✷ ❚❤❡ ♠♦❞❡• ▲❡t ✉s ❞❡♥♦t❡ X i = [X i1 : • • • : X ir ] t❤❡ ♠❡❛s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ i th ✐♥❞✐✈✐❞✉❛• ♦❢ ❛ s❛♠♣•❡ ♦❢ s✐③❡ N ✳ ❚❤❡ ✈❡❝t♦r X ij ❝♦♥
t❛✐♥s t❤❡ n i ♦❜s❡r✈❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ♦✈❡r t✐♠❡ ❢♦r t❤❡ j th ✈❛r✐❛❜•❡✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ X ijk ✐s t❤❡ ✈❛•✉❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ i th ✐♥❞✐✈✐❞✉❛• ❢♦r t❤❡ j th ✈❛r✐❛❜•❡ ❛t t✐♠❡ t ik ✳ ❲✐t❤♦✉t •♦ss ♦❢ ❣❡♥❡r❛•✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t i1 ≤ t i2 ≤ . . . ≤ t in i ✳ ◆♦t❡ t❤❛t ❛•• t❤❡ ✈❛r✐❛❜•❡s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♠❡❛s✉r❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❢♦r ❛♥ ✐♥❞✐✈✐❞✉❛•✱ ❜✉t t✐♠❡ ♠❡❛s✉r❡s ♠❛② ❞✐✛❡r ❢r♦♠ ♦♥❡ ✐♥❞✐✈✐❞✉❛• t♦ ❛♥♦t❤❡r✳ ❲❡ ❛ss✉♠❡ t❤❛t✱ ✉♣ t♦ ❛ ♠♦♥♦t♦♥✐❝ tr❛♥s❢♦r♠❛t✐♦♥

X i = B i β + T i Φ i + ζ i ✭✶✮ ✇❤❡r❡ B i ❛♥❞ T i ❛r❡ ❦♥♦✇♥ ❢✉••✲r❛♥❦ ❝♦✈❛r✐❛t❡ ♠❛tr✐❝❡s ♦❢ ❞✐♠❡♥s✐♦♥s n i × p ❛♥❞ n i × q r❡s♣❡❝t✐✈❡•②✱ β = [β 1 : • • • : β r ] ✐s ❛ p×r ♠❛tr✐① ♦❢ ♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♣♦♣✉•❛t✐♦♥ ♠❡❛♥✱ Φ i = [Φ i1 : • • • : Φ ir ] ❛♥❞ ζ i = [ζ i1 : • • • : ζ ir ] ❛r❡ r❡s♣❡❝t✐✈❡•② q × r ❛♥❞ n i × r ♠❛tr✐❝❡s ♦❢ ✉♥♦❜s❡r✈❡❞ •❛✉ss✐❛♥ r❛♥❞♦♠ ❡✛❡❝ts✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r❛♥❞♦♠ ♠❛tr✐① ζ i ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❤✐❣❤•② str✉❝t✉r❡❞✿ cov (ζ ijk , ζ ij ′ k ′ ) = Σ jj ′ ρ t ik -t ik ′ jj ′ ✐❢ k > k ′ ❛♥❞ cov (ζ ijk , ζ ij ′ k ′ ) = Σ jj ′ ρ t ik ′ -t ik j ′ j ✐❢ k < k ′ ✇❤❡r❡ ρ jj ′ ∈ [0, 1] ❛♥❞ Σ jj ′ = α jj ′ σ j σ j ′ ✳ ❚❤❡ ♥✉♠❜❡rs α jj = 1, ∀j ∈ {1, . . . , r}✱ α jk = α kj ∈ [-1, 1] ∀j = k ∈ {1, . . . , r} ❛♥❞ ρ jk ∈ [0, 1] ∀j, k ∈ {1, . . . , r}✱ σ j r❡♣r❡s❡♥ts t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ j th ✈❛r✐❛❜•❡ ❛t ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t t✐♠❡✳ ❚❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ ζ ijk ❛♥❞ ζ ij ′ k ′ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ρ t ik -t ik ′ jj ′ ❢♦r k > k ′ ❛♥❞ ρ t ik ′ -t ik j ′ j ❢♦r k < k ′ ✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ j th ✈❛r✐❛❜•❡ ✐♥ ζ i ♠❡❛s✉r❡❞ ❛t t✐♠❡ k ❛♥❞ t❤❡ j ′th ✈❛r✐❛❜•❡ ✐♥ ✸
Comment citer ce document : Concordet, D., Servien, R. (2014). Individual prediction regions for multivariate longitudinal data with small samples. Biometrics, 70 (3), 629-638. DOI : 10.1111/biom.12201 2014). Individual prediction regions for multivariate longitudinal data with small samples. Biometrics, 70 (3), 629-638. DOI : 10.1111/biom.12201 2014). Individual prediction regions for multivariate longitudinal data with small samples. Biometrics, 70 (3), 629-638. DOI : 10.1111/biom.12201 2014). Individual prediction regions for multivariate longitudinal data with small samples. Biometrics, 70 (3), 629-638. DOI : 10.1111/biom.12201

ζ i ♠❡❛s✉r❡❞ ❛t t✐♠❡ k ′ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ j th ✈❛r✐❛❜•❡ ✐♥ ζ i ♠❡❛s✉r❡❞ ❛t t✐♠❡ k ′ ❛♥❞ t❤❡ j ′th ✈❛r✐❛❜•❡ ✐♥ ζ i ♠❡❛s✉r❡❞ ❛t t✐♠❡ k✳ ❚❤❡ ♠❛•♦r ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ ♣❛♣❡r ♦❢ ❲❛♥❣ ❛♥❞ ❋❛♥ ✭✷✵✶✵✮ ✐s t❤❛t t❤❡② ❛ss✉♠❡ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥ t✐♠❡s t ik ❛r❡ ❡q✉❛••② s♣❛❝❡❞ ✐♥t❡❣❡r ♥✉♠❜❡rs✱ ❛♥❞ t❤❛t ❢♦r ❛•• j ❛♥❞ j ′ ✱ cov (ζ ijk , ζ ij ′ k ′ ) = Σ jj ′ ρ |t-t ′ | ✇❤❡r❡ ρ |t-t ′ | ✐s t❤❡ ❝♦rr❡•❛t✐♦♥ ♦❢ ❛♥ ❛✉t♦✲r❡❣r❡ss✐✈❡ ♣
ψ i = vec(Φ i ) t❤❡ ✈❡❝t♦r ♦❜t❛✐♥❡❞ ❜② st❛❝❦✐♥❣ t❤❡ ❝♦•✉♠♥s ♦❢ Φ i ❝♦•✉♠♥✇✐s❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ψ i ∼ iid N (0, Ω)✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① Ω = [ω jm ] jm ✐s ❜•♦❝❦✲♣❛rt✐t✐♦♥❡❞ ✇✐t❤ q × q ✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ω jm = cov(Φ ij , Φ im )✳ ❙✐♠✐•❛r•②✱ t❤❡ ✇✐t❤✐♥ s✉❜•❡❝t ❡rr♦r ζ i ❝❛♥ ❜❡ st♦r❡❞ ❝♦•✉♠♥✇✐s❡ ✐♥t♦ ❛ ✈❡❝t♦r ε i = vec(ζ i ) ∼ N (0, Λ i (ρ, Σ))✳ ❚❤❡ ♠❛tr✐① Λ i (ρ, Σ) ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s D -1 i R -1 i D -1 i ✇❤❡r❡ D -1 i = diag(σ 1 , . . . , σ 1 , σ 2 , . . . , σ 2 , σ r , . . . , σ r ) ✇✐t❤ ❡❛❝❤ σ j r❡♣❡❛t❡❞ n i t✐♠❡s✳ ❚❤✉s✱ ✐t ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❚❤❡ ♠❛tr✐① R -1 i (ρ) ✐s ❜•♦❝❦✲♣❛rt✐t✐♦♥❡❞ ✇✐t❤ n i × n i ♠❛tr✐❝❡s ω ijk ✇✐t❤ ω ijk (ρ) = (❝♦rr (ζ ijl , ζ ikf )) l,f ∈{1,...,n i } = α jk ρ |t if -t il | jk ❛♥❞ α jj = 1. ❚❤❡ ♠❛tr✐① ω ijk (ρ) ❝♦♥t❛✐♥s t❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ j th ❛♥❞ k th ✈❛r✐❛❜•❡ ❛t t❤❡ ❞✐✛❡r❡♥t s❛♠♣•✐♥❣ t✐♠❡s✳ ❚❤❡ ε i ✬s ❛r❡ ❛ss✉♠❡❞ ♠✉t✉❛••② ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ψ i ✬s✳ ▲❡t ✉s ❞❡✜♥❡ Y i = vec(X i )✱ A i = 1 r ⊗ B i ❛♥❞ Z i = 1 r ⊗ T i ✳ ❯s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s✱ t❤❡ ♠♦❞❡• ✭✶✮ ❝❛♥ ❜❡ r❡✲✇r✐tt❡♥ ❛s Y i = A i θ + Z i ψ i + ε i ✭✷✮ ✇❤❡r❡ θ = vec(β)✳ ❚❤✐s ♠♦❞❡• ♠❛② ❛♣♣❡❛r t♦ ❜❡ ❛ st❛♥❞❛r❞ •✐♥❡❛r ♠✐①❡❞ ❡✛❡❝t ♠♦❞❡• ✇❤♦s❡ ♣❛r❛♠❡t❡r ξ = (θ, Ω, Σ, ρ) ∈ Ξ ❝❛♥ ❜❡ ❡❛s✐•② ❡st✐♠❛t❡❞ ✉s✐♥❣ st❛♥❞❛r❞ st❛t✐st✐❝❛• s♦❢t✇❛r❡✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤✐s ♠♦❞❡• ❛r❡ ❤✐❣❤•② str✉❝t✉r❡❞ ❛♥❞ t❤❡✐r ❡st✐♠❛t✐♦♥ ♥❡❡❞s ❝❛r❡❢✉• ❞❡✈❡•♦♣♠❡♥t✱ ✇❤✐❝❤ ✐s ❞♦♥❡ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❆ss✉♠❡ t❤❛t n w ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ r ✈❛r✐❛❜•❡s ❛r❡ ❛✈❛✐•❛❜•❡ ❛t t✐♠❡s (t 1 , . . . , t nw ) ✐♥ ❛ ♥❡✇ ✐♥❞✐✈✐❞✉❛•✳ ▲❡t ✉s ❞❡♥♦t❡ U ∈ R r×1 t❤❡ ❢✉t✉r❡ ✈❛•✉❡s t❤❛t ✇✐•• ❜❡ ♦❜s❡r✈❡❞ ❛t t✐♠❡ t u > t nw ❢♦r t❤❡ r ✈❛r✐❛❜•❡s ✐♥ t❤✐s ♥❡✇ ✐♥❞✐✈✐❞✉❛•✳ ❲❡ ❛ss✉♠❡ t❤❛t (W ′ U ′ ) ′ = Aθ + Zψ + ε ✇❤❡r❡ Z = (Z ′ w Z ′ u ) ′ ✱ A = (A ′ w A ′ u ) ′ ❛r❡ ❦♥♦✇♥ ♠❛tr✐❝❡s ❛♥❞ ε = (ε ′ w ε ′ u ) ′ ✳ ❚❤❡ r❛♥❞♦♠ ♠❛tr✐① (W ′ U ′ ) ′ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ Y i ✬s✳ ❲❡ ❛r❡ •♦♦❦✐♥❣ ❢♦r ❛ r❡❣✐♦♥ R α ξ (W) s♦ t❤❛t P U ∈ R α ξ (W) W = 1 -α. ❚♦ ❜✉✐•❞ s✉❝❤ ❛ r❡❣✐♦♥✱ ✇❡ ♥❡❡❞ t✇♦ t❤✐♥❣s✿ ❛ r❛♥❞♦♠ s❛♠♣•❡ ♦❢ ✐♥❞✐✈✐❞✉❛•s (Y i ) i∈{1,...,N } t❤❛t ❡♥❛❜•❡s t❤❡ ♣♦♣✉•❛t✐♦♥ ♣❛r❛♠❡t❡rs ξ t♦ ❜❡ ❡st✐♠❛t❡❞ ❛♥❞ s♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛• ♦❢ ✐♥t❡r❡st W✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t❤r❡❡ st❡♣s✿ ✜rst✱ ✇❡ ❜✉✐•❞ ❛ r❡❣✐♦♥ R α ξ (W)
