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Abstract

In this paper, we prove the uniqueness, up to shifts, of pulsating traveling fronts for
reaction-diffusion equations in periodic media with Kolmogorov-Petrovsky-Piskunov
type nonlinearities. These results provide in particular a complete classification of all
KPP pulsating fronts. Furthermore, in the more general case of monostable nonlineari-
ties, we also derive several global stability properties and convergence to the pulsating
fronts for the solutions of the Cauchy problem with front-like initial data. In particular,
we prove the stability of KPP pulsating fronts with minimal speed, which is a new result
even in the case when the medium is invariant in the direction of propagation.

1 Introduction and main results

This paper is the follow-up of the article [20] on qualitative properties of pulsating traveling
fronts in periodic media with monostable reaction terms. By monostable we mean that
the fronts connect one unstable limiting state to a weakly stable one. In [20] we proved
monotonicity properties and exponential decay of these fronts. Here, we first show the
uniqueness of KPP pulsating fronts, for any given speed. The second part of the paper is
devoted to further stability properties for the solutions of the Cauchy problem with front-like
initial data, for general monostable nonlinearities. All these issues have been left open so far

*The first author is indebted to the Alexander von Humboldt Foundation for its support. Both authors are
also supported by the French “Agence Nationale de la Recherche” within projects ColonSGS, PREFERED,
and URTICLIM (second author).
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and the present paper fills in the main remaining gap in the theory of monostable and specific
KPP traveling fronts in periodic media, in the sense that it provides a positive answer to the
question of the classification and stability of all KPP pulsating fronts, as well as the stability
of pulsating fronts with non-critical speeds in the general monostable framework. Lastly,
we point out that, due to our general assumptions on the limiting stationary states, our
stability results are new even in the special case of media which are invariant by translation
in the direction of propagation. The stability of KPP fronts with minimal speeds involves
completely new ideas and is an original result even in the most simplified situations which
were previously considered in the literature.

1.1 General framework and assumptions

We consider reaction-diffusion-advection equations of the type

{ up — V- (A(x,y)Vu) + Q(.T,y) -Vu = f(x,y,u), (.%,y) € ﬁ?

(1.1)
vA(z,y)Vu =0, (2,y) € 09,

in an unbounded domain © C R¥ which is assumed to be of class C** (with a > 0),
periodic in d directions and bounded in the remaining variables. That is, there are an
integer d € {1,--- , N} and d positive real numbers L, ..., Ly such that

FR>0, V(zry) e, [y <R,
Vk€LiZx-xLgZ x {0}V Q=Q+Fk,

where
$:(x1;"',xd)7 y:(xd-l-la"'?xN)v Z=<C(},y)

and | - | denotes the euclidean norm. Admissible domains are the whole space R, the whole
space with periodic perforations, infinite cylinders with constant or periodically undulating
sections, etc. We denote by v the outward unit normal on 02, and

§BE = > Byt

1<ij<N

for any two vectors £ = (&)1<i<n and & = (£))1<i<y in RY and any N x N matrix B =
(Bij)i<i,j<n with real entries. Throughout the paper, call

C={(z,y)€Q, x€[0,L1] x ---x[0,Lg]}

the cell of periodicity of .

Equations of the type (1.1) arise especially in combustion, population dynamics and
ecological models (see e.g. [3, 16, 29, 35, 43, 49]), where u typically stands for the temperature
or the concentration of a species.

The symmetric matrix field A(z,y) = (Ai;(z,9))1<ij<n is of class C1%(Q) and uniformly
positive definite. The vector field q(z,y) = (q:(x, y))1<i<n is of class C%*(€2). The nonlinear-
ity (z,y,u) (€ QxR) + f(z,y,u) is continuous, of class C** with respect to (r,y) locally
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uniformly in u € R, and of class C' with respect to u. All functions A4;;, ¢; and f(-, -, u) (for
all u € R) are assumed to be periodic, in the sense that they all satisfy

w(x + k,y) = w(z,y) forall (z,y) € Qand k € L1Z x --- X LyZ.

We are given two C2* () periodic solutions p* of the stationary equation

{ =V (Al 9)Vp*) +q(z,y) - Vp* = f(2,9,p%) in Q,

1.2
vA(z,y)Vp* =0 on 09, (12)

which are ordered, in the sense that p~(z,y) < p*(z,y) for all (x,y) € Q.! We assume that
there are § > 0 and v > 0 such that the function

(z,y,s) — %(fﬂ,y,p—(ft,y) + 5)

is of class C%?(Q2 x [0,7]). Denote

¢ 0 = 9y () (13

Throughout the paper, we assume that p~ is linearly unstable in the sense that
pwo <0, (1.4)
where ;1= denotes the principal eigenvalue of the linearized operator around p~

Y= =V - (A, y)VY) + q(x,y) - VY — (T (z,y) ¢

with periodicity conditions in 2 and Neumann boundary condition vAVY = 0 on 052. That
is, there exists a positive periodic function ¢ in €2 such that

V- (A(z,y)Ve) +q(z,y) - Vo — (" (z,9)p = "¢ in Q

and vA(z,y)Ve = 0 on 092. Notice that the condition u~ < 0 is fulfilled in particular if
(" (z,y) > 0 for all (z,y) € Q or even if (T is nonnegative and not identically equal to 0
in 2. We also assume that there is p such that

0<p<min (p™ —p°)
Q

and that, for any classical bounded super-solution u of

w — V- (A2, y)Va) + q(z,y) - Vu > f(z,y,1) in R xQ,
vAVT >0 on R x 09,

!The present paper is concerned with uniqueness and stability properties of pulsating fronts connecting
p~ and pT. Under the assumptions below, the fact that these two limiting stationary states are ordered
makes the fronts monotone in time, which plays an important role in the proofs.
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satisfying @ < p* and Qz = {(t,z,y) € R x Q, u(t,z,y) > p*(2,y) — p} # 0, there exists a

family of functions (p;)-cpo,1) defined in Oz and satisfying

(7 p, is continuous in C’tl, z;ay/)z 2o (),

7+ p-(t,z,y) is non-decreasing for each (t,z,y) € Qq,

po =20, p1 > p, inf p, > 0 for each 7 € (0, 1], (1.5)
Qz

W+ pr)e =V - (AV(T+p;) +q-V(@+p,) > flx,y, 0+ p;) inQqr,
(| VAV(T+p,) >0 on (R x0Q)NQq,

where
Qur ={(t,z,y) € Qu, u(t,z,y) + p-(t,z,y) <p*(z,y)}

This condition is a weak stability condition for p*. It is satisfied in particular if p* is
linearly stable (as in Theorem 1.3 below), or if f is non-increasing in a left neighborhood
of p*, namely if there exists p € (0, ming (p™ — p~)) such that f(x,y,p"(z,y) + -) is non-
increasing in [—p, 0] for all (x,y) € Q. It is straightforward to check that condition (1.5) is
fulfilled as well if, for every (z,y) € Q, the function

_ fyp(@y) +s) — foyp(2,9)

is non-increasing in (0,p*(z,y) — p~(x,y)). Indeed, in this case, we can take any p in
(0, ming(p™ — p7)) (see Section 1.1 of [20] for details).

For some of our results, we shall assume a Kolmogorov-Petrovsky-Piskunov type condition
on f, that is, for all (z,y) € Q and s € [0,pT(z,y) — p~ (2, y)],

flx,y,p (z,y) +s) < flv,y,p (z,9) + ¢ (2,y) s (1.6)

As an example, when f depends on u only and admits two zeroes p~ < p™ € R, the above
conditions are satisfied if f is of class C1¥ in a right neighborhood of p~ with f'(p~) > 0
and if f is non-increasing in a left neighborhood of p*. The KPP assumption (1.6) reads in
this case:

flw) < f'(p7) x (u—p~) forallue [p~,p*].

The nonlinearities f(u) = u(1 —u) or f(u) = u(l —u)™ with m > 1 are archetype examples
(with p~ = 0 and p* = 1) arising in biological models (see [16, 29]).

1.2 Uniqueness of KPP pulsating fronts

This paper is concerned with qualitative properties of an important class of solutions of (1.1),
namely the pulsating traveling fronts connecting the two stationary states p~— and p*. Given
a unit vector e € R? x {0}~ a pulsating front connecting p~ and p*, traveling in the
direction e with (mean) speed ¢ € R*, is a time-global classical solution U(¢t,x,y) of (1.1)
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such that .
((U(t,2,y) = ¢(x-e—ct,x,y) forall (t,z,y) € R x Q,
(z,y) — ¢(s,x,y) is periodic in Q for all s € R,
¢(s,x,y)s_>—i>oop$(x,y) uniformly in (z,y) € Q, (17)
| p(z,y) <U(t,z,y) < p™(z,y) forall (t,z,y) € R x Q.
With a slight abuse of notation, - e denotes z1e; + - - - 4+ x4e4, Where ey, ..., e4 are the first d

components of the vector e. The notion of pulsating traveling fronts extends that of usual
traveling fronts which are invariant in the frame moving with speed c in the direction e. It
was proved in [20] that any pulsating front is increasing in time if ¢ > 0 (or decreasing if
¢ < 0). More precisely, ¢4(s,2,y) < 0 for all (s,z,y) € R x Q.2

Our first result is a uniqueness result, up to shifts in time, of the pulsating KPP traveling
fronts for a given speed c in a given direction e.

Theorem 1.1 Let e be a unit vector in RY x {0}V=4, let ¢ € R* be given, and assume that
the KPP assumption (1.6) is fulfilled. If Uy(t,z,y) = ¢1(x - e — ct,x,y) and Uy(t,z,y) =
¢o(x - e — ct,x,y) are two pulsating traveling fronts in the sense of (1.7), then there exists
o € R such that

(bl(S?xay) = ¢2(8 + 0-7:1773/) fOT’ all <S7'T7y) € Rx 57 (18)
that is there exists T € R (1 = —o/c) such that
Ui(t,z,y) = Us(t +7,2,5) for all (t,z,y) € R x Q. (1.9)

As a consequence, in the KPP case, given any direction e and any speed ¢ € R*, the
set of pulsating fronts U(t,z,y) = ¢(x - e — ct, z,y) is either empty or it is homeomorphic
to R. Notice indeed that if 7 is not zero in (1.9), then U; # Us, since all fronts are strictly
monotone in time (see [20]).

The existence of pulsating traveling fronts is known in some cases which are covered by
the assumptions of Theorem 1.1. For instance, if

p~ =0, pt=1, f(z,y,u) >0 forall (z,y,u) € Qx (0,1),

f(z,y,u) is non-increasing with respect to u in a left neighborhood of 1, (1.10)
V-gq=0inQ, ¢-v =0 on 0N and/qi(x,y) dr dy =0 for 1 <i <d,
c
if the KPP assumption (1.6) is satisfied, then, given any unit vector e € R? x {0}¥~=¢, there
exists a minimal speed ¢*(e) > 0 such that pulsating traveling fronts exist if and only if

¢ > c*(e) = min <—@) =min {c € R, I >0, k(\) + Ac =0}, (1.11)

2In [20], the notation U(t,z,y) = ¢(ct — x - e, x,y) was used, with ¢(+o0,z,y) = pT(z,y). In [20], ¢ was
then increasing in s. The definition (1.7) makes U and ¢ face the same direction and is then more natural.
In the present paper, the results of [20] have been translated in order to fit with the definition (1.7).
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where k(\) is the principal eigenvalue of the operator
Lyt := =V - (AVY) + 2XeAVY + ¢ - Vi + [A\V - (Ae) — Aq-e — Nede — (| (1.12)

acting on the set of C2(€) periodic functions ¢ such that vAVy = \(vAe)y on 99 (see [5],
actually, this existence result has been proved under additional smoothness assumptions on
the coefficients of (1.1)). Here (~(z,y) = %(m, ¥,0). As already emphasized (see Section 1.1
in [20]), conditions (1.6) and (1.10) imply (1.4) and (1.5). Applications of the formula for the
minimal speed ¢*(e) were given in [4, 13, 14, 24, 39, 41, 46, 50]. However, the uniqueness up
to shifts for a given speed ¢ was not known. Theorem 1.1 of the present paper then provides
a complete classification of all pulsating fronts: namely, given a direction e in R% x {0}V~=¢
the set of pulsating fronts is a two-dimensional family, which can be parameterized by the
speed ¢ and the shift in the time variable.

For nonlinearities f satisfying (1.6) and (1.10), the derivative (~(z,y) = g—i(x,y,()) is
positive everywhere. This is why condition (1.4) is fulfilled automatically. However, if (™ is
not everywhere positive, the principal eigenvalue ;= may not be negative in general. In [7],
nonlinearities f = f(z,s) (for € Q = RY) satisfying

p- =0, f(x,0)=0, — @ is decreasing in u > 0, (1.13)

AM>0,VzeRY, Yu>M, f(z,u)<0
were considered, with no advection (¢ = 0). Typical examples are

f(@,u) = u(C(z) = n(z)u),

where 7 is a periodic function which is bounded from above and below by two positive con-
stants (see [43] for biological invasions models). Under the assumptions (1.13), the existence
(and uniqueness) of a positive periodic steady state p* of (1.2) is equivalent to the condition

po <0,

that is (1.4) (see [6]). Notice also that (1.13) implies (1.5) (see [20]), as well as (1.6). With
the condition u~ < 0, the existence of pulsating fronts in any direction e was proved in [7]
for all speeds ¢ > ¢*(e), where ¢*(e) is still given by (1.11) (see also [25] for partial results in
the one-dimensional case), and it was already known from [7] that no pulsating front exists
with speed less than ¢*(e). However, the uniqueness of the fronts profiles in a given direction
e and for a given speed ¢ > ¢*(e) was still an open problem, even in dimension 1.

In short, the first part of the present paper gives a positive answer to the uniqueness
issue of the KPP pulsating fronts, in a setting which unifies and is more general than (1.10)
or (1.13). In particular, in this paper, the nonlinearity f is not assumed to be nonnegative or
to satisfy any monotonicity properties. Actually, Theorem 1.1 follows from a more general
uniqueness result which does not require the KPP assumption (1.6) but needs additional a
priori properties for any two fronts with the same given speed, see Theorem 2.2 in Section 2.

