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Abstract
Carbon capture and storage (CCS) is one of the most promising abatement options to curb CO2 emissions of the

energy sector. Usually, in models where the atmospheric carbon stock is constrained to not exceed a given ceiling and

under constant average costs, it is never optimal to deploy CCS before the time at which this ceiling is reached. In this

paper, we show that, when the CCS technology is submitted to decreasing returns to scale, abatement activities must

begin earlier, i.e. before the climate constraint binds. It must also cease strictly before the end of the ceiling period.
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❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✱ t❤❡ ❞✐s❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t ✐♠♣❧✐❡s t♦ ❞❡❧❛② ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ❛♥②
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❲❡ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ♦❢ ✜♥❛❧ ❡♥❡r❣② ♣r♦❞✉❝t✐♦♥ ❢r♦♠ t✇♦ ♣r✐♠❛r② ❡♥❡r❣② s♦✉r❝❡s✱ ❝♦❛❧ ❛♥❞

s♦❧❛r✳ ❈♦❛❧ ✐s ♥♦♥✲r❡♥❡✇❛❜❧❡ ❛♥❞ ♣♦t❡♥t✐❛❧❧② ❝❛r❜♦♥ ❡♠✐tt✐♥❣✳ ❲❡ ❝❛❧❧ ✧❞✐rt②✧ ❝♦❛❧ t❤❡

♣♦❧❧✉t✐♥❣ ✜♥❛❧ ❡♥❡r❣② ♦❜t❛✐♥❡❞ ❢r♦♠ ❜✉r♥✐♥❣ ❝♦❛❧ ✇✐t❤♦✉t ❛❜❛t❡♠❡♥t✱ ❛♥❞ ✧❝❧❡❛♥✧ ❝♦❛❧ t❤❡

✜♥❛❧ ❡♥❡r❣② ✇❤✐❝❤ ✐s ❝❛r❜♦♥✲❢r❡❡ t❤❛♥❦s t♦ t❤❡ ❈❈❙ t❡❝❤♥♦❧♦❣②✳ ❙♦❧❛r ❡♥❡r❣② ✐s r❡♥❡✇❛❜❧❡

❛♥❞ ❝❛r❜♦♥✲❢r❡❡✳ ❲❡ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❜② xd(t)✱ xc(t) ❛♥❞ y(t) t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ ❛t

t✐♠❡ t✳ ❆ss✉♠✐♥❣ ♣❡r❢❡❝t s✉❜st✐t✉t✐♦♥✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s ❣✐✈❡♥ ❜② q(t) =

xd(t) + xc(t) + y(t)✳ ❚❤✐s ❝♦♥s✉♠♣t✐♦♥ ❣❡♥❡r❛t❡s ❛♥ ✐♥st❛♥t❛♥❡♦✉s ❣r♦ss s✉r♣❧✉s u(q)✱

✇✐t❤ u(.) s❛t✐s❢②✐♥❣ t❤❡ st❛♥❞❛r❞ ♣r♦♣❡rt✐❡s ♦❢ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✭str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ str✐❝t❧②

❝♦♥❝❛✈❡ ❛♥❞ ✈❡r✐❢②✐♥❣ t❤❡ ■♥❛❞❛ ❝♦♥❞✐t✐♦♥s✮✳ ❲❡ ❞❡✜♥❡ p(q) ≡ u′(q) ❛s t❤❡ ♠❛r❣✐♥❛❧ ❣r♦ss

s✉r♣❧✉s✱ ✐✳❡✳ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠❡r ♣r✐❝❡✳

❉❡♥♦t✐♥❣ ❜② X(t) t❤❡ ❛✈❛✐❧❛❜❧❡ st♦❝❦ ♦❢ ❝♦❛❧ ❛t t✐♠❡ t ❛♥❞ ❜② X0 t❤❡ ✐♥✐t✐❛❧ r❡s❡r✈❡s✱

t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦❛❧ ❡①tr❛❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

Ẋ(t) = −[xd(t) + xc(t)], X(0) ≡ X0. ✭✶✮

❚❤❡ ❛✈❡r❛❣❡ ❡①tr❛❝t✐♦♥ ❝♦st ❢✉♥❝t✐♦♥ c(.)✱ ❝♦♠♠♦♥ t♦ t❤❡ t✇♦ t②♣❡s ♦❢ ❝♦❛❧✱ ✐s ❛ss✉♠❡❞

t♦ ❜❡ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡① ✐♥ X✱ ✇✐t❤ limX↓0 c(X) = +∞✳✸ ❚❤✉s t❤❡ st♦❝❦

♦❢ ❝♦❛❧ ✜♥❛❧❧② ❡①♣❧♦✐t❡❞ ✐s ❡♥❞♦❣❡♥♦✉s❧② ❞❡t❡r♠✐♥❡❞✳ Pr♦❞✉❝✐♥❣ ❡♥❡r❣② ❢r♦♠ ❝❧❡❛♥ ❝♦❛❧

✐s ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ❢r♦♠ ❞✐rt② ❝♦❛❧ s✐♥❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❈❈❙ ❝♦st ♠✉st ❜❡ ✐♥❝✉rr❡❞✳

❆ss✉♠✐♥❣ ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ t❤✐s t❡❝❤♥♦❧♦❣②✱ t❤❡ ❛✈❡r❛❣❡ ❈❈❙ ❝♦st ❢✉♥❝t✐♦♥

a(.) ✐s t❤❡♥ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡① ✐♥ xc✱ ❛♥❞ s✉❝❤ t❤❛t a(0) ≡ a✳✹ ❲❡ ❞❡✜♥❡

ma(xc) ≡ a(xc)+xca
′(xc) > 0 ❛s t❤❡ ♠❛r❣✐♥❛❧ ❈❈❙ ❝♦st✱ ✇✐t❤ ma(0) = a ❛♥❞ ma′(xc) > 0✳

▲❡t Z(t) ❜❡ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❝❛r❜♦♥ st♦❝❦ ❛t t✐♠❡ t✱ ❛♥❞ Z0 ❜❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❝❡♥tr❛t✐♦♥

✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♣❛st✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s st♦❝❦ ✐s ❣✐✈❡♥ ❜②✿

Ż(t) = ζxd(t)− α(Z(t)), Z(0) ≡ Z0, ✭✷✮

✇❤❡r❡ ζ ✐s t❤❡ ✉♥✐t ❝❛r❜♦♥ ❝♦♥t❡♥t ♦❢ ❝♦❛❧ ❛♥❞ α(.) ✐s ❛ ♥❛t✉r❛❧ r❡❣❡♥❡r❛t✐♦♥ ❢✉♥❝t✐♦♥✱

❛ss✉♠❡❞ t♦ ❜❡ ✐♥❝r❡❛s✐♥❣ ❛♥❞ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥ Z✳✺ ❆s ✐♥ ❈❤❛❦r❛✈♦rt② ❡t ❛❧✳ ✭✷✵✵✻✮✱ t❤❡

