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Abstract

Hydrogen has been found to be an important intermediate during anaer-

obic digestion (AD) and a key variable for process monitoring as it gives

valuable information about the stability of the reactor. However, simple

dynamic models describing the evolution of hydrogen are not common-

place. In this work, such a dynamic model is derived using a systematic

data driven-approach, which consists of a principal component analysis

to deduce the dimension of the minimal reaction subspace explaining the

data, followed by an identification of the kinetic parameters in the least-

squares sense. The procedure requires the availability of informative data

sets. When the available data does not fulfill this condition, the model can

still be built from simulated data, obtained using a detailed model such as
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ADM1. This dynamic model could be exploited in monitoring and control

applications after a re-identification of the parameters using actual process

data. As an example, the model is used in the framework of a control

strategy, and is also fitted to experimental data from raw industrial wine

processing wastewater.

Keywords: Mathematical modeling, parameter estimation, principal

component analysis, sensitivity analysis

1. Introduction1

Despite its numerous advantages, anaerobic digestion (AD) is still not2

used at its full potential, due to the high complexity of the process and its3

dependency on many operational variables. Under some circumstances4

the stability of the AD process can be endangered, which may deteriorate5

the efficiency of the waste treatment and the associated biogas production6

(Chen et al., 2008). Therefore, an important step towards an optimal op-7

eration and control is a better understanding of the interplay between the8

process dynamics and the operational conditions, which may be achieved9

by means of a reliable model.10

One of the most detailed and well-accepted description of the process11

is provided by the Anaerobic Digestion Model 1 (ADM1) (Batstone et al.,12

2002), which can be customized for a wide variety of wastes and plant13

configurations. However, from a control and optimization viewpoint,14

ADM1, with its 32 state variables, is too complex.15

The underlying idea behind the present work is to use informative data16

and to investigate the derivation of low-order dynamic models to predict17

2
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the time evolution of the key variables of interest. The methodology is18

data-driven in essence as it infers a low-dimensional subspace spanned19

by the columns of the stoichiometric matrix using a principal component20

analysis. The first step is therefore to select the measurement signals,21

which are potential candidates for describing the process behaviour. Once22

a candidate reaction scheme has been identified, the kinetic parameters can23

be estimated using a weighted least squares method. In this procedure,24

the use of virtual data (i.e., synthetic data generated by a detailed process25

model) allows to explore a large range of operating conditions, possibly26

wider than feasible in actual practice with a real plant, to ascertain the27

derivation of the low-order model structure. Of course, real-life experi-28

mental data has to be used at a later stage to estimate the parameters of29

the low-order model in the framework of a specific application.30

Several mathematical models describing anaerobic digestion processes31

have been developed in past years in order to achieve specific goals (Yu32

et al., 2013). The majority of them are identified from experimental data33

starting from an imposed model structure. A few others are developed us-34

ing data-driven techniques, which first analyze the available data and then35

propose a structure of the model to accomodate the features of the data.36

Most of the dynamic models are developed for monitoring and control pur-37

poses, and to a less extent, for simulation purposes. Among the models38

which were identified based on experimental data, one can note the work39

of Bernard et al. (2001), who developed the model of an AD process treat-40

ing winery wastewater (the so-called AM2 model), the work of Simeonov41

and Karakashev (2012), who built a model of a pilot plant treating acti-42

3
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vated sludge from municipal wastewater treatment plants, and the work43

of Owhondah et al. (2016), who, aside model identification, investigated44

the most appropriate structure in terms of number of reactions and kinet-45

ics for an AD process treating green and food waste. Models were also46

developed based on data generated by simulation models such as ADM1.47

Among the latter, one can highlight the work of Beltramo et al. (2016),48

who developed an artificial neural network model to predict the biogas49

flow rate for a two-substrate co-digestion system simulated by ADM1,50

or the model presented by Garcı́a-Diéguez et al. (2013), who used princi-51

pal component analysis to determine the number of reactions and built a52

model based on data generated by an adjusted ADM1 to simulate winery53

effluents. Another research direction is the extension of models identified54

from experimental data to reproduce the dynamics of ADM1. Such works55

are reported by Ficara et al. (2012), who emphasized that nitogen has to56

be included in the model structure introduced by Bernard et al. (2001),57

and by Hassam et al. (2015), who included the hydrolysis step, along with58

acidogenesis and methanogenesis, in the model development. Finally, the59

work of Della Bona et al. (2015) uses a linear fractional transformation to60

first identify the model parameters from data generated by ADM1 and61

then from data collected from a lab-scale AD process treating ultra-filtered62

cheese-whey.63

Recently, considerable attention has been paid to the role of hydrogen64

in anaerobic digestion processes. Indeed, it is an intermediary metabolite65

present in many reactions, and it is considered a fast indicator of desta-66

bilization of the process (Giraldo-Gomez et al., 1992; Ryhiner et al., 1993;67

4
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Bhattacharya et al., 1995; Björnsson et al., 2001; Boe et al., 2010; Hou et al.,68