Remark 1.2 If both p~ and p' are weakly stable —that is when (1.5) is satisfied and when
the instability assumption (1.4) of p~ is replaced by a weak stability assumption which is
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similar to (1.5)—, then the analysis is much easier. Comparison principles such as Lemma 2.1
below, which can be viewed as weak maximum principles in some unbounded domains, would
then hold not only in the region where the solutions are close to p*, but also in the region
where they are close to p~. Two given fronts could then automatically be compared globally
in R x Q, up to time-shifts, and a sliding method similar to [2, 3] would imply that the
functions ¢(s, z,y) are unique up to shifts in the variable s, and that the speed ¢, if any, is
necessarily unique. This is the case for instance for bistable or combustion-type nonlinearities
(see [2, 3,9, 32, 34, 47, 48, 49] for existence and further qualitative results with such reaction
terms). In the present paper, as a consequence of the instability of p~, one cannot use
versions of the weak maximum principles in the region where the solutions are close to p~.
Therefore, even if the proofs of Theorems 1.1 and 2.2 below are based on a sliding method,
the main difficulty is to compare two given fronts globally and especially to compare their
tails in the region where they approach p~ (see Section 2 for further details).

1.3 Global stability of KPP or general monostable fronts

The second part of this paper is concerned with stability issues for KPP or general monostable
fronts. The stability of the fronts and the convergence to them at large times is indeed one
of the most important features of reaction-diffusion equations. We are back to the general
periodic framework and we shall see that, under some assumptions on the initial conditions,
the solutions of the Cauchy problem (1.1) will converge to pulsating fronts.

To state the stability results, we need a few more notations. In the sequel, e denotes a
given unit vector in R x {0}¥~? and (= (z,y) is defined as in (1.3). For each X € R, call k()
the principal eigenvalue of the operator L, defined in (1.12) and let ¢, denote the unique
positive principal eigenfunction of L) such that, say,

[¥All () = 1. (1.14)

It has been proved (see Proposition 1.2 in [20]) that, for any pulsating traveling front
Ult,z,y) = ¢(z - e —ct,x,y) of (1.1) in the sense of (1.7), then

¢ > ¢*(e) := inf <—@) . (1.15)

A>0 A
The quantity ¢*(e) is a real number, and for each ¢ > ¢*(e), the positive real number
Ae = min{A > 0, k(\) +cA =0} (1.16)

is well-defined (see [20]).
Call now p* the principal eigenvalue of the linearized operator

b - (A ) V) + ale,) -V — O (0,5 2.

around the limiting state p*, with periodicity conditions in € and Neumann boundary con-
dition vAV1y = 0 on 09. Let 1)™ be the unique positive principal eigenfunction such that
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Tl (@) = 1. The function ¥* satisfies
[KCR PR

=V (A(z,y)VYT) + q(x,y) - VT — %(x,y,pﬂx,y)) Yt =ty in Q,

YT >0 in Q, maxyt =1, (1.17)
9]
vAVYT =0 on 0.

It is straightforward to check (see [20]) that the condition p* > 0 implies the weak stability

property (1.5). B
From now on, uy denotes a uniformly continuous function defined in €2 such that

p(z,y) <uo(z,y) < pt(z,y) forall (z,y) € Q,

and let u(t, x,y) be the solution of the Cauchy problem (1.1) for ¢ > 0, with initial condition
ug at time t = 0. Observe that

p(z,y) <wult,z,y) <p'(z,y)

for all (z,y) € Q and ¢ > 0, from the maximum principle.
The following theorem is concerned with the global stability of general monostable pul-
sating fronts for speeds larger than c¢*(e).

Theorem 1.3 Assume that p* > 0 and that U(t,z,y) = ¢(x - e — ct,x,y) is a pulsating
traveling front with speed ¢ > c¢*(e), such that

lm sup [ROETY ZPT@Y) (1.18)

STE (2y)€Q $

Then there exists eg > 0 such that if

lim inf inf [uo(z,y) — p*(z,y)] > —<0 (1.19)
C—=0 (z,9)€Q, z-e<lg
and
uo(z,y) —p~(z,y) ~ U(0,2,y) = p~(2,y) asz-e— +00,” (1.20)
then
sup |u(t,z,y) —U(t,z,y)| = 0 ast — +oc. (1.21)
(x,y)EQ

In Theorem 1.3, the assumption (1.18) on the logarithmic equivalent of ¢(s, x,y)—p~ (z,y)
as s — 400 is automatically satisfied under the KPP condition (1.6), see formulas (1.22)
and (1.23) below and Theorem 1.5. Actually, assumption (1.6) is not required here and it is
only assumed that the limiting state p~ is unstable while the other one, p™, is stable. But it
does not mean a priori that f is of the KPP type or that there is no other stationary state

3Condition (1.20) is understood as SUD(, €@, zexc |(W0(@,y) =P (2,9))/(U(0,2,y) —p~ (z,y)) = 1| = 0
as ¢ — —+00. B
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p between p~ and p™. In the general monostable case, assumption (1.18) is also fulfilled,
without the KPP condition, as soon as there exists a pulsating front

U't,z,y) = ¢'(x-e—ct,z,y)

in the sense of (1.7) with a speed ¢ < ¢, see Theorem 1.5 in [20]. As a consequence, the
following corollary holds.

Corollary 1.4 In Theorem 1.3, if the assumption (1.18) is replaced by the existence of a
pulsating front U'(t,z,y) = ¢/(x - e — t,x,y) with a speed ¢ < ¢, then the conclusion still
holds.

The existence of a pulsating front with a speed ¢ < ¢ is a reasonable assumption. For
instance, under assumptions (1.10) with %(m,y,O) > 0, even without the KPP assump-
tion (1.6), pulsating fronts U (¢, z,y) = ¢(x - e — ct, z,y) exist if and only if ¢ > ¢**(e), where
the minimal speed ¢**(e) is such that ¢**(e) > ¢*(e) and ¢*(e) is given in (1.11), see [2, 3].
Thus, for each ¢ > ¢**(e), the existence of a pulsating traveling front with a speed ¢ < ¢ is
guaranteed.

Let us now comment Theorem 1.3 and Corollary 1.4 and give some insight about their
proofs. These two statements are global stability results for general monostable fronts. The
initial condition wug is in some sense close to the pulsating front U(0, -, -) at both ends, that is
when x-e — £o0. Assumption (1.19) means that g has to be in the basin of attraction of the
stable state p* as x - e is very negative. But these conditions are not very restrictive and
is not required to be close to U(0, -, -) when |z - e] is not large. Nevertheless, the convergence
result (1.21) as ¢ — +oo is uniform in space. The only assumptions of Theorem 1.3 and
Corollary 1.4 force the solution u(t, z, y) to converge to the periodicity condition —namely the
second property of (1.7)— asymptotically as t — +oo, whereas uy does not satisfy any such
periodicity condition. A serious difficulty in Cauchy problems of the type (1.1) is indeed to
get uniform estimates in the variables which are orthogonal to the direction e (establishing
such estimates is an essential tool in the proof of Theorem 1.3). This difficulty was not
present in the case of one-dimensional media or infinite cylinders with bounded sections,
because of the compactness of the cross sections.

The general strategy of the proofs is, as in the paper by Fife and McLeod [15], to trap the
solution u(t, z,y) between suitable sub- and super-solutions which are close to some shifts of
the pulsating traveling front U, and then to show that the shifts can be chosen as small as
we want when ¢ — 4o00. However, the method is much more involved than in the bistable
case investigated in [15]: not only the instability of p~ requires more precise estimates in
the region where x - e — ¢t is positive, but the fact that p™ is only assumed to be stable (in
the sense that ™ > 0) without any sign hypothesis for f(-,-,s) — f(-,-,p") as s =~ p™ makes
the situation more complicated and requires the use of the principal eigenfunction ¢ in the
definition of the sub- and super-solutions (dealing here with the general monostable case
introduces additional difficulties which would not be present in the KPP case, especially as
far as the super-solutions are concerned). Furthermore, the dependence of all coefficients
A, q and f on the spatial variables (x,y) induces additional technical difficulties, which are
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overcome by the use of space-dependent exponential correcting terms (we refer to Section 3
for further details).

Lastly, it is worth pointing out that there is no shift in the limiting profile, unlike for
combustion-type or bistable equations (we refer to [15, 27, 40] for results with such nonlin-
earities in the one-dimensional case, or in infinite cylinders with invariance by translation in
the direction of propagation, see equation (1.28) below).

Let us now deal with the particular KPP case (1.6). The assumptions of Theorem 1.3 can
then be rewritten in a more explicit way. We first recall that, under the assumption (1.6), if
¢ > ¢*(e) then

o(s,2,y) —p (7,y) ~ Bge 4y (v,y) as s — +oco uniformly in (z,7y) € Q. (1.22)

for some B, > 0, while if ¢ = ¢*(e) then there is a unique A* > 0 such that k(A\*)+c*(e)A\* =0
and there exists By > 0 such that

o(s,2,y) —p(7,y) ~ By s*™ ™ e 5 1hy. (1, y) as s — +oo uniformly in (z,y) € Q, (1.23)

where m € N and 2m + 2 is the multiplicity of A\* as a root of k(\) + ¢*(e)A = 0 (see
Theorem 1.3 in [20]).

Theorem 1.5 Assume that the KPP condition (1.6) is satisfied, that p* > 0 and that
Ult,z,y) = ¢(x-e—ct,x,y) is a pulsating traveling front of (1.1). Then there is g > 0 such
that the following holds.

1) If ¢ > c¢*(e), if uo fulfills (1.19) and if there exists B > 0 such that

Uo(x,y) - p_(l',y) ~ B e—/\cx~e ¢Ac($a y) as T -e — +00, (124)
then
sup |u(t,z,y) —U(t+7,2,y)] = 0 ast — +oo, (1.25)
(z,y)€EQ

where T is the unique real number such that By e = B and By > 0 is given by (1.22).
2) If c = c*(e), if uo fulfills (1.19) and if there exists B > 0 such that

’U,O(IE, y) —p_(:E, y) ~ B (l’ ’ 6)2m+1 e—)\*ze w/\* (l‘,y) as x - e — +00, (126)

then (1.25) holds, where T is the unique real number such that By e* ©©™ = B and By > 0
is given by (1.23).

It is immediate to see that, under the notations of Theorem 1.5, there holds
uo(z,y) —p~ (z,y) ~ U(T,2,y) —p (,y) asx-e— +oo.

As a consequence, part 1) of Theorem 1.5 is then a corollary of Theorem 1.3. Part 2) is more
technical and needs a specific proof, which is done in Section 4. The main additional difficulty
relies on the fact that the exponentially decaying functions e™"* characterizing the behavior
of the KPP fronts with minimal speeds near the unstable steady state p~ are multiplied by
polynomial pre-factors. These pre-factors vanish somewhere. The construction of sub- and
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super-solutions must take this fact into account and it is therefore much more intricate. The
sub- and super-solutions used in the proof use extra polynomial times exponentially decaying
terms involving some derivatives of the principal eigenfunctions ¢, with respect to A at the
critical rate A = A\*. We point out that these ideas are new even in the previous special cases
which were investigated in the literature.

From Corollary 1.4 and Theorem 1.5, it follows that the only case which is not covered
by our stability results is the monostable case without the KPP assumption (1.6) and when
the front U is the slowest one among all pulsating fronts. The situation is different in this
case, and in general a shift in time is expected to occur in the convergence to the front at
large times, like in combustion-type nonlinearities.

It can be seen from Theorems 1.3 and 1.5 that the propagation speed of u(t,z,y) at
large times strongly depends on the asymptotic behavior of the initial condition uy when
it approaches the unstable state p~. Actually, this fact had already been known in some
simpler situations. In particular, the above stability results extend earlier ones for the usual
traveling fronts U(t, z) = ¢(x — ct) of the homogeneous one-dimensional equation

Up = Ugy + f(u) in R (1.27)

with f(0) = f(1) =0 (p~ =0 and p* = 1) and f > 0 in (0, 1), with or without the KPP
condition 0 < f(s) < f(0)s in (0,1) (see e.g. [10, 18, 26, 30, 31, 42, 44, 45]). In this
case, the minimal speed is equal to ¢* = 21/f(0), k(A\) = —A? — f/(0) for each A\ € R,
A* = 4/f(0) and m = 0. Theorem 1.5 also generalizes the stability results for the traveling
fronts U(t, z,y) = ¢(x — ct,y) (which are still invariant in their moving frame) of equations
of the type

ur — Au~+ a(y) %:f(u), (,y) eQ=Rxw, v-Vu=0, (z,y) € 052 (1.28)

in straight infinite cylinders with smooth bounded sections w and with underlying shear flows
q = (a(y),0,...,0), for nonlinearities f such that f(0) = f(1) = 0 and satisfying the stronger
KPP assumption that f(s)/s is non-increasing in (0, 1), see [33]. For equations (1.28), we
refer to [9] for existence and uniqueness results of traveling fronts. Some stability results
without the KPP assumption (when 0 and 1 are assumed to be the only possible steady
states in [0, 1]) have also been established in [33] and [40]. Recently, stability results for the
one-dimensional equation

Up = Ugy + fx,u) (1.29)

with KPP periodic nonlinearity f(z,u) have been obtained in [1] with the use of Floquet
exponents. The stability and uniqueness of one-dimensional pulsating KPP fronts for dis-
cretized equations have just been addressed in [19], under the assumption of exponential
behavior of the fronts when they approach the unstable state. Actually, we point out that,
in the KPP case, even for the equation (1.28) in infinite cylinders or for the one-dimensional
periodic discrete or continuous framework, the question of the stability of the fronts with
minimal speed was not known. Part 2) of Theorem 1.5 gives a positive answer to this
important question.