❜② ❛ss✉♠✐♥❣ t❤❛t ξ ✐s ❦♥♦✇♥✱ s❡❝♦♥❞•②✱ ✇❡ ♣•✉❣✲✐♥ t❤❡ ❡st✐♠❛t❡ ξ ♦❢ ξ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ s❛♠♣•❡ (Y i ) i∈{1,...,N } ✐♥t♦ R α ξ (W) t♦ ❣❡t R α ξ (W)✳ ❖❢ ❝♦✉rs❡✱ ❜❡❝❛✉s❡ t❤❡ ❡st✐♠❛t❡ ξ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡✱ t❤✐s ♣•✉❣✲✐♥ ❡st✐♠❛t♦r ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ ❛ ❝♦✈❡r❛❣❡ ♦❢ 1 -α. ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ♣r♦♣♦s❡ ❛♥❞ ❝♦♠♣❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝♦rr❡❝t✐♦♥s ❢♦r t❤❡ ❡st✐♠❛t❡❞ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ✉s✐♥❣ t❤✐s ♣•✉❣✲✐♥ ❡st✐♠❛t♦r ✐♥ t❤❡ t❤✐r❞ st❡♣✳ ✸ ❊st✐♠❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ▲❡t ✉s ❞❡♥♦t❡ Λ i = Λ i (ρ, Σ)) = var (ε i )✳ ❆ss✉♠❡ ❢♦r ❛ ✇❤✐•❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡r ξ ✐s ❦♥♦✇♥ ❛♥❞ ❡q✉❛• t♦ ξ 0 = (θ 0 , Ω 0 , Σ 0 , ρ 0 )✳ ❚❤❡♥ ✇❡ ❤❛✈❡ Y i -A i θ 0 Ψ i ∼ N 0, Z i Ω 0 Z ′ i + Λ i Z i Ω 0 Ω 0 Z ′ i Ω 0 s♦✱ ❜② ❙❤✉r •❡♠♠❛ ✭)❤❛♥❣✱ ✷✵✶✵✮✱ ✇❡ ♦❜t❛✐♥ m i,0 △ = E ξ 0 (Ψ i |Y i -A i θ 0 ) = E ξ 0 (Ψ i |Y i ) = Ω 0 Z ′ i [Z i Ω 0 Z ′ i + Λ i ] -1 [Y i -A i θ 0 ] V i,0 △ = V ξ 0 (Ψ i |Y i ) = Ω 0 -Ω 0 Z ′ i [Z i Ω 0 Z ′ i + Λ i ] -1 Z i Ω 0 . ❚♦ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡r ξ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤❡ ❊▼ ❛•❣♦r✐t❤♠ ✭❉❡♠♣st❡r ❡t ❛•✳✱ ✶✾✼✼✮✳ ❆t ✐t❡r❛t✐♦♥ k✱ ξ k-1 ✐s ❛✈❛✐•❛❜•❡✳ ❚❤❡ ❊▼ ❛•❣♦r✐t❤♠ ❛•t❡r♥❛t❡s ❜❡t✇❡❡♥ t✇♦ st❡♣s✿ t❤❡ ❊ st❡♣ ❝♦♠♣✉t❡s Q(ξ, ξ k-1 ) = E log L (Y 1 , . . . , Y n ; ξ) |Y 1 , . . . , Y n ; ξ k-1 ❛♥❞ t❤❡ ▼ st❡♣ s♦•✈❡s ξ k = arg sup ξ Q(ξ, ξ k-1 ). ❆s t❤❡ Y i ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ Q(ξ, ξ k-1 ) = i E ξ k-1 [log L(Y i , Ψ i )|Y i ] . |❡♠✐♥❞✐♥❣ t❤❛t -2 log L(Y i , Ψ i ) = (Y i -A i θ -Z i Ψ i ) ′ Λ -1 i (Y i -A i θ -Z i Ψ i )+log |Λ i |+Ψ ′ i Ω -1 Ψ i +log |Ω|, ✇❡ t❤✉s ♦❜t❛✐♥ -2Q(ξ, ξ k-1 ) = N i=1 tr(Λ -1 i Z i V i,k-1 Z ′ i ) + (Y i -A i θ -Z i m i,k-1 ) ′ Λ -1 i (Y i -A i θ -Z i m i,k-1 ) + tr Ω -1 V i,k 1 + m ′ i,k-1 Ω -1 m i,k-1 + log |Λ i | + log |Ω|. ❚❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ -2Q(ξ, ξ k-1 ) ✇✐t❤ r❡s♣❡❝t t♦ Ω ❛♥❞ θ •❡❛❞s r❡s♣❡❝t✐✈❡•② t♦ Ω k = 1 N N i=1 V i,k-1 + m i,k-1 m ′ i,k-1 , θ k = N i=1 A ′ i Λ -1 i A i -1 N i=1 A ′ i Λ -1 i (Y i -Z i m i,k-1
U i = Y i -A i θ -Z i m i,0 ❛♥❞ P i = Z i V i,0 Z ′ i + U i U ′ i ✳ ❲❡ ✇❛♥t t♦ ❝♦♠♣✉t❡ arg min Σ,ρ -2Q(Λ, Λ 0 ) = arg min Σ,ρ tr N i=1 Λ -1 i P i + N i=1 log |Λ i | t❤❛t ✐s arg min Σ,ρ -2Q(Λ, Λ 0 ) = arg min Σ,ρ tr N i=1 D i R i D i P i -2 N i=1 log |D i |. ▲❡t ✉s ❞❡♥♦t❡ J j,i = δD -1 i δσ -1 j ✳ ❲❡ ❤❛✈❡ -2 ∂Q ∂σ -1 j = 2 N i=1 tr(D i F j i ) - n i σ -1 j ✇❤❡r❡ F j i = P i J j,i R i ✐s ❛ n i r×n i r ❜•♦❝❦✲♣❛rt✐t✐♦♥❡❞ ♠❛tr✐① ✇✐t❤ n i ×n i ♠❛tr✐❝❡s f j i k,l∈{1,...,r} . ❚❤✉s✱ -2 δQ δσ -1 j = 2 r k=1 N i=1 σ -1 k tr f j i kk - n i σ -1 j ❛♥❞ ✐t r❡♠❛✐♥s t♦ s♦•✈❡ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s δQ δσ -1 j = 0, j = 1, . . . , r t♦ ❣❡t t❤❡ ♠❛①✐♠✉♠ ♦❢ Q ✇✐t❤ r❡s♣❡❝t t♦ σ -1 1 , . . . , σ -1 r ✳ ❖❜✈✐♦✉s•②✱ t❤✐s s②st❡♠ ✐s ♥♦t •✐♥❡❛r✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♥♦t❡ t❤❛t ✐t ✇r✐t❡s ❛s x ′ B = 1/x ✇❤❡r❡ x ′ = σ -1 1 , σ -1 2 , . . . , σ -1 r , 1/x = (σ 1 , σ 2 , . . . , σ r ) ❛♥❞ B = N i=1 tr f j i kk N i=1 n i j,k∈{1,...,r} , ✇❤✐❝❤ ❝❛♥ ❜❡ s♦•✈❡❞ ✐t❡r❛t✐✈❡•② ✉s✐♥❣ t❤❡ r❡❝✉rs✐♦♥ ❢♦r♠✉•❛ x m B = 1/x m+1 ✳ ❆s ❡①♣•❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ α jk ❛♥❞ ρ jk •✐❡s ✐♥ [-1, 1] ∀j, k ∈ {1, . . . , r}✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❡❛s✐•② ♦♣t✐♠✐③❡ ♥✉♠❡r✐❝❛••② Q ♦♥ t❤✐s ✐♥t❡r✈❛• t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡s ♦❢ α jk ❛♥❞ ρ jk ✳ ❆ ❣♦♦❞ ❝❤♦✐❝❡ ♦❢ st❛rt✐♥❣ ✈❛•✉❡s s♣❡❡❞s ✉♣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤✐s ❛•❣♦r✐t❤♠✳ ❚❤❡s❡ st❛rt✐♥❣ ✈❛•✉❡s ❝❛♥ ❜❡ ❡❛s✐•② ❞❡r✐✈❡❞ ❢r♦♠ ✉♥✐✈❛r✐❛t❡ ❛♥❛•②s❡s✳ ❚❤❡ ❛♥❛•②s✐s ♦❢ t❤❡ j th ✈❛r✐❛❜•❡ ✉s✐♥❣ ♠♦❞❡• ✭✶✮ ❣✐✈❡s β j ✱ ❛♥❞ Φ ij ζ ij ❢♦r ❛•• i ∈ {1, . . . , N }✳ ❚❤❡ ❡♠♣✐r✐❝❛• ✈❛r✐❛♥❝❡ ♦❢ Φ ij ❝❛♥ ❜❡ ✉s❡❞ ❛s st❛rt✐♥❣ ✈❛•✉❡ ♦❢ Ω✱ β j ❝❛♥ ❜❡ ✉s❡❞ ❢♦r β j ✳ ❙t❛rt✐♥❣ ✈❛•✉❡s ❢♦r ✐♥tr❛✲✐♥❞✐✈✐❞✉❛• ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦••♦✇s Σ jj ′ = N i=1 n i k=1 ζ ijk ζ ij ′ k /(n i N ), σ j = Σ jj , α jj ′ = Σ jj ′ /(σ j σ j ′ ). ❚❤❡ st❛rt✐♥❣ ✈❛•✉❡s ❢♦r ρ jj ′ ✇❡r❡ ❝♦♠♣✉t❡❞ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ •✐❦❡•✐❤♦♦❞ ♦❜t❛✐♥❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t ζ i ✇❡r❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ N (0, Λ i (ρ, Σ))✳ ❉✉r✐♥❣ t❤✐s ♠❛①✐♠✐③❛t✐♦♥✱ Σ ✇❛s s❡t t♦ ✐ts ✐♥✐t✐❛• ✈❛•✉❡✳ ❚❤❡ ❝♦♠♣✉t❡r t✐♠❡ ♥❡❡❞❡❞ ❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐s •❡ss t❤❛♥ ♦♥❡ s❡❝♦♥❞ ✉s✐♥❣ ❛♥ ♦r❞✐♥❛r② •❛♣t♦♣✳ ✻ Comment citer ce document : Concordet, D., Servien, R. (