2014; Giovannini et al., 2016). However, some authors have nuanced its69

potential as a monitoring indicator (Voolapalli and Stuckey, 1999, 2001).70

In fact, the type of substrates and operational conditions during anaerobic71

digestion can trigger certain metabolic pathways which are more sensitive72

to hydrogen production and/or consumption. For example, it has been73

reported that high-strength wastewater composed mainly of well-defined74

sugars, such as glucose, sucrose or lactate will produce more hydrogen75

(Pauss and Guiot, 1993; Hawkes et al., 2002; Yu et al., 2002) compared to76

particulate substrates (Boe, 2006). In the latter case, VFA measurements are77

suggested as better indicators of stability. In this study, having in mind this78

restriction, the focus is on developing a dynamic model of the AD process79

including hydrogen as a state variable, in order to be able to subsequently80

develop monitoring and control systems based on this variable (provided81

it is pertinent). On the other hand, online hydrogen sensors are available at82

competitive cost (Pauss and Guiot, 1993; Cord-Ruwisch et al., 1997), which83

makes this kind of strategy practically feasible.84

The resulting mathematical model, built from informative data gener-85

ated by simulating ADM1, contains two trophic groups, total organic mat-86

ter (characterized by COD), organic acids, methane, and hydrogen flow87

rates, which represent the key variables of the process and can be either88

measured or estimated. This model is envisioned as a good basis for an ad-89

vanced (model-based) monitoring and control approach of the process. To90

date most of the control strategies are based on COD, VFA and/or methane.91

Only a few hydrogen-based control strategies have been proposed so far,92

5
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some of them based on empirical principles (Cord-Ruwisch et al., 1997;93

Rodriguez et al., 2006), others based on dynamic models (Dochain et al.,94

1991; Ryhiner et al., 1993). In this study, the control strategy proposed95

by Rodriguez et al. (2006) is exploited to test our dynamic model and its96

consistency with respect to ADM1. Further, experimental data is used to97

identify the parameters of the proposed model and to prove its predictive98

capability.99

This paper is organized as follows. The next section explains the de-100

velopment of the dynamic model using informative data sets generated101

by ADM1. Principal component analysis is used to deduce a macroscopic102

reaction scheme. Nonlinear least squares is then applied to estimate the103

kinetic parameters, and parametric sensitivity analysis is carried out to104

further assess practical parameter identifiability and possibly propose fur-105

ther simplifications. Measurement noise is also discussed, from the point106

of view of applications to actual process data, with maximum likelihood107

principal component analysis and estimation. The numerical results show108

the predictive capability of the low-dimensional model as compared to the109

original ADM1. Section 3 exploits the reduced model in the context of a110

simple hydrogen-based controller initially introduced by Rodriguez et al.111

(2006). In section 4, the model parameters are estimated based on experi-112

mental data collected from a 1m3 fixed-bed reactor treating industrial wine113

wastewater, thus demonstrating its predictive capability. Finally, the last114

section draws some conclusions and perspectives.115

6
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2. Model derivation116

In this section, synthetic data is generated by simulating ADM1 (Bat-117

stone et al., 2002). This data is used to infer a low-dimensional dynamic118

model involving the main variables of interest, i.e. those with interesting119

monitoring and control prospects. The next subsection therefore discusses:120

• the selection of the model variables and data collection,121

• the determination of the minimum number of reactions and pseudo-122

stoichiometric matrix using principal component analysis,123

• kinetic parameter estimation using least-squares identification, and124

possibly re-estimation of stoichiometric parameters,125

• parametric sensitivity analysis for further model simplification, and126

assessment of the parameter confidence intervals based on the Fisher127

Information Matrix.128

2.1. Model variable selection and data collection129

Data has to be informative enough to capture the most important pro-130

cess dynamics. In an actual process study, this step is crucial but can be131

particularly delicate to conduct as operating a process at optimal condi-132

tions is in contradiction with getting information on the several operating133

ranges where the process operates under abnormal conditions or is even134

at risk. This is why the use of a reliable, well-accepted, detailed model is135

appealing. One expects the model to be sufficiently detailed to represent136

the process in a proper way in several operating ranges, and one is able to137

generate excitation signals that drive the process in these various ranges.138

7
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The synthetic database can therefore be made rich enough to draw con-139

clusion on the significance of a reduced-order model. In contrast, a poor140

database could lead to oversimplification and models whose predictive141

capabilities would be drastically limited.142

2.1.1. Liquid phase variables143

Microbial populations and substrates described in ADM1 are clustered144

in a reasonable and congruent manner in order to include tractable infor-145

mation in the reduced model. Similar clustering has been used by Ficara146

et al. (2012) and Hassam et al. (2015), who respectively compared the dy-147

namics of AM2 and ADM1 and built AM2HN, an extention of AM2 which148

includes also the hydrolysis step, to approximate the ADM1 dynamics:149

• The total organic matter, denoted by S1, is the sum of monosaccha-150

rides, amino acids, long chain fatty acids, composite, carbohydrates,151

proteins, and lipids:152

S1 = Ssu + Saa + S f a + Xc + Xch + Xpr + Xli153

• Organic acids, called S2, are the sum of valerate, acetate, butyrate,154

propionate:155

S2 = Sva + Sac + Sbu + Spro156

• The seven microbial populations considered in ADM1 are lumped157

into two main groups, acidogenic microorganisms called X1 and ace-158

togens and methanogens called X2:159

X1 = Xsu + Xaa + X f a160

X2 = Xac + XH2 + Xc4 + Xpro161

8
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For the sake of simplicity endogenous decay of microorganisms is not162

