P, the mixture probability measure

P, = /B Py, 1(dB) (52)

Let 7 be any estimator of 7. The minimax risk R*(k) is obviously lower bounded as follows:

2 2
) ~ . p
R*(k) > Eo [nz]\/vBEBEB,Up <77—1+p2>]
1 0> 2
> Z|Eg [ +E, |[7—
> 2leomem (-2 |]
4 2
> P

2
p - ~ p
——— P > P < — || -
e P 1> w ] P <
Defining the test statistic 7 := 1{7] > p?/[2(1 + p®)]}, one recognizes in the bound above the sum
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of type I and type II errors of the test Py versus P,. We arrive at

4

x p 7 7
RH) 2 g []PO[T —1]+P,[T = 0]}

p! 5 7
> — =0)— =
> g [ P =0) P =0)]

4

p ap,,
> ——1—-FEy|L,—1 here L, = ——
Z st pp TRl where b = g
> p74 [1 — (XQ(P PO))1/2] (by Cauchy-Schwarz inequality)  (53)
~8(L+p2)2 " ’

where x?(P,,Py) = Eo[(L, — 1)?] stands for the x* distance between probability distributions.
As a consequence, we only need to bound the y? distance between P, and Py. Fortunately, this
distance has been controlled in [39] (take v = 1, Var (y) = 1 in [39, p.741, line 14] and note that
EX2 = p2/(1+ %))

Lemma 7.1 ([39]). We have

X*(P,,Py) < exp [k log (1 + ;_]j <cosh <"Tp2> _ 1))] B

Let us fix p? in such a way that

| =

2
np p p
= log [1 +13 log(5/4) + \/(1 + o3 log(5/4))% — 1] : (55)
Using the classical equality cosh(log(1 + = + Va2 +2x)) =1+ x for = > 0, we arrive at

Y2 (P, Po) < exp [klog(1 + log(5/4)/k)] — 1/2 < 3/4,

which, together with (53), implies

4

\ p
R (k) = m(l — (3/4)'?) .

Since log(1 + ux) > ulog(l + x) for any u € (0,1) and = > 0, we derive from (55) that

0% > log > Elog 1+£\/ b 2
- 4) |n k2 k2 '

02

1+ p?

But

2

P
> — A1
_2 9

which concludes the proof.

7.2 Proof of Proposition 3.1

Define the quantity p > 0 by

£y av/plogp
4dn '
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We consider u, P, E, as introduced in the proof of Proposition 2.4.
Let 7 be a given estimator. Define

7 n2 p? 2
= n, | —Eo[7? E,|(1-——] |.
i n\/; o1+ Jiogp “[(n 1+p2>

Then,
R(p,1) | R(nk)
1 /p plogp
Now define the event A(7)) := {1 > p?/[2(1 + p )]} Then, one has

2
\/7E0A2 >n \/7190 1+p) Zﬂ\/glogpﬁ”o[ft(ﬁ)]-

Similarly, By, (7 — p?/(1+ p%))? > P, (A“(0)p"/4(1 + p?)? > $:PFEP,(A(H)) s that

a? P .
R24—41Jn4f Py [A] Elogp—l—PH[A] )

were the infimum is taken over all measurable events 4. Restricting the events A to have small
probability, we arrive at

a
R> 1 inf P, [A]} 57
44 [ /\A, PR (e " ]} o7

so that it suffices to obtain a uniform lower bound P, [A°] over events A of small Po-probability.

P, (A9 = 1-Fo(A) = [Pu(A) —FPo(A)

> 1-Py(A) — |Eo[(L, —1)14]| where L, = %
0
> 1—Py(A) — (Po (A (P, ]P’o))l/2 : (by Cauchy-Schwarz inequality) (58)

Define x = g5 log(p). Since \/plogp < k, and since log(1 + uz) > ulog(l + z) for any u € (0,1)
and x > 0, we have

2
%glog[l—l—x\/\/ﬂ < log [1—1—3:4—\/2:13—1—3:2] .

Together with Lemma 7.1 and the classical identity cosh[log(1 + u + v2u +u?)] = 1 + u for all

u > 0, we arrive at
k2 1
VI [—m] <M g [0 L (59)
V/plogp p V/plogp p'~%logp

NG
Coming back to the lower bound (58), we conclude that, for any event A satisfying Py(A) <

\/Plogp
Vvn/(\/plogp), we have
no1 no 1 \Y?
P (A)>1— 02— ()
p A 2 \/;logp < pl‘alogp>

Plugging this result in (57) and using the fact that p'~¢(log p)2 > 16n leads to the desired result.

Xz(Pﬂ’]P)O) <
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7.3 Proof of Theorem 4.5
7.3.1 General arguments

Suppose that Condition (25) is satisfied for some ¢ > 0. Define r be the smallest integer such that
¢ >1/(2r) so that we can assume henceforth that n'*1/") /p — 0.

In this proof, we follow the same general approach as in the other minimax lower bounds, that
is we define two mixture distributions Py and Py

Py := / Pg 00,5 H0(df,dS) , Py := / Ppor2 n(dB, d2) ,

in such a way that Py and Py are almost indistinguishable and at the same time the function (3, o)
takes different values for parameters in the support of the prior distribution g and parameters in
the support of the prior distribution ;. The main difference with previous proofs lies in the fact
that po and py are now prior probabilities on both the regression coefficient 5 and the covariance
matrix 3.

Let ap = (@0), 70 = (Vip), ¢ = 1,...7 and oy = (a;1), 1 = (Vi1), ¢ = 0,...7r be positive
parameters whose exact values will be fixed later. We emphasize that the values of these parameters

will only depend on r and not on n and p. Given a positive integer ¢ and a = (aq, ..., aq) whose
coordinates o are positive, define the probability distribution 7, on vectors of R?*? whose density
is proportional to (]I, + Y7, a,-xixiT\)_”ﬂe_ Yiaplleill3/2 for o; € RPi=1,...,q.