The general philosophy of the aforementioned references [1, 33, 40] is that, if the initial
condition uy approaches the unstable state p~ = 0 like a (pulsating) traveling front up to a
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faster exponential term, then the convergence of u to the front at large times is exponential in
time in weighted functional spaces. The method is based on spectral properties in weighted
spaces and it also uses the exact exponential behavior of the fronts when they approach 0.
We conjecture that such a more precise convergence result holds in our general periodic
framework —at least in the KPP case when the exact exponential behavior is known— under
a stronger assumption on ug, like ug(z,y) —p~(x,y) = U(0,z,y) —p~ (z,y) + O((U(0,z,y) —
p(z,9))1¢) as - e — +o0, for some € > 0. However, this is not the purpose of the present
paper and the method which we use to prove Theorems 1.3 and 1.5 is based directly on
the construction of suitable sub- and super-solutions and on some Liouville type results.
Furthermore, the method works in the general monostable periodic framework and it only
requires that

Uo(l’,y) _p_($ay) ~ U(O,I,y) _p_($,y) as r-e — +00,

as well as the logarithmic equivalent of the fronts when they approach the unstable state p~.
However, in Theorems 1.3 and 1.5, the assumptions (1.20), (1.24) and (1.26) play an essential
role and cannot be relaxed. Indeed, with KPP type nonlinearity f, for equation (1.29), if
uo(z) is simply assumed to be trapped between two shifts of a front ¢, then u may exhibit
non-trivial dynamics and its w-limit set may be a continuum of translates of ¢, see [1]. On the
other hand, even in the homogeneous one-dimensional case (1.27), if ug(z) is just assumed to
be trapped as x - e — +00 between two exponentially decaying functions with two different
decay rates, the asymptotic propagation speed of u as t — +00 may not be unique in general,
see [21] for details (see also [23] for results in the same spirit for combustion-type equations).
Lastly, if ug(z) decays more slowly than any exponentially decaying function as x-e — 400,
then the asymptotic propagation speed is infinite, see [11, 22].

1.4 Additional results in the time-periodic case

Finally, we mention that, with the same type of methods as in this paper, similar uniqueness
and stability results can be established for pulsating fronts in time-periodic media (however,
in order not to lengthen this paper, we just state the conclusions without the detailed proofs).
Namely, consider reaction-diffusion-advection equations of the type

(1.30)
vAVu =0 on 09,

in a smooth unbounded domain = {(x,y) € R? x w}, where w is a C** bounded domain
of R¥=4. The uniformly elliptic symmetric matrix field A(t,y) = (A;;(t,y))1<ij<n is of class

C’tl;’ya/m’a(R X w), the vector field q(¢,y) = (¢:(t,y))1<i<n is of class C’gf/m’a(R x W) and the
nonlinearity (t,y,u) (€ Rx@ xR) > f(t,y,u) is continuous, of class C%*/%% with respect
to (t,y) locally uniformly in u € R and of class C* with respect to v in R x w x R. All
functions A;;, ¢; and f(-,-,u) (for all v € R) are assumed to be time-periodic, in the sense
that they satisfy w(t + T,y) = w(t,y) for all (t,y) € R x w, where T' > 0 is given. We are

given two time-periodic classical solutions p* of (1.30) satisfying

p (t,y) <p'(t,y) forall (t,y) € R x @.

12
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Assume that the function (¢,y,s) — %(t, y,p~(t,y) + ) is of class C%(R x w x [0,7]) for
some # > 0 and v > 0, and that u~ < 0, where p~ denotes the principal eigenvalue of the
linearized operator around p~

Dlt9) =~ V- (A ) V) + alt) - Vi = 92 (1, (1)

with time-periodicity conditions in R x @ and Neumann boundary condition vAVy = 0
on R x dw. With a slight abuse of notations, V¢ denotes (0,...,0,V,) € {0}¢ x RN~
Assume that there is p such that 0 < p < mingyg (p™ — p~) and, for any classical bounded
super-solution @ of (1.30) satisfying © < pt and Qn = {u(t,z,y) > p*(t,y) — p} # 0,
there exists a family of functions (p;)rcp,) defined in Qy and satisfying (1.5) with Qp, =
{(t,z,y) € Qu, ult,z,y) + p-(t,x,y) < p*(t,y)}. The KPP condition (1.6) is replaced with
the following one: for all (¢,y) € R x @ and s € [0,p"(¢,y) — p~ (¢, y)],

fty,p~(ty)+s) < flt,y,p (ty) + %(ty,p‘(t,y)) S. (1.31)

Given a unit vector e € R? x {0}¥~4, a pulsating front connecting p~ and p*, traveling in
the direction e with mean speed ¢ € R*, is a classical solution U(t, z,y) of (1.30) such that
((U(t,z,y) = ¢(x-e—ct,t,y) forall (t,z,y) € R x R? x @,
¢(s,t +T,y) = ¢(s,t,y) for all (s,t,y) € R* x &,
o(s,t,y) - pT(t,y) uniformly in (¢,y) € R x @,
S— 100

N\

(1.32)

| p(ty) <U(t,z,y) <p*(t,y) for all (t,2,y) € R x R x @.

We refer to [17, 37, 38] for existence results and speed estimates of pulsating fronts for
equations of the type (1.30) with time-periodic KPP nonlinearities and shear flows (see also
[36] for the existence of fronts in space-time periodic media). For each A € R, still define
k() as the principal eigenvalue of the operator

Yy — V- (AVY) +2Xe AV +q- Vi + | AV - (Ae) — A\g - e — N2ede — g—z(t,y,p_(t,y)) Y

with time-periodicity conditions in R x @ and boundary conditions vAVY = A(vAe)y on
R x 0w, and denote by v the unique positive principal eigenfunction such that ||ty Lo rxw) =
1. Define ¢*(e) as in (1.15) and for each ¢ > ¢*(e), define A. > 0 as in (1.16). These quantities
are well-defined real numbers.

Then, for any pulsating traveling front, one has ¢ > ¢*(e) (this fact had already been
mentioned in [20]). Furthermore, under the KPP assumption (1.31), if

Ul(tvxuy) = ¢1<I‘ e — Ct7t7y> and U2<t7x7y) = ¢2($ e Ct7t7 y)

are two pulsating travelling fronts with the same speed ¢, then ¢1(s,t,y) = ¢a2(s + 0,t,y) in
R? x w for some o € R.
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In the sequel, assume that pu™ > 0, where p* denotes the principal eigenvalue of the
linearized operator around p*

DUt 9) = =V (A V) +a(t) - Vb = 02 (1, ()

with time-periodicity in R x @ and Neumann boundary condition AV = 0 on R x Jw.
Consider a pulsating front U(t,z,y) = ¢(z - e — ct, t,y) in the sense of (1.32).

If ¢ > ¢*(e) and if In(¢(s,t,y) —p~(t,y)) ~ —Acs as s — 400 uniformly in (¢,y) € R x @,
then there exists €y > 0 such that, for any uniformly continuous function uy such that

p(1,y) < uo(z,y) < pt(r,y) forall (z,y) € Q,

liminf  inf  [ue(z,y) — pt (7, y)] > —co
ST (z,y)€Q, z-e<g

(1.33)

and uo(z,y) —p (r,y) ~ U(r,z,y) — p (7,y) as x - ¢ — +oo for some 7 € R, then the
solution u(t, x,y) of (1.30) with initial condition u, satisfies

sup |u(t,z,y) —U(t+T,z,y)] — 0 ast — +oo.
(z,y)€Q

Lastly, under the KPP condition (1.31), there is 9 > 0 such that the following holds. If
¢ > c*(e) and if there exist 7 € R and B > 0 such that wug satisfies (1.33) and ug(z,y) —
p(1,y) ~ Be %€y (1,y) as z - e — +00, then the solution u(t, z,y) of (1.30) with initial
condition ug satisfies

sup |u(t,z,y) —U(t+ 7,2+ 0e,y)| — 0 ast — +oo, (1.34)
(z,y)EQ

where o is the unique real number such that By e*("=) = B and By > 0 is given by:
d(s,t,y) —p (t,y) ~ Bye 1y (t,y) as s — +oo uniformly in (¢,y) € R x @.

On the other hand, if ¢ = ¢*(e) and if there exist 7 € R and B > 0 such that u, satisfies (1.33)

and ug(z,y) —p~(1,y) ~ B(z-e)*" e M%)\ (7,y) as - e — +oo, where \* is the unique

positive root of k() + ¢*(e)A = 0, with multiplicity 2m + 2, then (1.34) holds, where o

satisfies By e (€'(©7=9) = B and By > 0 is given by:

B(s,t,y) —p (t,y) ~ By ™ e ™ " 9hru(t,y) as s — +oo, uniformly in (t,y) € R x @.
Outline of the paper. Section 2 is devoted to the uniqueness results. In Section 3, the

proof of the stability result in the general monostable case is done. Lastly, Section 4 is
concerned with the proof of the stability of KPP fronts with minimal speed c¢*(e).
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2 Uniqueness of the fronts up to shifts

This section is devoted to the proof of the uniqueness result, that is Theorem 1.1. Theo-
rem 1.1 is itself based on another uniqueness result which is valid in the general monostable
case. The basic strategy is to compare a given front ¢, with respect to the shifts of another
one ¢ and to prove that, for a critical shift, the two fronts are identically equal. In other
words, we use a sliding method. One of the difficulties is to initiate the sliding method, that
is to compare the solutions globally in R x €, and in particular in the region where both
fronts are close to p~ (as s — +00). In this region, the weak maximum principle does not
hold because of the instability of p~. However, this difficulty can be overcome because the
fronts have a nondegenerate behavior as s — 400, see (2.2) below.

Before doing so, we first quote from [20] a useful lemma (see Lemma 2.3 in [20]) which
is a comparison result between sub- and super-solutions in the region where s < h.

Lemma 2.1 Let p € (0, ming(p™ — p~)) be given as in (1.5). Let U and U be respectively
classical super-solution and sub-solution of

vAVU >0 on R x 09,

and
{ U, — V- (A(z,y)VU) + q(z,y) - VU < f(a,y,U) in R x Q,

vAVU <0 on R x 09,

such that U < p* and U < p* in R x Q. Assume that U(t,z,y) = ®(z - e — ct,r,y) and
U(t,r,y) = ®(z-e—ct,x,y), where ® and @ are periodic in (z,y), ¢ # 0 and e € R4 x {0}V
with |e| = 1. If there ezists h € R such that

®(s,2,y) > pT(z,y) —p forall s < h and (z,y) € Q,
O(h,z,y) > ®(h,z,y) for all (z,y) € Q,

(5(5?x>y> - @(S?xay» > O,

liminf | min
s L(zy)eQ

then
D(s,2,y) > ®(s,z,y) for all s < h and (z,y) € Q,
that is U(t,z,y) > U(t,z,y) for all (t,z,y) € R x Q such that x -e — ct < h.

We then use the following general uniqueness result, which does not require the KPP
assumption (1.6):

Theorem 2.2 Let e be a unit vector in R? x {0}V~¢ and ¢ € R* be given. Assume that for
any two pulsating traveling fronts U(t,x,y) = ¢(z - e — ct,x,y) and U'(t,z,y) = ¢'(v - e —
ct,x,y) in the sense of (1.7), there exists a constant Cls 41 € (0,+00) such that

¢(S>$7 ZJ) _p_(xa y)
¢'(s,z,y) —p~(z,9)

— Clpg) as s — 400, uniformly in (z,y) € €. (2.1)
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Then, if Uy(t,z,y) = ¢1(x-e — ct,z,y) and Us(t,x,y) = ¢o(x - e — ct,x,y) are two pulsating
fronts, there exists o € R such that (1.8) and (1.9) hold.

Proof. Step 1. Let U(t,z,y) = ¢(x-e—ct, x,y) be any pulsating traveling front in the sense
of (1.7). From Proposition 2.2 of [20], we know that there exist two positive real numbers
/\m,¢ S /\M7¢ such that

Am,p = liminf ( min —¢8(s,:v,_y) > > 0,
s—+o0 \(@g)ea O(s,7,y) —p~(2,y)

( —¢s(s,7,y)
(

max < +00.
z,y)eQ ¢(S’ Z, y) - p_<1', y)>

(2.2)

Arp 1= limsup
§—400

For each o € R, denote Clyo 4 the constant defined as in the statement of Theorem 2.2, with
¢0<'7 ) ) = ¢( +o,-, )
Then, we claim that
Jv>0, Voek, C[¢a7¢] =e . (23)
Indeed, for any o, ¢’ € R and (z,y) € Q,

o Wsto+day) —p(2,y)
R R P T S )
_ lim <¢(S+U+0’l,l‘,y)—p_(l’,y) « ¢(S+U’,x,y)—p_(x,y)>
¢(S + U,,Jf,y) _p_(ﬂf,y) ¢(va7y) _p_(ﬂf,y)

- O[¢o‘7¢] X C[¢a/,¢] .

s—+400

Furthermore, the function o +— Cj4e 4 is non-increasing in R since ¢(s,z,y) is decreasing
in s (see Proposition 2.5 in [20]). As a consequence, there exists v € [0,+00) such that
Clpo ) = €7 for all 0 € R. Using (2.2), we finally obtain that v € [\, 4, Aarg], whence
v > 0. This shows (2.3).

Step 2. Now, let Uy(t,z,y) = ¢1(z-e—ct,x,y) and Us(t, z,y) = ¢o(x - € — ct, z,y) be two
pulsating fronts satisfying (1.7). From (2.3) applied with ¢ = ¢;, we know that, for o < 0
negative enough,

Clog.02) = Clog.o1) X Clgr o] > 1.

Since ¢ is strictly decreasing with respect to s, we deduce that there exist 3y > 0, 09 < 0
such that B
Vo<og ¢<¢] in[E,+o0) x Q. (2.4)

Since ¢1(—00,-,-) = p*, and even if it means decreasing oy, one can assume that
7 >p" —p in (—o0, ] x Q, for all o < 0.

