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Many local public goods are allocated by federal governments using …xed regional shares: every region is entitled a …xed share of the total budget for a particular type of public good. This paper explores two characteristics of this type of allocation. First, it shows that this type of allocation is relatively e¢ cient as it puts a strict budget constraint on the decisive region. Second, we show that these …xed shares can be an equilibrium of di¤erent legislative bargaining processes. The working of the …xed sharing rules is illustrated for the allocation of railway investments in Belgium.

Introduction

In this paper we analyze the allocation of public expenditures over regions in a federal state.

In particular, we are interested in the role of the …xed sharing rule. By …xed sharing rule we mean that each region in a federation gets a …xed share of the total budget for a particular regional public good. A regional public good is a good that mainly bene…ts the region where it is supplied and the quantity supplied can di¤er among regions. The …xed sharing rule seems to be present in many federations. It is often based on a combination of population, GDP etc. Sometimes it is explicitly stated in a ruling or law, sometimes it is more like a tacit agreement. In the EU, the rule is often used to allocate investment money over member countries. It has been used explicitly in the UK to allocate public funds to the di¤erent regions -this was the so called Barnett formula introduced in 1978 [START_REF] Bristow | Bypassing Barnett: The Comprehensive Spending Review and Public Expenditure in Wales[END_REF].

It also appears in the international river agreements where the most common sharing rule is a "percentage" rule which assigns …xed shares of water ‡ow to the participating countries [START_REF] Beach | Transboundary Freshwater Dispute Resolution: Theory, Practice, and Annotated References[END_REF]). It is used in Belgium to allocate federal investment funds to railway projects. It was the latter example that draw our attention and this example will be used to illustrate our theory. But there are many more examples where the allocation of public expenditures is approved after having made reference to one or another rule that is not based on an explicit bene…t-cost analysis of the public expenditure.

Economists often consider such an allocation a very ine¢ cient and senseless allocation as there is no explicit optimization of resources over regions. These considerations lead us to the three questions we address in this paper. First, we analyze under what conditions the …xed sharing rule allocation does not depart too far from the …rst-best, and how it di¤ers from the uncoordinated common-pool allocation. Second, we discuss what mechanism determines the precise …xed sharing rules that are used in a federation. Third, we assess the working of …xed regional shares numerically for one case study: regional rail investments in Belgium.

To provide an answer to the …rst question, in sections 3 and 4 we present a political economy model with the regions as the main players, and consider the investments or expenditures as local public goods. We de…ne three di¤erent allocation mechanisms for regional investments. The …rst-best will serve as a benchmark. The second allocation mechanism is the common-pool allocation, where every region can decide on its own investment level and where all investments have to be …nanced by federal tax revenues. The third alternative is the allocation of the total investment budget over the regions according to a …xed sharing rule. We show that, in general, the …xed sharing rule performs better than the common pool allocation, and we provide conditions under which the …xed sharing rule approximates the …rst best allocation. The main bene…t of the …xed sharing rule equilibrium is that it imposes a strong budget constraint on the region that is decisive at the federal level: it can spend more in its own region but the …xed sharing rule implies it will have to spend (and pay) more in the other regions.

In section 5, we use two variants of a legislative bargaining model to study the determination of the …xed regional shares. In the …rst variant the share of each region is determined in a constitutional type of agreement approved unanimously or by a quali…ed majority. One of the main implications of this bargaining model is that, the stronger the region in terms of proposal power, the bigger is its share in the federal budget. In the second variant we show that the …xed shares can be an equilibrium in trigger strategies. This can be more considered as an implicit rule. We introduce the possibility to deter cheating on agreed shares, and show that under rather general conditions, reasonable …xed shares can be supported as an equilibrium. Both variants of the bargaining model give rise to the regional shares proportional to the bargaining power of the regions. Bargaining power of the regions is re ‡ected by the probabilities of being selected as an agenda setter, and those are often proportional to the population size.