The distribution pg is defined as follows. Let (v;0), ¢ = 1,...,r be independently sampled
according to the distribution 7,,. Then, conditionally to (v1,...,v,0), S and X are fixed to the
following values

T T
B= qiovio; BN =L 4> aioviov) (60)
i=1 1=1
Similarly, under pq,
T T
p= Z%’,lvi,l ; =1, + Z i 10107 (61)
i=0 i=0
where the vectors (v;1), i = 1,...,r are independently sampled according to the distribution 7, .

Finally, the noise variances are fixed to the following values.
2 _ 2 _
o2 =3/2, ol=1)2 (62)

To prove that Py and P; are almost indistinguishable we will consider separately the marginal
distribution of X and the conditional distribution of Y given X. We will see that the centered
Gaussian distribution of X under both Py and Py are indistinguishable from the standard normal
distribution when n = o(p), see Lemma 7.4 below.

Let us now choose the parameters «; ; and «; ; in such a way that the conditional distribution
of Y given X under Py is indistinguishable from that under P; when n'*t1/(") = o(p). We first
consider a truncated moment problem.

Lemma 7.2. There exist two discrete positive measures py = 22:1 §i,00r,, 0N p1 = Z:ZO &71571.71
supported on (0,1) such that

1. The atoms 7; j for j = 0,1 and i = 1,...,r lie in [1/5,4/5], whereas the first atom 101 of p1
1s allowed to be smaller.
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2. The total mass of py equals 1/2, whereas the total mass of py is 3/2.

3. Forallg=1,...,2r — 1, the q-th moment of pg and p1 coincide

3/4
/qupo = /a:qdpl :/ 2ldx :=my .
1/4

For j = 0,1, we set the values v; ; = [&,j/ﬁ,ﬂlﬂ and o; ; = T;jl -1

Let us give a hint why such a choice leads to what we need. As a consequence of our parameter
choices, the following identities are satisfied

r ,72 r ,}/2
1,0 2 1,1 2
) _|_O- — ? +0‘ :2 63
21-1—042‘0 0 Z:l—FOéiJ 1 ( )
i=1 =0
2
%0 . Vi1 37-1
e 2 = —1, \v/:2,,2 64
S e = e g s =R @)

=1

Had the random vectors (v;;) introduced in p; formed an orthonormal family, then we would

have had 72138 = ) o)t ﬁ/” Y for any positive integer q. We shall prove later that, under the
distribution p;, the vectors Uw have a norm close to one and are almost orthogonal with large
probability. Hence, identities (64) imply that the moments 37393 concentrate around the same
value under pg and pq, this for all ¢ = 2,...,2r. This will lead to the fact that the conditional
distribution of ¥ given X under Py is indistinguishable from that under P; when n!*%/(2") = o(p)
as proved in Lemma 7.5 below. In the same way, (63) will imply that f733 + 0’]2- concentrate
around 2 under p; for j = 0,1 so that n will concentrate around different values under Py and P,
since 02 # o?. This is stated in Lemma 7.3 below.

Remark. As, with large probability, the random vectors v; ; will be proved to be almost orthonor-
mal, the spectrum of 3 almost lies in (1/5,1) with high probability under pg. Under py all the
eigenvalues of X, except the smallest one, almost lie in (1/5,1) with high probability, whereas the
smallest eigenvalue of 3, which is of order 1/(1 + «,1), will be closer to zero. If we had wanted to
restrict ourselves to covariance matrices with uniformly bounded eigenvalues (in say [M,1/M]) as
suggested in the discussion below Theorem 4.5, we would have defined the parameters thanks to
discrete measures pg and p; with support in [1/M,1]. However, to constrain the g-th moment of
po and p1 to coincide for ¢ = 1,...,2r — 1, the difference in total mass between py and p; would
now depend on r. The remainder of the proof would be unchanged except that the quantities 7
and 7, in (65) would depend on 7 and the ultimate conclusion would be that imR" [p, M] > C(r).

Let us now define the quantities

2 2

o =1- i —1/4, pe=1- i —3/4. (65)
T i, T i,
Zz 1 1+a0 0 + 00 Zz 0 1+a11 1 + 01

The next lemma states that, for j = 0,1, n(3, o) is close to n; under pu;.

Lemma 7.3. There exists three positive constants C1(r), Ca(r) and C3(r) such that the following
holds. If p is larger than nCy(r), then

n(8,0) = mi| = Co(r) (™" + (%W?) < e~ (66)
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for 7 =0,1. Also, the spectrum of X is bounded away from zero with large probability, that is for
J=0,1,

1
17 /\mm(E) > 3 min < E_CS(T)pl/Q . (67)

- 7 1—|-OZZ'J

Define M (r) := [2max; j(1 + a; ;)~!]. By definition of yo and p, the largest eigenvalue of X is
always equal to one. By Lemma 7.3, with pg and pq probability going to one, the spectrum of 3
lies in [1/M(r), M(r)].

Let us now bound the minimax risk R [p, M (r)]. Contrary to the prior distributions chosen in
the proof of Proposition 3.1, the proportion of explained variation 7(3, o) is not constant either on
1o or on p, so that we cannot directly relate the minimax estimation rate to the total variation
distance as done before. Nevertheless, these proportions of explained variation concentrate around
1o and 71 so that it will be possible to work around this difficulty. This slight refinement of Le
Cam’s method has already been applied for other functional estimation problems (see e.g. [12]).
Also to circumvent the issue that some eigenvalues of ¥ are smaller than M|[r] with positive (but
very small) probability, we consider a thresholded version of the risk Ej [.] := E; [.1 Amin (2)> M—I(T)]
and Ej[]:=Bo [ Ly, =010

Without loss of generality, we may assume that all the estimators 1 below only take values in
[0, 1].