All assumptions of Lemma 2.1 are then fulfilled, for all o < o, with

Ult,a,y) = U (t=Z.2.y), U=Us, =67, &= s and h= .
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As a consequence, ¢, < ¢ in (—o0, Y] x Q, for all o < o and, from (2.4), we finally get
By < @7 in R x Q for all o < 0.
Let us set _
a*zsup{aeR, P < ¢ inRxQ}.
Observe that o* > 0y. Since ¢1(+00,-,-) = p~ and ¢(s,z,y) > p~(,y) for all (s,2,y) €
R x Q, we also know that 0* < 4+o00. Moreover, ¢ < ¢ in R x Q. Call
Z(Sa xz, y) = (bllj* (87 xz, y) - ¢2(S7 xz, y)

The function z is continuous in (s, z,y), periodic in (x,y) and nonnegative. In particular,
the minimum of z over all sets of the type [~X, Y] x Q, with ¥ > 0, is reached and it is
either positive or zero.
Case 1: Assume that there exists X > 0 such that min , o v 5xq 2(s,2,y) = 0. The
function
v(t,z,y) = z(x-e—ct,z,y)

is nonnegative in R x € and it vanishes at a point (*,2*,y*) such that |2* - e — ct*| < X.
Moreover, it satisfies the boundary condition vA(z,y)Vo =0 on R x 99, and the equation

vy — V- (AVV) + q- Vo = f(z,y,Ui(t — 0" Jc,x,y)) — f(x,y, Us(t,x,y))

in R x Q. Since f is globally Lipschitz-continuous in Q x R, there exists a bounded function
b(t,z,y) such that

v, — V- (AV) +q- Vo +bv =0, for all (¢,z,y) € R x Q. (2.5)

From the strong maximum principle and Hopf lemma, the function v is then identically 0 in
(—00,t*] x Q, and then in R x Q by uniqueness of the Cauchy problem associated to (2.5).
We thus obtain z = 0, that is

¢y = ¢ inRxQ.

Case 2: Assume that, for all ¥ > 0, min , o5 vjxg 2(s,2,y) > 0. The function z is
uniformly continuous in R x €2, thus, for all ¥ > 0, there exists oy € (6%, 0* + 1) such that

Gy < ¢ in [-X,3] x Q, forall o€ [o*,0x]. (2.6)
For ¥ large enough, there holds
¢ >pt —p in (—oo,—X] x Q.

Moreover, ¢7% (=X, x,y) > ¢2(—=%, x,y) in Q from (2.6). Applying Lemma 2.1 with

U(t%?J) :Ul (t_a?zax7y>a Q:U27 6:¢C1r27 9:¢2 andh:—E,
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we get that ¢y < ¢J” in (—o0, —X] x . Together with (2.6), since ¢, is decreasing in s, it
follows that
3%, >0, VY>>, Jog >0, Voclo*os], ¢ <¢] in(—00,X]x Q. (2.7)
Assume now that
3e>0,32>0, ¢ —¢y>ex(¢g—p) in [, +00) x Q. (2.8)

Let (0,,)nen be a decreasing sequence such that lim,, 1o, 0, = ¢*. In particglar, o, > o* for
all n € N. Divide (2.8) by ¢J" — p~. We get that, for all (s, z,y) € (—o0, —X] x Q,

O (s, y) —p (@y)  als,my) —p (wy)  _ ¢alsiy) —p (2,y)
(s, zy) —p(zy) (s, my) —p(vy) T 67 (s,m,y) —p(w,y)

Passing to the limit as s — 400, it follows that C[¢<{*7¢1{’n] = Clgypom) 2 € X Clg, gony, OI,

equivalently,
1
T3z X Cloron g 2 Clonaim:
But, from (2.3) applied with ¢ = ¢;, we know that, for n large enough, C[¢‘1’*"’” o] < 1+e¢,
whence Cly, 4on) < 1. As a consequence, there exist n; € N and ¥y > 3 such that By < P

1
in [Xy, +00) x Q, and therefore,
By < @7 in [Xy, +00) x Q, forall o € [0*,0,,]. (2.9)

Denote X := max{3;, Y5} and & := min{o,,, o5}, where o5 is defined by (2.7). From (2.7)
and (2.9), we obtain B
6 < 7 in R x O,

which contradicts the definition of o*, since @ > ¢*. Therefore, the property (2.8) cannot
hold.

Finally, we obtain the existence of a real number o* such that ¢ > ¢, and:
o cither ¢ = ¢y,

e or the property (2.8) is false, thus there exists a sequence (S, Zp, Yn)nen in R x Q, such
that lim,, ., s, = +00 and

O S ¢T*(3n7xn7yn) - ¢2<3n7$n7yn) S ¢2(Sn,xn, yn) —P (xn, yn), for aﬂ n e N

" (2.10)

Since ¢, and ¢o were chosen arbitrarily, we also obtain the existence of a real number
—o, such that ¢;7* > ¢ and:

o cither ¢, 7 = ¢y,
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e or there exists a sequence (s, 2,9/, )neny in R x Q, such that lim,_, s, = +00 and

2 e G A
0 < 037 (s 1) — n(s) i) < P20 Db TP ) oy e
n

Equivalently, setting s” = s/ — o,, we get, for all n € N,

e N B B N Y B
0 < bals 1) — 65 (s ) < D Tae ) ZP sth) g gy

Eventually, either the property (1.8) of Theorem 2.2 holds for some o € R, or there exist
o*, 0, € R such that ¢¢° > ¢ and ¢, > ¢; (that is, ¢ > ¢7*) in R x €, and properties
(2.10) and (2.11) hold true. Divide the inequalities in (2.10) and (2.11) by ¢1(Sn, Tn, Yn) —
P~ (T, yn) and ¢1 (s, 20 yl) — p~(x),, ) respectively, and pass to the limit as n — +o00. It
follows that
C[¢‘1’* b1] T C[¢2,¢1] and O[¢27¢>1] = C[ 7.1

Thus, C[¢>‘{* o] = Clo7* ) From (2.3) applied with ¢ = ¢, we conclude that ¢* = o, =: 0.
Since ¢ < ¢y < @9, we finally get that

o7 = ¢a.

Property (1.8) has been shown. [

The assumption (2.1) in Theorem 2.2 says that, for a given speed ¢, any two pulsat-
ing traveling fronts have the same asymptotic behavior, up to multiplicative constants, as
s — +o00, that is as they approach the unstable state p~. This condition is essential and it is
known to be fulfilled for instance in simplified situations, like in space-homogeneous settings
or in straight infinite cylinders with shear flows, that is for problems (1.27) and (1.28) below.
In our general periodic setting, property (2.1) is a reasonable conjecture but it has not been
shown yet in general. However, in the KPP case (1.6), this property is satisfied and the
proof of Theorem 1.1 follows:

Proof of Theorem 1.1. Under the KPP assumption (1.6), the hypothesis (2.1) in The-
orem 2.2 is automatically fulfilled, because of formulas (1.22) and (1.23) (see Theorem 1.3
in [20]). As a consequence, (1.8) and (1.9) follow immediately. [J

3 Stability of monostable fronts with speeds ¢ > ¢*(e)

This section is devoted to the proof of Theorem 1.3. The general strategy is based on the
construction of suitable sub- and super-solutions which trap the solution u of the Cauchy
problem (1.1) and which can eventually be chosen as close as we want to the front U as
t — +00. The sub- and super-solutions are close to the pulsating front U, up to some phase-
shifts and exponentially small correcting terms, see Proposition 3.2 below in Subsection 3.2.
Furthermore, more precise exponential estimates are established in the region where s is large,
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see Proposition 3.3. In Subsection 3.3, we prove a Liouville type result, that is any time-
global solution which satisfies the same type of exponential estimates as in Proposition 3.3
must be a pulsating front, see Proposition 3.4. In Subsection 3.4, we complete the proof of
Theorem 1.3, by arguing by contradiction and using the estimates of Subsection 3.2 and the
aforementioned Liouville type result.

Due to the generality of the framework and the assumptions, the proof is rather involved
and requires many technicalities. Before entering into the core of the proof, we shall first
introduce in the following subsection a few notations.

3.1 Preliminary notations
We assume here that ™ > 0 and that
Ult,z,y) = ¢(x-e—ct,z,y)

is a pulsating traveling front with speed ¢ > ¢*(e) satisfying (1.18).
Remember that £(0) = = < 0 and that A. > 0 is given by (1.16). By continuity of the
function k, there exists then A > A, such that

k(M) _ k)
and
E(A) 4+ Ae < pt. (3.2)
Define w > 0 by
E(A) + Ac = 2w. (3.3)
Let 6 be a C%(Q) nonpositive periodic function such that
vAVEO +vAe =0 on 0. (3.4)

For instance, up to a constant, # can be chosen as a minimizer in H;er of the functional

© /V@AVQO—F 2/ (vAe) o,
Q o9

L.(Q). Let ¢* be given
by (1.17) and ¢ = 1w, denote the positive principal eigenvalue of the operator L, given
in (1.12), such that ||¢||f~@) = 1. Set m* = ming¢* > 0 and let s € R be such that

where H, . denotes the set of periodic function in Q which are in H}.

e AT <t (3.5)
Let x be a C*(R; [0, 1]) function such that
X'(s) >0 forall seR, x(s)=0 foralls<s—1 and x(s) =1 forall s >s. (3.6)
Let ¢ be the function defined for all (s,z,y) € R x Q by
9(s,2,y) = ¥(x,y) e x(s + 0(x,y)) + ¥ (2,9) (1 = x(s + 0(z,9))).

Observe that ¢ is nonnegative, bounded and periodic with respect to (x,%) in R x Q.
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Lemma 3.1 Define
_l’_ —

p —D

T =min —— > 0. 3.7
= min (37)
There holds
_ ot
lim sup sup (s, 2, y) pg(S:r oy -ty g
§——00  (s,2,y)ERXQ, pe(0,pT] Pw (‘T?y)

Proof. Assume the conclusiog does not hold. Then, there exist 0 < ¢ < 1 and three
sequences (Sp, Tn, Yn)nen i R X Q, (o) Jnen in (0, pT] and (¢, )nen such that lim,, 4o ¢, = —00

and , N
¢(Sn: H yn) — Pn g(sn + Sny Ty yn) - P (xnv yn)

P (T, Yn)
for all n € N. Up to extraction of a subsequence, either the sequence (s, + <, )nen converges

to —oo as n — +00, or it is bounded from below. In the first case, and since ¢ < p*, one
has

> —1+¢

_g(sn + Sny Lny yn)
V20, Yn)
The passage to the limit as n — +o0 leads to —1 > —1 + ¢ by definition of g, which is
impossible. Thus, the sequence (s, + ¢, )nen is bounded from below, whence lim,, o, s, =
+00. Since g > 0 and p}, < pT, one gets that

> —1+e.

¢(Sn7 T, yn) - p+(217n, yn)
U (T, Yn)
Since all functions ¢, p* and ™ are periodic in (z,y), one can assume that (x,,y,) —

(Too, Yoo) € Q as m — +oo (up to extraction of another subsequence). The limit as n — oo
in (3.8) leads to

>—(1—¢)p,>—(1—¢)p" >—p". (3.8)

P (Too, Yoo) = P (Too, Yoo)
U (Toos Yoo)

which is ruled out by (3.7). As a consequence, Lemma 3.1 has been proved. O

> _p+7

In the sequel, we set sy < 0 such that

Vpe(0,p7], ¥ (s,2,y) eRxQ, o(s,2,y) — pggj:zxs,oz;;c,y) —pt(z,y) < _g, (3.9)
Set, for all (s,z,7) € R x Q*
((B(s,z,y) = (¢ +w)e ™ x(s+60)+ (CT+pt —w)ot (1 - x(s +96))
+{(pe ™ =T x[c+q-(VO+e)— V- (AVH + Ae)]
X +2(=Ape™Me—e VY + VYT A(VO+e)} X' (s+0)  (3.10)
—(pe™ — ) (VO AVO + eAe +2eAVO) X" (s + 0)
Cls,ry) = ~Abex(s+6) + (e — %) X'(s + 6)

\

—As

4In formula (3.10), when the letter e is alone, it means the direction e, while e~** means exp(—\s).
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where all functions A, ¢, (=, ¢, ", 0 are evaluated at (z,y), and (*(z,y) = %(m, v, pE(z,y)).
Let us check that the function C' is nonpositive. To see it, since Ay x > 0 and x’ > 0, one only
needs to check that v (z,y) e ** — T < 0 when /(s + 0(x,y)) > 0. If X'(s + 0(z,y)) > 0,
then s + 0(x,y) > s — 1, whence s > s — 1 —0(x,y) > s — 1 (# is nonpositive) and
Y(z,y) e < e M <mt < ¢t (2, y) from (3.5). Therefore,

C(s,x,y) <0 forall (s,z,y) € R x Q. (3.11)

Now, choose p~ > 0 such that
a . |9f - _
V(%Z/;P) € QX [07:0 ]7 %(‘T?yap (-T,y)+p)_< (xuy) < w. (312)
Remember that ¢, < 0 in R x © and notice that, because of (1.18), (2.2) and A > A,

— 0 as s — +o0.

oy [+ s02.0)
(z,y)€Q |¢S(Sa :c,y)l

Owing to the definitions of the functions B and C, there exists then st > 0 such that

p

p (@, y) < o(s,z,y) <p(x,y) + %,

g(s+ so, z,y) = Y(x,y) e AMsts0) < %’

Y (s,z,y) € [sT, +00) x Q, { (3.13)
B(s + so,z,y) = (¢ (z,y) + w) (s + 50, 7,y),
C(s + 50, 2,y) = =A(x,y) e EF0) <0,
\ _¢s(87 z, y) + p+ C(S + S0, 7, y) 2 0.
As above, one can choose p; € (0, pT] such that
_ of
v (xvyap) €0 x [0,[)—1‘_], a(iv,y,ij(:B,y)—p¢+($,y))—é+(£,y) <w. (314)
Since ming 1T > 0, there exists s~ < 0 such that
( p+
pH,y) = 50T (2,y) < s, w,y) <ph(x,y),
V(s,1,y) € (00,5 ] x Q, { g9(s,2,y) = ¢v*(z,y), (3.15)
B(Sa T, y) = (C+($, y) + M+ - w) WL(% y)a
| C(s,2,y) = 0.
Once the real numbers s* have been chosen, let § be given by
J= min - (—¢s(s,z,y)). (3.16)

s~ <s<st, (z,y)€Q
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The real number 4 is positive since the function ¢y is continuous, negative and periodic with
respect to (z,y) in R x €. Define

_l’_
[ P1 0 >
gr=min | —,——— ] >0 (3.17)
( 4740l
and
€0 = mt g1 >0, (318)

where m* = ming ¢t > 0.
Lastly, since the function % is continuous in 2 x R and periodic with respect to (x,y),
the quantity
0
M = max /

(@9)€Q, p~ (z.)<u<pt (z,y) | OU

is finite. Notice also that all functions g, B and C are bounded in R x Q. Let o be the
nonnegative real number defined by

- M ||gllc + [|Bllc M [lg]loc + [ Bl
0 = max , )
- w [|C| oo wod

(z,y,u) (3.19)

(3.20)

3.2 Sub- and super-solutions

The method which is used to prove the convergence of wu(t,z,y) to the pulsating front
U(t,z,y) is first based on the construction of suitable sub- and super-solutions which con-
verge to finite shifts of the front ¢ as ¢ — 4-o00. This idea is inspired from a paper by Fife and
McLeod [15] devoted to onedimensional bistable equations. The method has to be adapted
here to the periodic framework and to monostable equations. Then we will prove that the
shifts can be as small as we want as x - e — ¢t — +00. These comparisons will be used in
the following subsection to prove the uniform convergence of u to the front U as t — +o0,
without shift.