considered.163

2.1.2. Gaseous compounds164

Unlike biomass and substrates which are only present in the liquid165

phase, gaseous compounds, such as methane, hydrogen and carbon diox-166

ide, are produced in the liquid phase and in large part transferred to the167

gas compartment. It is interesting to have a closer look at the mass balance168

equations in order to carefully define the transfer terms. As the reduced169

model is designed for monitoring and control purposes we are interested170

in following up the variations in hydrogen and methane, while carbon171

dioxide is not considered.172

The mass balance equations of a biochemical system involving M reac-173

tions and N components in the liquid phase can be written as:174

175

VL
dξL

dt
= Fin(ξL,in − ξL) + VL K ϕ(ξL) − VL QG(ξG) (1)

176

with ξL,in and ξL ∈ RN the inlet concentration and state vector respectively,177

K ∈ RN×M the stoichiometric matrix, ϕ(ξL) ∈ RM the reaction rate vector,178

Fin the inlet flow rate and VL the liquid volume, QG(ξG) ∈ RN the gaseous179

transfer rates.180

Mass balance in the gas phase gives:181

VG
dξG

dt
= −qG ξG + VL QG(ξG) (2)

where qG is the gas outflow, and VG the headspace volume.182

9
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The transfer term between the two phases disappears in the addition183

of equations (1) and (2) and the following expression is obtained:184

VL
dξL

dt
+ VG

dξG

dt
= Fin(ξL,in − ξL) + VL K ϕ(ξL) − qG ξG (3)

The left-hand side term corresponds to the variation of total mass of185

the compounds under consideration:186

dmG

dt
= VL

dξL

dt
+ VG

dξG

dt
(4)

Considering that the compounds are only produced in the liquid phase187

and then transported to the gas phase, equation (3) is divided by the liquid188

volume to obtain a new auxiliary state variable, which corresponds to the189

total mass concentration in the liquid phase:190

1
VL

dmG

dt
= D (ξL,in − ξL −

qG

Fin
ξG) + K ϕ(ξL) (5)

In this expression the term D (ξL+
qG
Fin
ξG) corresponds to the total compound191

outflow either in liquid or gaseous forms. D denotes the dilution rate,192

defined as the ratio between the inlet flow rate (Fin) and the liquid volume193

(VL).194

2.1.3. Synthetic data195

In this study, informative data is generated in silico by simulation of the196

ADM1 model as a plant emulator. Simulations are performed considering197

a 1 m3 reactor operating in continuous mode and treating mainly soluble198

waste matter with 50% biomass retention. The influent concentrations199

used in the ADM1 model are listed in Table ??.200

10
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Two data sets are built, one for parameter identification, and another201

one for cross-validation, both run over a period of 120 days and sampling202

time of 3.6 hours. These time scales are used to capture the slow and203

fast dynamics. Indeed, analysis of ADM1 shows that the dominant time204

constant is of the order of a month, whereas fast time constants are in the205

range of a few hours.206

The six candidate state variables of our reduced model, namely X1, X2,207

S1, S2, CH4, H2, are sampled from ADM1, and for the sake of realism are208

corrupted with independent, normally-distributed, additive white noises,209

with standard deviation of 1% of the error-free values for biogases and 5%210

for the rest of the variables:211

ξm
i = ξi + ηi (i = 1, ...,ns) (6)

where, ξm
i is the noisy measurement, ξi is the noise-free variable and ηi is212

the additive noise.213

Figure ?? shows the two data sets. Cross-validation will be performed214

to challenge the identified model with fresh data (data that has not been215

used for parameter identification purposes). The data for cross-validation216

differs from the data for identification in the initial condition values and217

the dilution rate evolution.218

2.2. Minimum number of reactions and pseudo-stoichiometric matrix estimation219

A challenge in deriving a macroscopic model of a biological process is220

to determine the structure of the mathematical model, which consists of221

defining the adequate number of biological reactions while keeping the222

complexity of the model as low as possible (Rodriguez et al., 2008).223

11
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In this study the minimum number of reactions and pseudo-stoichiometric224

matrix are obtained using Maximum Likelihood Principal Component225

Analysis (MLPCA) as described by Mailier et al. (2013).226

The reaction number is obtained by successive construction of affine227

linear subspaces of increasing dimensions p (with p ranging from 1 to228

M = 6) that represent at best the noisy data. To formulate the MLPCA229

problem, the transport terms of the general mass balance equation are230

lumped into v(t) as follows:231

dξ
dt

= Kϕ(ξ) + v(t) (7)

The solution of this equation is given by:232

ξ(t) − ξ0 = K

t∫
0

ϕ(ξ) +

t∫
0

v(t) (8)