Blp.M(r)] > B [{i-n(5.0))°] \/Bi [{ﬁ—n(ﬂ,cf)}?]
> i%on [{77 —n(B,0)} } E; [{ —n(p ] - \/ pi Panin (2) < M1(r)]
i=0,1
> i%f% V E -] = VB 8.0) =] =\ i Pan(®) < M70)]

i=1,2 i=1,2 i=0,1

where we used (z — y)? > (z — 2)%/2 — (y — 2)%. From (66) and the fact that n(3,0) belongs to
[0, 1], we derive that

\/ Eil{n(B.0) - ni}*] < Cr)p~* +n/p)

i=1,2
when p is large enough. Besides, the probabilities ;[ Amin(X) < M~1(r)] are smaller than e=Cp'/?
by (67). Then, we control the maximum \/,_, , E; {{(ﬁ— 7],-}2] using the total variation distance
between Py and P as we did in the proof of Proposition 2.4. More precisely,

R'[lp, M(r)] + C(r)[p~ "2 + (n/p)]

v

(771 - 770)2 inf P (A> 771+770) \/P (A< 771+770)
78 = o\n = — I\n=

2
> (771 16770) lJn‘lfPO(A) +P1(AC)

(1 —no)? [

>
- 16

1 — [Py —Pollrv] ,

so that we only have to focus on ||P; — Py|lry. Let us decompose the total variation distance
between Py and Py in a way enabling to consider separately the marginal distribution of X and the
conditional distributions of Y given X. Since the total variation distance is, up to a multiplicative
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constant, the [; distance between the density functions, we obtain
2Py~ Pollrv = [ 1foyx) — faly. )l dudx

- / oyl fo() — Fu(yl) f1(0)|dydx

< / F1(u1%) [ fo(x) — F1(x)|dydx + / fol@) folylx) — f1(ylx)|dydx
< [15000 ~ fGolax+ [ fo(o)l o) — alyoldydx
< 2PE PNy + 283 [IPY* Py X ] | (63)

where, for i = 0,1, PX (resp. f;) denotes the marginal probability distribution (resp. density) of X
under P;, PZYIX (resp. fi(-|x)) is the conditional distribution (resp. density) of ¥ given X and E¥X
stands for the expectation with respect to Pgi. The main difficulty in the proof lies in controlling
these two total deviation distances |PF — P¥||ry and E8([||Pé/|X - Pf'XHTV].

The marginal distribution of X under Py and P is that of a n sample of p-dimensional normal
distribution whose precision matrix is a rank r perturbation of the identity matrix and whose r
principal directions are sampled nearly uniformly. In a high-dimensional setting, such perturbations
are indistinguishable from the standard normal distribution as shown in the next lemma.

Lemma 7.4. There exist two positive constants C(r) and C'(r) only depending on r such that the
following holds. If p > C(r)n, then

n
IPX — P¥|lry < c’<r>\/; |

The intricate construction of s19 and 1 (and especially the choices of the parameters «; ; and
7i,;) has been made to force the conditional P(})/IX and P{‘X to be close to each other. Informally,
the fact that the quantities 37 X938 almost coincide under pg and g, this for all ¢ = 2, ..., 2r, will

translate into the total distance ||Pé/ X _ PT‘XHTV as illustrated by the next lemma.

Lemma 7.5. There exist two positive constants C(r) and C'(r) only depending on r such that the
following holds. If p > C(r)n, then

1+1/¢2r)\ "
Y|X Y|X n
EY [Py — Py lzv| < ') (T) :

Under assumption (25), the distance ||[P; — Po|j7y goes to 0, and the minimax risk R’ [p, M (r)]
is therefore bounded away from zero:

g (m — mo)®
R [p, M (r)] > g

7.3.2 Proof of the truncated moment problem (Lemma 7.2)

Define p the uniform measure over the interval [1/4,3/4]. First, we want to construct pg an 7-
atomic measure whose support is in [1/4,3/4] and whose moments up to order 2r — 1 coincide with
those of p. This truncated moment problem has received a lot of attention in the literature. For
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instance, Theorem 4.1 (equivalence between (i) and (ii)) in [15] ensures the existence of py. Define
the Hankel matrix A of order r — 1 and the matrix B by

Ai,j = mi+j, Bi,j = mi+j+1, YO0 § i,j § r—1.
(Here, mg = ff’/ f dx = 1/2). The same theorem 4.1 in [15] then ensures that the symmetric Hankel
matrix A is positive semidefinite, A > 0, and 3/4A > B > 1/4A where B > 1/4A implies that
B — 1/4A is positive semidefinite. Since the representation of the truncated moment problem

(mo,...,mar—1) is not unique (p and py are admissible) Theorem 3.8 in [15] ensures that A is
non-singular. Hence, up to modifying the constants, we can obtain strict inequalities in the bounds

4 1
A>0, 5A>B>3A. (69)

Given € > 0, define the modified matrices A® and B® by

m if i=45=0 i
A= { mz’+j—10— et else ’ ' Alj=mig;—e

Since the set of positive matrices is open, there exists some £y > 0 such that the Hankel matrix
A®0 is positive and %Aao > B0 > %AEO. As a consequence of Theorem 4.1 in [15], there exists an
r-atomic measure p*° with support in [1/5,4/5] whose ¢-th moment is m, —ef for ¢ =1,...,2r—1
and mg for ¢ = 0.

Finally, the measure p; := 0, + p°° satisfies all the desired moment conditions, that is [ dp; =
mo + 1 and [2%dpy =mg forg=1,...,2r — 1.