We assume that ™ > 0 and that U(t,z,y) = ¢(x - e — ct,x,y) is a pulsating traveling
front with speed ¢ > ¢*(e) and satisfying (1.18). We use the notations of the previous section
and we assume that the initial condition ug satisfies (1.19) and (1.20). In the sequel, for all
k € R and (t,z,y) € R x Q, we denote

se(t,v) =2 -e—ct+K—re .
Proposition 3.2 Under all assumptions of Theorem 1.3 and under the above notations,
there exist to > 0 and oy > o such that

max [¢(sao(t’ l‘),l‘, y) - 251 g(sao(tax) =+ S0, l','g) e_Wta p_(x,?J)]

_ (3.21)
<u(t,z,y) <min[¢(s_g,(t, ), 2,y) + g(5_0,(t, ), ,y) e, p*(z,y)]

for allt >ty and (x,y) € Q.
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Proof. Step 1: Choice of a time ¢, > 0. Since u and U solve the same equation (1.1) with
p(z,y) <ult,z,y), Ut,z,y) < p*(x,y) for all (t,2,y) € [0,400) x Q, there holds

u(t, 2,y) — Ut 2, 9)] < €M Jug(w,y) — U(0,2,)]| for all (t,2,y) € [0, +00) x 0, (3.22)

where M € [0, 400) is defined in (3.19). In particular, it follows from (1.20) that, for each
t >0,

U(t,l‘,y) —p_(IL’,y) = U(t,(lf,y) —p_(x,y) + O(U(O,.’E,y) _p_(xay)) as x-e— +00.

Since both U and p~ satisfy (1.1) and U > p~ in R x €, it follows from Harnack inequality
that, for each t > 0, there is a constant C; > 0 such that

0<U0,2,y) —p (z,y) <C; (Ult,z,y) —p (x,9)) for all (z,y) € Q.
As a consequence,
Vit>0, u(t,z,y)—p (x,y) ~U(t,z,y) —p (z,y) asx-e — +oc. (3.23)
It also follows from (1.19) and (3.22) that one can choose t; > 0 small enough so that

t _ ot —wto
lim inf inf ulto,2,y) = (2, y) > ¢ = —gre v, (3.24)

=% (29)€D, wess U (z,y) m*

because of (3.18). Since 0 < 2e; < p; /2 < pT, it follows from (3.9) and (3.24) that

— 25 —wto _ +
sup o(s,x,y) 19(s+ so,z,y) e p(2,y)

S,T Q ¢+(x7 y)
(5,2,5) ERXE (3.25)

" ot
< liminf inf ulto, 2,y) —p ($’y).
=00 (2,4)€Q, z-e<s YH(z,y)

Step 2: Choice of o9 > 0. We now claim that

max [¢(Sa(t07£)7xay) - 261 g(SU(tOVI) =+ S0, xvy) e_Wt())p_(xay)] S U(t(),l‘, y) n ﬁ (326)

for all ¢ > 0 large enough. Assume not. Then there exist two sequences (2, ¥n)nen in Q
and (0, )nen such that lim, ., 0, = +00 and

max [(b(san (to, Tn), Tn, Yn) — 261 9(84, (to, Tn) + S0, T, Yn) €470, p~ (2, yn)} > u(to, Tn, Yn)
for all n € N. Since u > p~, one gets that
(S0, (to, Tn), Ty Un) — 2€1 9(S0, (to, Tn) + 805 Tny Yn) € > u(to, Tn, Yn) (3.27)

for all n € N.
Up to extraction of a subsequence, two cases may occur:

either the sequence (s, (to, n))nen is bounded from above, or liIJIrl So, (to, Tp) = +00.
n—-1+00
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If it is bounded from above, then x,, - ¢ — —o0 as n — +o00. There holds

¢(San (t07 J:n)? T, yn) -2 €1 g(san (t07 xn) + 505 Ly yn) e_UJtO - p+ (xm yn)

Y (T, Yn)
u(to, Tns Yn) = P* (T, Yn)
U (T, Yn)
But the limsup of the left-hand side as n — +o00 is less than the liminf of the right-hand
side, because of (3.25) and lim,,_, x, - ¢ = —o00. This case is then ruled out.

Thus, s, (to,z,) — +00 as n — +oo. Since ¢(+o00,-,-) = p~ and u > p~, it follows
from (3.27) that
U(to, Tn, Yn) — P (Tnyyn) — 0 as n — 4o00. (3.28)

Because of (3.24) and 0 < ;e < g1 < p™/2 < p™ = ming[(p™ — p~)/¢*], it follows then,
as in the proof of Lemma 3.1, that the sequence (z,, - €),en is bounded from below. Up to
extraction of another subsequence, two subcases may occur:

either the sequence (z, - €)nen is bounded, or it converges to + oo as n — +00.

Write x, = z!, + 2!/ where x/, € [4Z X -+ X LyZ and (z!,y,) € C for all n € N. Up to
extraction of a subsequence, one can assume that (2, y,) — (oo, Yso) € C as n — +00. Set

un(t,m,y) = Un(t,$ + x;wy)

By periodicity of coefficients of (1.1), the functions w, solve (1.1) for ¢ > 0. Furthermore,
p(2,y) < un(t,z,y) < pt(z,y) for all (t,2,9) € [0,+00) x Q and n € N. From standard
parabolic estimates, the functions wu, converge locally uniformly in (0,+00) x €, up to
extraction of a subsequence, to a solution u, of (1.1) such that

P (2,y) < usolt,z,y) < p(x,y) forall (t,z,y) € (0,+00) x Q.

Moreover, oo (ty, oo, Yoo) = P~ (Too, Yoo) from (3.28). It follows from the strong maximum
principle that u. (¢, z,y) = p~(x,y) for all (t,2,y) € (0,%y] x Q (and then in (0, +-00) x Q). If
the sequence (x,, - €),en is bounded, so is the sequence (2, - €),en, hence the function wu,, still
satisfies (3.24). This leads to a contradiction as above. Therefore, z,,-e — +00 as n — +o0.
Because of (3.27), there holds

¢(80n (th xn)7 Tn, yn) - p_ (xm yn) > U(t()’ Tn, yn) - p_ (xm yn)
U(t07xmyn) _p_(xnayn) U(tOmeyn) _p_<xn>yn)

Because of (3.23), the right-hand side converges to 1 as n — 400. On the other hand, the
left-hand side is equal to

¢(San (t07 mn): L, yn) - p_ (fEn, yn) _ Qb(xn e — CtO + On — O-ne_wmu L, yn> - p_($n, yn)
U(t07 Tn, yn) —p ('Ina yn) (b(xn t€— Ct07 Tn, yn) —p ('Ina yn)

But property (2.2), together with lim, ..z, - € = lim,_ ., 0, = +o00, implies that the
above quantity converges to 0 as n — +oo. This leads to a contradiction. Eventually, the
claim (3.26) is proved.
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Next, we claim that

U’(t07 L, y) < min [¢(S—U(t0> $)7 Z, y) + g(s—a(t07 $)a L, y) e—Wt07p+(x’ y)] n ﬁ (329)

for all ¢ > 0 large enough. Assume not. Since u < p', there exist then two sequences
(T, Yn )nen in 2 and (0,)nen such that lim,, o, 0, = 400 and

¢(S_Un (to, $n): T, yn) + g(s—O'n (t07 xn)7 T, yn) e < U(t(b T, yn)

for all n € N. If s, (to,z,) — —00 as n — +oo up to extraction of a subse-
quence, then ¢(s_q, (to, Tn), Zn,Yn) — p*(Tn,yn) — 0, while u(to, 2n,yn) < p*(2n, yn) and
liminf,, 1 g(S_0, (to, Tn), Tn, Yn) €< > mT e > 0, where m™ = ming¢* > 0. This
gives a contradiction. Thus, the sequence (s_,, (to, Zn))nen is bounded from below, whence
Tn € — 400 as n — +oo. In particular, u(ty,zn,yn) — p (Tn,yn) — 0 as n — 400
from (3.23). Since ¢ > p~ and g > 0, one gets that g(s_o, (to, Tn), Tn, Yn) — 0 as n — +o0,
whence s_,. (to, x,) — +00 owing to the definition of g. Moreover,

¢(57crn (t0> .T}n), T, yn) - p_ (.’L‘n, yn) < u(t0> T, yn) - p_ (SL’n, yn)

3.30
U(t0>xnayn) _pi(xmyn> U(thxnvyn) _p7($n7yn) ( )

and the right-hand side converges to 1 as n — 400 from (3.23). Since

nl—l>1:|I-100 S—on (to, .In) - n1—1>I-iI-100 Int€= nl—l}-&l-loo(xn €T S—on (tOJ I‘n)) = +00
one concludes from (2.2) that the left-hand side of (3.30) converges to 400 as n — +oo.
One is led to a contradiction. Hence, the claim (3.29) is proved.
In the sequel of the proof, we set a real number oq large enough so that (3.26) and (3.29)
are fulfilled for o = 0y, and 09 > ¢ > 0, where g > 0 has been given in (3.20).

Step 3: The lower and upper bounds in (3.21) are sub- and super-solutions of (1.1). De-
fine

Lw=w;— V- (Alx,y)Vw) + q(z,y) - Vw — f(z,y,w)

and
{ u(t, z,y) = ¢(Soy(t, ), ,y) — 21 9(S0y (£, ) + 50,7, y) €7,
)

= (500 (t, 1), 2,9y) + g(5_y(t, ), 2, y) ™

for all (t,x,y) € [to, +00) x Q.
Since vAVU(t,-,) = vAVYT = vAVY — X (vAe)y = vAVO + vAe = 0 on 09, it is
immediate to see from the definitions of g and si,,(¢, ) that

vA(z,y)Vu(t, z,y) = vA(z,y)Vu(t,z,y) =0

for all (t,z,y) € [to, +00) x 0.

Remember now that p~ < u < p* solve (1.1), and that the inequalities (3.21) are fulfilled
at time ty. In order to prove (3.21) for all (¢, z,y) € [to, +00) X Q, it is then enough to prove,
from the maximum principle, that

Lu<0 inQ_ and Lu>0 in Q,,
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where

{ Q- = {(t,2,y) € [to, +00) x Q, u(t,z,y) > p~(,9)},
Q, = {(t,x,y) € [to, +00) x Q, u(t,z,y) < p+(:v,y)}.
Let us first deal with the function u. By using equations (1.1), (1.17), (3.3) and Lyy) =
k(X)) in Q, a lengthy but straightforward calculation leads to, for all (¢,z,y) € Q_:
Lu(t,z,y) = [f(@,y,0(50,(t,2),2,y)) — f(fv y7 u(t, x,y)) + oow Ps(s, (¢, 7), 7, ) €™
—2¢&1 B85, (t,7) + 80,2, y) et — 21 ogw C(54, (£, T) + S0, T, y) €72,

where the functions B and C have been defined in (3.10).
If (t,x,y) € Q_ and s,,(t,z) > st, where s is given by (3.13), then

f(xvyv ¢(Sao(t’ l‘),l‘, y)) - f(l' Y, u (t 'y y)) < 261 (C_(l',y) + w) g(sao(ta x) + S0, , y) G_Wt
from (3.12) and (3.13), whence
[,Q(t,%, y) < 2¢ [(C_(‘T, y) + w) g(SUO(t7 IL’) + So, C(I,y) - B(SffO(t?x) + 807m7y)] et
+oow [Ps(S0y(t, ), 2,y) — 21 C(S4y(t, ) + So, x,y) e« e

< 0

because of (3.13) and 0 < 2&; e < pt.
If (t,z,y) € Q_ and s,,(t,x) < s~, where s~ is given by (3.15), then g(s,, (£, z)+s¢, x,y) =
¥t (z,y) (because s < 0) and

pr(@,y) > (5o, (t, @), ,y) > u(t,z,y) > pt(z,y) — p21 Y, y) =219 (2, y) e
> pt(x,y) — pf ¥ (2,y)

because &1 < p; /4 from (3.17). Thus,

F@,y, ¢(sey(t, ), 2,y) — f(z,y,ut,z,y) < 261 ((T(z,y) + w) VT (2, y) e

from (3.14). Since ¢s < 0 and since the last two properties in (3.15) also hold with s + s
instead of s (because sy < 0), it follows that

Eg(t,x,y) <2g (C*(x,y) +w) ’L/J+(.T,y) e — 2e (C*(x,y) + :U’+ - w) ¢+(l’,y) e !
=2e 2w —p") YT (z,y) e <0

from 3.2) and (3.3).
If (t,2,y) € Q_ and s= < s,,(t,z) < s, it follows from the definitions of §, e1, M and
o in (3.16), (3.17), (3.19) and (3.20), together with the inequality oy > o, that

Lu(t,z,y) < 261 M||gllece ™ +2¢e1||Bllce™ —opwde @ +2e10gw ||Cl|oc e
0 (Mlgllow +1|Bllwc) ™" qowde™

< <
2[1Cloo 2
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_As a conclusion, u is a sub-solution of (1.1) in 2, and it is such that u(to, -, -) < u(to, -, ")
in Q. Thus, u(t,z,y) < u(t,z,y) for all (t,z,y) € [to, +00) x Q from the parabolic maximum
principle.