If we define the transport-free concentration ξ f (t) by:233

ξ f (t) = ξ(t) −

t∫
0

v(t) (9)

the solution can then be expressed as:234

ξ f (t) = ξ0 + K

t∫
0

ϕ(ξ) (10)

The transport-free state ξ f evolves within a linear affine subspace κ235

defined by the column-subspace (or range) of the yield matrix K, and236

translated from the origin by the initial state vector ξ0. This affine subspace237

12
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is independent of the reaction rates and its dimensionality is equal to the238

reaction number M.239

MLPCA can be used to determine this linear affine subspace by solving240

a maximum likelihood problem of the form241

Jp =

ns∑
i=1

(ξ f ,mi − ξ̂
p
f i
)T Σ−1

i (ξ f ,mi − ξ̂
p
f i
) (11)

where ns denotes the number of measured samples, ξ f ,mi is the noisy mea-242

surement, ξ̂p
f i

a p-dimensional maximum-likelihood estimate, Σi is the error243

covariance matrix of the noisy measurements. In general terms, the prob-244

lem can be formulated to estimate the stoichiometic matrix only, or the245

stoichiometric matrix together with the initial conditions, and is actually246

solved using singular value decomposition (see (Mailier et al., 2013) for247

more details on the method and its solution).248

The minimum value of the criterion has a chi-square distribution χ2
249

with N × (ns − 1) degrees of freedom. The reaction number can be selected250

by progressively increasing the dimensionality p of the candidate stoichio-251

metric subspace, starting from p = 1. A value of Jp larger than χ2,(1−α)
N×(ns−1)252

leads to the rejection of the hypothesis M = p at the significance level α253

and the next value of p should then be tested (Mailier et al., 2013).254

Besides the selection of the minimum number of reactions, MLPCA also255

allows to obtain information about the pseudo-stoichiometric matrix K, in256

the form of an orthonormal basis ρ ∈ RN×M of the affine subspace. To find257

the columns of matrix K, it is then necessary to determine a transformation258

matrix G ∈ RM×M, such that:259
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K̂ = ρ̂G (12)

The regular matrix G ∈ RM×M can be estimated independently of the260

reaction kinetics only if sufficient prior knowledge is available. In general,261

M constraints should be formulated to guarantee this property, which262

is equivalent to the concept of C-identifiability introduced in (Chen and263

Bastin, 1996).264

Based on the synthetic data collected from ADM1, MLPCA yields the265

results of Figure ?? for subspace dimensionalities ranging from 1 to 4.266

The chi-square test shows that a two-reaction scheme (p = 2) would be267

sufficient to represent the given data set, i.e., leads to a log-likelihood cost268

smaller than any plausible value of a random variable with distribution269

χ2,(99.9%)
4806 . This result is in agreement with the observations of Bernard et al.270

(2001), who also proposed a two-reaction model (the AM2 model that has271

been extensively used in the meantime for analysis, estimation and control272

of AD processes).273

MLPCA also delivers the orthonormal basis:274

ρ̂ =



−0.18 −0.06

−0.07 −0.13

0.92 0.28

−0.30 0.94

−0.06 −0.04

−2.1 · 10−6 6.3 · 10−6


(13)

In order to find the transformation matrix G, one can invoke that only275
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one microbial population should be involved in each reaction. Normaliz-276

ing the reactions with respect to these populations, the first two rows of K277

can be imposed, and G can be deduced as278

G =

−6.38 2.77

3.33 −8.61

 (14)

The matrix K then results:279

K̂ =



1 0

0 1

−4.95 0.09

5.12 −8.99

0.26 0.21

3.4 · 10−5
−6.0 · 10−5


(15)

Each ki j element in the K̂ matrix corresponds to a stoichiometric coef-280

ficient that relates the jth reaction with the ith compound. Here, the rows281

correspond to X1, X2, S1, S2, CH4, H2, respectively. A positive value in the282

K̂ matrix corresponds to a product of the reaction, while negative values283

refer to substrates.284

To avoid the use of the indexes (i, j) and simplify the notation, the285

correspondence given in Table ?? is proposed. Hence, the reaction scheme286

becomes:287

k1S1
r1
−→ X1 + k3S2 + k7H2 + k5CH4 (16)

k4S2 + k8H2
r2
−→ X2 + k6CH4 + k2S1 (17)
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where the first microbial population X1 transforms the organic matter S1288

into organic acids S2, methane CH4, and hydrogen H2 at a reaction rate r1.289

Products of the first reactions would then be used by the second population290

X2 to produce methane at reaction rate r2.291

The values of the stoichiometric coefficients in matrix (15) will be used292

as a starting point for the development of a reduced model, the next identi-293

fication step being dedicated to the kinetic parameters. Of course, one can294

question the precision of this first estimation of the stoichiometric matrix as295

it leads to somewhat unexpected results, such as the production of organic296

matter in the second reaction. These results have to be considered as an297

abstract mathematical representation and as a starting point, which is then298

subject to refinement in the following sections.299

It is also interesting to consider the influence of the data set on the300

MLPCA results. The results of several tests are summarized in Table ??,301

where the duration (43 and 120 days) and the level of noise corrupting the302

gaseous compounds (1% and 5% relative errors), as well as the level of303

excitation are varied into three types of signals (step function, ramp, and304

ramp-sinusoidal). The ramp-sinusoidal is chosen as the identification set305

as it gives the most informative response of the system.306

It can be seen that the most affected stoichiometric coefficient is the307

one associated to S1 in the second reaction. Longer experiments with308

relatively rich excitation signals are necessary to extract the information309

about this coefficient. These observations are in agreement with results310

obtained after re-estimation of stoichiometric parameters and the relatively311

large uncertainty on this parameter (see Table ??), which will lead to its312
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elimination from the model.313