7.3.3 Additional lemma
Lemma 7.6. There exists three positive constants Cy(r), Cs(r) and Cs(r) such that the following
holds. Assuming that p > nCy(r), we have, for both j =0 and j =1,

n — —Cs(r
o [ [l — 1 2 () (5)'/% 4 p71/1] <m0 (70)

Proof. We only prove the lemma for j = 0, since for j = 1 the proof is similar. To ease the notation,
we simply write v and o for (v; 0); and (o o); and p for py. Recall that the density of v = (vq,...,v;)
is proportional to e~ 2 lvill3/ 2|1, + 37, ayvvl |72, Denote w the uniform probability measure on
the p-dimensional sphere. Let us first change the coordinate system. The density g of t = (||v;]|3)
and w = (v;/||vi||2) satisfies g(t,w) = ¢(t,w)[[ ¢(x,w") [[ dzidw(dw})] =, where

P(t,w) == (Hit;l)e‘g Yo (ti—1-log(ta) Z aztywwl |2

7

In order to control the density g, we first provide a lower bound on the normalizing constant.
For t € (1 — (Tp)_1/2,1)r, L, + > aitiwiwﬂ <L, + >, a,-tiw,-wiTng < (14 ||lofjeor)”. As a
consequence,

(rp)
/gb(:ﬂ,w')ﬂid:mdw(w;) > [/
0

(rp) 21+ [Jaf|oor) T2

T

du| (1+ [lafoer)™"/

—1/2 1 —E(—u-log(1-u))

1—u

v
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Since the determinant |I,+ ", a;t;w;w! | is always larger than one, we obtain for some constant
C(r) depending only on r and some universal constant C'

IN

(rp)r/2e—r2/4(1 + ||OZHOO7")nr/2(HZ’ti_1)€_§ >oi_q (ti—1—log(ts))
< C(rp"P(1 + |Jaflar)™/? exp [ —Cp) {(ti —1)*1yc2.3/2) + <1z + tltiza/z}]-

(71)

g(t,w)

If [|t—1]|o belongs to ((5¢ log(1+||al|eor)) /2 4+p~1/4,1/2), then for some constant C’(r) depending
only on r
g(t,w) < C'(r)p"? exp(—=Cp'/?) .

If ||t — 1]loc > 1/2, then g(t,w) < C'(r)p"/? exp(—C'p||t — 1||o) for some universal constant C”.
Integrating these bounds with respect to w and ¢, we conclude that for some constant Cs(r)
depending only on r and some universal constant C”

T miax]Hvi”% —1] > (05(7‘)%)1/2 +p_1/4} < C/(T)pr/ge_cﬁpl/z 7

which is smaller than e~C6(P"? for some constant Ce(r) for p is large compared to 7.

7.3.4 Control of |[P¥ — P¥|ry (Proof of Lemma 7.4)

Define the probability distribution FX, such that, under FX, the entries of X follow independent
standard normal distributions. By the triangular inequality, we have

=X =X
P —PElrv < [PT —PFlrv + [PT — P{¥|rv (72)

We will prove that ||FX — P¥||ry is small, the distance ||?X — PX||ry being handled similarly. In
order to simplify the notation in the remainder of this proof, we drop the subscript 0 in the vector
ap and vg. Let w denote the Haar measure on dimension p orthogonal matrices. We work out the
marginal density fo(X) as follows

foX) = /(277)_("p)/2|1p + Z a,-fu,-fu;fp‘n/2 exp [— tr(XXT)/2 - Z%’HXWH%/Q} o (dv)

i=1 i=1

= / hO(U,X)ﬂ'a(dv) )
R+

where ho(%X) = |Ip + Zaiviv?|n/2e—tr(XXT)/2 /6_ die1 az‘”XOviH%/Zw(dO) 7
=1

since the values of |I, + Y7 avv! | and 37, [|v;]|? are rotation invariant.

For fixed v = (vy,...,v.), ho(v, X) stands for the density of X when the corresponding precision
matrix of the rows of X is a rank r perturbation of the identity matrix whose directions are
sampled uniformly on the unit sphere. We shall prove below that it is impossible to distinguish
this distribution from P (i.e. no perturbation) when p is large compared to n. Denote f(X) the
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density of X under P~ In the following equations, ||fo(X) — f(X)|1 denotes the I; distance (in
R™P) between the densities. Using Fubini’s Theorem, we obtain

AP —P v = [fo(X) = FX)|s
/ 1o (X, v) — F(X) || 17a(dv) (73)

so that we will bound the [y distance [|ho(X,v) — f(X)|]; for all v = (v1,...,v,). Denote L,(X)
the likelihood ratio ho(v, X)/f(X).

1h(X,0) = FX)h = B [|L(X) —1]]
VEX (LX) — 12 = ENL2(X)] — 1, (74)

so that we have to compute the second moment of the likelihood L,(X). As the proof of the
following lemma is a bit tedious, it is postponed to the end of the subsection.

IN

Lemma 7.7. There exist three positive constants C7(r), Cs(r), Co(r), only depending on r such
that the following holds. Assuming p > nCr(r), we have

B [L200] < 1+ Gulr) + drexp(~Co(r)p)

simultaneously for all v = (v1,...,v,) satisfying max; ||v;|l2 < 2.

This lemma, together with (74), gives us a uniform bound of ||h(X,v) — f(X)|1 over all v
satisfying the above condition

n

(X, v) = FX)[I} < cgmg +4rexp(~Co(rp) < Cuolr)

Denote V the collection of v such that v = (vy,...,v,) satisfying max; ||v;||2 < 2. Coming back to
the decomposition (73), we conclude that

IPX PNy < /Hth — FX) 17l do) /Hth) F(X) |17 (do)

[ X [|lvg]]2 > 2max\alq <C'(r )\/g 7

when p is large compared to n using Lemma 7.6. Handling analogously the difference || P _p= l7v,
we conclude that
=X n
IPX =Py < ) 3 (75)

Proof of Lemma 7.7. Relying on Fubini identity and the fact that X follows a normal distribution,
we have

<

EIS

E [L3(X)]

I, +ZO‘ZW " / = X0 ulIXOuI3HIXOw31/24, (10 (dO)

. / ‘Ip + 22:1 a,-fu,-fuﬂ
L, + 0, @i(00,)(00)T + a;(0';)(0'v;)T ||

- w .
L, + 07, aiviv? + a;(0v;)(0w) T[]

n/2
] w(dO)w(dO")