♣♦❧❧✉t✐♦♥ st♦❝❦ ✐s ❝♦♥str❛✐♥❡❞ t♦ ♥♦t ♦✈❡rs❤♦♦t ❛ ❣✐✈❡♥ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ Z̄✿

Z̄ − Z(t) ≥ 0. ✭✸✮

❆♥ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❝♦♥str❛✐♥t ✐s t❤❛t✱ ✇❤❡♥ t❤❡ ❝❡✐❧✐♥❣ ✐s r❡❛❝❤❡❞✱ ❞✐rt② ❝♦❛❧ ❝♦♥s✉♠♣t✐♦♥

✐s ❝♦♥str❛✐♥❡❞ ❛♥❞✱ ❢r♦♠ ✭✷✮✱ ✐ts ♠❛①✐♠❛❧ ❧❡✈❡❧ ❛♠♦✉♥ts t♦ x̄d ≡ α(Z̄)/ζ✳

▲❛st✱ t❤❡ ♥❛t✉r❛❧ ✢♦✇ ♦❢ s♦❧❛r ❡♥❡r❣② ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ s✉♣♣❧② t❤❡

❡♥❡r❣② ❞❡♠❛♥❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝♦❛❧✳ ■t ✐s ♣r♦❝❡ss❡❞ ❛t ❛ ❝♦♥st❛♥t ❛✈❡r❛❣❡ ❝♦st b ✇❤✐❝❤

✸❚❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ❝♦❛❧ ❞❡♣♦s✐ts ❤❛✈❡ ❞✐✛❡r❡♥t ❡①tr❛❝t✐♦♥ ❝♦sts ❞❡♣❡♥❞✐♥❣ ✉♣♦♥ ✈❛r✐♦✉s
❝❤❛r❛❝t❡r✐st✐❝s✳ ▼✐♥✐♠✐③✐♥❣ t❤❡ ❞✐s❝♦✉♥t❡❞ s✉♠ ♦❢ t❤❡s❡ ❝♦sts ✐♠♣❧✐❡s t❤❛t t❤❡② ❛r❡ ❡①♣❧♦✐t❡❞ ❜② ✐♥❝r❡❛s✐♥❣
♦r❞❡r ♦❢ ❝♦sts✳

✹❊①❛♠♣❧❡s ♦❢ ❝♦♥✈❡① ❈❈❙ ❝♦st ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆②♦♥❣ ❧❡ ❑❛♠❛ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ♦r ●❡r❧❛❣❤ ❛♥❞
✈❛♥ ❞❡r ❩✇❛❛♥ ✭✷✵✵✻✮✳

✺❋♦r ❛ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❢✉♥❝t✐♦♥s α(Z)✱ s❡❡ ❚♦♠❛♥ ❛♥❞ ❲✐t❤❛❣❡♥ ✭✷✵✵✵✮✳

✷



✐s ❧❛r❣❡r t❤❛♥ c(X0) t♦ ❥✉st✐❢② t❤❡ ✉s❡ ♦❢ ❝♦❛❧✱ ❛t ❧❡❛st ✐♥✐t✐❛❧❧②✳ ❲❤❡♥ ❝♦❛❧ ✐s ♥♦ ♠♦r❡

❝♦♠♣❡t✐t✐✈❡ ❛♥❞ ✐ts ❡①♣❧♦✐t❛t✐♦♥ ❝❡❛s❡s✱ t❤❡ r❡♠❛✐♥✐♥❣ st♦❝❦ Xb st✐❧❧ ✉♥❞❡r❣r♦✉♥❞ ♠✉st ❜❡

s✉❝❤ t❤❛t c(Xb) = b✳ ❚❤❡♥ t❤❡ ♦♣t✐♠❛❧ s♦❧❛r ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ❛♠♦✉♥ts t♦ ỹ✱ s♦❧✉t✐♦♥

♦❢ u′(ỹ) = b✳

✸ Pr♦❣r❛♠ ♦❢ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r

❚❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣❛t❤ {(xc(t), xd(t), y(t)), t ≥ 0}

t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❞✐s❝♦✉♥t❡❞ ♥❡t s✉r♣❧✉s ♦❢ ❡♥❡r❣② ✉s❡rs✳ ❉❡♥♦t✐♥❣ ❜② ρ t❤❡ ❞✐s❝♦✉♥t

r❛t❡✱ t❤❡ ♦♣t✐♠❛❧ ♣r♦❣r❛♠ ✐s ✭✇❡ ❞r♦♣ t❤❡ t✐♠❡ ✐♥❞❡① ✇❤❡♥ t❤✐s ❝❛✉s❡s ♥♦ ❝♦♥❢✉s✐♦♥✮✿

max
{xd,xc,y}

∫ ∞

0
[u(xd + xc + y)− c(X)(xd + xc)− a(xc)xc − by] e−ρtdt

s✉❜❥❡❝t t♦ ✭✶✮✲✭✸✮ ❛♥❞ t♦ t❤❡ ♥♦♥✲♥❡❣❛t✐✈✐t② ❝♦♥str❛✐♥ts ♦♥ xd✱ xc ❛♥❞ y✳ ▲❡t λX ❛♥❞

−λZ ❜❡ t❤❡ ❝♦st❛t❡ ✈❛r✐❛❜❧❡s ♦❢ X ❛♥❞ Z r❡s♣❡❝t✐✈❡❧②✳✻ ▲❡t νZ ❜❡ t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝❡✐❧✐♥❣ ❝♦♥str❛✐♥t ♦♥ Z ❛♥❞ γ ❜❡ t❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥♦♥✲

♥❡❣❛t✐✈✐t② ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s✿

L = u(xd + xc + y)− c(X)(xd + xc)− a(xc)xc − by − λX [xd + xc]− λZ [ζxd − α(Z)]

+νZ [Z̄ − Z] + γdxd + γcxc + γyy

❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ✭t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✉s✉❛❧ tr❛♥s✈❡rs❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♠♣❧❡✲

♠❡♥t❛r② s❧❛❝❦♥❡ss ❝♦♥❞✐t✐♦♥s✱ ♥♦t ♠❡♥t✐♦♥❡❞ ❤❡r❡✮ ❛r❡✿

∂L

∂xd
= 0 ⇒ p = c(X) + λX + ζλZ − γd ✭✹✮

∂L

∂xc
= 0 ⇒ p = c(X) + λX +ma(xc)− γc ✭✺✮

∂L

∂y
= 0 ⇒ p = b− γy ✭✻✮

λ̇X = ρλX −
∂L

∂X
⇒ λ̇X = ρλX + c′(X)(xc + xd) ✭✼✮

λ̇Z = ρλZ +
∂L

∂Z
⇒ λ̇Z = [ρ+ α′(Z)]λZ − νZ ✭✽✮

❆s ✉s✉❛❧ ✐♥ t❤✐s t②♣❡ ♦❢ ❝❡✐❧✐♥❣ ♠♦❞❡❧s✱ ✇❡ ❤❛✈❡ t❤r❡❡ ♠❛✐♥ ♣❡r✐♦❞s✿ ❛ ♣r❡✲❝❡✐❧✐♥❣ ♣❤❛s❡