2.3. Kinetic parameter identification and re-estimation of stoichiometric parame-314

ters315

Finding the stoichiometric coefficients independently of the kinetics al-316

lows to divide the parameter estimation problem into subproblems which317

are easier to solve. The kinetic parameters can now be estimated by solving318

a weighted least squares problem where the deviation between the exper-319

imental data yi,meas(t) and the model prediction y (θ, t) can be quantified320

by:321

J (θ) =

ns∑
i=1

[(
yi(θ) − yi,meas

)T W−1
i

(
yi(θ) − yi,meas

)]
(18)

where ns denotes the number of samples, θ is the kinetic parameter vector,322

and W is a weighting matrix, which in the absence of more information on323

the measurement noise, is usually chosen so as to compensate for different324

scales and units between the variables (if more information is available,325

W could be taken as the covariance matrix of the measurement error, thus326

expressing the criterion (18) in the ML sense).327

In a last step, the nonlinear identification problem can also be extended328

to the stoichiometric parameters. The idea is to subdivide the identifi-329

cation in as many steps as necessary, initializing one problem with the330

results of the previous subproblems. Here the stoichiometric parameters331

found by MLPCA could possibly be re-estimated together with the kinetic332

parameters in a final nonlinear identification problem.333

The Nelder-Mead algorithm implemented in the Matlab routine fminsearch334

17
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is used to find the optimal parameter set. Moreover, positivity constraints335

for the parameters can be imposed using a logarithmic transformation.336

Initialization of the first nonlinear optimization problem is also impor-337

tant since parameter identification can be subject to local minima. Rea-338

sonable initial guesses are taken from literature. In addition, a multistart339

strategy (30 runs) using the Latin Hypercube Sampling (LHS) is used to ex-340

plore the parameter space in a neighbourhood of this starting point (McKay341

et al., 1979).342

In the application under consideration, Monod laws are considered for343

both reactions:344

µ1,2(S1,2) = µmax1,2
S1,2

S1,2 + KS1,2
(19)

µ1,2 is the specific growth rate of the microorganisms, µmax1,2 is the spe-345

cific maximum bacterial growth rate, KS1,2 is the half-saturation constant346

associated to the substrate S1,2.347

The estimated kinetic parameters together with their respective 95%348

confidence intervals are listed in Table ?? while results for stoichiometric349

parameters are shown in Table ??.350

Decoupling the identification problem can help the identification pro-351

cess to proceed faster, reducing the number of iterations. An example of352

such statistics is given in Table ??.353

It is worth noting that kinetic parameters are of the same order of354

magnitude as values reported in other relevant studies (Bernard et al.,355

2001; Garcı́a-Diéguez et al., 2013) and re-estimated stoichiometric values356

are comparable to those obtained with MLPCA.357
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Figures ?? and ?? show the comparison between the model prediction,358

with the best set of parameters, and the noisy data simulated with ADM1359

in direct and cross-validation, respectively. The noisy data is represented360

with red dots, while the model prediction is depicted by solid blue lines.361

The model fit is satisfactory with sum of squared errors of 7.24 and 12.24,362

for direct and cross-validation, respectively).363

2.4. Sensitivity analysis364

As a result of the previous analysis, the following dynamic model365

equations can be written:366

dX1

dt
= µ1X1 − αD X1 (20)

dX2

dt
= µ2X2 − αD X2 (21)

dS1

dt
= D (S1in − S1) − k1µ1X1 + k2µ2X2 (22)

dS2

dt
= D (S2in − S2) + k3µ1X1 − k4µ2X2 (23)

qCH4 = β1µ1 X1 + β2 µ2 X2 (24)

qH2 = β3 µ1 X1 − β4 µ2 X2 (25)

where the factor α accounts for biomass retention (α = 0 for an ideal fixed367

bed reactor and α = 1 for an ideal CSTR - here α = 0.5 is considered).368

Knowing that methane and hydrogen have a relatively low solubility they369

are assumed to go directly to the gas compartment and leave the reactor at370

a volumetric flow rate proportional to the reaction rates given by equations371

(24) and (25), respectively.372
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Sensitivity analysis can be used to assess the influence of each parame-373

ter on the measured outputs, as well as the possible interaction (correlation)374

between these effects. In this study, local sensitivity analysis is carried out375

using a modification of the Matlab toolbox IDEAS (acronym for IDEnti-376

fication and Analysis of Sensitivity) (Muñoz-Tamayo et al., 2009), which377

allows the construction of the dynamic sensitivity equations through sym-378

bolic computation, and the numerical simulation of these latter equations.379

The first-order sensitivity s j = ∂x
∂θ j

is the solution of:380

ṡ j =

[
∂ f
∂x

]
(x,θ,t)

s j +

[
∂ f
∂θ j

]
(x,θ,t)