34



Diagonalizing the matrix I, + > ;_; aiviviT , we find @1,...,a, > 0 and an orthonormal family
wi, . .., wy such that >0, vl =31 &ww! . Note that [|@]lco < [lorflee Yoiey [vill3 < 27 |so-
We arrive at the following representation

n/2
_ L+ 37, aquww?|?
EX [L2(X)] :/ [Ty + 300y Giwiw | w(dO) . (76)

~ ~ 2
|Ip + 22:1 aiwiw;f + OZZ(OZUZ)(OZUZ)T‘ |

We see that B~ [L?(X)] expresses as the n/2-moment of a ratio of determinants. In order to ease the
notation, we extend the vector & in a 2r-dimensional vector by concatenating it with itself. Define
the size diagonal matrix D by D; ; = @; for 1 <14 < 2r. Extend the orthonormal family (w,...,w,)
into (wy, ..., ws,) by a Gram-Schmidt orthonormalization of (wy, ..., w,, Owy,...,Ow,). Since the
determinant of I, + > . diwiw;-f +>0 &;(Ow;)(Ow;)T is only determined by its restriction of
the basis (wq, ..., ws,), we introduce the matrix A of this linear application into the space spanned
by (w1, ...,ws.). We arrive at

n/2
EX[I2(X)] = / (%) w(dO) . (77)

In order to prove that this quantity is close to one, we shall show that the matrix close A is
close (in entry-wise supremum norm) to I, +D. The difference matrix V := A — I, — D writes as

T
Vi =Y &(Ow;, w)(Ow;, win) — &lim s
i=1

Given i = 1,...,r, define the space S; = Vect{wy,...,w,, OQwy,...,Ow;_1}. By definition of wy,
observe that (w;, ;) =0 for all i < I. As a consequence, for any [ < m,

T

T
Vil <7 @l(Ows, wi)| < dil[Ts, Owllz

i=m i=1

where IIg denote the orthogonal projection onto the vector space S. The diagonal terms of V
satisfy

T
Vi <) [T, O3 -
i=1
For i =1,...,r, denote W; = ||II5,Ow;||s. Define the matrix Vy := (I, + D)™/2V(Iy, + D)~ 1/2,

As a consequence of the previous inequalities, we obtain

[tr(Va)| < 2r[|]|ec max W2, [ Valloo < 7| oo max W; .

Assume that 2r||Va||e < 1/2 so that ||[Va|op < 1/2. Also denote X\;(Vz) the ordered eigenvalues
of V2.

: 2r
‘ ‘
log | m————==1| = log||Is + V3] = E log(1 + A\ (V

v

tr(Vag) — Z/\?(Vg) (since log(1 + x) > x — 2° for z € [-1/2,1/2] )

v

—6rt(||a||% v 1) max W7 .
3
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Define the event A := {47?||&||o max; W; < 1}, so that, under A, we have 2r|| V3|l < 1/2. Under
A, we bound log[|A|] as above, whereas, under |.A|¢, we simply use that |[A| > 1. We also write E¥
for the expectation with respect to the Haar measure w.

EX [Lg(X)] < E¥ [exp <4nr4(\|d\|go V 1) max Wf)] + w[A] Iz, + D|"

< B o (" pmaxw?)) | + ol exp (1C'0) (78)

where C(r) and C’(r) only depend on r. We used in the last line that ||@| s < 27|||ls0 and that
the choice of « only depends on 7.

In order to work out this quantity, we need to control the deviations of pmax; Wf. Re-
call that (w1,...,w,) form an orthonormal family. Hence, conditionally to (Owsq,...,OQw;_1),
Ow; follows a uniform distribution on the unit sphere intersected with the orthogonal space of
Vect(Owy,...,0w;—1). As a consequence, W7 follows the same distribution as >\, Z2/|Z||3
where Z = (Z1,...,Zp—i+1) ~ N(0,I,_;11) (since the Gaussian distribution is isotropic). Noting
that I/VZ-2 is always smaller than one 1, we consider for any t € (0, p)

P pZ’{:l z;

w [pW? >t +2r] Tk L>t+2r| <P[||Z]3 <p/2] +P
2

i=1

- t
Yz} -1)> 5]

t, 2
< e P e ENo <2700

where we used Lemma A.1 and » < p/8 in the last line. Taking an union bound and integrating
this deviation bound, we derive that

o [exp ("C;)(T) (pmax WE))] <1+ c’(r)% :

where we used that p is large compared to n. We also derive from the above deviation inequality
that w[A] < 4re~C(P, Together with (78), this concludes the proof. O

7.3.5 Control of Egc[HPé/IX - PleHTV] (Proof of Lemma 7.5)

Let us first characterize the conditional distributions P3/|X and Pf'x.

Lemma 7.8 (Distribution of Y conditionally to X under Py and P;). Define the matrices

By = nyﬁo(plp + az}OxTX)_l ) B, = Z’Yiz,l(plp + az’,leX)_l . (79)
=1 i=0
and for j = 0,1,
1 1
T = — I, - 5X(B;" + X"X/0})'X" (80)
o o5

Under Pq (resp. P1), Y follows, conditionally to X, a centered normal distribution with precision
matriz Ty (resp. T').