In section 6, we illustrate the results and the welfare e¤ects of the alternative regional allocations for rail investments in Belgium. Currently rail investment expenditures in Belgium are decided and paid by the federal government in agreement with the regions. It seems that no political agreement is possible if the rail investment expenditures do not follow a historical sharing rule of 60% for Flanders and 40% for the Walloon region. One of our main …ndings for this example is that, as such, the …xed 60/40 sharing rule for federal funds in Belgium does not necessarily generate large e¢ ciency losses.

One of the main concerns of public and political economists is the ine¢ ciency of local public goods provision by a central legislature. Starting with [START_REF] Tullock | Some problems of majority voting[END_REF] and [START_REF] Weingast | The Political Economy of Bene-…ts and Costs: A Neoclassical Approach to Distributive Politics[END_REF], economists have modelled …scal policy in democratic regimes as a common pool problem and addressed the question of …scal ine¢ ciency in the form of excessive spending.

The reason for this ine¢ ciency is that the bene…ts are concentrated in speci…c jurisdictions while the costs are spread across all the jurisdictions. More recent theoretical studies readdress this problem. For instance, [START_REF] Besley | Centralized versus Decentralized Provision of Local Public Goods: A Political Economy Approach[END_REF] incorporate cross-regional spillovers in the model to study which level of government, central or local, should decide on the provision of the local public good.

The empirical issue of the common pool problem also has been tackled in a variety of studies. Among others, [START_REF] Knight | Parochial Interests and the Centralized Provision of Local Public Goods: Evidence from Congressional Voting on Transportation Projects[END_REF] proves existence of the common pool incentives by analyzing 1988 Congressional votes over transportation project funding. It is shown that the probability to gain support for a project by a legislator is increasing in the local spending and decreasing in contributions to the federal tax revenues. This result implies aggregate overspending, especially in politically powerful localities, as well as large deadweight losses.

As an alternative to a common pool allocation, federal governments can entitle each region to a …xed share of the total budget. Sometimes these …xed shares come from a proportional scheme: the public good is allocated in proportion to a single numerical criterion, such as population.

In order to explain the determinants of regional shares as an outcome of a political process, we employ the theoretical legislative bargaining model of [START_REF] Baron | Bargaining in Legislatures[END_REF] with a modi…cation: the probabilities of becoming an agenda-setter (or recognition probabilities) vary across the legislators. The most closely related paper in this sense is that of [START_REF] Knight | Estimating the Value of Proposal Power[END_REF]. However, in his work there are only two types of legislators with respect to the recognition probability: members vs. non-members of a transportation committee. Another di¤erence with his paper is that we consider not only a standard in…nite version of Baron-Ferejohn model but also an alternative variant, in which we introduce the possibility of punishment to deter deviations from the speci…ed sharing rule.

It is worth to mention studies that, using an axiomatic perspective, provide conclusions similar to ours. Thus, [START_REF] Young | Cost Allocation in Water Resources Development[END_REF] compare behavior of di¤erent allocation methods 1in practice on the basis of principles, which include simplicity and reasonable information requirements, in addition to certain "fairness" principles. One of the conclusions is that the simple scheme based on allocating costs in proportion to population may be preferable to more equitable approaches that are rather complicated and require detailed information, which is not always available.

To the best of our knowledge none of the studies addresses either the question of e¢ ciency of …xed sharing rule or has considered such a rule as an alternative to the ine¢ cient common pool allocation.

The Model and Assumptions

In this section we describe the setup and the main ingredients of the model. Following [START_REF] Persson | Economic Policy and Special Interest Politics[END_REF] we consider a federal state with n 2 regions. Each region has a homogeneous population. The federal government uses federal tax revenue to provide a local public good in those regions.

The federal government uses a labor tax t to …nance the provision of the public good g i in region i = 1::n. We denote by L i the total labor supply in region i and assume that it is …xed. The total pool of tax revenues is then equal to t P n i=1 L i . Since labor supply is …xed, the labor tax does not cause any distortions in the labor market. We assume that the cost c i of providing one unit of the public good di¤ers among the regions because of geographical characteristics, for instance.