(26)

where ẋ(t) = f (x(t), θ, t) is the state equation. The parametric sensitivity of381

the measured outputs is then evaluated as:382

[
∂ym

∂θ j

]
=

[
∂h
∂x

]
(x,θ,t)

s j +

[
∂h
∂θ j

]
(x,θ,t)

(27)

where ym(t) = h(x(t), θ, t) is the measurement equation.383

The sensitivity functions are evaluated at the identified parameter val-384

ues θ̂ and used to compute the Fisher Information Matrix (FIM), whose385

inverse is a (Cramer-Rao) lower bound of the variance-covariance matrix386

P of the parameter errors:387

P̂ � F−1(θ̂) (28)

The FIM is computed as:388

F(θ̂) =

N∑
i=1

[
∂ym

∂θ

]T

(ti,θ̂)

Σ−1

[
∂ym

∂θ

]
(ti,θ̂)

(29)
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where Σ is the covariance matrix of the measurement noise. When the389

latter is unknown it can be replaced by its ML estimate Σ̂.390

The variance of θ̃ j = θ∗ − θ̂ can be approximated by σ2
j = P̂ j j and used391

to evaluate a 95% confidence interval for θ j, i.e.,
[
θ̂ j ± 2σ j

]
.392

Figure ?? gives a graphical representation of the local normalized sen-393

sitivities of each variable with respect to each parameter. Highly sensitive394

variables with respect to the parameters correspond to colors close to red395

while less sensitive variables are indicated in blue. The element (k, j) is396

computed as:397

nt∑
i=1

∣∣∣∣∣∣ θ̂ j

ymk(ti, θ̂)

[
∂ymk

∂θ j

]
(ti,θ̂)

∣∣∣∣∣∣ (30)

The corresponding correlation matrix of the estimated parameters is398

shown in Figure ??. Trajectories of the output sensitivities at each point in399

time are shown in Figures ?? and ??.400

Figure ?? reveals low sensitivity with respect to parameter k2, while401

Table ?? shows its relatively high uncertainty. Hence, the cancellation of k2402

is investigated. Values of the newly identified parameters do not present403

significant differences, but the cost function decreases from 8.31 to 7.24.404

This fully justifies the model simplification.405

3. Hydrogen-based control406

In this section the control developed by Rodriguez et al. (2006) is im-407

plemented and tested on respectively the reduced model and ADM1. In-408

trinsically, the controller is based on experimental observation, and does409
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not require a model for its design. However a comparative test allows to410

assess the consistency of the reduced model.411

It has been demonstrated in (Pauss and Guiot, 1993) that a functional412

relation exists in steady state between hydrogen in the biogas and the413

organic loading rate (OLR). This relation can be computed using ADM1414

and the reduced-order model. Both results are represented in Figure ??.415

The controller, described by equation (31) and represented in Figure ??,416

includes an integral action with variable gain. In its original form, it uses417

the hydrogen concentration in the gas phase (ppmH2) and the methane418

flow rate (qCH4) to determine the appropriate change in the dilution rate D419

in order to drive the process to the desired set-point.420

dD
dt

= D K fCH4 f H2 (31)

In this expression, fH2 and fCH4 are a hydrogen factor and methane factor421

described by equations (32) and (33), respectively,422

fH2 =

(
1 −

ppmH2

ppmH∗2

)1/m

i f ppmH2 ≤ ppmH∗2

fH2 =

(
ppmH∗2
ppmH2

)n

− 1 i f ppmH2 > ppmH∗2

(32)

423

fCH4 =
αq∗CH4

qCH4 + αq∗CH4

(33)

424

If the level of hydrogen is below the set-point (ppmH∗2), fH2 is positive,425

otherwise it is negative. This way, the hydrogen concentration in the gas426

phase determines the direction of change of the dilution rate, i.e. a positive427
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or negative time derivative (increase or decrease of the dilution rate). As428

shown in Figure ??, fH2 is a smooth function taking values between 1 and429

-1.430

On the other hand, fCH4 is a positive factor decreasing for increasing431

value of the methane flow rate (see Figure ??), which will modulate the432

effect of fH2 .433

As a linear relationship exists between the hydrogen concentration (gas434

and liquid) and the hydrogen gas flow rate (see Figure ??), equations (32)435

can be adapted accordingly436

fH2 =

(
1 −

qH2

q∗H2

)1/m

i f qH2 ≤ q∗H2

fH2 =

(
qH2

q∗H2

)n

− 1 i f qH2 > q∗H2

(34)