36



The precision matrices I'g and I'; are both diagonalizable in the same basis that diagonalizes
XXT. Denoting \;, i = 1,...,n, the ordered eigenvalues of XX /p, we define

—1
fylj .
hji(\i) = +E ’ ,j=0,1 1
<O’ T an > j=0 (81)

the corresponding eigenvalues of T'y and T';.
Suppose that A; lies in (1/2,3/2) (this occurs with high probability). Since, by (63), 0’]2- +

2
. 111(;” = 2, we have

1/4 < hj(\) < 4 (82)

Let us develop the Taylor’s expansion of 1/h;();) with respect to (A\; — 1):

,.Y ,Yl am™ 1

l7.7 m—1 »J ly.]
= (N —1)™ — . 83
h] I +Zl+am+m§:: - Z(l—i—al et (83)

By the definition (62) of O' and the property (63), the constant term O' + Zl e

consider any m € {1,...,2r — 1}. The rational function z™~1/(1 + a:)m+1 decomposes as a linear
combination of a Jrlx) As a consequence , the term or order (A\; — 1)™ in (83) is a

- equals 2. Now

S,
linear combination of the moments m, (defined in (64)) for ¢ = 1,...,m — 1. Thus, the choice
of the parameters v;; and «;; makes all the terms of the development of 1/ho();) and 1/hi()\;)
coincide up to order 2r — 1.

D Sy

1
hi(Xi)  ho(N\i)

1 1
Z gl OO‘% T 104?11 ‘
= (L+ae)™ (1+a)mH!

m=2r
< f: A 1™ 27%2’0 +277l2:1
a m=2r Z 1 (1+al70)2 P (14—()41’1)2
< P\i_1|2r

where we used in the last line that |A\; — 1| < 1/2 and m1 = 1/4 (with all m; defined in (64)).

Suppose that all the eigenvalues \; lie in (1/2,3/2) so that E g belongs to (1/16,16) by (82).

YiX YX YX pY|X
| | X, pYIX,

2P, 13, < K[P, (by Pinsker’s inequality)

=52 (7 -1 s i)
S (st~

n
< O (- D" < XX /p— Ll
i=1
since, for some fixed C' > 0, 2 — 1 — log(z) < C(z — 1)? for € (1/16,16). The total variation
distance is always smaller than one, so that

IN

Y|iX YX - Y|X Y |X
EY [Py Mlrv] < PEIXXT/p~Tallop = 1/2] +2 1/2E3<[ K[Py 5 Py M JLxxr /-1, oy <1/2

< PY[IXXT/p—Tp]lop > 1/2] + Cn'PES [|XXT /p — L |1 2]
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Conditionally to v = (vy, ..., v,), X follows a Gaussian distribution with inverse covariance 7! (v) =
L, + >, aiovivl with ;9 > 0. As a consequence, ||E(v)|lop =1 (since p > r) and tr(E(v)) be-
longs to [p — r,p]. As a consequence, we may apply the deviation inequality for Wishart matrices
with non-identity covariances (Lemma 6.1) to X and reintegrate with respect to v.

P [IXXT — tr(S(0)Talop < 2v/p (VAT + 10+ V2E) +3[n+100+26]] > 1-2¢7", (34)

for any t > 0. Since n < p, this simplifies in

r n t t
Py [IIXXT/p—Inllop < - +C{\F+ \ﬁ+ —H >1— 2"
p P pop

Integrating this deviation bound, we obtain EJ [|XX” /p —I,,||*"] < C(r)(n/p)" where the con-
stant C'(r) only depends on the integer r. Also, from (84), we derive that the probability that
|XXT /p —1,|| > 1/2 is smaller than 2e~"? for some ¢’ > 0. We have proved that

) 1+1/2r)\ "
EX ”PY|X Y|XHT :| §2€_CP+C(T) (nT> ,

where the constant C(r) only depends on r > 0.

Proof of Lemma 7.8. We only prove the result for P, the result for Py being handled similarly.
Since P is a mixture distribution, we introduce f;(Y,X, vy,...,v,) the total density of (Y, X,v)
where v = (vg, ..., vp).

f1(Y, X, v) o exp

1Y = X3 gviavil? tr(XXT) Qi ~p
- 0 - —Z 1 Xws]|5 — ZgH’U:’H%

2
207 2 i=0 i=0
Denote z = >_7_ 7;,1v;. If the density of v is proportional to []; exp [— > 7_ 52 | Xv;[|3 — Y0 07 ||UZH 2],

then z follows a centered normal distribution with covariance matrix By = > ’yz-% L(pL+a; 1 XTX) 7!
As a consequence, integrating f1(Y, X, v) with respect to v leads to the marginal density

[V, X) /(27r)n_/21B11_/2S_HY_XZHQ/(%%)_ZTBl12/26_”(XXT)/2dz

1 T 1 -1 T 2\—-1yxT
L YT (L -LX(B ' +XTX X7 )y
x e 297 (” 2 (B, /o1) ) e—tr(XXT)/2[

BB+ XX

Hence, conditionally to X, Y follows a centered normal distribution with precision matrix I';.
O

7.3.6 Proof of Lemma 7.3

We prove the result for pg, the proof for u; being handled similarly. In order to ease the notation
we respectively write a;, 7, v; and o for a0, 7i0, vio and og. From (63) and the definition (65),
we have the following decomposition

D
i=1 1+o¢1

5 .
o+ Zz 1 1+al

o =
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Define so = >i_; v2/(1+ o) so that g = so/(c + s0). Since o is fixed to 3/2, it suffices to prove
that 87X is concentrated around sg to obtain a concentration bound for (3, o) around 7.

We use a similar approach to that of the proof of Lemma 7.7. Conditionally to (vi,...,v,),
S =1, 43 ayviv!. Define w; := v;/||v;||2 the standardized version of v; and t; := |v;[|3. Also
define the Gram—SCthldt orthonormalization basis (v1,...,1,) obtained from (w1, ...,w,). Define
the r x r matrix X which represents the restriction of Z in the orthonormal basis (Vl, cey V).

Similarly, define the 7-dimensional vector 3 so that sy = 5T§~]B . Define the diagonal matrix X by
S =1/(1+at)) foralll = 1,...,r. and the vector B by B; =, for [ = 1,...,7. Then, BT 23— sq
decomposes as
S T is a5 = (557 = =T
BT58-s0 = (BEB-s0)+8 |T-%|B+ (e [S{BFT-BB }])
= )+ {II)+ (III). (85)

We shall prove that each of these three terms is small in absolute value. Recall that the «; and ~;
are positive constants only depending on r.