The federal government budget constraint is:

t n X i=1 L i = n X i=1 c i g i ; (1) 
from which we can easily express t as:

t = P n i=1 c i g i P n i=1 L i . ( 2 
)
The preferences for each region i with respect to the local public good g i and private consumption q i are represented by a quasi linear utility function:

u i = q i + H i (g i ); i = 1::n:
In line with the standard assumptions the function H i (g i ) is an increasing and concave bene…t function that corresponds to the utility derived by region i from expenditure g i on the public good:

H i (0) = 0; H 0 i (g i ) > 0 and H 00 i (g i ) < 0, i = 1::n.
We use Persson's approach as a starting point but assume speci…c bene…t functions H i for each region, because it is possible that the local public good is used more intensively in some regions.

Comparing Di¤erent Allocation Rules

In this section we consider the properties of three alternative allocations. First, we consider the …rst-best situation where the federal government allocates the public good expenditures to the regions in order to maximize overall federal welfare. Next, we discuss the common-pool allocation. Finally, we analyze the results of the …xed regional sharing rule.

The First-Best Benchmark

In the …rst-best equilibrium and in a normative interpretation, a federal policy-maker maximizes a general social welfare function, subject to its budget constraint and having nondistortionary and individualized taxes at its disposal. If we assume that income distribution between the regions does not matter 2 , so that the social welfare function is the simple sum of utilities, we can reach the …rst best with the non-distortive tax on the resources of the federation:

max g i " (1 t) n X i=1 L i + n X i=1 H i (g i ) # (3) 
s. t. constraint (1).

After substituting for t from (2) we derive the following …rst order conditions:

dH i (g F B i ) dg i = c i , for i = 1::n; (4) 
where FB stands for the …rst-best allocation.

This standard result states that the marginal bene…t from a unit of local public good investments is equal to its marginal cost.

Notice that the same result can be reached if we assume decentralized decisions: the regional governments have to decide on their own public good provision and pay for it with a local non-distortionary tax.

The Non-cooperative Common Pool Solution

In this subsection, we assume that each region proposes its preferred expenditures level, knowing that it has to be paid out of federal taxes. All regions act non-cooperatively. Now each region i solves the following maximization problem (taking g i , j 6 = i as given):

max g i [(1 t)L i + H i (g i )] (5) 

s. t. constraint (1).

Again, after substitution for t from (2), we obtain the preferred investment level for each region:

dH i (g CP i ) dg i = c i L i P n i=1 L i , for i = 1::n; (6) 
bargaining process. This would result in another allocation of the numeraire good c as the lump sum taxes and transfers would equalize the marginal social utility of income (derivative of welfare function with respect to the numeraire good). The use of the lump sum redistribution instruments would not a¤ect the allocation of local public goods because with the quasi-linear utility function, the demand for public goods is independent of the income level.

where CP stands for the common pool allocation. The level preferred in the common pool allocation is independent of the quantity selected by the other regions because there are no spillovers, all taxes are lump sum and there are no income e¤ects for the demand for the local public good. One can notice that

dH i (g CP i ) dg i < c i = dH i (g F B i ) dg i ;
i.e., now the marginal bene…t of a unit of the public good is lower than the marginal cost, and therefore, the regions prefer an amount of public good that is larger than the …rst-best allocation. This implies a higher total expenditure for the public good and a higher tax level.

The over-consumption leads to a welfare loss compared to the …rst-best allocation.

The Fixed Sharing Rule Allocation

In this subsection we assume a …xed sharing rule: all public good expenditures are paid out of the federal budget according to the …xed shares i for each region i. We suppose that each i 2 (0; 1) and P n i=1 i = 1. The regional shares are …xed but the total volume of investments is still to be determined.

In order to understand the e¢ ciency e¤ects of this type of allocation, we analyze two extreme assumptions: either the unweighted sum of regional welfares is maximized or there is one region that decides on the total budget, maximizing its own welfare.

We …rst assume that the federal government maximizes the unweighted sum of regional welfares under a regional …xed sharing constraint. It therefore decides on the total budget for local public good provision G, which is the sum of all the local public good expenditures, given its budget constraint and the …xed sharing rules for the regions:

max G " (1 t) n X i=1 L i + n X i=1 H i (g i ) # (7) s.t. constraint (1); G = n X j=1 c j g j ( 8 
)
c i g i = i G for i = 1::n:
Notice that the problem is very similar to the …rst-best allocation problem (3). The di¤erence is that the federal government decides on the total amount of the public good (vs.

the individual public good levels) with the additional constraints on the distribution of this amount across the regions according to the …xed sharing rule.