The performance of the controller is studied in the framework of the437

process start-up and shown in Figure ??. In this figure the set-point is438

indicated in ppm H2 using the conversion given in Figure ??. However, it439

is not necessary to know this relation to apply the controller. Parameter440

values used for the controller are shown in Table ??. The controller per-441

formance is satisfactory as it allows to start the process in a safe way. The442

application to both models is comparable, reenforcing the validation of the443

reduced-order model.444

4. Experimental validation445

In this section the proposed model structure is identified with experi-446

mental data from raw industrial wine processing wastewater. The wastew-447
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ater is treated in a 1m3 fully instrumented up-flow fixed bed digester. More448

details of the AD plant and its online instrumentation can be found in449

(Steyer et al., 2002).450

All measurements are recorded with online sensors every 2 minutes,451

while the H2 sensor performs a series of measurements every half hour.452

In order to improve simulation time, sampling of experimental data is453

decreased using the downsampling function from Matlab. Similarly, data454

is smoothed using a moving average filter with a span of 35 data points.455

The full non-smoothed set of data is used at the end of the identification456

when all parameters are identified together. The results of direct and457

cross-validation are presented in Figure ?? and Figure ??, respectively.458

The identification is performed as explained in Section 2.3. Table ??459

shows the estimated parameter values with their respective uncertainties.460

461

While the direct validation results are quite satisfactory, the cross-462

validation results are perfectible. Several causes can be observed:463

• the number of available data sets is limited. More data sets would464

help consolidate the identification and validation;465

• the experiments were not performed with monitoring of hydrogen466

in mind. Hence hydrogen is measured at a lower frequency, and the467

sensor was not calibrated accurately. The measurements of hydrogen468

are therefore more qualitative than quantitative.469
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5. Conclusions470

Using a dynamic simulator based on ADM1, an informative data base471

is built, which is used to infer a low-order model mimicking the time evo-472

lution of the state variables of interest. In the framework of this study,473

attention is focused on the evolution of hydrogen, which has been identi-474

fied as an important indicator of the process stability. The resulting model,475

with 4 states only, captures well the dynamics of ADM1, and is a good ba-476

sis to develop control strategies. To fit a particular application, the model477

parameters can be estimated from experimental data, using conventional478

tools, as exemplified with real experimental data collected from a pilot479

plant at the Laboratoire de Biotechnologie de l'Environnement, Narbonne,480

France.481
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Figures caption:602

603

Fig 1: Noise-free data generated with ADM1 model. Upper left graph:604

evolution of the dilution rate D(t). Continuous lines: identification set605

- dashed lines: cross-validation set. Variables concentration units are606

kgCOD/m3. Flow rates units are m3/d.607

Fig 2: Log-likelihood costs related to the MLPCA-estimated subspaces.608

A plausible range is delimited by two chi-square quantiles (dashed lines).609

N is the number of state variables (component concentrations), ns is the610

number of samples per variable.611

Fig 3: Direct validation. Red dots: ADM1 noisy data - Blue lines model612

prediction. Variables concentration units are kgCOD/m3. Flow rates units613

are m3/d.614

Fig 4: Cross validation. Red dots: ADM1 noisy data - Blue lines: model615

prediction. Variables concentration units are kgCOD/m3. Flow rates units616

are m3/d.617

Fig 5: L1 norm of the normalized sensitivities.618

Fig 6: Parameter correlation matrix.619

Fig 7 and 8: Parametric sensitivity trajectories.620

Fig 9: Steady-state simulation of H2 gas at different OLR for ADM1 (red621

dots) and reduced model (blue stars).622

Fig 10: Schematic view of the control.623

Fig 11: Control functions for a) Hydrogen and b) Methane flow rate.624

Fig 12: Linear relationship between hydrogen concentration and hy-625

drogen gas flow rate.626
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Fig 13: Controller and system responses for ADM1 (red dashed lines)627

and reduced model (blue continuous lines).628

Fig 14: Linear regression relation between hydrogen flow rate and629

dissolved hydrogen.630

Fig 15: Direct validation. Red dots: experimental data - Blue lines631

model prediction.632

Fig 16: Cross validation. Red dots: experimental data - Blue lines633

model prediction.634
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Fig 1:635

0 20 40 60 80 100 120
0

0.5

1

1.5

D
 (d

−1
)

 

 
Direct validation
Cross validation

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

X
1

0 20 40 60 80 100 120
0

0.1

0.2

X
2

0 20 40 60 80 100 120
0

0.05

0.1

S
1

0 20 40 60 80 100 120
0

0.5

1

1.5

S
2

0 20 40 60 80 100 120
0

0.05

0.1

0.15

To
ta

l C
H 4

0 20 40 60 80 100 120
0

2

4

6
x 10

−5

To
ta

l H
2

0 20 40 60 80 100 120
0

0.1

0.2

qC
H

4

0 20 40 60 80 100 120
0

2

4

6
x 10

−5

qH
2

Time (d)

Figure 1:

33



V
er

si
on

 p
os

tp
rin

t

Comment citer ce document :
Giovannini, G. (Auteur de correspondance), Sbarciog, M., Steyer, J.-P., Chamy, R., Wouwer, A.