2
Vi 2
— < P
(D) ‘§:1+a” | < rlElall max i — 1

|(11)] IBIZIE = Slop < [VZIZ — Sllop
(I1D)| < ENeIBBT =B B e < IZ1r(1Bll2 + [BlI2)IIB = Bl < C)IB = Blla ,

where we used in the last line that the eigenvalues of 3 are all smaller than one. Coming back to
(85), we have proved that

IN

9755 ~ sol < C(r) [maxlt; = 1]+ IZ - Sy + 15 - Bl (56)

Let us bound || — leop and |3 — B||2 in terms of t and w. By definition of the basis (v1,...,v,),

T
Hi_l B f_l]l,m‘ _ ‘ Zaiti@ui, V) (Wi, Vi) — altlll:m‘
=1
< ol ma s (1)
< rladlsoftlo max Wi,
where W := |[Tyect(wy ,....ws_1,wis1,..w,)Will2 and Ils the orthogonal projection onto the space S.

Here we used that for all 4,1, |(w;, ;)] < 1 and that 1 — (w;, 1) = Dzl |(wi, vp) 2.
~_1 _ ~_1 o o 1
Assuming that 2r(3 - Yoo < 1, we have £ — = Y|, < 1/2, so that also [S73(E " -

ol ) 1/2H0p < 1/2 since all the eigenvalues of X are smaller than one. Then

I=-Sl, = [B[@+=AE -8 L,
< J@L+=ET -=hE) -,
) HEW( 1_§ =" lop
T EAET -SHEY,
< 2B Ty
< 2= - s,
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where we used that all the eigenvalues of ¥ are smaller than one. Turning to the difference E - B,
we have, for any [ =1,...,r,

(B =Bl =1 vitwi, ) — | < iyl max Wi .
=1

Thus, we obtain || — B||2 < C(r) max; W;. Together with (86), this gives us
1BTE8 — so| < C(r) [max [ti — 1| + ||t]| oo max WZ} , (87)

as soon as ||t]|eo max; W; < 1/27?||also. The deviations of max; |t; — 1| are given by Lemma 7.6
so that it only remains to control the deviations of W;. Let A be any event on w = (wy,...,w,).
From (71), we derive that

po(A) = /lAg(t,w)HidtidW(wi) < C'(r)p (1 + \Ialloor)"’”/Q/lAHidW(wz)-

As a consequence, the probability 1(A) is always smaller than C(r)p"/?(1 + ||a||sor)™/? than the
probability of A, when w1, ..., w, are independently and uniformly distributed on the unit sphere.
When wi,...,w, are independently and uniformly distributed on the unit sphere, Wf follows
the same distribution as Z:;ll Z2)11 2|3 where Z = (Z1,...,Z,) ~ N(0,1,) (since the Gaussian
distribution is isotropic). Arguing as in the proof of Lemma 7.7, we derive that for any ¢ € (0, p)

r—1 2 r—1

N t

w[prEt—FQr] =P %Zt—i—% S]P’[HZH%Sp/ﬂ—HP’ E (23—1)251
2 i=1

t, 12
< e—p/lﬁ +e—g/\@ < 26—C(r)t

9

where we used Lemma A.1 in the last line. Taking an union bound, we derive that
o [pmax W2 t+ 2r] < (PP (1 + afoor)™ 2 CO
(2

Thus,

1/2

o el 95 2 5] < e 2 214 C/ 7200+ r) 2O (s

since p is large compared to r. Together with (87) and Lemma 7.6, this gives us
~ _ n _ 1/2
o [IBTEB —sol 2 O+ (2)12) | < en @
for p large enough compared to n and r. This last deviation inequality easily transfers to that of

0. _
Let us now turn to the spectrum of 3. By definition of 3,

- _ - ‘ 1 -
Amin(2) = Amin(B) > Amin () — [|[Z — Xl[op > min T+a 13— X[op
(]
so that A\pin(X) > %minﬁai as soon as 272 ||| o ||t]lco maxi—1,._,» Wi < %minﬁai and the end of

the lemma follows easily from (88) and Lemma 7.6.
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7.4 Proof of Proposition 5.1

As in the previous minimax lower bounds, we use Le Cam’s approach and build two mixture
measures. Denote P, the distribution of ¥ when 8* = 0 and o0 = 1. Under P, Y follows a standard
normal distribution and 7[0, 1, X] = 0. Given p a continuous prior measure on R, we take

EHZ/BPB,ou(dﬁ)

Note that p-almost surely, n[3,0,X] = 1. Recall that )\2-1/ 2, i =1,...,n denote the singular values

of X and v;, i = 1,...,n its right eigenvectors. Let us choose p such that, under u, (ﬁTvi))\gﬂ
follow independent standard normal distributions. Obviously, under P, Y also follows a standard

normal distribution, that is P, = P.

Consider any estimator 7. Then,

S Bl —nl8o X))l > Egy 7]\ VeereEgo (7 —1]]
> E [7] \VE, [(7—1)7]
> Eo[0’] VE [7*—1]  (since By =P,)
> 2 (B[] + Eo [ 1]
> S +E M?—E,[A]  (by Cauchy-Schwarz inequality)
> 1/4.

A Auxiliary lemmas

Lemma A.1 (x? distributions [28]). Let Z stands for a standard Gaussian vector of size k and let
A be a symmetric matriz of size k. For any t > 0,

P [ZTAZ > tr(A) + 2||A|| pVE + 2||A||Opt] <et.
When A is the identity matriz, the above bound simplifies as
P [XQ(k) > k+2x/ﬁ+2t] <et,
where x%(k) stand for a x?-distributed random variable with k degrees of freedom. We also have
P [f(k) <k- 2\@} <et,
for any t > 0.

Laurent and Massart [28] have only stated a specific version of Lemma A.1 for positive matrices
A but their argument straightforwardly extend to general symmetric matrices A.