✭❣r❛❞✉❛❧ ❛s❝❡♥t ♦❢ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❝❛r❜♦♥ st♦❝❦ t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ❝❛♣✮✱ ❛ ❝❡✐❧✐♥❣ ♣❡r✐♦❞

✭❜✐♥❞✐♥❣ ❝❡✐❧✐♥❣ ❝♦♥str❛✐♥t✮ ❛♥❞ ❛ ♣♦st✲❝❡✐❧✐♥❣ ♣❤❛s❡ ✭♥♦ ♠♦r❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❡①t❡r♥❛❧✐t②✮✳

▲❡t tZ ❛♥❞ t̄Z ❜❡ t❤❡ ❞❛t❡s ❛t ✇❤✐❝❤ t❤❡ ❝❡✐❧✐♥❣ ❝♦♥str❛✐♥t ❜❡❣✐♥s ❛♥❞ ❝❡❛s❡s t♦ ❜✐♥❞✱

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ t❤r❡❡ ❡♥❡r❣② ♦♣t✐♦♥s ✐s ❞r✐✈❡♥ ❜② t❤❡✐r r❡❧❛t✐✈❡ ❝♦♠♣❡t✐t✐✈❡♥❡ss✱

❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡✐r r❡s♣❡❝t✐✈❡ ❢✉❧❧ ♠❛r❣✐♥❛❧ ❝♦sts ❛s ❣✐✈❡♥ ❜② t❤❡ r✐❣❤t ❤❛♥❞

✻❯s✐♥❣ −λZ ❛s t❤❡ ❝♦st❛t❡ ✈❛r✐❛❜❧❡ ♦❢ Z✱ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✐♥t❡r♣r❡t λZ ≥ 0 ❛s t❤❡ s♦❝✐❛❧ ♠❛r❣✐♥❛❧ ❝♦st
♦❢ ♣♦❧❧✉t✐♦♥✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❞❡❝❡♥tr❛❧✐③❡❞ ❡❝♦♥♦♠②✱ t❤❡ ♦♣t✐♠❛❧ ❝❛r❜♦♥ t❛① ♣❡r ✉♥✐t ♦❢ ❝♦❛❧
✇♦✉❧❞ ❜❡ ζλZ ✳

✸



s✐❞❡ ♦❢ ✭✹✮✲✭✻✮✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❍❡r✜♥❞❛❤❧ r✉❧❡✿✼ ✧❚❤❡ ❝❤❡❛♣❡st✱ t❤❡ ✜rst✧✳ ❚❤❡♥✱ ❞✐rt②

❝♦❛❧ ♠✉st ❜❡ ✉s❡❞ ✐♥✐t✐❛❧❧②✳ ❲❡ ❞❡♥♦t❡ ❜② tc✱ t̄c✱ tX ❛♥❞ ty✱ t❤❡ t✐♠❡s ❛t ✇❤✐❝❤✱ r❡s♣❡❝t✐✈❡❧②✱

❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❜❡❣✐♥s✱ ❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❝❡❛s❡s✱ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ✐s ♦✈❡r ❛♥❞

s♦❧❛r ❡♥❡r❣② ❡①♣❧♦✐t❛t✐♦♥ ❜❡❣✐♥s✳

▲❡t pF ≡ c(X)+λX ❜❡ t❤❡ ♣❛rt ♦❢ t❤❡ ❢✉❧❧ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❝♦❛❧ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡①tr❛❝t✐♦♥

❝♦st ❛♥❞ t❤❡ s❝❛r❝✐t② r❡♥t✱ ❝♦♠♠♦♥ t♦ t❤❡ t✇♦ t②♣❡s ♦❢ ❝♦❛❧✳ ❚✐♠❡ ❞✐✛❡r❡♥t✐❛t✐♥❣ pF ❛♥❞

✉s✐♥❣ ✭✼✮✱ ✇❡ ❣❡t t❤❛t pF ✐s ❛❧✇❛②s ✐♥❝r❡❛s✐♥❣ ❛s ❧♦♥❣ ❛s ❝♦❛❧ ✐s ✉s❡❞✿ ṗF (t) = ρλX(t) > 0✱

∀t < tX ✳ ❋♦r t < tZ ✱ s✐♥❝❡ νZ = 0✱ ✭✽✮ ✐♠♣❧✐❡s t❤❛t λZ(t) = λZ0e
A(t)✱ ✇✐t❤ λZ0 ≡ λZ(0)

❛♥❞ A(t) ≡
∫ t

0 [ρ+ α′(Z(τ))]dτ ✳ ❖♥❝❡ t❤❡ ❝❡✐❧✐♥❣ ❝♦♥str❛✐♥t ✐s ♥♦ ❧♦♥❣❡r ❛❝t✐✈❡✱ ❛❢t❡r t✐♠❡

t̄Z ✱ λZ ♠✉st ❜❡ ♥✐❧✳

✹ ◗✉❛❧✐t❛t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤s

❯♥❞❡r ❝♦♥st❛♥t ❛✈❡r❛❣❡ ❈❈❙ ❝♦st✱ ▲❛✛♦r❣✉❡ ❡t ❛❧✳ ✭✷✵✵✽✮ ❝♦♥❝❧✉❞❡ t❤❛t ❝❧❡❛♥ ❝♦❛❧ ❡①✲

♣❧♦✐t❛t✐♦♥ ♠✉st ♦❝❝✉r ❛t t❤❡ ❡❛r❧✐❡st ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞ ❛♥❞ t❤❛t ✐ts

❝♦♥s✉♠♣t✐♦♥ r❛t❡ ♠✉st ❜❡ ❞❡❝r❡❛s✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱ ❝❧❡❛♥ ❝♦❛❧ ❛♥❞ s♦❧❛r ❡♥❡r❣② ❛r❡ ♥❡✈❡r

✉s❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❆s ✇❡ s❤❛❧❧ s❤♦✇ ♥♦✇✱ t❤❡s❡ ✜♥❞✐♥❣s ❛r❡ ♥♦ ❧♦♥❣❡r ✈❛❧✐❞ ✉♥❞❡r

❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ t❤❡ ❈❈❙ t❡❝❤♥♦❧♦❣②✳ ❚♦ ❡st❛❜❧✐s❤ t❤✐s r❡s✉❧t✱ ✇❡ ♥❡❡❞ t❤❡

t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s✳

▲❡♠♠❛ ✶ ❚❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ s♦❧❛r ❡♥❡r❣② ❜❡❣✐♥s ♥❡✐t❤❡r ❜❡❢♦r❡ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ ♥♦r

❜❡❢♦r❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥✿ ty ≥ max {tZ , tc}✳