Let us now check that Lu(t, z,y) > 0 for all (¢,z,y) € QF. As for u, it is straightforward
to check that
ﬁﬂ(t, z, y) = f('ra Y, (b(s—ao(t; ZIZ'), z, y)) - f('rv y>ﬂ(t> xz, y)) —Opw (bS(S—O'o (ta 33'), xz, y) e_Wt
+B(5 0 (t, 1), 2,y) et — 0gw C (84, (t, ), 2, y) €72
2 f(:L.7 y7 ¢(S_0'0 (t7 :L.), x? y)) - f(l.? y7 ﬂ(t7 :L., y)) - UO w ¢5(s—0'0 (t7 :L‘), "/'E7 y) G_Wt
+B(s_gy(t, ), 2,y) "
from (3.11).
If (t,z,y) € Qp and s_,,(t,x) > s*, where sT is given by (3.13), then

p(2,y) < @50t ), 2, y) <T(t,z,y) <p (v,y) +p

(notice indeed that the first four properties in (3.13) hold without sg, since sy < 0). Since
¢s < 0, it follows then from (3.12) and (3.13) that Lu(t,z,y) > 0.
If (t,z,y) € Q4 and s_,,(t,x) < s~, where s~ is given by (3.15), then

Pz y) = pl ¥ (2,y) < G5yt 2),2,y) STt 2, y) <p'(z,y),
whence
Lu(t,z,y) = —(CF(z,y) + w) ¥ (z,y) e + ((F(z,y) + pF —w) ¥ (z,y) e
= (W —2w) YT (z,y)e =0
from (3.2), (3.3), (3.14) and (3.15).

If (t,z,y) € Oy and s~ < s_4(t,2) < s, it follows from (3.16), (3.19), (3.20) and the
inequality oy > o that

Lu(t,z,y) —M ||g]|loc €™ + oowd e — || Bl 7"

>
> (ewd = Mlgllc = [ Blloc) e = 0.

As a conclusion, the parabolic maximum principle yields u(t,z,y) < u(t,z,y) for all
(t,x,y) € [to, +00) x Q, and the proof of Proposition 3.2 is complete. O

The following proposition states that the solution u stays close to the front ¢ when x-e—ct
is very positive.

Proposition 3.3 Under all assumptions of Theorem 1.3 and under the above notations,
there exists @ € R such that, for each n > 0, there is D, > 0 such that, for all (t,z,y) €
[0, +00) x Q,

G(x - e —ct+1,2,y) — Dyib(w,y) e D <ult,z,y)

and

(v e—ct>5] = [u(t,2,y) < ¢(x-e—ct —n,2,y) + Dyip(z,y) e Mo
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Proof. Let ty > 0 and 0p > g > 0 be as in Proposition 3.2. Remember that d(+00,-, ) =p~
uniformly in 2. It follows from (3.21) and the definition of g and x that there exists o € R
such that, for all (¢,z,y) € [to, +00) X Q with z - e — ¢t > o, there holds

ult,z,y) < Gla-e—ct— oo +oge ™ a,y) + i, y) e AT T ol < 7 (g y) 47
where p~ > 0 is given in (3.12). On the other hand, for all (,2,y) € [0, +00) x €,
U(t,{)?, y) < ¢($ e —ct, T, y) + 6Mt |U0(l‘,y) - U<vaay)|

from (3.22), and ug(z,y) — U(0,x,y) — 0 uniformly as x - e — +oo from assumption (1.20).
Therefore, there exists @ > o such that, for all (¢, z,y) € [0, o] x with z-e — ¢t > 7, there
holds u(t,z,y) < p~(z,y) + p~. To sum up, for all (¢,z,y) € [0, +00) x €, there holds

(z-e—ct>7) = (ult,z,y) <p~(x,y) +p7). (3.31)
Let n > 0 be any positive number. We claim that

¢z -e+n,x,y) — DY(z,y) e * ™ <ug(e,y) in Q (3.32)

for D large enough. Assume not. Then there exist two sequences (&, Yn)nen in Q and
(Dp)nen in [0, +00) such that lim, ., D, = +00 and

O(xn-e+n,2n,Yn) — Dp (2, yn) e NEne 5 o (Zn, Yn)

for all n € N. Since ¢ and u, are bounded and ming v > 0, it follows that lim, . . x, - € =
+o00. For all n € N; there holds

O(Tn e+ 1, Tn, Yn) — D (T, Yn) U (T, Yn) — P~ (T, Yn)
p— > —_— °
O(Tn - €Ty Yn) — D (T Yn) A(xn - €, Tn, Yn) — D™ (T, Yn)

The right-hand side converges to 1 as n — 400, from assumption (1.20), while the limsup
of the left-hand side is not larger than e *=¢" < 1, from (2.2). One has then reached a
contradiction. Hence, (3.32) holds for D large enough.

Similarly, it is easy to check that

uo(z,y) < oz -e—n,z,y) + Dip(x,y)e ¢ in Q (3.33)

for D large enough.
In the sequel, we choose D,, > 0 such that (3.32) and (3.33) hold for D = D,, and

ey 1
D, > max [ ¥ x max 2L ,p~ e X max — (3.34)
! 0 a ¢

where sT and & have been given in (3.13) and (3.31).
Set
g’r](tJ m7 y) - ¢(x e — Ct + n; xy y) - D'y] 1/}(1', y) e_A(x'e—Ct)
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for all (t,z,y) € [0,400) x Q. Notice that wu,(0,2,y) < u(0,z,y) in Q, u > p~ and
vA(z,y)Vu, (t,z,y) = 0 for all (t,z,y) € [0,+00) x Q. In order to prove that u, < u in
[0, +00) x €, it is then sufficient to check that Lu, (¢,z,y) < 0 for all (,z,y) € [0, +00) x Q
such that w, (¢, z,y) > p~(x,y). From (1.1), (3.3) and Lx¢) = k(A)¢ in €, there holds
,an(t, Z, y) = f(l‘, Y, ¢(£E e—ct+n,z, y)) - f(xa y7ﬂn(t7 Z, y))
—(2w + ¢ (2,9)) Dy (@, y) e e

for all (t,2,y) € [0, +00) x . When u,(t,x,y) > p~(z,y), then

D77 @Z}(l’,y) e_A(x.e_Ct) < ¢($ re—ct+ 7771:7y) _p_(xvy) < p+($,y) _p_(x7y)a

whence D, e~ ¢~ < maxg[(p* —p~)/1]. Because of (3.34), it follows that z-e —ct > s*,
and then

¢(z-e—ct+na,y) <o(sh,2,y) <p (2,y) + %
from (3.13). In particular, when w, (t,2,y) > p~(,y), then
p () <w,(t,z,y) <dlr-e—ct+n,z,y) <p (z,y)+p,
whence
flay, ¢(x-e—ct+n2,y) — f@,yu,t2y) < (((2,y) +w)Dyd(z,y)e e
from (3.122. It follows that Lu,(t,z,y) < —w Dy ¢(x,y) e Moo= < 0 for all (t,2,y) €
[0, +00) x €2 such that u, (¢, z,y) > p~(z,y). The maximum principle then yields u, (¢, z,y) <
u(t, z,y) for all (t,z,y) € [0, 4+00) x Q.
Now, set
Uy(t,,y) = ¢la - e — ct —n,2,y) + Dy(w,y) e
for all (t,z,y) € [0,+00) x Q. Notice that uw(0,z,y) < %,(0,r,y) in €, that
vA(z,y)Vu,(t,z,y) = 0 for all (t,z,y) € [0, +00) x 09, that
[z e—ct > = [u(t,z,y) <p (z,y) +p]
from (3.31), and that
[z e—ct =7 = [U,(t,z,y) > p~(2,9) + p]

from (3.34) and ¢ > p~. In order to prove that u < %, when x-e—ct > 7, it is then sufficient to
check that £, (t,z,y) > 0 for all (¢, z,y) € [0, +00) x 2 such that @, (¢, z,y) < p~ (z,y)+p".
For all such (t,z,y), there holds

Luy(t,z,y) = flzy,¢(x-e—ct—nxy)— fzymzy)
+(2w + ¢ (2, y)) Dy (w, y) e e
and p~(z,y) < ¢(z-e—ct —n,z,y) <u,(t,z,y) < p (z,y) + p~, whence
Eﬂn(t,x,y) > —(( (z,y)+w) Dnd)(af,y) e Mae—ct) | (2w + ¢ (x,)) an(% y) e Mze—ct) < )
from (3.12). The maximum principle yields u(t, z,y) < ,(t, z,y) for all (¢,z,y) € [0, +00) X
) such that x - e — ¢t > @. That completes the proof of Proposition 3.3. U
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3.3 A Liouville type result

The last step before the proof of Theorem 1.3 is concerned with a Liouville type result for
the time-global (¢ € R) solutions of (1.1) which are trapped between two shifts of the front
¢ and which satisfy similar estimates as in Proposition 3.3, uniformly in time.

Proposition 3.4 Under the notations of the previous subsections, let v(t,z,y) be a solution
of (1.1), for all (t,z,y) € R x Q, such that

v (th?y) GRXQ, ¢(x~e—ct+a,x,y) Sv(t,x,y) §¢(x~€—ct—|—b,x,y),

for some b < 0 < a. Assume also that for each n > 0, there are D, > 0 and o, € R such
that, for all (t,x,y) € R x Q with x - e — ct > o, there holds

p(x-e—ct+mn,z,y) — Dy(x,y) e A@e=ed

3.35
<v(t,z,y) < dlx-e—ct—n,x,y)+ Dy(z,y) e~ Mare—ct) ( )

Then B
v(t,x,y) = d(x - e —ctyx,y) =Ul(t,x,y) for all (t,z,y) € R x Q.
Proof. Define
n* =min{n € [0, +00), v(t,z,y) < Pp(z-e—ct—7n,z,y) n RxQ forally >n}.

The real number 7* is well-defined and it satisfies 0 < n* < —b, since ¢, <0 in R x Q. Let
us now prove that n* = 0, which will imply that v < U in R x Q. Assume that n* > 0.
We first claim that there exists 0* € [0, /4, 4-00) such that

V(t,.I,y)ERXﬁ, (x-e—ctza*)=>(v(t,x,y)§¢(x~e—ct—77*/2,x,y)), (336)

where the real number o,/ is given by our assumption applied to n = 7" /4 > 0. If not,
then there exists a sequence (t,, Tpn, Yn)nen in R x € such that s, = z, - e — ct, — +00 as
n — +oo, and, for all n € N,

¢<Sn - n*/27 T, ?/n) < ¢(Sn + 7]*/47 Ly y’n) + Dn*/4 ¢(93n, ?/n) 6_)\8”7

from property (3.35) applied with n = n*/4 > 0. Thus,

¢(3n - 77*/4> T, yn) —D (xna yn) Dn*/4 ?ﬁ(ﬂfm yn) e o

1<
¢(Sn - 77*/27 T, yn) —p (I’n, yn) ¢(sn - 77*/27 o yn) —p (l’n, yn)

for all n € N. The limsup as n — +oo of the first term of the right-hand side is not larger
than e~*m¢""/4 < 1 from (2.2). The limit of the second term of the right-hand side is equal to
0 because of (1.18) and A > A.. A contradiction is reached as n — +o00. Therefore, property
(3.36) holds for some o* > oy /4.

Choose now o, < ¢* such that

(s, z,y) > pt(z,y) —p for all (s,z,y) € (—o0,0,] x Q, (3.37)
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where p > 0 is given in (1.5).
We then claim that

inf o(x-e—ct—n"z,y) —v(t,z,y) > 0. (3.38)

(t,2,9)ERXQ, ox<xe—ct<o*

Notice first that v(t,z,y) < ¢(z - e — ct — n*,x,y) in R x Q by definition of n*. Assume
that the claim (3.38) is not true. Then there exists a sequence (ty,Zn,Yn)nen such that
Sp = Xy - € — cty € [04,0%] for all n € N, and

O(xn-e—cty — 0" Tn, Yn) — V(tn, Tn,yn) — 0 as n — +oo. (3.39)
For each n € N, write z,, = 2], + 2}, where z}, € [4Z x --- x L4Z and (x],y,) € C, and
Un(t, 2, y) = o(t + b, @+ 27, y).

Up to extraction of a subsequence, one can assume that, as n — +00, S, — S € |04, 0],
(@2 Yn) = (Tooy Yso) € C and v, (t, z,y) — veo(t, z,y) locally uniformly in (¢, z,y), where vy
solves (1.1) in R x €. There holds v,(t,z,y) < ¢(x-e —ct + 2/, - e — ct,, — n*, x,y) since ¢ is
periodic in (z,y), whence

Voo(t, 2, Y) < Pz € — ct+ Soo — Too - € — N, 2, Y)

for all (t,z,y) € R x Q. Furthermore, vo(0, Too, Yoo) = (S0 — 0", Too, Yoo) from (3.39).
Hence,

Voo (£, 2,Y) = G(x - € — et + S0 — Tog - € — 0™, x,y) for all (t,2,y) € R x Q, (3.40)

from the strong maximum principle and periodicity of ¢ in the variables (z,y). On the other
hand, if v - e — ¢t > o* + ct,, — 2!, - e, then

vnlt,z,y) < @@ +ah) e —clt +tn) = n"/2,2,y)
from (3.36), whence
[T e—ct> 0" — Soo + Too - €] = [Uoo(t, 2,y) < P(x-€ =t + S0 — Too - € — N [2,2,9)] .

This contradicts (3.40), since ¢s < 0 and n* > 0.
Therefore, property (3.38) holds. By continuity and (z,y)-periodicity of ¢, there exists
then 7, such that n*/2 < n, < n* and, for all n € [n., n*],

(o, <z-e—ct<o")= (v(t,x,y) < d(x-e—ct—n,x,y)).