Lemma A.2 (Wishart distributions [16]). Let Z be a n x d matriz whose entries follow independent
standard normal distributions. For any positive number x,

P [Amax [ZTZ] >n (1 +/d/n + 2$/n)2} < exp(—x)
P [Amin 277) <n (1-Vdjn - \/M)T

IN

exp(—z)
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B Proof of Lemma 6.1

Recall that XX a weighted sum of Wishart matrices with parameters (1,7n)

p
XX" = ZTZ" =) "T; (Z4;Z7))
j=1

Define the matrix U by
U :=T1'22" (89)

The singular values of U are the same as those of X”. Denote s1(U) > so(U) > ... > 5,(U) the
ordered singular values of U. From the previous remark, the following decomposition holds

Aax(A) = s3(U) —tr(X)  and  Apin(A) = s2(U) — tr(2) .

Hence, it will suffice to derive deviation inequalities for both s;(U) and s,(U) to get the result
(29).

Denote SP~! the p dimensional unit sphere. Since s1(U) = sup,cgp-1 ||Uz[]2 and s,(U) =
inf, cgp—1 ||Uz||2, both s;(U) and s,,(U) are Lipschitz (with respect to the Frobenius norm) functions

with constant 1 of the entries of U. As a consequence, $1(U) and s, (U) are Lipschitz functions with
constant 1(1130(,-(1";/1-2

[9], it follows that

)= HZH;{P of the entries of Z. Applying the Gaussian isoperimetric inequality

P [51(U) 2 Els1 (U)] + |SIIf2v2t| < expl— (90)

P [50(0) <E[s,(0)] - [IBI42V2E] < expl1] .

In order to control E[s1(U)] and E[s,(U)], we apply Gordon-Slepian lemma following the
approach of Davidson and Szarek [16, Appendix IIc|. First, recall Gordon’s extension of Slepian
lemma.

Lemma B.1 (Gordon-Slepian lemma). Let (X;)ier and (Yi)ier be two finite families of jointly
Gaussian mean zero random wvariables such that Var (X; — X]) < Var (Y; = Y/) for all t,t' € T.
Then Elmaxicr Xi| < E[maxer Yi|. Similarly, if T = UsesTs and

Var (Xy — X{) < Var (Y, = Y/) ift €Ty, t' € Ty with s # 5 (91)
Var (X; — X;) > Var (Y; = Y/) if t,t' € T for some s (92)

one has Elmaxseg minger, Xy < E[maxses minger, Y7
Define the Gaussian process I, ) indexed by (u,v) € SP—1 x Sn1,
Py = (u, Uv) = tr(Z(l"l/zuvT))
For any (u,v) and (v/,v"), this process satisfies

Var (P = Parwy) = [(TYV2u) o — (02T |3
ITY2(u — )3+« T v — /|3
ITY2(w — ') [[3 + |2 opllv — /|13

IN
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Let Z; and Z5 be two independent standard Gaussian vectors of respective size p and n. For any
u € RP and any v € R™, define

Q(u,v) = (Fl/2u)TZ1 + HE||(1);/J2UTZ2
Hence,
Var (Quu) — Qurw)) = T2 (uw—u)[3+ 1 opllo — '3 -

We are therefore in position to apply Slepian lemma to the processes P, , and @, (although the
set SP~1 x S*~! is not finite, the result is still true). Observe that MaX(y,y)esp—1 xsn—1 Pup = 51(U).
It follows that

Els:(U)] < E (M)Eg;a@gm@m,m} E [T Z1llo] + IS157E (1 Z21l2)
< V@) + |12, (93)

by Cauchy-Schwarz inequality.

For any v € S*~!, define T, := {(u,v), u € SP~'}. Hypothesis (91) is still satisfied for Pl
and Q(y,)- For (u,v) and (v',v) € T,

Var (P(u,v)(z) - P(u’,v) (Z)) = ||(F1/2(’LL - Ul)”% = Var (Q(u,v)(z) - Q(u’,v)(z))) )

and Hypothesis (92) is also satisfied. Applying Gordon-Slepian lemma, we obtain

—-E[s,(U)] = E max, mlTnPuv)}
LvEST" T ue

< E| max min Qy)
’UGS” L ueTy

< E[ISI2A1Z]l - T2 2], (94)

By Cauchy-Schwarz inequality E [||Zs]]2] < /7. It remains to lower bound E[[|T'/2Z,||s]. Denote
V = |0Y2Z,||5. By isoperimetric Gaussian inequality P [V > E[V] + HE||1/2\/_} < et for any
t > 0. Squaring the above inequality, it follows that for any ¢ > 0,

V2_E2[V] _”2”017t2
]P’{ TS Toy >t] p[ 2E2[V] At].

Integrating this bound with respect to ¢ > 0, we obtain

2] _ w2 o0 _||z||0pt2 2
w S / e 4E2[V] dt + _tdt ﬂ—E 7T]E
2||1%]op 0 \ 2H2H0p 2|!2Hop

by Cauchy-Schwarz inequality, which implies

EV] > \/<E[V2]— SW\\E\\opE[W]—4HEHop>+
> VE 1S 1l
> VE[VZ = /872 op — 4% lop/ VEV?]
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where we used /1 — x > 1—x for all z € (0,1) in the second line. Since E[V?] = tr(X), we conclude
that

3 s, 2gl2 g 1o 3 ISY2(V/a
E[V] > vtr(2) — [|Z]op 7 /"8 47\/@ > \/tr(2) — B 3(VBr +4) .

Gathering this bound together with (90), (93), and (94), we obtain

P [s1(U) > VEr(D) + Sy vVe + 2142V < e
P [5u(U) < VEr(E) - [ZIf2Va - B2 10+ vaD)| < e

Recalling that s2(U) = Apax(XX7T) and 52 (U) = Apin (XXT) concludes the proof.
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