Pr♦♦❢✿ ✐✮ ❆ss✉♠❡ t❤❛t✱ ❛t s♦♠❡ t✐♠❡ t′✱ ✇✐t❤ t′ < tZ < tX ✱ s♦❧❛r ❡♥❡r❣② ✐s ❝♦♠♣❡t✐t✐✈❡✿

b ≤ min
{

pF (t′) + ζλZ0e
A(t′), pF (t′) +ma(xc(t

′))
}

✳ ❙✐♥❝❡ pF ✐♥❝r❡❛s❡s ❢♦r ❛♥② t < tX

❛♥❞ s✐♥❝❡ A ❛❧s♦ ✐♥❝r❡❛s❡s ❢♦r ❛♥② t < tZ ✱ t❤❡♥ ✇❡ ♠✉st ❤❛✈❡ b < pF (t) + ζλZ0e
A(t)✱

∀t ∈ (t′, tZ)✳ ❉✐rt② ❝♦❛❧ ✐s t❤✉s ♥♦t ❝♦♠♣❡t✐t✐✈❡ r❡❧❛t✐✈❡❧② t♦ s♦❧❛r ❡♥❡r❣② ❛❧t❤♦✉❣❤ ✐t

❝♦✉❧❞ ❜❡ ❝♦♠♣❡t✐t✐✈❡✱ ♦r ♥♦t✱ r❡❧❛t✐✈❡❧② t♦ ❝❧❡❛♥ ❝♦❛❧✳ ❲❤❛t❡✈❡r t❤❡ ❝❛s❡✱ ♦♥❧② ❝❛r❜♦♥✲❢r❡❡

❡♥❡r❣② ✭s♦❧❛r ♦r ❝❧❡❛♥ ❝♦❛❧✮ ✐s ✉s❡❞ ❜❡t✇❡❡♥ t′ ❛♥❞ tZ ✱ ✐♠♣❧②✐♥❣ t❤❛t Z ❞❡❝r❡❛s❡s✳ ❍❡♥❝❡

Z(tZ) < Z̄✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✐✐✮ ❆ss✉♠❡ ♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ t✐♠❡ ✐♥t❡r✈❛❧ (t′, tc) ❞✉r✐♥❣ ✇❤✐❝❤ s♦❧❛r ❡♥❡r❣② ✐s ♠♦r❡

❝♦♠♣❡t✐t✐✈❡ t❤❛♥ ❝❧❡❛♥ ❝♦❛❧✿ b < pF (t)+a✱ ∀t ∈ (t′, tc)✳ ❙✐♥❝❡ p
F ✐♥❝r❡❛s❡s ❛♥❞ma(xc) ≥ a✱

t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❡✈❡♥ ❛❢t❡r tc✱ ♠❡❛♥✐♥❣ t❤❛t ♦♥❝❡ s♦❧❛r ❡♥❡r❣② ✐s ❝♦♠♣❡t✐t✐✈❡ r❡❧❛t✐✈❡❧②

t♦ ❝❧❡❛♥ ❝♦❛❧✱ ✐t r❡♠❛✐♥s ❝♦♠♣❡t✐t✐✈❡ ❢♦r❡✈❡r✳ ❚❤❡♥✱ ❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❝❛♥♥♦t ♦❝❝✉r

❛❢t❡r t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s♦❧❛r ❡♥❡r❣② ❡①♣❧♦✐t❛t✐♦♥✳

▲❡♠♠❛ ✷ ■❢ ❝❧❡❛♥ ❝♦❛❧ ✐s ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ ✐t ✐s ♥❡✈❡r ♦♣t✐♠❛❧ t♦ ❞❡❧❛② ✐ts

❡①♣❧♦✐t❛t✐♦♥ ❛❢t❡r tZ ✳ ▼♦r❡♦✈❡r✱ ✐ts ❡①♣❧♦✐t❛t✐♦♥ ♠✉st ❝❡❛s❡ ❜❡❢♦r❡ t̄Z ✳

✼❍❡r✜♥❞❛❤❧ ✭✶✾✻✼✮✳ ❙❡❡ ❛❧s♦ ❈❤❛❦r❛✈♦rt② ❡t ❛❧✳ ✭✷✵✵✽✮✳

✹



Pr♦♦❢✿ ✐✮ ❆ss✉♠❡ t❤❛t ❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❜❡❣✐♥s str✐❝t❧② ❛❢t❡r tZ ✳ ❲❡ ❝❛♥ t❤✉s ❝♦♥s✐❞❡r

t✇♦ t✐♠❡ ✐♥t❡r✈❛❧s ✇✐t❤✐♥ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ (tZ , t
′) ❛♥❞ (t′, t′′)✱ ✇✐t❤ tZ < t′ < t′′ ≤ t̄Z ✱

❞✉r✐♥❣ ✇❤✐❝❤ xc = 0 ❛♥❞ xc > 0✱ r❡s♣❡❝t✐✈❡❧②✳ ❉✉r✐♥❣ t❤❡ ✜rst t✐♠❡ ✐♥t❡r✈❛❧ (tZ , t
′)✱ s✐♥❝❡

s♦❧❛r ❡♥❡r❣② ❝❛♥♥♦t ❜❡ ❡①♣❧♦✐t❡❞ ❜❡❢♦r❡ ❝❧❡❛♥ ❝♦❛❧ ✭❝❢✳ ▲❡♠♠❛ ✶✮✱ ♦♥❧② ❞✐rt② ❝♦❛❧ ✐s ✉s❡❞

❛♥❞ ✇❡ ❤❛✈❡✿ pF + ζλZ = u′(x̄d) ≤ pF + a✳ ❙✐♥❝❡ pF (tZ) + ζλZ(tZ) = u′(x̄d) ≤ pF (tZ) + a

❛♥❞ s✐♥❝❡ pF ✐s ✐♥❝r❡❛s✐♥❣✱ t❤❡♥✿

lim
t↑t′

{

pF (t) + ζλZ(t)
}

= u′(x̄d) < lim
t↑t′

{

pF (t) + a
}

✭✾✮

❈♦♥s✐❞❡r ♥♦✇ t❤❡ s❡❝♦♥❞ ✐♥t❡r✈❛❧ (t′, t′′)✳ ❙✐♥❝❡ ❜♦t❤ ❞✐rt② ❛♥❞ ❝❧❡❛♥ ❝♦❛❧ ❛r❡ ✉s❡❞✱ ✇❡ ❣❡t✿

pF + ζλZ = pF + am(xc)✳ ❍❡♥❝❡✿

lim
t↓t′

{

pF (t) + ζλZ(t)
}

= lim
t↓t′

{

pF (t) + am(xc(t))
}

≥ lim
t↓t′

{

pF (t) + a
}

✭✶✵✮

✭✾✮ ❛♥❞ ✭✶✵✮ ✐♠♣❧② t❤❛t λZ ✐s ♥♦t ❝♦♥t✐♥✉♦✉s ❛t t✐♠❡ t′✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❚❤❡♥✱ ❝❧❡❛♥

❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❝❛♥♥♦t ❜❡❣✐♥ str✐❝t❧② ❛❢t❡r tZ ✳

✐✐✮ ❙✐♥❝❡ λZ(t̄Z) = 0✱ t❤❡ ❢✉❧❧ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❞✐rt② ❝♦❛❧ ❛t t✐♠❡ t̄Z ✐s s✐♠♣❧② pF (t̄Z)✳

❍❡♥❝❡ t❤❡r❡ ❡①✐sts ❛ t✐♠❡ ✐♥t❡r✈❛❧ (t̄Z − ∆, t̄Z)✱ ✇✐t❤ 0 < ∆ < t̄Z − tZ ✱ ❞✉r✐♥❣ ✇❤✐❝❤

pF + a > pF + ζλZ ✳ ❉✉r✐♥❣ t❤✐s t✐♠❡ ✐♥t❡r✈❛❧✱ ❝❧❡❛♥ ❝♦❛❧ ✐s ♥❡❝❡ss❛r✐❧② ❧❡ss ❝♦♠♣❡t✐t✐✈❡

t❤❛♥ ❞✐rt② ❝♦❛❧ ❛♥❞ ✐t ✐s t❤❡♥ ♥♦ ❧♦♥❣❡r ✉s❡❞✳

▲❡♠♠❛ ✸ ❲❤❡♥ ❝❧❡❛♥ ❝♦❛❧ ✐s ❡①♣❧♦✐t❡❞ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ ✐ts ❝♦♥s✉♠♣t✐♦♥ r❛t❡

❞❡❝r❡❛s❡s✳ ❲❤❡♥ s♦❧❛r ❡♥❡r❣② ✐s ❡①♣❧♦✐t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✱ t❤❡♥ ✐ts ❝♦♥s✉♠♣t✐♦♥ r❛t❡ ✐♥✲

❝r❡❛s❡s✳

Pr♦♦❢✿ ❋✐rst✱ ❛ss✉♠❡ t❤❛t ♦♥❧② ❝♦❛❧ ✐s ❡①♣❧♦✐t❡❞ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✳ ❚❤❡♥✱ ✭✺✮

✐♠♣❧✐❡s u′(xc + x̄d) = pF + ma(xc)✳ ❚✐♠❡ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥✱ s✉❜st✐t✉t✐♥❣ ❢♦r

ṗF ❛♥❞ r❡❛rr❛♥❣✐♥❣✱ ✇❡ ❣❡t✿ ẋc =
ρλX

u′′(xc+x̄d)−ma′(xc)
< 0✳ ❆ss✉♠❡ ♥♦✇ t❤❛t s♦❧❛r ❡♥❡r❣② ✐s

❛❧s♦ ❡①♣❧♦✐t❡❞ ❞✉r✐♥❣ t❤❡ s❛♠❡ ♣❡r✐♦❞✳ ❚❤❡♥✱ ❢r♦♠ ✭✺✮ ❛♥❞ ✭✻✮✱ ✇❡ ❤❛✈❡ b = pF +ma(xc)✱

✇❤✐❝❤ ✐♠♣❧✐❡s✿ ẋc = − ρλX

ma′(xc)
< 0✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ xc + x̄d + y = ỹ ✐s ❝♦♥st❛♥t ❛♥❞ s✐♥❝❡

ẋc ✐s ♥❡❣❛t✐✈❡✱ t❤❡♥ ✇❡ ❤❛✈❡ ẏ > 0✳

❉✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ ❝❧❡❛♥ ❝♦❛❧ ♣r♦❞✉❝t✐♦♥ ❛❧✇❛②s ❞❡❝r❡❛s❡s✳ ❈♦♥tr❛r② t♦ t❤❡

❝♦♥st❛♥t ❈❈❙ ❝♦st ❝❛s❡✱ ✇❤❡♥ t❤❡ s♦❧❛r ❝♦st ✐s ❧♦✇✱ ❜♦t❤ ❝❧❡❛♥ ❛♥❞ ❞✐rt② ❝♦❛❧s ❝❛♥ ♥♦✇

❜❡ ❡①♣❧♦✐t❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✇✐t❤ s♦❧❛r ❡♥❡r❣②✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ ❛✈❡r❛❣❡ ❈❈❙ ❝♦st

✐♥❝r❡❛s❡s✱ ❛ss✉♠✐♥❣ t❤❛t ❝❧❡❛♥ ❝♦❛❧ ✐s ♥♦t ❡①♣❧♦✐t❡❞ ❜❡❢♦r❡ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞ ✇♦✉❧❞ ✐♠♣❧②

t❤❛t t❤❡ s❤❛❞♦✇ ❝♦st ♦❢ t❤❡ ♣♦❧❧✉t✐♦♥ st♦❝❦ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t t✐♠❡ tZ ✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ♥♦t

♦♣t✐♠❛❧✳ ❈♦♥s❡q✉❡♥t❧②✱ Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t ✐t ✐s ♦♣t✐♠❛❧ t♦ ❞❡♣❧♦② t❤❡ ❈❈❙ ♦♣t✐♦♥

❜❡❢♦r❡ ❜❡✐♥❣ ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❝❡✐❧✐♥❣✳✽

✽■t ❝❛♥ ❜❡ ❡❛s✐❧② s❤♦✇♥ t❤❛t✱ ✐♥ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧✱ ❛♥ ❛❜❛t❡♠❡♥t ♣r♦❣r❛♠ ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢
t❤❡ ❝❡✐❧✐♥❣ ✐s ❛tt❛✐♥❡❞✱ ❡✈❡♥ ❛t ❛ s✐♥❣❧❡ ♣♦✐♥t ✐♥ t✐♠❡✳ ❚❤❡♥ ✇❡ ❛r❡ s✉r❡ t❤❛t t❤❡ ❝❡✐❧✐♥❣ ❝♦♥str❛✐♥t ❜✐♥❞s✱
❡✈❡♥ ✐❢ t❤✐s ❛❜❛t❡♠❡♥t ♣r♦❣r❛♠ st❛rts ❜❡❢♦r❡✳

✺



Pr♦♣♦s✐t✐♦♥ ✶ ❯♥❞❡r ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ t❤❡ ❈❈❙ t❡❝❤♥♦❧♦❣②✱ ❝❧❡❛♥ ❝♦❛❧ ❡①✲

♣❧♦✐t❛t✐♦♥ ❜❡❣✐♥s ❞✉r✐♥❣ t❤❡ ♣r❡✲❝❡✐❧✐♥❣ ♣❡r✐♦❞✿ tc ≤ tZ ✳ ❉✉r✐♥❣ t❤✐s ♣❡r✐♦❞✱ ✐ts ❝♦♥s✉♠♣t✐♦♥

r❛t❡ ✐♥❝r❡❛s❡s✳

Pr♦♦❢✿ ✐✮ ■❢ ❝❧❡❛♥ ❝♦❛❧ ✐s ✉s❡❞ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ ✐ts ❡①♣❧♦✐t❛t✐♦♥ ♠✉st ❜❡❣✐♥ ❛t

t✐♠❡ tZ ❛t t❤❡ ❧❛t❡st ✭❝❢✳ ▲❡♠♠❛ ✷✮✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts s♦♠❡ t✐♠❡ ✐♥t❡r✈❛❧ (tZ , tZ + ∆)✱