✹ ❇✉✐•❞✐♥❣ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s |❡♠✐♥❞ t❤❛t ✇❡ ❛ss✉♠❡ t❤❛t ♦❜s❡r✈❛t✐♦♥s W ❢♦r t❤❡ r ✈❛r✐❛❜•❡s ❛r❡ ❛✈❛✐•❛❜•❡ ✐♥ ❛ ♥❡✇ ✐♥❞✐✈✐❞✉❛•✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❜✉✐•❞ ❛ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❢♦r t❤❡ ♥❡①t ♦❜s❡r✈❛t✐♦♥ U ❢♦r t❤✐s ♥❡✇ ✐♥❞✐✈✐❞✉❛•✳ ❋r♦♠ t❤❡ ♠♦❞❡• ❞❡✜♥❡❞ ✐♥ ✭✷✮✱ ✇❡ ❤❛✈❡ U = A u θ + Z u ψ u + ε u . ✭✸✮ ❆❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❛ss✉♠❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ❛•• t❤❡ ♠♦❞❡• ♣❛r❛♠❡t❡rs ❛r❡ ❦♥♦✇♥✳ ❲❡ ❞❡♥♦t❡ E = vec(ε w , ε u ) ∼ N 0; Λ w (ρ, Σ) M wu (ρ, Σ) ′ M wu (ρ, Σ) Λ u (ρ, Σ) ✇❤❡r❡ Λ w (ρ, Σ) ❛♥❞ Λ u (ρ, Σ) ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✜rst s❡❝t✐♦♥ ❛♥❞ M wu (ρ, Σ) ✐s ❛ r × (rn w ) ♠❛tr✐① ✇✐t❤ M wu (ρ, Σ) = ❝♦✈ (ε w ; ε u ) =    ❝♦✈ ε 1 u ; ε 1 k=1,...,nw . . . ❝♦✈ ε 1 u ; ε r k=1,...,nw ✳ ✳ ✳ . . . ✳ ✳ ✳ ❝♦✈ ε r u ; ε 1 k=1,...,nw . . . ❝♦✈ ε r u ; ε r k=1,...,nw    ✇❤❡r❡ ε i u ✐s t❤❡ i t❤ t❡r♠ ♦❢ ε u ❛♥❞ ε j k=1,...,nw ✐s ❛ n w ❞✐♠❡♥s✐♦♥❛• ✈❡❝t♦r ❢♦r ✈❛r✐❛❜•❡ j ❛♥❞ ✐♥❞✐✈✐❞✉❛• W ❛♥❞ ❝♦✈ ε i u ; ε j k=1,...,nw = Σ ij ρ |tu-t 1 | ij , . . . , Σ ij ρ |tu-tn w | ij . ❯s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s ❛♥❞ ❙❝❤✉r •❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ▲❡t α ❜❡ ❛♥② r❡❛• ♥✉♠❜❡r ✐♥ [0; 1] ❛♥❞ χ 2 r,1-α ❜❡ t❤❡ 1 -α q✉❛♥t✐•❡ ♦❢ ❛ ❝❤✐✲sq✉❛r❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ r ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r m(ξ, W ) ❛♥❞ t❤❡ ♠❛tr✐① V (ξ) ❞❡✜♥❡❞ ❜② m(ξ, W ) = A u θ + (Z u ΩZ ′ w + M wu (ρ, Σ)) (Z w ΩZ ′ w + Λ w (ρ, Σ)) -1 (W -A w θ) , V (ξ) = (Z u ΩZ ′ u + Λ u (ρ, Σ)) -(Z u ΩZ ′ w + M wu (ρ, Σ)) (Z w ΩZ ′ w + Λ w (ρ, Σ)) -1 (Z u ΩZ ′ w + M wu (ρ, Σ)) ′ . ❆ (1 -α) ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ♦❢ U ✱ ❝♦♥❞✐t✐♦♥❛••② t♦ W ✱ ✐s t❤❡ s❡t S = u ∈ R r ; V (ξ) -1/2 (u -m(ξ, W )) 2 ≤ χ 2 r,1-α ✭✹✮ ✇❤❡r❡ V (ξ) -1/2 ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❈❤♦•❡s❦② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ V (ξ). ❲❤❡♥ r > 1✱ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❢♦r U ✐s t❤✉s ❛♥ ❡••✐♣s♦✐❞ ❝❡♥t❡r❡❞ ♦♥ m(ξ, W )✳ ❚❤✐s ❡••✐♣s♦✐❞ ❞❡❣❡♥❡r❛t❡s t♦ t❤❡ ✐♥t❡r✈❛• m(ξ, W ) -τ (1-α/2) V (ξ); m(ξ, W ) + τ (1-α/2) V (ξ) ✱ ✇❤❡r❡ τ (1-α/2) ✐s t❤❡ (1 -α/2) q✉❛♥t✐•❡ ♦❢ t❤❡ st❛♥❞❛r❞ ❣❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤❡♥ ♦♥❡ ✇❛♥ts ✼ Comment citer ce document : Concordet, D., Servien, R. (
t♦ ♣r❡❞✐❝t t❤❡ ♥❡①t ✈❛•✉❡ U ♦❢ ❛ s✐♥❣•❡ ✈❛r✐❛❜•❡ ✭✐✳❡✳ r = 1✮✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ ρ = 0 ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡r❡ ✐s ♥♦ ❝♦✈❛r✐❛❜•❡✱ t❤❡ j t❤ ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤❡ i t❤ ✐♥❞✐✈✐❞✉❛• ✇r✐t❡s X ij = Y ij = θ + ψ i + ε ij ✇✐t❤ ψ i ∼ N (0, ω 2 ) ❛♥❞ ε ij ∼ N (0, σ 2 ) . ❯s✐♥❣ ❙❝❤✉r ❝♦♠♣•❡♠❡♥t✱ t❤❡ 100(1-α)✪ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛• ❢♦r t❤❡ ❢✉t✉r❡ ✈❛•✉❡ ✇❤❡♥ k -1 ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛•r❡❛❞② ❛✈❛✐•❛❜•❡ ✐♥ ❛♥ ✐♥❞✐✈✐❞✉❛• ❤❛s t❤❡ ❢♦••♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✿ θ 1 + γ 2 (k -1) + γ 2 (k -1) 1 + γ 2 (k -1) W k-1 -τ (1-α/2) 1 + γ 2 k 1 + γ 2 (k -1) σ 2 , ✭✺✮ θ 1 + γ 2 (k -1) + γ 2 (k -1) 1 + γ 2 (k -1) W k-1 + τ (1-α/2) 1 + γ 2 k 1 + γ 2 (k -1) σ 2 , ✇❤❡r❡ γ = ω/σ ❛♥❞ W k-1 ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ k -1 ❛✈❛✐•❛❜•❡ ♦❜s❡r✈❛t✐♦♥s✳ ◆♦t❡ t❤❛t γ ♠❡❛s✉r❡s t❤❡ ❜❡♥❡✜t ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛•✐③❛t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✉s✉❛• r❡❢❡r❡♥❝❡ ✐♥t❡r✈❛• ❜✉✐•t ✇✐t❤ ❛ s✐♥❣•❡ ✈❛•✉❡ ♣❡r ✐♥❞✐✈✐❞✉❛• ✭❈▲❙■✱ ✷✵✵✽✮✳ ❲❤❡♥ γ ✐s ❤✐❣❤✱ t❤❡ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛• ✐s ❝•♦s❡ t♦ W ± τ (1-α/2) σ ❛♥❞ t❤❡ ✐♥❞✐✈✐❞✉❛•✐③❛t✐♦♥ ✐s ❜❡♥❡✜❝✐❛•✳ ❲❤❡♥ k = 1✱ ✐✳❡✳ ✇❤❡♥ ♥♦ ♦❜s❡r✈❛t✐♦♥ ✐s ❛✈❛✐•❛❜•❡ ❢♦r t❤❡ ♥❡✇ ✐♥❞✐✈✐❞✉❛•✱ t❤❡ ✐♥t❡r✈❛• ❞❡❣❡♥❡r❛t❡s t♦ t❤❡ ✉s✉❛• θ ± τ (1-α/2) √ σ 2 + ω 2 ✳ ❆s t❤✐s ♠♦❞❡• ❞♦❡s ♥♦t ✐♥❝•✉❞❡ ❛♥② ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ ♦❜s❡r✈❛t✐♦♥s ✇✐t❤✐♥ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛•✱ t❤❡ t✐♠❡ ✐♥t❡r✈❛• ❜❡t✇❡❡♥ ❛♥ ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ❛ ❢✉t✉r❡ ✈❛•✉❡ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛•✳ ❚❤❡ ♣•✉❣✲✐♥ ❡st✐♠❛t♦r ♦❢ S ✐s S ♦❜t❛✐♥❡❞ ❜② r❡♣•❛❝✐♥❣ ✐♥ ❊q✉❛t✐♦♥ ✭✹✮ t❤❡ ♣❛r❛♠❡t❡r ξ ❜② ✐ts ❡st✐♠❛t❡✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❢❛✐•s t♦ ❣✉❛r❛♥t❡❡ ❛♥ ❡①❛❝t ❝♦✈❡r❛❣❡ ♦❢ (1-α)✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ t❤❡ s❛♠♣•❡ s✐③❡ n ✐s •♦✇ •❡❛❞✐♥❣ t♦ s♦♠❡ ✐♠♣r❡❝✐s❡ ❡st✐♠❛t❡ ❢♦r ξ✳ ❚♦ ♣r❡✈❡♥t t❤✐s ♣r♦❜•❡♠✱ ✇❡ ♣r♦♣♦s❡ ❞✐✛❡r❡♥t str❛t❡❣✐❡s t♦ ❝♦rr❡❝t t❤❡ ❝♦✈❡r❛❣❡ ♦❢ ♦✉r ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✳ ✺ P•✉❣✲✐♥ ❝♦rr❡❝t✐♦♥s ▲❡t ✉s ❞❡✜♥❡ K W (ξ 0 , ξ) = ||V -1/2 (ξ) (U -m(ξ, W )) || 2 ✇❤❡r❡ (U |W ) ∼ N (m(ξ 0 , W ), V (ξ 0 ))✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❢♦r ❛•• ξ✱ K W (ξ, ξ) ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ❞✐str✐❜✉t❡❞ ❝♦♥❞✐t✐♦♥❛••② t♦ W ❛❝❝♦r❞✐♥❣ t♦ ❛ χ 2 ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ✐s ♥♦ •♦♥❣❡r t❤❡ ❝❛s❡ ❢♦r K W (ξ 0 , ξ)✳ ▲❡t ξ ❜❡ ❛ n ❝♦♥s✐st❡♥t ❡st✐♠❛t❡ ♦❢ ξ ✇✐t❤ ❛ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥ L✳ ❆s (W ′ U ′ ) ′ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s Y i ✱ (W , U ) ❛♥❞ ξ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ✇❛♥t t♦ ❡st✐♠❛t❡ x α,ξ 0 , ξ,W s✉❝❤ t❤❛t P K W ξ 0 , ξ ≤ x α,ξ 0 , ξ,W W = 1 -α✳ ❲❡ ❞❡✜♥❡ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s✉❜✲s❡❝t✐♦♥s t❤r❡❡ ❞✐✛❡r❡♥t ❝♦rr❡❝t✐♦♥s ✇❤✐❝❤ ✇✐•• ❜❡ ❞❡♥♦t❡❞ ❜② x 1 α,ξ 0 , ξ,W ✱ x 2 α,ξ 0 , ξ,W ❛♥❞ x 3 α,ξ 0 , ξ,W ✳ ❚❤❡♦r❡t✐❝❛• ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❝♦rr❡❝t✐♦♥s ❛r❡ ♥♦t ❞✐s❝✉ss❡❞ ❤❡r❡ ❛♥❞ ✇❡ r❡❢❡r t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r t♦ t❤❡ r❡❢❡r❡♥❝❡s ✭❇❡r❛♥✱ ✶✾✾✵❀ ❍❛•• ❡t ❛•✳✱ ✶✾✾✾❀ ❯❡❦✐ ❛♥❞ ❋✉❡❞❛✱ ✷✵✵✼❀ ❱✐❞♦♥✐✱ ✷✵✵✾❀ ❋♦♥s❡❝❛ ❡t ❛•✳✱ ✷✵✶✷✱ ✷✵✶✹✮✳ ✽ Comment citer ce document : Concordet, D., Servien, R. (