V. (2018). On the derivation of a simple dynamic model of anaerobic digestion including the
evolution of hydrogen. Water Research, 134, 209-225. , DOI : 10.1016/j.watres.2018.01.036

M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

Fig 2:636
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Fig 3:637
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Fig 4:638
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Fig 5:639
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Fig 6:640
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Fig 7:641
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Fig 8:642
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Fig 13:647

0 50 100 150 200
0

0.2

0.4

0.6

0.8

D
 (

d
−

1
)

 

 
Reduced Model
ADM1

0 50 100 150 200
0.36

0.38

0.4

0.42

X
1
 (

kg
/m

3
)

0 50 100 150 200
0.1

0.15

0.2

0.25

X
2
 (

kg
/m

3
)

0 50 100 150 200
0

0.02

0.04

0.06

S
1
 (

kg
/m

3
)

0 50 100 150 200
0

0.2

0.4

0.6

0.8

S
2
 (

kg
/m

3
)

0 50 100 150 200
0

50

100

150

200

q
C

H
4
 (

L
/d

)

0 50 100 150 200
0

10

20

30

40

H
2
 (

p
p

m
)

Time (d)

Set point
 18 ppm

Set point 
24 ppm

Set point
 35 ppm

Figure 13:

45



V
er

si
on

 p
os

tp
rin

t

Comment citer ce document :
Giovannini, G. (Auteur de correspondance), Sbarciog, M., Steyer, J.-P., Chamy, R., Wouwer, A.

V. (2018). On the derivation of a simple dynamic model of anaerobic digestion including the
evolution of hydrogen. Water Research, 134, 209-225. , DOI : 10.1016/j.watres.2018.01.036

M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

Fig 14:648

0 5 10
−10

0

10

20

30

40

Q
in

 (
L/

h)

0 5 10
−1

0

1

2

3

4

S
1 (

g/
L)

 

 
Experimental Data
Reduced Model

0 5 10
−1

−0.5

0

0.5

1

1.5

S
2 (

g/
L)

0 5 10
0

20

40

60

80

qC
H

4 (
L/

h)

0 5 10
−0.5

0

0.5

1

1.5

2

2.5
x 10

−3

qH
2 (

L/
h)

Time [d]

Figure 14:

46



V
er

si
on

 p
os

tp
rin

t

Comment citer ce document :
Giovannini, G. (Auteur de correspondance), Sbarciog, M., Steyer, J.-P., Chamy, R., Wouwer, A.

V. (2018). On the derivation of a simple dynamic model of anaerobic digestion including the
evolution of hydrogen. Water Research, 134, 209-225. , DOI : 10.1016/j.watres.2018.01.036

M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

Fig 15:649
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ADM1 influent ADM1 influent

concentrations concentrations

Ssu,in 1.87 kgCOD/m3 SIC,in 0.065 kmol/m3

Saa,in 0.01 kgCOD/m3 Scat,in 0.089 kmol/m3

S f u,in 0.01 kgCOD/m3 San,in 0.018 kmol/m3

Sac,in 0.01 kgCOD/m3 Sva,in 0.01 kgCOD/m3

Sbu,in 0.01 kgCOD/m3 Spro,in 0.01 kgCOD/m3

Table 1: ADM1 input values used in the model reduction procedure
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Parameter Description Estimated Units

µmax1 Maximum growth rate first reaction 3.62±9e-5 1/d

µmax2 Maximum growth rate second reaction 0.48±4e-5 1/d

KS1 Half-saturation constant first reaction 0.61±1e-2 Kg/m3

KS2 Half-saturation constant second reaction 0.46±4e-3 Kg/m3

Table 4: Estimated kinetic parameters together with their 95% confidence intervals
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Identification
Cost Set of Number of

Function parameters iterations

0 509.66

1 132.45 Kinetics 116

2 90.84 Stoichiometry 1422

3 14.64 Kinetics + stoichiometry 2063

Table 5: Cost function values obtained after each identification step with their respective

number of iterations
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Parameter Value Units

K 0.4 kg/m3

q∗CH4
0.18 m3/d

m 2 -

n 10 -

α 0.1 -

Table 6: Controller parameters used during start-up experiments
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Parameter Description Estimated Units

µmax1 Maximum growth rate first reaction 0.60±0.02 1/d

µmax2 Maximum growth rate second reaction 0.27±0.15 1/d

KS1 Half-saturation constant first reaction 5.10±1.32 g/L

KS2 Half-saturation constant second reaction 0.70±0.13 g/L

K1 S1consumption yield 21.3±5.23 g S1/g X1

K4 S2consumption yield 10.0±2.39 g S2/g X2

β1 Proportional constant first reaction 5.0±1.82 L2/g

β2 Proportional constant second reaction 3.9±1.23 L2/g

β3 Proportional constant first reaction 1e-4±4e-3 L2/g

β4 Proportional constant second reaction 1e-5±2e-5 L2/g

Table 7: Estimated parameters together with their 95% confidence intervals
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Highlights: 

• A 2-step dynamic model of anaerobic digestion is derived from ADM1. 
• The model involves the concentration of hydrogen, which might be used to monitor 

the process. 
• Maximum likelihood principal component analysis is used to infer the reaction 

number and stoichiometry. 
• A hydrogen control strategy is tested based on the 2-step model and ADM1. 

 