∆ > 0✱ ❞✉r✐♥❣ ✇❤✐❝❤ pF + ζλZ = pF +ma(xc)✳ ❙✐♥❝❡ xc ❞❡❝r❡❛s❡s ✇✐t❤✐♥ t❤✐s ✐♥t❡r✈❛❧ ✭❝❢✳

▲❡♠♠❛ ✸✮ ❛♥❞ s✐♥❝❡ ma ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ xc✱ t❤❡♥✿

lim
t↓t

Z

{

pF (t) + ζλZ(t)
}

= lim
t↓t

Z

{

pF (t) +ma(xc(t))
}

> pF (tZ) + a ✭✶✶✮

❆ss✉♠❡ ♥♦✇ t❤❛t✱ ❜❡❢♦r❡ tZ ✱ ❝❧❡❛♥ ❝♦❛❧ ✐s ♥♦t ❝♦♠♣❡t✐t✐✈❡ ②❡t✿ pF + ζλZ ≤ pF + a✳ ❍❡♥❝❡✿

lim
t↑t̄Z

{

pF (t) + ζλZ(t)
}

≤ pF (tZ) + a ✭✶✷✮

✭✶✶✮ ❛♥❞ ✭✶✷✮ ✐♠♣❧② t❤❛t λZ ✐s ❞✐s❝♦♥t✐♥✉♦✉s ❛t t✐♠❡ tZ ✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳

✐✐✮ ❲❤❡♥ ❝❧❡❛♥ ❛♥❞ ❞✐rt② ❝♦❛❧s ❛r❡ ❡①♣❧♦✐t❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❜❡❢♦r❡ tZ ✱ t❤❡♥ ✭✺✮ ❛♥❞

✭✹✮ ✐♠♣❧② pF + ζλZ0e
A = pF + ma(xc)✳ ❚✐♠❡ ❞✐✛❡r❡♥t✐❛t✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ❣❡t✿

ẋc =
ζλZ0e

AȦ
ma′(xc)

> 0✳

✺ ❊①❛♠♣❧❡s ♦❢ ♦♣t✐♠❛❧ ♣❛t❤s

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐t ❝❛♥ ❜❡ ♦♣t✐♠❛❧ t♦ ✉s❡ ❝❧❡❛♥ ❝♦❛❧ ❛♥❞ s♦❧❛r ❡♥❡r❣② s✐♠✉❧t❛♥❡♦✉s❧②

❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✳ ❚❤❡♥✱ t✇♦ ♠❛✐♥ s❝❡♥❛r✐♦s ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ❞❡♣❡♥❞✐♥❣ ♦♥

✇❤❡t❤❡r t❤❡ ❝♦st ♦❢ s♦❧❛r ❡♥❡r❣② ✐s ❤✐❣❤ ♦r ❧♦✇✳

■♥ t❤❡ ❤✐❣❤ s♦❧❛r ❝♦st s❝❡♥❛r✐♦✱ ❝❤❛r❛❝t❡r✐③❡❞ ❜② b > u′(x̄d)✱ s♦❧❛r ❡♥❡r❣② ✐s ♥❡✈❡r

❝♦♠♣❡t✐t✐✈❡ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✳ ❆ t②♣✐❝❛❧ ♣❛t❤ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳✾

■♥✐t✐❛❧❧② ♦♥❧② ❞✐rt② ❝♦❛❧ ✐s ❡①♣❧♦✐t❡❞✳ ■ts ❝♦♥s✉♠♣t✐♦♥ ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ❡♥❡r❣② ♣r✐❝❡

✐♥❝r❡❛s❡s✱ ❞✉❡ ❜♦t❤ t♦ t❤❡ r❡s♦✉r❝❡ s❝❛r❝✐t② r❡♥t ❛♥❞ t♦ t❤❡ r✐s✐♥❣ ❝❛r❜♦♥ s❤❛❞♦✇ ❝♦st✱ ✉♣

t♦ t❤❡ t✐♠❡ tc ❛t ✇❤✐❝❤ ❝❧❡❛♥ ❝♦❛❧ ❜❡❝♦♠❡s ❝♦♠♣❡t✐t✐✈❡✱ ✐✳❡✳ ❛t ✇❤✐❝❤ pF + ζλZ = pF + a✳

❚❤❡ ♥❡①t ♣❤❛s❡ ✐s st✐❧❧ ❜❡❧♦✇ t❤❡ ❝❡✐❧✐♥❣✱ ❜✉t ✇✐t❤ ❜♦t❤ t②♣❡s ♦❢ ❝♦❛❧ ✉s❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✱

✇❤✐❝❤ ✐♠♣❧✐❡s ζλZ = ma(xc)✳ ❚❤❡ s❤❛❞♦✇ ❝♦st λZ ❜❡✐♥❣ ✐♥❝r❡❛s✐♥❣ ❛♥❞ t❤❡ r❡t✉r♥s

t♦ s❝❛❧❡ ✐♥ ❈❈❙✱ ❞❡❝r❡❛s✐♥❣✱ ❞✐rt② ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❞❡❝r❡❛s❡s ❛♥❞✱ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❝❧❡❛♥

❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ✐♥❝r❡❛s❡s ❞✉r✐♥❣ t❤✐s s❡❝♦♥❞ ♣❤❛s❡✳ ❈❧❡❛♥ ❝♦❛❧ ❝♦♥s✉♠♣t✐♦♥ ❛tt❛✐♥s ✐ts

♠❛①✐♠✉♠ ❛t t✐♠❡ tZ ✇❤❡♥ t❤❡ ♣♦❧❧✉t✐♦♥ st♦❝❦ r❡❛❝❤❡s t❤❡ ❝❡✐❧✐♥❣✳ ◆❡①t✱ ❞✉r✐♥❣ t❤❡ ✜rst

♣❤❛s❡ ❛t t❤❡ ❝❡✐❧✐♥❣✱ ❜♦t❤ t②♣❡s ♦❢ ❝♦❛❧ ❛r❡ st✐❧❧ ✉s❡❞✳ ❍♦✇❡✈❡r✱ ❝❧❡❛♥ ❝♦❛❧ ❝♦♥s✉♠♣t✐♦♥

❞❡❝r❡❛s❡s ❞♦✇♥ t♦ ✵ ❛♥❞✱ s✐♠✉❧t❛♥❡♦✉s❧②✱ t❤❡ ❡♥❡r❣② ♣r✐❝❡ st❡❛❞✐❧② ✐♥❝r❡❛s❡s ✉♣ t♦ u′(x̄d)✱