✺✳✶ ❋✐rst ♠❡t❤♦❞ ❆ r♦✉❣❤ ❡st✐♠❛t✐♦♥ x 4 α, ξ, ξ ♦❢ x α,ξ 0 , ξ,W ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❞❛t❛ ❛r❡ ❞r❛✇♥ ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♣❛r❛♠❡t❡rs ξ ✐♥st❡❛❞ ♦❢ ξ 0 ✳ ❆s K W ξ, ξ ✐s ❞✐str✐❜✉t❡❞ ❝♦♥❞✐✲ t✐♦♥❛••② t♦ W ❛❝❝♦r❞✐♥❣ t♦ ❛ χ 2 r ❞✐str✐❜✉t✐♦♥✱ x 4 α, ξ, ξ = χ 2 r,1-α t❤❡ (1 -α)✲q✉❛♥t✐•❡ ♦❢ t❤✐s ❞✐str✐❜✉t✐♦♥✳ ❇❡❝❛✉s❡ ξ ✐s t❤❡ ♠❛①✐♠✉♠✲•✐❦❡•✐❤♦♦❞ ❡st✐♠❛t❡ ♦❢ ξ 0 ✱ ✐t ❛❝❤✐❡✈❡s ✜rst ♦r❞❡r ❛❝❝✉r❛❝② ✭❯❡❦✐ ❛♥❞ ❋✉❡❞❛✱ ✷✵✵✼❀ ❱✐❞♦♥✐✱ ✷✵✵✾❀ ❋♦♥s❡❝❛ ❡t ❛•✳✱ ✷✵✶✷✮ ❛♥❞ ✇❡ ❤❛✈❡ 1 -α + (ξ 0 , W ) = P ξ 0 K W ξ 0 , ξ ≤ x 4 α, ξ, ξ |W = 1 -α + δ (ξ 0 , W ) /N + O N -3/2 . ✭✻✮ ■t ❢♦••♦✇s t❤❛t P ξ 0 K W ξ 0 , ξ ≤ x 4 α-δ(ξ 0 ,W )/N, ξ, ξ |W = 1 -α + O N -3/2 . ✭✼✮ ❲❡ t❤✉s ♦❜t❛✐♥ t❤✐r❞ ♦r❞❡r ❛❝❝✉r❛❝② ❜② ❝♦rr❡❝t✐♥❣ α ❜② δ(ξ 0 , W )/N ✳ ❇✉t ✇❡ ❤❛✈❡ δ(ξ 0 , W )/N = 1 -α + (ξ 0 , W ) -(1 -α) + O N -3/2 . ❆s ξ 0 ✐s ✉♥❦♥♦✇♥✱ t❤✐s ❝♦rr❡❝t✐♥❣ t❡r♠ ✐s ❛•s♦ ✉♥❦♥♦✇♥✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ ✐t ❜② ✉s✐♥❣ ❛ ♣❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣ ♠❡t❤♦❞ •❡❛❞✐♥❣ t♦ 1 -α + ( ξ, W ) ✳ ❙♦ ✇❡ ❤❛✈❡ δ( ξ, W )/N = 1 -α + ( ξ, W ) -(1 -α) + O N -3/2 ✭✽✮ ❛♥❞ ❛s δ( ξ, W ) -δ(ξ, W ) = O 1/ √ N ✱ ✇❡ ♦❜t❛✐♥ δ( ξ, W )/N = δ(ξ, W )/N + O N -3/2 . ❙♦ ✐t r❡♠❛✐♥s t♦ ❡✈❛•✉❛t❡ 1 -α + ( ξ, W )✳ |❡♠✐♥❞ t❤❛t ✐❢ ξ * ✐s ❛ ❜♦♦tstr❛♣ s❛♠♣•❡ ♦❢ ξ✱ ✇❡ ❤❛✈❡ ❛s②♠♣t♦t✐❝❛••② L ξ|ξ 0 ≈ L ξ * | ξ ✳ ❍❡r❡ ✇❡ ❤❛✈❡ ✷ ♦♣t✐♦♥s✳ ❋✐rst✱ ✇❡ ❦♥♦✇ t❤❛t ξ -ξ 0 ∼ N 0, I -1/2 (ξ 0 )/N ✭✉s✉❛• ❝❡♥tr❛• •✐♠✐t t❤❡♦r❡♠✮ ❛♥❞ ❜❡❝❛✉s❡ (ξ * -ξ)| ξ ∼ N (0, I -1/2 ( ξ)/N )✱ ✇❡ ❞r❛✇ ξ * ✐♥ ❛ N ( ξ, I -1/2 ( ξ)/N ) ❞✐str✐❜✉t✐♦♥✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♣t✐♦♥✱ ✇❡ s✐♠✉•❛t❡ (Y * i ) 1≤i≤N ✉s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ (Y i ) 1≤i≤N ✇✐t❤ ♣❛r❛♠❡t❡r ξ ❛♥❞ ✇❡ ❣❡t ξ * ❜② ❡st✐♠❛t✐♥❣ t❤❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦❞❡• ✭✶✮ ✉s✐♥❣ (Y * i ) 1≤i≤N ✐♥st❡❛❞ ♦❢ (Y i ) 1≤i≤N ✳ ❯s✐♥❣ ❊q✉❛t✐♦♥s ✭✼✮ ❛♥❞ ✭✽✮ ❛♥❞ ❛s K W ξ, ξ * = || (V (ξ * )) -1/2 (U -m(ξ * , W )) || 2 ✇❤❡r❡ U ∼ N m(l ξ, W ); V ( ξ) ✱ ✐❢ ✇❡ ❤❛✈❡ ❛ s❡t ♦❢ (ξ * h ) 1≤h≤H ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t 1 -α + ( ξ, W ) = 1 H H h=1 1 L L l=1 1 ||(V (ξ * h )) -1/2 (Ul-m(ξ * h ,W ))|| 2 ≤x 4 α, ξ, ξ ✇❤❡r❡ H ❛♥❞ L ❛r❡ r❡s♣❡❝t✐✈❡•② t❤❡ ❜♦♦tstr❛♣ s❛♠♣•❡ s✐③❡s ♦❢ (ξ * ) ❛♥❞ U ✳ ❲❡ ❝♦♥❝•✉❞❡ t❤❛t x 1 α,ξ 0 , ξ,W = x 4 α-δ( ξ,W )/N, ξ, ξ + O N -3/2 .

✾

Comment citer ce document : Concordet, D., Servien, R. ( 2014). Individual prediction regions for multivariate longitudinal data with small samples. Biometrics, 70 (3), 629-638. DOI : 10.1111/biom.12201

✺✳✷ ❙❡❝♦♥❞ ♠❡t❤♦❞ ▲❡t F ξ 0 ,W (x) = P K W (ξ 0 , ξ) ≤ x|W ✳ ❲❡ ✇❛♥t x 2 α,ξ 0 , ξ,W s✉❝❤ t❤❛t F ξ 0 ,W x 2 α,ξ 0 , ξ,W = 1 -α ❜✉t F ξ 0 ,W ✐s ✉♥❦♥♦✇♥✳ ❆s s❤♦✇♥ ✐♥ ✭✻✮✱ ✇❡ ❤❛✈❡ 1 -α + (ξ 0 , W ) = F ξ 0 ,W x 4 α, ξ, ξ = 1 -α + δ(ξ 0 , W ) N + O N -3/2 . ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ♦❜t❛✐♥ x 2 α,ξ 0 , ξ,W = F -1 ξ 0 ,W (1 -α) = F -1 ξ 0 ,W 1 -α + (ξ 0 , W ) -δ(ξ 0 , W )/N + O N -3/2 ✇❤♦s❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❣✐✈❡s x 2 α,ξ 0 , ξ,W = F -1 ξ 0 ,W 1 -α + (ξ 0 , W ) - δ(ξ 0 , W ) N [F -1 ξ 0 ,W ] ′ 1 -α + (ξ 0 , W ) + O N -3/2 . ■t •❡❛❞s ✉s t♦ x 2 α,ξ 0 , ξ,W = x 4 α, ξ, ξ - δ(ξ 0 , W ) N f ξ 0 ,W (x 4 α, ξ, ξ ) + O N -3/2 ✭✾✮ ✇❤❡r❡ f ξ 0 ,W ✐s t❤❡ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ K W ξ 0 , ξ ✳ ❖❢ ❝♦✉rs❡ f ξ 0 ,W ✐s ✉♥❦♥♦✇♥ ❜✉t ❜❡❝❛✉s❡ t❤❡ ♠♦❞❡• ✐s r❡❣✉•❛r ✇❡ ❤❛✈❡ ❢♦r ❛•• x✱ f ξ 0 ,W (x) -f ξ,W (x) = O (1/ √ n) . ❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t❤❛t K W ξ, ξ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜•❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❛ χ 2 ❞✐str✐❜✉t✐♦♥✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ ♣r♦❜❛❜✐•✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ χ 2 ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ f ξ 0 ,W ❛♥❞ ❜❡ ♣•✉❣❣❡❞ ✐♥t♦ ✭✾✮ t♦ ❣✐✈❡ x 2 α,ξ 0 , ξ,W = x 4 α, ξ, ξ - δ(ξ 0 , W ) N f ξ,W (x 4 α, ξ, ξ ) + O N -3/2 . ■t r❡♠❛✐♥s t♦ ❡st✐♠❛t❡ δ(ξ 0 , W ) t❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞✳ ✺✳✸ ❚❤✐r❞ ♠❡t❤♦❞ ❚❤❡ ✜rst t✇♦ ♠❡t❤♦❞s ❝❛♥ ❜❡ r❡❛❞ ❛s ❞❡•t❛✲♠❡t❤♦❞s✳ ❚❤❡ t❤✐r❞ ♠❡t❤♦❞ ✐s ❛♥ ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛ s✐♠♣•❡ ♣❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣ ♠❡t❤♦❞✳ ❆s ❡①♣•❛✐♥❡❞ ✐♥ t❤❡ ✜rst ♠❡t❤♦❞✱ ✇❡ ❤❛✈❡ ❢♦r ❛•• x F ξ 0 ,W (x) = P K W ξ 0 , ξ ≤ x|W ≈ P K W ξ, ξ * ≤ x|W . ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ♥♦t❛t✐♦♥s ♦❢ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s✱ F ξ 0 ,W (x) ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② F ξ 0 ,W (x) = 1 H H h=1 1 L L l=1 1 ||(V (ξ * h )) -1/2 (Ul-m(ξ * h ,W ))|| 2 ≤x
.