Actually, the previous inequality also holds when = - e — ¢t > ¢*, because of (3.36) and
¢s < 0. Pick any n in [n.,n*] (C [0,7*]). In the region where z - e — ¢t < o,, then
¢(x-e—ct—mn,2,y) >p*(r,y) — p, from (3.37) and ¢ < 0. All assumptions of Lemma 2.1

are satisfied with h = o, U(t,z,y) = ¢(z - e —ct —n,x,y), = ¢(- — —n,-,+), U = v and
P(s,z,y) = v((z-e—s)/c,z,y), apart from the fact that ® may not be periodic in (z,y).
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However, since ® < ¢(- 4+ b,-,-) < pT, the arguments used in the proof of Lemma 2.1 (that
is Lemma 2.3 of [20]) can be immediately extended to the present case. They yield the
inequality

v(t,z,y) < ¢(x-e—ct—mn,z,y) forall (t,x,y) such that z - e — ct < o..

Eventually, v(t,z,y) < ¢(z-e —ct —n,z,y) in R x Q for all n € [n,,n*]. Since n, < 7,
that contradicts the minimality of n*. As a conclusion n* cannot be positive, which proves
that v(t,z,y) < ¢(z-e—ct,x,y) in R x Q.

The proof of the opposite inequality is exactly similar. Finally, v(¢, x,y) = ¢(x-e—ct, x,y)
in R x §, which is the desired result. 0J

Remark 3.5 Notice that the two key tools in the proof of Proposition 3.4 are first the
property (2.2), which holds for any pulsating front in the sense of ( 1.7L and second the fact
that e ** = o(¢(s, x,y) — p~(z,y)) as s — +oo, uniformly in (z,y) € Q.

3.4 Proof of Theorem 1.3

With the results of the previous subsections, we are now able to complete the proof of The-
orem 1.3.

Proof of Theorem 1.3. Assume that the limit (121) does not hold. Then there exist
e > 0 and a sequence (t,,Zn,Yn)nen in [0,400) x Q such that lim, . ¢, = +oo and
|u(tn, Tny Yn) — U(tn, Tn,yn)| > € for all n € N, that is

|U<tn,xn, yn) - ¢<STL7 xn7yn>’ Z 87 (341)

where s, = x,, - e — ct,. Under the notations of Proposition 3.2, and using the monotonicity
of ¢ in s, there holds

wtn

(8 + 00, Ty Yn) — 21 ||glloe € < Uty Ty Yn) < A(Sn — 00, Ty Yn) + [|glloc €

If s,, — —o0, up to extraction of a subsequence, then
(b(Sn + 00, Tn, yn) - p+(xn, yn) - 261 ||g||oo e—mn S u(tna Ty yn) - p+(xn7 yn) S 07

whence lim, oo w(tn, Tn, Yn) — P (Tn, yn) = 0 = limy, .y o0 A(Sn, Ty Yn) — D1 (20, yn). This
contradicts (3.41). Therefore, the sequence (s, )nen is bounded from below. Similarly, one
can prove that it is bounded from above.

For each n € N, write x, = a/, + z, where x], € [4Z X -+ X LyZ and (z),y,) € C. Up
to extraction of a subsequence, one can assume that s, — Soo € R, (2, y5) = (Too, Yoo) € C
as n — 400. Set t!, =t, + (S0 — Too - €)/c and observe that x/, - e — ct], — 0 as n — +00.
Denote

un(t,z,y) =u(t+t,, 0+, y).
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Up to extraction of another subsequence, the functions w,, converge locally uniformly in R xQ
to a time-global solution us, of (1.1) in R x §. Furthermore, Proposition 3.2 implies that,
for each n € N and (t,z,y) € [—t),, +00) X €2,
G-~ el + el + g — o0 e ), 2, y) — 2 gl e EHE)
S up(t,z,y) <@z —ct+ay, e —cty, —og +oge )z y) 4 [|g]lo e,
whence
Olx-e—ct+o9,2,y) <ux(t,z,y) < ¢z -e—ct —og,x,y) (3.42)

for all (¢,z,y) € R x Q.
Let 7 € R be as in Proposition 3.3. It follows that for each n > 0, there is D, > 0 such
that, for each n € N and (¢, z,y) € [—t,, +00) X €2, there holds

$(z-e—ct+al-e—ctl,+n,z,y) — Dyib(z,y) e Aoemettonemen) <o (¢ 2, y)
and
(z+a)) e—c(t+1) >0 =
[un(t, @, y) < ¢(x-e—ct+al, - e —ctly —n,2,y) + Dyp(x,y) e Moemcttanei)]

The passage to the limit as n — +oo yields, for all (t,z,y) € R x Q and n > 0,

{ ¢(£B ce—ct+ 77>xay) - D77 ¢($ay) e—A(m-e—ct) S uoo(t7x7y)7

_ (3.43)
[ -e—ct>7]= [uoo(t, z,y) < oz -e—ct —n,x,y) + Dyib(z,y) e*)\(x-efct)}.

It finally follows from (3.42) and (3.43) and Proposition 3.4 that u.(t,z,y) = ¢(z - e —
ct,x,y) in R x Q (we here apply a particular case of Proposition 3.4, that is when the real
numbers o, can all be set to 7, independently of n > 0). But assumption (3.41) implies that
[ (tn, — 0, 20 yn) — O(Sn, i, yn)| > €, whence

|u00((_soo + Too 6)/67 xoo»?Joo) - ¢(Sm,$m, yoo>| > E.

One has reached a contradiction. Hence, formula (1.21) is proved and the proof of Theo-
rem 1.3 is complete. ]

4 Stability of KPP fronts with speeds c*(¢)

This section is devoted to the proof of Theorem 1.5, under the KPP condition (1.6). Actually,
because of (1.22) when ¢ > ¢*(e), part 1) is an immediate consequence of Theorem 1.3. Only
part 2) on the stability of KPP fronts with minimal speeds ¢*(e) remains to be proved. The
proof follows the main scheme as that of Theorem 1.3. However, the ideas and the stability
result are new even in the special cases which were previously considered in the literature.
Two additional serious difficulties arise: firstly the sub- and super-solutions must take into
account the fact that the behavior of the KPP fronts with minimal speeds ¢*(e) as they ap-
proach p~ is not purely exponential e=*"*, secondly, because of the criticality of A*, some of
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the ideas used in Section 3 cannot just be adapted (for instance, there is no A satisfying (3.1)
with A, = A*). The sub- and super-solutions involve products of exponentially decaying
functions and suitable polynomial factors which are given in terms of some derivatives of the
principal eigenfunctions 1, with respect to A at A = \*.

Proof of part 2) of Theorem 1.5. Up to a shift in time, we can then assume that B = B,
in assumption (1.26), that is ug(z,y) —p~ (z,y) ~ U(0,z,y) —p (z,y) as x-e — +oo, where
B, > 0 is given in formula (1.23).

Step 1: Choice of parameters. Since U is a pulsating front in the sense of (1.7) with speed
c*(e), it follows from [20], as already underlined, that there exists a unique A* > 0 such that
k(A" )+c*(e)A* = 0 and A\* is aroot of k(A)+Ac = 0 with multiplicity 2m+2. Furthermore, the
function A — k(A) is analytic (see [12, 28]) and, because of the normalization condition (1.14)
and standard elliptic estimates, the principal eigenfunctions v, of the operators L, given
in (1.12) are also analytic with respect to A in the spaces C2*(Q2). For each j € N and
A€ R, call wf\j ) the j-th order derivative of ¥, with respect to A, under the convention that
ngﬂ) = 1)y. All these functions are periodic and of class C? in €. Denote Lg\j) the operator
whose coefficients are the j-th order derivatives with respect to A of the coefficients of L.

In other words,
L% = Ly, L) =2eAVY + [V - (Ae) — q- e — 2 Xede]yy, L) = —2eAeqp

and Lf\j)w =0 for all § > 3 and for all ¢» € C%(Q2) and A € R. Differentiating the relation
L)\Q/})\ — k(M) = 0 with respect to \ yields

(L) = RS +2eAVE + [V - (Ae) = - e = 2hedefyn — K (A)e
= (L = kO + (L) = K (\)er = 0,

L — k(WY + j(2eAV¢<j_1)+[V (Ae) —q - 6—2/\eAe] G- ”)

1V —J KO 2GR ede gy — 3 CLEO() ol (4.1)
2<I<;
= (Ly = ROOY + (LY = KO + G L™ = 3RO () o

2<i<y

=0 forallj>2

\

where C7" = n!/(m!(n—m)!) for all integers m, n such that m < n. Similarly, since vAV, =
A (vAe) iy on 0N for all A € R, one gets that, for all A € R,

VAVlbgj) — A (vAe) g\j) — j(vAe) f\j_l) =0 on 09, for all j > 1. (4.2)

Let ¢ and I be the functions defined by
2m—+1

i(s,,y) = Bye x| Y (1) Ch 2 ) (2, y)

=0
I(t,z,y) = i(x-e—c*(e)t,z,y).
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Notice that
i(s,x,y) ~ By e N g2ty (x,y) ~ P(s,z,y) — p (z,y) as s — +o0, (4.3)

uniformly in (z,7) € Q, from (1.23) and the fact that ming ¢y« > 0. It also follows from (4.1)
and (4.2) applied to A = A\* that vA(x,y)VI(t,x,y) = 0 for all (¢,z,y) € R x 02, and

I =V - (A(z,y)VI) + q(z,y) - VI — ¢ (z,9) [ =0 in R x Q. (4.4)

Now, for 4 € R and a > 0, denote

2m—+2
h(s,w,y) = e x | Y (=1) Chps (s + @) 9D (2, y) |
j=0

H(t,x,y) = h(x-e—c*(e)t,z,y).
Because of (4.2), there holds vA(z,y)VH(t,x,y) = 0 for (t,z,y) € R x 0. Notice that
h(s,x,y) ~ e " s*™ 24, (z,y) as s — +oo, uniformly in (z,y) € (. (4.5)

It also follows from the definition of m and from the proof of Proposition 4.5 of [20] that one
can choose 1t — A\* > 0 small enough and a > 0 large enough so that

hs(s,x,y) <0 for all (s,z,y) € [0,+00) x Q, (4.6)
Ht -V (A(I,y)VH) + Q(‘ray> -VH — C_(xay) H< —ve ™ (S + a)2m+2 <0 .
for all (t,2,7) € R x Q such that s = z - e — c*(e)t > 0, where
ECmA2) (\*| o (1 — \*)2m+2
v = | <4 ()2‘7/; i’l;)l ) >0 and k" = mﬁin Py > 0. (4.7)

Even if it means decreasing u — A*, one can also assume without loss of generality that
A< <A (1+P), (4.8)

where one recalls that 5 > 0 is such that the function (z,y,u) — %(z, y,p~ (z,y) +u) is of
class C%?(Q x [0,7]), for some v > 0.

Let 6 be a C%(£2) nonpositive periodic function satisfying (3.4). Let 1% be given by (1.17),
and denote m* = ming ¢t > 0. Because of (1.23) and p > A*, one can choose a real number
s such that s > 1 and

qb(s,x,y) —p_(x,y)

0 <h(s,z,y) < 5

<m™ forall (s,z,y) € [s — 1,4+00) x Q.

Let x € C?(R;[0,1]) be as in (3.6) and let g be the function defined in R x Q by
g(s,x,y) = —h(s,z,y) x(s + 0(z,y)) + ¥ (z,y) (1 — x(s + 0(z,y))).
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Notice that x(s + 0(z,y)) = 0 for all (s,z,y) € (—oo,s — 1] x €, and that g is bounded, C*
in R x 2 and periodic with respect to the variables (z,y). Furthermore, g > —mT in R xQ,
and, for all (s,z,y) € R x Q,

3§§_1 = g(s,x,y) :¢+(377y) 207

251 = glsrg)> —h(say) > - CODY P 9

We then claim that

— _pnt
limsup sup d)(S,fL',y) pg(S +§,$,y) p ($,y)

S _17
§=—=00  (s,2,y)ERXQ, pe(0,p1/2] p¢+($, y)

where p™ = ming[(pt — p~)/¥"] > 0. Assume not. There exist then 0 < ¢ < 1 and three
sequences (S,, T, Yn)nen i R X Q, (o) )nen in (0, p7 /2] and (s, )nen such that lim, o, =
—o0 and
(S, Ty Yn) = P 9(Sn + Sns Ty Yn) = PF (T, Yn)
P VT (T, Yn)

for all n € N. As in the proof of Lemma 3.1, it follows that the sequence (s, + ¢, )nen 18
bounded from below, whence lim,, ., s, = +00. The last part of the argument is different
from that of Lemma 3.1, since g is not nonnegative anymore. For each n € N, there holds

> —1+¢

PrL Oty Yn) =P (Fns ) AT B(Sn TnYn) = P (0, )
2 VT (Tny Yn) (@, Yn) V(s Yn)
Pt Pt
> (=g z-(1-e) 7>

since 0 < p!, < p*/2,and g > —m* in R x Q. This leads to a contradiction as in Lemma 3.1.
Therefore, one can choose sy < 0 such that

¢(Sa$ay)_PQ(S+50»$>y)—p+($>y) <_B
(e, y) T2
for all p € (0,p*/2] and (s, z,y) € R x Q.

Set
G(t,x,y) =g(z-e—c*(e)t,z,y) e
for all (t,2,y) € R x Q, where
e
W = 7 >0

and gt > 0 is given in (1.17). The function G is of class C2(R x Q) and, because of (4.6),
there exists a continuous, bounded and (x, y)-periodic function B in R x 2 such that

Gy — V- (A(z,y)VG) + q(z,y) - VG = B(x - e — c*(e)t, x,y) e, (4.10)

where
B(s,z,y) > (=¢(2,y) +w) h(s,z,y) if s > s+ [|0]l (=0),

B(s,z,y) = (T2, y) + pF —w)¢T(z,y) ifs<s—1L
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For all (s,z,y) € R x Q, define
C(s,w,y) = he(s, 2,y) x(s + 0(x,9)) — (h(s,z,y) + " (x,9)) X' (s + 0z, y)).