✇❤✐❝❤ ✐s ❛tt❛✐♥❡❞ ❛t t✐♠❡ t̄c✳ ❉✉r✐♥❣ t❤❡ s❡❝♦♥❞ ❝❡✐❧✐♥❣ ♣❤❛s❡✱ ♦♥❧② ❞✐rt② ❝♦❛❧ ✐s ❡①♣❧♦✐t❡❞✿

✾❋✐❣✉r❡s ✶ ❛♥❞ ✷ r❡❛❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ t♦♣ ♣❛♥❡❧ ❞r❛✇s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ♣❛t❤ ✭❜♦❧❞ ❧✐♥❡✮ ❛s t❤❡ ❧♦✇❡r
❡♥✈❡❧♦♣ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❢✉❧❧ ♠❛r❣✐♥❛❧ ❝♦st ❝✉r✈❡s ♦❢ ❡❛❝❤ ❡♥❡r❣② ♦♣t✐♦♥✳ ❚❤❡ ❜♦tt♦♠ ♣❛♥❡❧ ❞❡♣✐❝ts t❤❡
❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ♣♦rt❢♦❧✐♦✱ t❤❡ ❜♦❧❞ ❧✐♥❡ ❜❡✐♥❣ t❤❡ t♦t❛❧ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ q✳

✻
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xd(t) = x̄d✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤✐s ♣❤❛s❡✱ t❤❡ ♣♦❧❧✉t✐♦♥ st♦❝❦ ❞❡❝r❡❛s❡s ❜❡❧♦✇ t❤❡ st❛❜✐❧✐③❛t✐♦♥

❝❛♣ ❛♥❞ λZ = 0 ❢♦r❡✈❡r✳ ❚❤❡ ♥❡①t ♣❤❛s❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥ ❡♥❡r❣② ♣r♦❞✉❝t✐♦♥ s✉♣♣❧✐❡❞

❜② ❞✐rt② ♦✐❧ ❛♥❞ ❛♥ ✐♥❝r❡❛s✐♥❣ ❡♥❡r❣② ♣r✐❝❡✱ ✉♣ t♦ t❤❡ t✐♠❡ ty ❛t ✇❤✐❝❤ X = Xb ❛♥❞

pF = b✳ ❚❤❡♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❝❡❛s❡s ❛♥❞ t❤❡ ❞❡♠❛♥❞ ✐s ❡①❝❧✉s✐✈❡❧② s✉♣♣❧✐❡❞ ❜② s♦❧❛r

❡♥❡r❣②✿ y(t) = ỹ✱ ∀t > ty✳

❲❤❡♥ t❤❡ ❝♦st ♦❢ s♦❧❛r ❡♥❡r❣② ✐s ❧♦✇ ❡♥♦✉❣❤✱ ❢♦r b < u′(x̄d)✱ ✐t ❝❛♥ ❜❡ ♦♣t✐♠❛❧ t♦

❞❡♣❧♦② t❤✐s ❡♥❡r❣② ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣ ♣❡r✐♦❞✱ s✐♠✉❧t❛♥❡♦✉s❧② t♦ ❝❧❡❛♥ ❝♦❛❧✳ ❚❤✐s s❝❡♥❛r✐♦ ✐s

✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳

❆s ♣r❡✈✐♦✉s❧②✱ ❝❧❡❛♥ ❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ st❛rts ❜❡❢♦r❡ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ❝❛♣ ❤❛s ❜❡❡♥

r❡❛❝❤❡❞✳ ❇✉t ♥♦✇✱ t❤❡ ♣❡r✐♦❞ ❛t t❤❡ ❝❡✐❧✐♥❣ ✐♥❝❧✉❞❡s t❤r❡❡ ♣❤❛s❡s✳ ❉✉r✐♥❣ t❤❡ ✜rst ♦♥❡✱

t❤❡ t✇♦ t②♣❡s ♦❢ ❝♦❛❧ ❛r❡ ✉s❡❞✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❝❧❡❛♥ ❝♦❛❧ ❜❡✐♥❣ ❞❡❝r❡❛s✐♥❣ ✉♣ t♦ t❤❡

t✐♠❡ ❛t ✇❤✐❝❤ t❤❡ s♦❧❛r ❡♥❡r❣② ❜❡❝♦♠❡s ❝♦♠♣❡t✐t✐✈❡✳ ❚❤❡ ♥❡①t ♣❤❛s❡ ✐s ❛ ♣❤❛s❡ ❞✉r✐♥❣

✇❤✐❝❤ t❤❡ t❤r❡❡ t②♣❡s ♦❢ ❡♥❡r❣② ❛r❡ ✉s❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❛ s✉❜st✐t✉t✐♦♥ ❢r♦♠ ❝❧❡❛♥ ❝♦❛❧

♣r♦❞✉❝t✐♦♥ t♦✇❛r❞ s♦❧❛r ❡♥❡r❣② ♦❝❝✉rr✐♥❣ ✉♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤❡ ❛❜❛t❡♠❡♥t ❡✛♦rts✳ ❚❤❡ t❤✐r❞

♣❤❛s❡ ❝♦♠❜✐♥❡s s♦❧❛r ❡♥❡r❣② ❛♥❞ ❞✐rt② ❝♦❛❧ ✉♥t✐❧ t❤❡ ❝♦❛❧ ❣r❛❞❡ Xb ✐s ❛tt❛✐♥❡❞✳ ❚❤❡♥✱

❝♦❛❧ ❡①♣❧♦✐t❛t✐♦♥ ❝❡❛s❡s ❢♦r ❣♦♦❞ ❛♥❞ t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s s✉♣♣❧✐❡❞ ❜② s♦❧❛r ❡♥❡r❣②

♦♥❧②✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤✐s ❝♦♠♣❧❡① ♣❛tt❡r♥✱ r❡♠❛r❦ t❤❛t ❝❧❡❛♥ ❝♦❛❧ ❡♥❡r❣② ✐s s✉❜♠✐tt❡❞

t♦ t❤❡ ✐♥❝r❡❛s✐♥❣ s❝❛r❝✐t② ♦❢ t❤❡ ♥♦♥✲r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s

t♦ s❝❛❧❡✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② s♦❧❛r ❡♥❡r❣②✱ ✇❤✐❧❡ ♠♦r❡ ❝♦st❧② t❤❛♥ ❢♦ss✐❧ ❢✉❡❧ ❜❛s❡❞ ❡♥❡r❣②✱

r❡♣❧❛❝❡s ♣r♦❣r❡ss✐✈❡❧② ❝❧❡❛♥ ❝♦❛❧✳

✻ ❈♦♥❝❧✉s✐♦♥

❖♣❡r❛t✐♦♥ s❝❛❧❡ ✐s ❛ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ❢♦r ❡♠✐ss✐♦♥s ♠✐t✐❣❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤✐s ♣❛♣❡r ❤❛s