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❉❡♥♦t✐♥❣ F -1 (y) = inf{x : F (x) ≥ y}✱ ✇❡ ❤❛✈❡ x 3 α,ξ 0 , ξ,W ≈ F -1 ξ 0 ,W (1 -α). ❆s ❞✐s❝✉ss❡❞ ✐♥ ❋♦♥s❡❝❛ ❡t ❛•✳ ✭✷✵✶✹✮✱ t❤✐s ❜✉✐•❞✐♥❣ ✐s ✐♥ •✐♥❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸❇ ♦❢ ❇❡r❛♥ ✭✶✾✾✵✮ t❤❛t s❤♦✇s t❤❛t P K W (ξ 0 , ξ) ≤ x 3 α,ξ 0 , ξ,W |W = 1 -α + O(N -2 ). ✻ ■••✉str❛t✐♦♥s ✻✳✶ ❚❤❡ ❞❛t❛s❡t ❚❤❡ ❞❛t❛ ❝♦♠❡ ❢r♦♠ ❛ ♣r♦s♣❡❝t✐✈❡ st✉❞② ❛✐♠❡❞ ❛t ❡✈❛•✉❛t✐♥❣ ✈❛r✐❛t✐♦♥s ♦✈❡r t✐♠❡ ♦❢ s❡✈❡r❛• ❜✐♦❝❤❡♠✐❝❛• ✈❛r✐❛❜•❡s ✐♥ ❤❡❛•t❤② ❝❛ts✳ ❚❤✐s st✉❞② ✇❛s ❝❛rr✐❡❞ ✐♥ t❤❡ ❝•✐♥✐❝s ♦❢ t❤❡ ❱❡t❡r✐♥❛r② ❈♦••❡❣❡✱ ✇❤✐❝❤ ✉s✉❛••② r❡❝❡✐✈❡❞ s✐❝❦ ❛♥✐♠❛•s ♦r ❤❡❛•t❤② ❛♥✐♠❛•s ❢♦r st❡r✐•✐③❛t✐♦♥ ✭♦❜✈✐♦✉s•② ♦♥•② ♦♥❝❡✮✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ♦♥•② N = 20 ❤❡❛•t❤② ❝❛ts ❝♦✉•❞ ❤❛✈❡ ❜❡❡♥ ✐♥❝•✉❞❡❞ ✐♥ t❤✐s st✉❞②✳ ❚❤❡ ♠❛✐♥ ✈❛r✐❛❜•❡s ❢♦r r❡♥❛• ❢♦••♦✇✲✉♣ ❛r❡ t❤❡ ✉r❡❛ X 1 ✱ t❤❡ ❝r❡❛t✐♥✐♥❡ X 2 ❛♥❞ t❤❡ ♣r♦t❡✐♥ X 3 ✇❤✐❝❤ ❛r❡ ♣•♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✶ ❢♦r t❤❡ 20 ❤❡❛•t❤② ❝❛ts✳ ❚❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t♦ t❤✐♥❦ t❤❛t t❤❡s❡ ✈❛r✐❛❜•❡s ❛r❡ ♥♦t st❛❜•❡ ♦✈❡r t✐♠❡ ✐♥ ❤❡❛•t❤② ❝❛ts ✭|❡②♥♦•❞s ❡t ❛•✳✱ ✷✵✶✵❀ ▲❡❢❡❜✈r❡✱ ✷✵✶✶✮✳ ❯♥✐✈❛r✐❛t❡ ❛♥❛•②s❡s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛♥❞ t❤❡ ❡✛❡❝t ♦❢ t✐♠❡ ✇❛s ❢♦✉♥❞ ♥♦t s✐❣♥✐✜❝❛♥t✳ ❊✈❡r② ❝❛t ❜✉t t❤r❡❡ ✇❡r❡ ♠❡❛s✉r❡❞ ✜✈❡ t✐♠❡s✿ 0✱ 3✱ 6✱ 12 ❛♥❞ 24 ♠♦♥t❤s ❛❢t❡r ✐♥❝•✉s✐♦♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ t❤r❡❡ ✇❡r❡ s❛♠♣•❡❞ ♦♥•② ❢♦r t❤❡ ✜rst ❢♦✉r t✐♠❡s✳ ◆♦t❡ t❤❛t t❤❡ ❡♥t✐r❡ st✉❞② ✐s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ •♦❣ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜•❡s ❛s ✉s✉❛•✳ ❙♦✱ ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦••♦✇✐♥❣ ♠♦❞❡• X i = B i β + T i Φ i + ζ i ✭✶✵✮ ✇❤❡r❡ X i ✐s ❛ n i × 3 ♠❛tr✐① ✇✐t❤ n i t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥ ❢♦r t❤❡ i t❤ ❝❛t ✭✹ ♦r ✺✮✱ B i ❛♥❞ T i ❛r❡ ✈❡❝t♦rs ♦❢ •❡♥❣t❤ n i s✉❝❤ t❤❛t B i = T i = (1, . . . , 1)✱ β = (β 1 , β 2 , β 3 ) ❛♥❞ φ i = (φ i1 , φ i2 , φ i3 ) ❛♥❞ ζ i ✐s ❛ n i × 3 ♠❛tr✐①✳ ❆❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✷✱ ✐♥ t❤✐s ❛♣♣•✐❝❛t✐♦♥ ✇❡ ❤❛✈❡ n i = 4 ♦r 5✱ r = 3✱ p = 1✱ q = 1 ❛♥❞ N = 20✳ ❆s ✇❡ ❤❛✈❡ ♥♦ ❛✈❛✐•❛❜•❡ ❝♦✈❛r✐❛❜•❡ ✭❛❣❡✱ s❡①✮✱ t❤❡ ♠❛tr✐① B i ❞♦❡s ♥♦t ✐♥❝♦r♣♦r❛t❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ❜✉t t❤✐s ❦✐♥❞ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❡❛s✐•② ❜❡ ✐♥s❡rt❡❞ ✐♥ ♦✉r ♠♦❞❡• ❛s ✐♥ ❙♦tt❛s ❡t ❛•✳ ✭✷✵✵✼✮✳ ✻✳✷ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❯s✐♥❣ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡st✐♠❛t❡❞ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ❢♦✉♥❞ t❤❡ ❢♦••♦✇✐♥❣ ✈❛•✉❡s ✿ σ 1 = 0.083✱ σ 2 = 0.062✱ σ 3 = 0.032✱ θ 1 = 2.054✱ θ 2 = 4.834✱ θ 3 = 4.368✱ α =   1 0.306 1 0.074 0.211 1   ✱ ρ =
❚♦ ✐••✉str❛t❡ t❤❡ ✉s❡ ♦❢ t❤✐s ❡st✐♠❛t❡s✱ ❤❡r❡ ❛r❡ ❡st✐♠❛t❡s ♦❢ ❝♦rr❡•❛t✐♦♥s ❜❡t✇❡❡♥ ✈❛r✐❛❜•❡ 2 ❛♥❞ 3 ❛t t✐♠❡s t ✭✐♥ ♠♦♥t❤s✮ ❛♥❞ t ′ > t ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ s❛♠❡ ✐♥❞✐✈✐❞✉❛•✿ ω 23 =     1 ρ t ′ -t 22 1 α 23 α 23 ρ t ′ -t 32 1 α 23 ρ t ′ -t 23 α 23 ρ t ′ -t 33 1     =     1 0.005 t ′ -t 1 0.211 0.211 * 0.896 t ′ -t 1 0.211 * 0.010 t ′ -t 0.211 0.005 t ′ -t 1     . ■♥ t❤✐s ❡①❛♠♣•❡✱ t❤❡ ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ ♠❡❛s✉r❡♠❡♥ts ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ s❛♠❡ ✐♥❞✐✈✐❞✉❛• ✐s r❛t❤❡r •♦✇ ❢♦r ♣r❛❝t✐❝❛• ✉s❡ ✇✐t❤ t ′ -t > 1 ♠♦♥t❤✳ ▼♦r❡ s✉r♣r✐s✐♥❣•②✱ ✐t ❛♣♣❡❛rs t❤❛t ♥♦ ✈❛r✐❛❜•❡ ✐s ❛♥ ❡❛r•✐❡r ♠❛r❦❡r t❤❛♥ t❤❡ ♦t❤❡rs t♦ ❞❡t❡❝t ❦✐❞♥❡② ✐♥s✉✣❝✐❡♥❝②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ♠❛•♦r ❝♦rr❡•❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t ✈❛r✐❛❜•❡s ❛t t✇♦ ❞✐✛❡r❡♥t t✐♠❡s✳ ❚❤✐s r❡s✉•t ❝♦✉•❞ ♥♦t ❜❡ ❛♥t✐❝✐♣❛t❡❞✳ ❲✐t❤ t❤✐s r❡s✉•t✱ t❤❡ ❜❡♥❡✜t ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛•✐③❛t✐♦♥ ❝❛♥ ❜❡ r♦✉❣❤•② ♠❡❛s✉r❡❞ ❜② t❤❡ r❛t✐♦ γ = ω/σ ✭s❡❡ ✭✺✮✮ ✇❤✐❝❤ ✐s ❡q✉❛• t♦ 1.8✱ 2.0 ❛♥❞ 1.7 ❢♦r ✉r❡❛✱ ❝r❡❛t✐♥✐♥❡ ❛♥❞ ♣r♦t❡✐♥ r❡s♣❡❝t✐✈❡•②✳ ❆s t❤❡s❡ r❛t✐♦s ❛r❡ ❣r❡❛t❡r t❤❛♥ ♦♥❡✱ ♦♥❡ ❝❛♥ ❡①♣❡❝t t❤❡ ✐♥❞✐✈✐❞✉❛•✐③❡❞ r❡❣✐♦♥ ✭✹✮ t♦ ❜❡ ♥❛rr♦✇❡r t❤❛♥ t❤❡ ♣♦♣✉•❛t✐♦♥ ❝♦✉♥t❡r♣❛rt✳ ✻✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t❤r❡❡ ❝♦rr❡❝t✐♦♥s ❇❡❝❛✉s❡ ♦✉r ✜rst ♠♦t✐✈❛t✐♦♥ ✐s t♦ ♣r♦♣♦s❡ ❛ r❡❢❡r❡♥❝❡ r❡❣✐♦♥ ❢♦r ✈❛r✐❛❜•❡s ♠❡❛s✉r✐♥❣ ❦✐❞✲ ♥❡② ✐♥s✉✣❝✐❡♥❝② ✐♥ ❝❛ts✱ ✇❡ ❝♦♠♣❛r❡❞ t❤❡ t❤r❡❡ ♣r♦♣♦s❛• ❝♦rr❡❝t✐♦♥s ✐♥ t❤✐s ❝♦♥t❡①t✳ ❚♦ ❝♦♠♣❛r❡ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝♦rr❡❝t✐♦♥s ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ t❤r❡❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ❛♥❞ t❤❡ st❛♥❞❛r❞ χ 2 t❤r❡s❤♦•❞ x 4 α, ξ, ξ ✇✐t❤♦✉t ❝♦rr❡❝t✐♦♥✱ ✇❡ ❝❛rr✐❡❞ ♦✉t ❛ s✐♠✉•❛t✐♦♥ st✉❞②✳ ❚❤❡ ❣♦❛• ♦❢ t❤❡ st✉❞② ✇❛s t♦ ❝♦♠♣❛r❡ P K W ξ 0 , ξ ≤ x W ❢♦r ❡❛❝❤ x ✐♥ t❤❡ s❡t x 1 α,ξ 0 , ξ,W , x 2 α,ξ 0 , ξ,W , x 3 α,ξ 0 , ξ,W , x 4 α, ξ, ξ ✳ ❙♦ ✇❡ ✜rst ♥❡❡❞ t♦ ❦♥♦✇ ξ 0 = (θ 0 , Ω 0 , Σ 0 , ρ 0 ) ❛♥❞ ✇❡ t❛❦❡ ξ 0 ❛s t❤❡ ♠❛①✐♠✉♠ •✐❦❡•✐❤♦♦❞ ❡st✐♠❛t❡ ❢♦r ξ ✐♥ t❤❡ ❝❛t✬s ❞❛t❛s❡t✳ ❯s✐♥❣ ξ 0 ✱ ✇❡ s✐♠✉•❛t❡ 500 ♥❡✇ ❞❛t❛s❡ts Y k i i=1,...,20 k=1,...,500 , ✇❤❡r❡ Y k i ✐s t❤❡ ✈❡❝t♦r ♦❢ s✐③❡ rn i = 15 ❝♦♥t❛✐♥✐♥❣ t❤❡ ✈❛•✉❡s ♦❢ t❤❡ t❤r❡❡ ✈❛r✐❛❜•❡s ❛t t❤❡ ✜✈❡ s❛♠♣•✐♥❣ t✐♠❡s ❢♦r t❤❡ i t❤ ❝❛t ♦❢ t❤❡ k t❤ ❞❛t❛s❡t✳ ❚❤❡ t❤r❡❡ ❝♦rr❡❝t✐♦♥s ✇❡ ✇❛♥t t♦ ❝♦♠♣❛r❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛st ✈❛•✉❡s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛• ♦❢ ✐♥t❡r❡st W ✳ ❇❡❝❛✉s❡ ✇❡ ✇❛♥t t♦ ❝♦♠♣❛r❡ t❤❡ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡s❡ ❝♦rr❡❝t✐♦♥s✱ ✇❡ ❝❤♦s❡ t♦ ❡①♣•♦r❡ t❤❡ ♣♦ss✐❜•❡ W ✈❛•✉❡s t❤❛t ❝♦✉•❞ ❜❡ ♦❜s❡r✈❡❞ ✐♥ ❛♥ ✐♥❞✐✈✐❞✲ ✉❛•✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤②✱ ❢♦r ❡❛❝❤ ❞❛t❛s❡t✱ ✇❡ ❝❤♦s❡ t♦ ♣r❡❞✐❝t ❢♦r ❛ s✐♥❣•❡ ❝❛t t❤❡ ✈❛•✉❡s U k ❢r♦♠ W k ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤❡ n w = 4 ♠❡❛s✉r❡♠❡♥ts ❛t 0✱ 3✱ 6 ❛♥❞ 12 ♠♦♥t❤s ❢♦r t❤❡ t❤r❡❡ ✈❛r✐❛❜•❡s✳ ❲❡ s✐♠✉•❛t❡❞ 5000 ♣❛✐rs (W k , U k ) ❞r❛✇♥ ❢r♦♠ ❛ N (A w θ 0 , Z w Ω 0 Z ′ w + Λ(ρ 0 , Σ 0 )) ✇❤❡r❡ U k ❝♦♥t❛✐♥s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❛t t✐♠❡ t u = 24 ♠♦♥t❤s✳ ❋♦r ❡❛❝❤ ❞❛t❛s❡t Y k i i=1,...,20 k ✱ ✇❡ ✜rst ❝♦♠♣✉t❡❞ t❤❡ ♠❛①✐♠✉♠ •✐❦❡•✐❤♦♦❞ ❡st✐♠❛t❡ ξ k ✳ ❲❡ t♦♦❦ H = 200 ❛♥❞ L = 1 t♦ ❝♦♠♣✉t❡ t❤❡ t❤r❡❡ ❝♦rr❡❝t✐♦♥s ❛♥❞✱ ❢♦r ❡❛❝❤ ❞❛t❛s❡t k✱ ✇❡ ❝♦♠♣✉t❡ ❡❛❝❤ ❝♦rr❡❝✲ t✐♦♥ x l α,ξ 0 , ξ k ,W k l=1,2,3 ❛♥❞ t❤❡ ❝•❛ss✐❝❛• ✈❛•✉❡ x 4 α, ξ k , ξ k t❤❛t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ W k ✳ ◆♦t❡ t❤❛t ✇❡ ♦♥•② ♣❡r❢♦r♠❡❞ ♦♥❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥s ❜② ❜♦♦tstr❛♣ s❛♠♣•❡✳ ❈♦♥❞✐t✐♦♥❛••② t♦ W k ✱ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s ✇❡r❡ t❤❡♥ ❝❛•❝✉•❛t❡❞ ❛♥❞ ✇❡ ❝❤❡❝❦❡❞ ✇❤❡t❤❡r ♦r ♥♦t U k ❜❡•♦♥❣❡❞ t♦
❋✐♥❛••②✱ ✇❡ ❡st✐♠❛t❡❞ P K W (ξ 0 , ξ k ) ≤ x ❜② ✐ts ❡♠♣✐r✐❝❛• ❛✈❡r❛❣❡ ✈❡rs✐♦♥ 1 5000 5000 k=1 1 [KW (ξ 0 , ξ k )≤x] ❢♦r ❡❛❝❤ x ✐♥ t❤❡ s❡t x 1 α,ξ 0 , ξ k ,W k , x 2 α,ξ 0 , ξ k ,W k , x 3 α,ξ 0 , ξ k ,W k , x 4 α, ξ k , ξ k ✳ ❚❤❡ r❡s✉•ts ♦❢ t❤❡s❡ ❝♦rr❡❝t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜•❡ ✶✳ ❚❛❜•❡ ✶✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❛✈❡r❛❣❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐•✐t✐❡s ✭st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✮ ❢♦r t❤❡ t❤r❡❡ ❝♦rr❡❝t✐♦♥s ❛♥❞ t❤❡ st❛♥❞❛r❞ χ 2 t❤r❡s❤♦•❞ ❢♦r α = 0.95✳ ▼❡t❤♦❞ 1 st ❝♦rr❡❝t✐♦♥ 2 ♥❞ ❝♦rr❡❝t✐♦♥ 3 r❞ ❝♦rr❡❝t✐♦♥ ❙t❛♥❞❛r❞ χ 2 ❈♦✈❡r❛❣❡ ♣r♦❜❛❜✐•✐t② ✵✳✾✺✺ ✭✵✳✵✵✸✮ ✵✳✾✺✻ ✭✵✳✵✵✸✮ ✵✳✾✹✽ ✭✵✳✵✵✸✮ ✵✳✾✸✸ ✭✵✳✵✵✹✮ ❲❡ ❝❛♥ ♥♦t❡ t❤❛t t❤❡ t❤✐r❞ ❝♦rr❡❝t✐♦♥ ❣✐✈❡s t❤❡ ♥❛rr♦✇❡r ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ x 4 α, ξ, ξ ✱ t❤❡ ✐♠♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ •❡❛❞✐♥❣ t♦ ❛ s♠❛•• ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦rr❡❝t✐♦♥ t❤❛t ❣✐✈❡ ❝•♦s❡ r❡s✉•ts✳ ❈♦♥tr❛r② t♦ t❤❡ r❡s✉•ts ♦❜t❛✐♥❡❞ ❜② ❱✐❞♦♥✐ ✭✷✵✵✾✮✱ t❤❡② ❜♦t❤ ♦✈❡r❡st✐♠❛t❡ t❤❡ ❝♦✈❡r❛❣❡ ❛♥❞ •❡❛❞ t♦ ✇✐❞❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s✳ ◆♦t❡ t❤❛t s✐♠✐•❛r r❡s✉•ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❢♦r ♦t❤❡r ❝♦♥✜❞❡♥❝❡ •❡✈❡•s✳ ❈♦♠♣❛r✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐•✐t✐❡s ✐s ❝❡rt❛✐♥•② ❞❡s✐r❛❜•❡ ❜✉t ✐t ❞♦❡s ♥♦t ❛••♦✇ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s t♦ ❜❡ ❝♦♠♣❛r❡❞✱ ✇❤✐❝❤ ✐s ✇❤② ✇❡ r❡♣r❡s❡♥t t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥s ✐♥ ❋✐❣✉r❡ ✷✳ ❋♦r ❛ ❣✐✈❡♥ ✈❛•✉❡ ♦❢ ξ k ✱ t❤❡ s✐③❡ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t x l ✳ ■♥❞❡❡❞✱ ❛ ❝♦rr❡❝t✐♦♥ ✇♦✉•❞ ♥♦t ❜❡ ♥❡❝❡ss❛r② ✐❢ ξ 0 ✇❡r❡ ❦♥♦✇♥ ❛♥❞ ♥♦t ❡st✐♠❛t❡❞✳ ❍❡r❡✱ t❤❡ ❦♥♦✇•❡❞❣❡ ♦❢ ξ 0 ❡♥❛❜•❡s t❤❡ t❛r❣❡t❡❞ ✾✺✪ q✉❛♥t✐•❡ t♦ ❜❡ ❝❛•❝✉•❛t❡❞ ❢♦r ❡❛❝❤ W k , ξ k ✱ ❛♥❞✱ ❝♦♥s❡q✉❡♥t•②✱ t❤❡ ♦♣t✐♠❛• s✐③❡ ❢♦r t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✳ ❉❡❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ W , ξ ❣✐✈❡s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛• ✾✺✪ q✉❛♥t✐•❡✱ ✐♥ r❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ❡st✐♠❛t❡❞ ❡♠♣✐r✐❝❛••② ✇✐t❤ 5000 ✈❛•✉❡s ♦❢ W k , ξ k ✳ ❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ x 3 ❤❛s ❛ •♦✇❡r ✈❛r✐❛♥❝❡ t❤❛♥ t❤❡ ♦t❤❡rs t❤❛t ✐♥s✉r❡s ❛ s♠❛•• ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ s✐③❡ ❢r♦♠ ♦♥❡ s❛♠♣•❡ t♦ ❛♥♦t❤❡r✳ ❋✉t❤❡r♠♦r❡✱ ✐ts ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ❝•♦s❡st t♦ t❤❛t ♦❢ t❤❡ ❛❝t✉❛• q✉❛♥t✐•❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s s✐♠✉•❛t✐♦♥ st✉❞②✱ ✇❡ ✇✐•• ♣r♦✈✐❞❡ r❡s✉•ts ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✉s✐♥❣ t❤❡ t❤✐r❞ ❝♦rr❡❝t✐♦♥ x 3 α,ξ 0 , ξ,W ❛♥❞ ✐t ✇✐•• ❜❡ ❝❛•❝✉•❛t❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ 5000 ❜♦♦tstr❛♣ s❛♠♣•❡s✳ ◆♦t❡ t❤❛t t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ t❤✐r❞ ♠❡t❤♦❞ ❛r❡ ♦♥•② ❡st❛❜•✐s❤❡❞ ❤❡r❡ ❢♦r t❤❡ ✉s❡❞ ❞❛t❛s❡t ❛♥❞ ❝♦✉•❞ ♥♦t ❜❡ tr✉❡ ✐♥ ❣❡♥❡r❛•✳ ❆ ♣♦ss✐❜•❡ ❡①♣•❛♥❛t✐♦♥ ❝♦✉•❞ ❜❡ t❤❛t t❤❡ ✜rst ❝♦rr❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ χ 2 ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ K W ξ 0 , ξ ❛♥❞ ❛ ❜♦♦tstr❛♣ ❛❞•✉st♠❡♥t ❢♦r t❤❡ t❛r❣❡t❡❞ ❝♦✈❡r❛❣❡✳ ❋✉rt❤❡r♠♦r❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ tr✉♥❝❛t❡❞ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✜rst ♦♥❡ ❛♥❞ ❝♦♥s❡q✉❡♥t•② ✐s •❡ss ❛❝❝✉r❛t❡✳ ❇② ✐ts ✈❡r② ❝♦♥str✉❝t✐♦♥✱ t❤❡ t❤✐r❞ ❝♦rr❡❝t✐♦♥ ✇❛s ❡①♣❡❝t❡❞ t♦ ❜❡ t❤❡ ❜❡st ♦♥❡ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ❛ ♣r✐♦r✐ ❛ss✉♠❡ ❛ χ 2 ❞✐str✐❜✉t✐♦♥ ❢♦r K W ξ 0 , ξ ✳ ■ts ♦♥•② ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t♦ s✉❜st✐t✉t❡ t❤❡ r❡❛• ❞✐str✐❜✉t✐♦♥ ♦❢ ξ ❜② ✐ts ❜♦♦tstr❛♣ ❝♦✉♥t❡r♣❛rt✳ ❆s ❡①♣❡❝t❡❞ ✐t ❛❝❤✐❡✈❡s ❛ ❝♦✈❡r❛❣❡ ♣r♦❜❛❜✐•✐t② ✈❡r② ❝•♦s❡ t♦ t❤❡ t❛r❣❡t❡❞ ♦♥❡✳ ✶✸ Comment citer ce document : Concordet, D., Servien, R. (
✻✳✹ Pr❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❲❡ ❤❛✈❡ ❛ ♥❡✇ ❝❛t ❢♦r ✇❤✐❝❤ ✇❡ ♣♦ss❡ss ❢♦✉r ♠❡❛s✉r❡♠❡♥ts ✭❛t 0✱ 3✱ 6 ❛♥❞ 12 ♠♦♥t❤s✮ ❢♦r ❡❛❝❤ ✈❛r✐❛❜•❡✳ ❯s✐♥❣ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✱ ✇❡ ❝❛♥ ❜✉✐•❞ ❛♥ ✐♥❞✐✈✐❞✉❛• r❡❢❡r❡♥❝❡ r❡❣✐♦♥ ✭❛♥ ❡••✐♣s♦✐❞✮ ❢♦r ❢✉t✉r❡ ✈❛•✉❡s ❢♦r t❤❡s❡ ✈❛r✐❛❜•❡s✳ ■❢ ✐ts ❢✉t✉r❡ ♠❡❛s✉r❡s •✐❡ ♦✉ts✐❞❡ t❤✐s r❡❣✐♦♥✱ t❤✐s ❝❛t ❤❛s ❛ •♦✇ ♣r♦❜❛❜✐•✐t② ♦❢ ❜❡✐♥❣ ❤❡❛•t❤②✳ ❚❤❡ r❡s✉•ts ♦♥ t❤✐s ♥❡✇ ❝❛t ❛r❡ ♣•♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❇❡❝❛✉s❡ ❝•✐♥✐❝✐❛♥s ❛r❡ ♥♦t ❛❝❝✉st♦♠❡❞ t♦ ♠❛tr✐① ❝❛•❝✉•✉s✱ ✐t ✐s ♥♦t ❡❛s② t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ♦r ♥♦t ❛ ♥❡✇ ♣♦✐♥t ♦♥ t❤❡ ❣✐✈❡♥ ❝❛t ❜❡•♦♥❣s t♦ ✐ts ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ♣r♦♣♦s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ♣r♦•❡❝t✐♦♥ ♦❢ t❤❡ ❡••✐♣s♦✐❞ K W ξ 0 , ξ ≤ x 3 α,ξ 0 , ξ,W ❢♦r ❡❛❝❤ ✈❛r✐❛❜•❡✳ ❚❤✐s ❣✐✈❡s ❛♥ ✐♥t❡r✈❛• ♦❢ ♣r❡❞✐❝t✐♦♥ ❢♦r ❡❛❝❤ ✈❛r✐❛❜•❡ ❛♥❞ ❡❛❝❤ ❢✉t✉r❡ t✐♠❡ ♦❢ ♠❡❛s✉r❡♠❡♥t✳ ◆♦t❡ t❤❛t t❤❡s❡ ✐♥t❡r✈❛•s ❛r❡ ♣r❡s❡♥t❡❞ t♦ ❣✐✈❡ ❛ ❣r❛♣❤✐❝❛• r❡♣r❡s❡♥t❛t✐♦♥✳ ❆s t❤❡② ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ♣r♦•❡❝t✐♦♥ t❤❡② ❞♦ ♥♦t ❣✉❛r❛♥t❡❡ t❤❡ r✐❣❤t ❝♦✈❡r❛❣❡ ❝♦♥tr❛r✐•② t♦ t❤❡ ❡••✐♣s♦✐❞s ❞❡✜♥❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❙♦✱ t❤❡② ❝❛♥ ♥♦t ❜❡ ✉s❡❞ s❡♣❛r❛t❡•② t♦ ❞✐❛❣♥♦s❡ ❛ ❝❛t ❛s t❤❡ t❤r❡❡ ✈❛r✐❛❜•❡s ❛r❡ str♦♥❣•② r❡•❛t❡❞✳ ❆s s♦♦♥ ❛s ❛ ✈❛•✉❡ ♦❢ ❛ ✈❛r✐❛❜•❡ ✐s ♦✉ts✐❞❡ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥✱ t❤❡ ❝❛t ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♣r♦❜❛❜•② ♥♦t ❤❡❛•t❤②✳ ❲❡ ❝❛♥ r❡♠❛r❦ t❤❛t ♦✉r ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛•s ❛r❡ ✈❡r② ❞✐✛❡r❡♥t ❛♥❞ ♥❛rr♦✇❡r t❤❛♥ t❤❡ s♦✲ ❝❛••❡❞ ✧r❡❢❡r❡♥❝❡ ✐♥t❡r✈❛•s✧ ❛♥❞ t❤❡r❡❢♦r❡ •❡❛❞ t♦ ❞✐✛❡r❡♥t ❝•✐♥✐❝❛• ❞❡❝✐s✐♦♥s✳ ❆s ❛♥ ❡①❛♠♣•❡✱ ❛ •♦❣✭❈r❡❛t✐♥✐♥❡✮ ♦❢ ✺✳✶✺ ❛t ✜❢t❡❡♥ ♠♦♥t❤s ✇♦✉•❞ ❜❡ ❞❡t❡❝t❡❞ ❛s s✉s♣✐❝✐♦✉s ❢♦r t❤❡ ♥❡✇ ❝❛t ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡ ✐♥t❡r✈❛•s ✇❤✐•❡ t❤❡ ✐♥❞✐✈✐❞✉❛•✐③❛t✐♦♥ ❞♦❡s ♥♦t tr✐❣❣❡r s✉❝❤ ❛ ❢❛•s❡ ❛•❛r♠✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ •♦❣✭❯r❡❛✮ ✈❛•✉❡ ♦❢ ✶✳✽ ✇♦✉•❞ ❜❡ ❞❡t❡❝t❡❞ ❛s ❛❜♥♦r♠❛• ❜② ♦✉r ♠❡t❤♦❞ ❜✉t ♥♦t ❜② t❤❡ ✉s✉❛• r❡❢❡r❡♥❝❡ ✐♥t❡r✈❛•s✳ ❚❤❡ r❡❞✉❝t✐♦♥ ♦❢ ✇✐❞t❤ ❢♦r t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❞❡❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐•✐t② ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛• ♦❢ ❜❡✐♥❣ ❞❡t❡❝t❡❞ ❛s ❛ ❢❛•s❡✲ ♥❡❣❛t✐✈❡✳ ❉❡s♣✐t❡ t❤❡ ❝♦♥s✐❞❡r❛❜•❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ χ 2 t❤r❡s❤♦•❞ x 4 α, ξ, ξ ❛♥❞ x 3 α,ξ 0 , ξ,W ✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s ❛r❡ ✈❡r② ❝•♦s❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤✐s ❝❛♥ ❜❡ ❡①♣•❛✐♥❡❞ ❜② ❛ s♠❛•• ✈❛r✐❛♥❝❡ ✐♥ ❛ ❢✉t✉r❡ ✈❛•✉❡ ❝♦♥❞✐t✐♦♥❛• ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤✐s ❝❛♥♥♦t ❡❛s✐•② ❜❡ ❛♥t✐❝✐♣❛t❡❞ ❜② ❛ s✐♠♣•❡ ❣•❛♥❝❡ ♦♥ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥s ❜❡❝❛✉s❡ t❤✐s ❝♦♥❞✐t✐♦♥❛• ✈❛r✐❛♥❝❡ ❞❡♣❡♥❞s ♦♥ ❛ ❝♦♠♣•✐❝❛t❡❞ ❢✉♥❝t✐♦♥ ♦❢ ❛•• t❤❡ ✈❛r✐❛♥❝❡ ♣❛r❛♠❡t❡rs ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✶✮✳ ✼ ❉✐s❝✉ss✐♦♥ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♠♦❞❡• t♦ ❜✉✐•❞ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ♥❡✇ ❜❡❝❛✉s❡ ✐t ✐s ✐♥❞✐✈✐❞✉❛•✐③❡❞ ❛♥❞ ♠✉•t✐❞✐♠❡♥s✐♦♥❛•✳ ■♥❞❡❡❞✱ ❡✈❡r② ✐♥❞✐✈✐❞✉❛• ❣❡ts ✐ts ♦✇♥ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦ss✐❜•❡ ❝♦rr❡•❛t✐♦♥s ❜❡t✇❡❡♥ ❛•• t❤❡ ✈❛r✐❛❜•❡s ❛t ❛•• t❤❡ ❞✐✛❡r❡♥t t✐♠❡s✳ ❚❤❡s❡ ❛❞✈❛♥t❛❣❡s ❡♥❛❜•❡ ✉s t♦ ❜✉✐•❞ ♥❛rr♦✇❡r ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s t❤❛♥ t❤❡ ✉s✉❛• ✧r❡❢❡r❡♥❝❡ ✐♥t❡r✈❛•s✧ ♠❡t❤♦❞✳ ❯s✐♥❣ ♦✉r ♠❡t❤♦❞♦•♦❣②✱ ❝•✐♥✐❝✐❛♥s ✇✐•• ❜❡ ❛•❡rt❡❞ ✇✐t❤ ♠♦r❡ ♣r❡❝✐s✐♦♥ t♦ ❛ ♣♦t❡♥t✐❛• ✉♥❤❡❛•t❤② ❛♥✐♠❛• ♦r ♣❡rs♦♥✳ ◆❡✈❡rt❤❡•❡ss✱ ♦✉r ♠♦❞❡• ✐s ❜❛s❡❞ ♦♥ ❛ str♦♥❣ •❛✉ss✐❛♥ ❛ss✉♠♣t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢❛•s❡✳ ❆♥ ❛•t❡r♥❛t✐✈❡ ❝♦✉•❞ ❜❡ t❤❡ ✉s❡ ♦❢ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ❜✉t ✐t ✇♦✉•❞ ♥❡❡❞ ♠♦r❡ ✐♥❞✐✈✐❞✉❛•s ❛♥❞✱ ❜② ❝♦♥s❡q✉❡♥❝❡✱ ✐t ❝❛♥ ♥♦t ❜❡ ❛♣♣•✐❡❞ t♦ ♦✉r ♣r❛❝t✐❝❛• ♣r♦❜•❡♠✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❛•s♦ ❛ ❝•❛ss✐❝❛• ♦♥❡ ❛t •❡❛st ✉♣ t♦ ❛ ❇♦①✲❈♦① tr❛♥s❢♦r♠❛t✐♦♥ ✭❈▲❙■✱ ✷✵✵✽✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ❛ss✉♠♣t✐♦♥ ✇❛s ❛•s♦ ♠❛❞❡ ♦♥ t❤❡ ❡①♣♦♥❡♥t✐❛• ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❝♦r✲ r❡•❛t✐♦♥ ♦
♣r♦❜•❡♠ ❤❛s ❛•r❡❛❞② ❜❡❡♥ ♠♦❞❡•❡❞ ❜② ❛♥ AR(p)✲♣r♦❝❡ss ✭❲❛♥❣ ❛♥❞ ❋❛♥✱ ✷✵✶✵✮✿ ❛♥ ❛ss✉♠♣✲ t✐♦♥ ❞✐✣❝✉•t t♦ ❝❤❡❝❦✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ♠♦❞❡• ✇❡ ♣r♦♣♦s❡ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❛s ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s✉❝❤ ❝❤❛✐♥s✳ ❖✉r ♣❛r❛♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ❛••♦✇s ✉s t♦ ✉s❡ ❛ ♣•✉❣✲✐♥ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ♠♦❞❡• ❡st✐♠❛t✐♦♥✱ ❜✉t t❤❡ ♣•✉❣✲✐♥ ❛♣♣r♦❛❝❤ ❛❞❞s ❡rr♦rs ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥ ❛♥❞ ❢❛✐•s t♦ ❣✉❛r❛♥t❡❡ ❛♥ ❡①❛❝t ❝♦✈❡r❛❣❡ r❛t❡✳ ❚♦ ❝✐r❝✉♠✈❡♥t t❤✐s ♣r♦❜•❡♠✱ ✇❡ ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ❝♦rr❡❝t✐♦♥s ❛♥❞ t❤❡ ♠❡t❤♦❞ ✸ s❡❡♠s t♦ ❣✐✈❡ ❜❡tt❡r r❡s✉•ts ♦♥ ♦✉r ❞❛t❛s❡t✳ |❡❝❡♥t•②✱ s♦♠❡ r♦❜✉st ❡①t❡♥s✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♠✉•t✐✈❛r✐❛t❡ •✐♥❡❛r ♠✐①❡❞ ♠♦❞❡• ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ ❚❤❡s❡ ❡①t❡♥s✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♠✉•t✐✈❛r✐❛t❡ t ❛♥❞ s❦❡✇ ♥♦r♠❛• ❞✐str✐❜✉t✐♦♥s ❛♥❞ ♣r♦✈✐❞❡ ❛♣♣r♦❛❝❤❡s ✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛• ❢❛♠✐•② ♦❢ ❞✐str✐❜✉t✐♦♥s ✭❲❛♥❣ ❛♥❞ ❋❛♥✱ ✷✵✶✶✱ ✷✵✶✷❀ ❲❛♥❣✱ ✷✵✶✸❀ ▲✐♥ ❛♥❞ ❲❛♥❣✱ ✷✵✶✸✮✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❢✉t✉r❡ ✇♦r❦ ✇♦✉•❞ ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r r❡s✉•ts ❢♦r t❤❡s❡ ♠♦❞❡•s✳ |❡❢❡r❡♥❝❡s ❇❛r♥❞♦r✛✲◆✐❡•s❡♥✱ ❖✳ ❊✳ ❛♥❞ ❈♦①✱ ❉✳ |✳ ✭✶✾✾✻✮✳ Pr❡❞✐❝t✐♦♥ ❛♥❞ ❛s②♠♣t♦t✐❝s✳ ❇❡r♥♦✉••✐✱ ✷✭✹✮✿✸✶✾✕✸✹✵✳ ❇❡r❛♥✱ |✳ ✭✶✾✾✵✮✳ ❈❛•✐❜r❛t✐♥❣ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s✳ ❏♦✉r♥❛• ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛• ❆ss♦✲ ❝✐❛t✐♦♥✱ ✽✺✭✹✶✶✮✿✼✶✺✕✼✷✸✳ ❇❤❛t✐❛✱ |✳ ✭✷✵✵✾✮✳ P♦s✐t✐✈❡ ❉❡✜♥✐t❡ ▼❛tr✐❝❡s✳ Pr✐♥❝❡t♦♥ ❙❡r✐❡s ✐♥ ❆♣♣•✐❡❞ ▼❛t❤❡♠❛t✐❝s✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳ ❈❤✐✱ ❊✳ ▼✳ ❛♥❞ |❡✐♥s❡•✱ •✳ ❈✳ ✭✶✾✽✾✮✳ ▼♦❞❡•s ❢♦r •♦♥❣✐t✉❞✐♥❛• ❞❛t❛ ✇✐t❤ r❛♥❞♦♠ ❡✛❡❝ts ❛♥❞ ❆|✭✶✮ ❡rr♦rs✳ ❏♦✉r♥❛• ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛• ❆ss♦❝✐❛t✐♦♥✱ ✽✹✭✹✵✻✮✿✹✺✷✕✹✺✾✳ ❈▲❙■ ✭✷✵✵✽✮✳ ❉❡✜♥✐♥❣✱ ❊st❛❜•✐s❤✐♥❣✱ ❛♥❞ ❱❡r✐❢②✐♥❣ |❡❢❡r❡♥❝❡ ■♥t❡r✈❛•s ✐♥ t❤❡ ❈•✐♥✐❝❛• ▲❛❜♦✲ r❛t♦r②✿ ❆♣♣r♦✈❡❞ •✉✐❞❡•✐♥❡✳ ❈▲❙■ ❞♦❝✉♠❡♥t ❈✷✽✲❆✸✳ ❲❛②♥❡✱ P❆✿ ❈▲❙■✳ ❉❛✈✐❞✐❛♥✱ ▼✳ ❛♥❞ •✐•t✐♥❛♥✱ ❉✳ ▼✳ ✭✶✾✾✺✮✳ ◆♦♥•✐♥❡❛r ♠♦❞❡•s ❢♦r r❡♣❡❛t❡❞ ♠❡❛s✉r❡♠❡♥t ❞❛t❛✳ ▼♦♥♦❣r❛♣❤s ♦♥ st❛t✐st✐❝s ❛♥❞ ❛♣♣•✐❡❞ ♣r♦❜❛❜✐•✐t②✳ ❈❤❛♣♠❛♥ ✫ ❍❛••✱ ▲♦♥❞♦♥✱ ◆❡✇ (♦r❦✳ ❉❡♠♣st❡r✱ ❆✳ P✳✱ ▲❛✐r❞✱ ▼✳ ◆✳✱ ❛♥❞ |✉❜✐♥✱ ❉✳ ❇✳ ✭✶✾✼✼✮✳ ▼❛①✐♠✉♠ •✐❦❡•✐❤♦♦❞ ❢r♦♠ ✐♥❝♦♠♣•❡t❡ ❞❛t❛ ✈✐❛ t❤❡ ❊▼ ❛•❣♦r✐t❤♠✳ ❏♦✉r♥❛• ♦❢ t❤❡ |♦②❛• ❙t❛t✐st✐❝❛• ❙♦❝✐❡t②✿ ❙❡r✐❡s ❇✱ ✸✾✿✶✕✷✷✳ ❋♦♥s❡❝❛✱ •✳✱ •✐✉♠♠♦•è✱ ❋✳✱ ❛♥❞ ❱✐❞♦♥✐✱ P✳ ✭✷✵✶✷✮✳ ❆ ♥♦t❡ ❛❜♦✉t ❝❛•✐❜r❛t❡❞ ♣r❡❞✐❝t✐♦♥ r❡❣✐♦♥s ❛♥❞ ❞✐str✐❜✉t✐♦♥s✳ ❏♦✉r♥❛• ♦❢ ❙t❛t✐st✐❝❛• P•❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡✱ ✶✹✷✭✾✮✿✷✼✷✻✕✷✼✸✹✳ ❋♦♥s❡❝❛✱ •✳✱ •✐✉♠♠♦•è✱ ❋✳✱ ❛♥❞ ❱✐❞♦♥✐✱ P✳ ✭✷✵✶✹✮✳ ❈❛•✐❜r❛t✐♥❣ ♣r❡❞✐❝t✐✈❡ ❞✐str✐❜✉t✐♦♥s✳ ❏♦✉r♥❛• ♦❢ ❙t❛t✐st✐❝❛• ❈♦♠♣✉t❛t✐♦♥ ❛♥❞ ❙✐♠✉•❛t✐♦♥✱ ✽✹✿✶✕✶✶✳ ❍❛••✱ P✳✱ P❡♥❣✱ ▲✳✱ ❛♥❞ ❚❛•✈✐❞✐✱ ◆✳ ✭✶✾✾✾✮✳ ❖♥ ♣r❡❞✐❝t✐♦♥ ✐♥t❡r✈❛•s ❜❛s❡❞ ♦♥ ♣r❡❞✐❝t✐✈❡ •✐❦❡•✐❤♦♦❞ ♦r ❜♦♦tstr❛♣ ♠❡t❤♦❞s✳ ❇✐♦♠
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