The function C is continuous and bounded in R x €, and periodic in the variables (z,v).
Observe that C(s, x,y) ~ —pe s> 24 (z,y) as s — +o0, uniformly in (z,y) € Q, whence
C(s,x,y) = o(—ds(s,2,y)) as s — +oo from (1.23), (2.2) and p > A*. Choose p~ > 0 as
in (3.12) and s™ > 0 such that

r o~
p_<.T,y) < ¢(S,$,y) < p_(.T7y) + 77

) 5 = glstsey) = —hls + so,a.y) S0,

V (s,z,y) € [sT,+00) x Q, (4.11)
B(s+ s, z,y) > (—( (x,y) + w) h(s + so, x,y),

C(s+ so,2,y) = hs(s + so,x,y) <0,

\ |C(8>x?y)‘ < _(Z)s(s,x,y)-

Lastly, define
of

%(ac,y,u) >0, (4.12)

M = B max
(z,9)€Q, p~(2,y)—[lgllcc <upt(z,y)+9lloo

let p >0, s~ <0 and d > 0 be given as in (3.14), (3.15) and (3.16), and set

+
. P1 ) 1 + M HgHOO + ”BHOO
&1 mll’l( 4 ,4”0”00, 2) s o m &1 an ag o ||O||OO

Step 2: Comparison with sub- and super-solutions. Assume now that the initial condi-
tion ug satisfies (1.19) and (1.20). For all (t,z,y) € [0, +00) x Q, define

{ ult,z,y) = G(see(t, ), 2,y) — 261 g(Soy (£, ) + S0, T, y) e,

> 0. (4.13)

u(t,z,y) = (s _oo(t,x),2,y) + 261 9(5 oy (t, ), 2, y) e,

where s.(t,z) =z -e — c*(e)t + k — ke™*" and oy shall be chosen below.
As in Step 1 of the proof of Proposition 3.2, one can choose ¢ty > 0 such that (3.25) holds.
Then we claim that

max [u(to, ,y), p~ (z,y)] < ulte,z,y) in €, (4.14)

for oy large enough. If not, there exist two sequences (Z,,, Yn)nen in Q and (o,) ey such that
lim,, ., 0, = +00 and

(8o, (t0, Tn)s Ty Yn) — 261 9(So, (tos Tn) + 805 Ty Yn) €91 > ulto, T, Yn)

for all n € N. As in Step 2 of the proof of Proposition 3.2, it follows that
lim,, 4 oo So, (to, T,) = +00 and lim,, o @, - € = +00. There holds

¢(50n <t07 an), Tn, yn) - p_ ($n7 yn) _ 2 €1 g(san (th xn) + 50, Tn, yn) e_WtO

Uto, Tny Yn) — 0~ (@, Yn) Ulto, Tns Yn) — D (@, Yn)
u(t07 Ty yn) - p_ (xm yn)
U(t07 o yn) —p (xna yn)
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The right-hand side converges to 1 as n — o0, from (3.23), while the first term of the
left-hand side converges to 0, from (2.2). Lastly, the second term in the left-hand converges
to 0 too, from (1.23) and u > A*. This leads to a contradiction, which yields (4.14) for oy
large enough.

Similarly, there holds

U(to,{l;, y) < min [ﬂ(t0,$, y),p+($,y)] n Qa (415)

for o large enough. Assume not. Then there exist two sequences (T, ¥n)neny in € and
(0n)nen such that lim,,_ . 0, = 400 and

A(S_g, (to, Tn), Ty Yn) + 261 (S0, (tos Tn)s Ty Yn) €0 < ulto, Ty Yn)

for all n € N. As in Step 2 of the proof of Proposition 3.2, it follows that the se-
quence (S_g, (to, Tn))nen is bounded from below, whence lim, . .z, - ¢ = +oo and
limy, oo u(to, Tn, Yn) — P~ (Xn, yn) = 0. Since ¢ > p~ and ; € (0,1/2], it follows from (4.9)
that 21 g(s_o, (to, Tn), Tny Yn) €70 > —(A(s_0s, (to, Tn), Tny Yn) — P~ (Tn, Yn)) /2, whence

(b(Sfan (t0> $n), T, yn) - p_ (l’n, yn) u<t07 T, yn) - p_ (:Cn, yn)
2 (U(t(h Tn, yn) - P (337” yn)) U(th T, yn) - P (337” yn)

One gets a contradiction as in Step 2 of the proof of Proposition 3.2.

As a consequence, (4.15) holds for o large enough and one can choose oy > ¢ large enough
so that (4.14) and (4.15) are fulfilled for o = oy.

Let us now check that u and @ are respectively sub- and super-solutions of (1.1) for ¢ > ¢,
when u > p~ and @ < p*. Notice first that vA(z,y)Vu(t, z,y) = vA(z,y)Vu(t,z,y) = 0 as
soon as (z,y) € 09, from (3.4), (4.2) and the definition of g. It follows from (4.10) and the
definition of s, (¢, z) that

[,Q(t,.’li,y) - f(xaya d)(Sgo(t,l'),ilZ, y)) - f(:E,y,g(t,x,y)) + 00w¢s(300(t7 x),x,y) G_Wt

—2¢e1 B(80,(t,7) + 50, 7,y) e — 21 0gw C(84, (L, 1) + S0, 7, y) €.
If u(t,z,y) > p~(x,y) and sy, (t,x) > sT, where s* is given by (4.11), then it follows from
the first four properties of (4.11) and from the inequalities 0 < 1 < 1/2 and ¢ < 0, that
Lu(t,z,y) < 0. If u(t,z,y) > p~(x,y) and s,,(t,x) < s, where s~ is given by (3.15),
then it follows from (3.15), ¢s < 0, so < 0 and w = p*/2 that Lu(t,z,y) < 0. Lastly, if
p(z,y) < u(t,z,y) and s= < s,,(t,z) < sT, then it follows from (3.16), (4.12), (4.13) and
oo > o that Lu(t,z,y) < 0 too. Since u(ty, z,y) < u(ty, z,y) and p~(z,y) < u(t,z,y) for all
(t,x,y) € [0,4+00) x Q, one concludes from the parabolic maximum principle that

max [u(t, z,y),p” (z,y)] <u(t,z,y) forall (t,z,y) € [to, +00) x .
Similarly, there holds

+2¢e1 B(8_oy(t, ), z,y) e — 261 00w C(5_o, (£, ), 7, y) 2%
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As above, it follows then from (3.15), (3.16), (4.11), (4.12), (4.13), and from ¢, < 0, 59 < 0,
w=put/2and oy > o that Lu(t,z,y) > 0 for all (¢, z,y) € [to, +00) x Q such that u(t, z,y) <
pt(x,y). Since u(ty, x,y) > u(te, z,y) and u(t, z,y) < p*(x,y) for all (t,z,y) € [0, +00) x Q,
one concludes from the parabolic maximum principle that

u(t, z,y) < min [ﬂ(t,x,y),pﬂx,y)} for all (t,2,y) € [to, +00) x Q.

Step 3: Time-global sharp estimates as z - e — ¢*(e)t is very large. We now claim that,
for any n > 0, there are D, > 0 and o,, € R such that

V(t,r,y) €0,40) x Q, [z-e—c*(e)t >0, =
[$(x - e — c*(e)t +n,2,y) — Dythy(w,y) e A e (4.16)
<ult,z,y) < ¢z e —c*(e)t — 1,2, y) + Dyhx-(z,y) e A e O]

Let n > 0 be any positive real number. We are going to trap u, for very large z - e — ¢*(e)t,
between a sub- and a super-solution which are larger and smaller than the left- and right-
hand sides of (4.16), respectively.

Define, for all (t,z,y) € [0, +00) x Q,

u,(t,z,y) =i(s +n/2,2,y) + h(s,z,y) — Dy (z,y) e +p~ (,y),

where s = x - e — ¢*(e)t, ¢ and h have been defined in Step 1, and the real number D, > 0
shall be chosen later. Remember now that the function (z,y,§) — %(m, y,p~ (z,y) + &) is
assumed to be of class C%#(Q x [0,7]) for some 3 > 0 and v > 0. Therefore, there exists a
real number r > 0 such that

|y, (z,y) + &) — flz,y,p (2,y) — ¢ ()€ <rg'™P (4.17)

for all (x,y,&) € Q x [0,7]. From (1.24) with B = By, (4.3), (4.5) and (4.8), there exists
o, > 0 such that

0 <@(s+mn,2,y) —p (2,y) <i(s +n/2,2,y) + h(s, z,y) <7,
0<h(s,z,y) <i(s+n/2,x,y), (4.18)
2B i(s +n/2,2,y)7P < v e H (s + a)Pmt?

for all (s,z,y) € [0, +o0) x Q, where v > 0 is given in (4.7), and

i(x-e+n/2,z,y)+h(x-e z,y) <up(z,y) —p (z,y) (4.19)
for all (z,y) € Q such that z - e > o,. Then choose D,, > 0 large enough so that

iy +n/2,2,y) + Moy, 2. y) = Dyre(,y) 17 <0 (4.20)

for all (z,y) € Q. In order to prove the first inequality of (4.16), it is then enough to prove,
from (4.18), that

u, (t,,y) <u(t,z,y) forall (t,z,y) € [0,4+00) x Q such that z-e — c*(e)t > 0. (4.21)
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Observe that
u,(0,2,y) < up(r,y) forall (z,y) € Q such that z - e > o,
from (4.19), and that
u, (t,z,y) < p~(z,y) < ult,z,y) for all (¢, z,y) € [0,400) x Q2 such that z - e — c*(e)t = oy,

from (4.20). Moreover, vA(z,y)Vu,(t,z,y) = 0 for all (t,x,y) € [0,+00) x I, since
vA(z,y)VI = vA(z,y)VH = vA(z,y)Vp~ = vA(z,y)Viix — X (VA(z,y)e) ¥y« = 0 for
all (z,y) € 09. Lastly, remember that u > p~. Therefore, from the parabolic maximum
principle, in order to prove (4.21), it is enough to check that Lu, (t,2,y) < 0 for all (t,7,y) €
Q,, where

Q, ={(t,z,y) € [0,+00) x Q such that z - e — ¢*(e)t > o, and u, (t,z,y) > p~(z,y)}.
From (4.4), (4.6) and Ly-hy- = k(\*) 9x- in Q, it is straightforward to see that
‘Cﬂn(t7 €, y) < C_(ZL', y) (Z(S + 77/27 €, y) + h(S, Z, y) - D77 1/1/\* (l', y) 6_)\*8)
—ve " (s +a)* P + fz,y,p(2,y)) — flz,y,u,(t,z,y))

for all (t,7,y) € Q, where s = x-e — c*(e)t. From (4.18), there holds 0 < w,(t,7,y) —
p~(z,y) < forall (t,z,y) € ., whence

f<x7y7gn(t7 xvy)) > f(way;p_(w,y)) + C_(a:,y) (’I_Ln(t, x’y) — p_(gj’y))
—r (u,(t, z,y) — p~(z,y))"*F.

z,y) —p (v,y) < 2i(x - e —c*(e)t +n/2,r,y) in Q, . Therefore, it
)

Furthermore, 0 < w, (¢,
t,x,y) € Q;,

n
follows that, for all (¢,x
Lu,(t,x,y) < —ve ™ (s+a)**? + 720 i(s +n/2,2,9)'"7 <0

from (4.18). As a consequence, (4.21) holds, and then the first inequality in (4.16) as well.
Define now, for all (¢, z,y) € [0, +00) X 2,

Ty (t, x,y) = i(s —n/2,2,9y) + Dyr-(z,y) e+ p~(z,9),

where s = x - e — ¢*(e)t. Even if it means increasing o, and D,,, it follows from (1.24) with
B = By, (4.3) and (4.8) that one can assume that (4.18), (4.19) and (4.20) hold, as well as

¥ (s,2,y) € oy, +00) x Q, 0 <i(s —0/2,2,y) < d(s —n,2,9) = p (2, y),
V(z,y) €Q, [z-e>0y] = [ug(z,y) —p (2,y) <i(z-e—n/2,2,9)], (4.22)
V(z,y) € Q. iloy —n/2,2,y) + Dy (2,y) eV + p(2,y) = p*(,y).

In order to prove the second inequality of (4.16), it is then enough to prove that

u(t,z,y) <, (t,x,y) for all (¢,z,y) € [0,+00) x Q such that z-e — c*(e)t > 0,. (4.23)
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It also follows from (4.22) that
uo(z,y) < ,(0,z,y) for all (z,y) € Q such that z - e > o,
and that
u(t,z,y) < pt(z,y) <u,(t,z,y) for all (t,z,y) € [0, +00) x Q such that x - e — c*(e)t = o,

Moreover, vA(z,y)Vu,(t, z,y) = 0 for all (¢, z,y) € [0, +00) x 0. Remember that u < p*.
Therefore, from the parabolic maximum principle, in order to prove (4.23), it is enough to
check that L, (t, z,y) > 0 for all (¢,z,y) € O, where

QF ={(t,z,y) € 0, +00) x Q such that z - e — c¢*(e)t > o, and G, (¢, z,y) < p*(z,y)}.

From (4.4), from Ly«ty« = k(A*) ¥+ and from the KPP condition (1.6), there holds

La,(t,z,y) = ¢ (2,9) (i(s = n/2,2,y) + Dyor-(,y) e )
—I—f(x,y,p_(ﬂc,y)) - f(:r,y,gn(t,m,y))
> 0

for all (¢, 2,y) € 4, where s = z - e — c*(e)t. As a consequence, (4.23) holds, and then the
second inequality in (4.16) as well.

Step 4: Conclusion. By using the fact that e = o(¢(s,z,y) — p~(2,%)) as s — +o0

uniformly in (z,y) € Q, it follows from the same arguments as in Proposition 3.4 that, if
v(t,z,y) is a solution of (1.1) in R x € such that

Ja>beR, ¢(x-e—ce)t+a,mzy) <vt,z,y) <dlxr-e—c(e)t+bx,y)in R xQ,

Vn>0,3D,>0, 30,eR, [s=zx-e—c"(e)t >0, =

[6(s +n,2,y) = Dyoa(w,y) e < o(t,z,y) < @(s —n,2,y) + Dyhox-(z,y) e,

then v(t,z,y) = ¢(s,2,y) = U(t,z,y) in R x Q.

Finally, from this Liouville type result and Steps 2 and 3, the proof of property (1.25) of
part 2) of Theorem 1.5 (with 7 = 0 due to our assumption B = By) can be done with the

same arguments as those used in the proof of property (1.21) of Theorem 1.3. The proof of
Theorem 1.5 is then complete. O
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