❡①♣❧♦r❡❞ t❤✐s ✐ss✉❡ ✐♥ t❤❡ t✐♠❡✲t♦✲❜✉✐❧❞ ❝♦♥t❡①t ♦❢ ❛ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ❢♦ss✐❧ ❢✉❡❧s ❛♥❞

❝❛r❜♦♥✲❢r❡❡ ❡♥❡r❣② ❛♥❞ ❜② ❛ss❡ss✐♥❣ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❧♦♥❣ r✉♥ ❞❡❝r❡❛s✐♥❣ t♦ s❝❛❧❡ ✐♥

❛❜❛t❡♠❡♥t✳ ❲❡ ❤❛✈❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡ ❛❜❛t❡♠❡♥t ♣r♦❝❡ss ♠✉st st❛rt str✐❝t❧② ❜❡❢♦r❡ t❤❡

❝❧✐♠❛t❡ ❝♦♥str❛✐♥t ❜❡❣✐♥s t♦ ❜✐♥❞✳ ❙✐♥❝❡ t❤❡ ✜rst ✉♥✐t ♦❢ ❛❜❛t❡♠❡♥t ✐s ❛❧✇❛②s t❤❡ ❝❤❡❛♣❡st

♦♥❡✱ ❞✐s❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t ❝❛❧❧s ❢♦r ❛ ❈❈❙ ❞❡♣❧♦②♠❡♥t ❛s ❡❛r❧② ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s st❛♥❞s ✐♥

s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ t❤❡ ✉s✉❛❧ ❝♦♥❝❧✉s✐♦♥s ❞❡r✐✈❡❞ ❢r♦♠ ❝♦♥st❛♥t ❛✈❡r❛❣❡ ❛❜❛t❡♠❡♥t ❝♦st

♠♦❞❡❧s✳ ▼♦r❡♦✈❡r✱ ✉♥t✐❧ t❤❡ ❝❧✐♠❛t❡ ❝♦♥str❛✐♥t ❜✐♥❞s✱ t❤❡ ❛❜❛t❡♠❡♥t r❛t❡ ♠✉st ✐♥❝r❡❛s❡

♦✈❡r t✐♠❡✳ ❆s ✉s✉❛❧ ✐♥ t❤✐s t②♣❡ ♦❢ ♠♦❞❡❧✱ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ❝❛♥ ❜❡ ❞❡❝❡♥tr❛❧✐③❡❞ ❜②

t❛①✐♥❣ t❤❡ ♣♦❧❧✉t✐♦♥ ❡♠✐ss✐♦♥s✳ ❚❤❡ ✉♥✐t❛r② t❛① r❛t❡ λZ ✇♦✉❧❞ ❜❡ ✐♥❝r❡❛s✐♥❣ ✉♣ t❤❡ t✐♠❡

❛t ✇❤✐❝❤ t❤❡ ❝❛♣ ❝♦♥str❛✐♥t ✐s ❡✛❡❝t✐✈❡ ❛♥❞ ♥❡①t ❞❡❝r❡❛s✐♥❣ ❞♦✇♥ t♦ ③❡r♦ ❞✉r✐♥❣ t❤❡ ❝❡✐❧✐♥❣

♣❡r✐♦❞✳

✽
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❘❡❢❡r❡♥❝❡s

❆♠✐❣✉❡s✱ ❏✲P✳✱ ▲❛✛♦r❣✉❡✱ ●✳✱ ▼♦r❡❛✉①✱ ▼✳ ✭✷✵✶✹✮✳ ❖♣t✐♠❛❧ t✐♠✐♥❣ ♦❢ ❈❈❙ ♣♦❧✐❝✐❡s ✉♥❞❡r

❧❡❛r♥✐♥❣✲❜②✲❞♦✐♥❣✳ ▲❡r♥❛ ✇♦r❦✐♥❣ ♣❛♣❡r ♥◦✶✹✳✵✸✳✹✵✹✱ ❚♦✉❧♦✉s❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✳

❆②♦♥❣ ❧❡ ❑❛♠❛✱ ❆✳✱ ❋♦❞❤❛✱ ▼✳✱ ▲❛✛♦r❣✉❡✱ ●✳ ✭✷✵✶✸✮✳ ❖♣t✐♠❛❧ ❝❛r❜♦♥ ❝❛♣t✉r❡ ❛♥❞ st♦r❛❣❡

♣♦❧✐❝✐❡s✳ ❊♥✈✐r♦♥♠❡♥t❛❧ ▼♦❞❡❧✐♥❣ ❛♥❞ ❆ss❡ss♠❡♥t✱ ✶✽✭✹✮✱ ✹✶✼✲✹✷✻✳

❇✐❡❧✐❝❦✐✱ ❏✳ ✭✷✵✵✽✮✳ ❘❡t✉r♥s t♦ s❝❛❧❡ ✐♥ ❝❛r❜♦♥ ❝❛♣t✉r❡ ❛♥❞ st♦r❛❣❡ ✐♥❢r❛str✉❝t✉r❡ ❛♥❞

❞❡♣❧♦②♠❡♥t✳ ❉✐s❝✉ss✐♦♥ ♣❛♣❡r ♥◦✷✵✵✽✲✵✹✱ ❍❛r✈❛r❞ ❑❡♥♥❡❞② ❙❝❤♦♦❧✳

❈❤❛❦r❛✈♦rt②✱ ❯✳✱ ▼❛❣♥é✱ ❇✳✱ ▼♦r❡❛✉①✱ ▼✳ ✭✷✵✵✻✮✳ ❆ ❍♦t❡❧❧✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❛ ❝❡✐❧✐♥❣ ♦♥

t❤❡ st♦❝❦ ♦❢ ♣♦❧❧✉t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧✱ ✸✵✱ ✷✽✼✺✲✷✾✵✹✳

❈❤❛❦r❛✈♦rt② ❯✳✱ ▼♦r❡❛✉① ▼✳✱ ❚✐❞❜❛❧❧ ▼✳ ✭✷✵✵✽✮✳ ❖r❞❡r✐♥❣ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ♣♦❧❧✉t✐♥❣

♥♦♥r❡♥❡✇❛❜❧❡ r❡s♦✉r❝❡s✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✽✱ ✶✶✷✽✲✶✶✹✹✳

❉✉r♠❛③✱ ❚✳✱ ❙❝❤r♦②❡♥✱ ❋✳ ✭✷✵✶✸✮✳ ❊✈❛❧✉❛t✐♥❣ ❝❛r❜♦♥ ❝❛♣t✉r❡ ❛♥❞ st♦r❛❣❡ ✐♥ ❛ ❝❧✐♠❛t❡

♠♦❞❡❧ ✇✐t❤ ❞✐r❡❝t❡❞ t❡❝❤♥✐❝❛❧ ❝❤❛♥❣❡✳ ❉✐s❝✉ss✐♦♥ ♣❛♣❡r ✭■❙❙◆ ✵✽✵✹✲✻✽✷✹✮✱ ◆♦r✇❡❣✐❛♥

❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✳
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