Following our usual substitution of t as well as g i into the utility function, we derive the following …rst-order conditions:

n X i=1 i c i dH i (g SR i ) dg i = 1 (9) 
with g i = i G c i for i = 1::n. SR refers to the …xed sharing rule allocation. There are several conclusions we can draw from expression [START_REF] Eraslan | Uniqueness of Stationary Equilibrium Payo¤s in Coalitional Bargaining[END_REF]. First, notice that this condition can be rewritten as:

n X i=1 i c i dH i (g SR i ) dg i c i = 0:
Since i 2 (0; 1), some terms in the square brackets should be non-positive while the other ones should be non-negative. Thus, for some regions @H i (g SR i ) @g i c i and for some others the opposite inequality holds. This means that there is, compared to the …rst best, overprovision in some regions and underprovision in other regions.

Second, we may expect that there is a distribution of regional shares which produces the …rst best allocation. Moreover, for reasonable shares the loss in terms of utility as compared to the …rst-best allocation can be relatively small. We provide an illustration of this result and more precise meaning for "reasonable shares" in the case of two regions i = 1; 2 and …xed shares 2 (0; 1) and 1 .

From [START_REF] Eraslan | Uniqueness of Stationary Equilibrium Payo¤s in the Baron-Ferejohn Model[END_REF] the …xed sharing rule constraint may be expressed as

g 2 = c 1 c 2 1
g 1 : Therefore, the optimal share that allows us to obtain the …rst-best is:

1 = c 2 g F B 2 c 1 g F B 1 ;
where g F B i , i = 1; 2 are given by (4). Then, the optimal share for region 1 is:

= 1 1 + c 2 @H 2 @g 2 1 (c 2 ) c 1 @H 1 @g 1 1 (c 1 ) : (10) 
In what follows we obtain an expression of the e¢ ciency loss associated to a sub-optimal choice of . Let us denote by v( ) the value function:

v( ) = max g 1 ;g 2 [H 1 (g 1 ) c 1 g 1 + H 2 (g 2 ) c 2 g 2 ] s.t. g 2 = c 1 c 2 1 g 1 :
The di¤erence v( ) v( ) corresponds to the loss in utility due to the …xed sharing rule as compared to the …rst-best allocation.

Function v( ) is continuous, and from the envelope theorem:

v 0 ( ) = 1 2 c 1 c 2 g 1 [H 0 2 (g 2 ) c 2 ] ;
therefore v 0 ( ) = 0. One may also check that:

v 00 ( ) = 1 2 1 (g F B 1 ) 2 H 00 1 (g F B 1 ) + (g F B 2 ) 2 H 00 2 (g F B 2 )
! 1

:

Since v 00 ( ) < 0, the function v( ) has a maximum at . Using the Taylor approximation one gets:

v( ) v( ) v 00 ( ) ( ) 2 2 
in a neighborhood of . Therefore, we conclude that for shares that are not too far from the ones restoring the …rst-best allocation, the utility loss is relatively small.

In section 5 we analyze how the …xed regional shares are determined in a legislative bargaining setting. There we show that the equilibrium …xed shares resulting from the legislative bargaining game are strongly related to the proposal power and population shares.

The solution generated by the maximization of the unweighted sum of utilities is the most favorable setting to reach the …rst best with a …xed sharing rule. The other extreme is that one region acts as a dictator and selects the total budget for the public good. This region, denoted by k, will maximize its regional welfare under the …xed sharing rule, giving the following solution g

SR(k) k : dH k g SR(k) k dg k = L k c k L k : (11) 
Let us assume that the share k = L k L , i.e., it is proportional to the population size. In the region k the …rst-best allocation is then restored.

From formula [START_REF] Knight | Parochial Interests and the Centralized Provision of Local Public Goods: Evidence from Congressional Voting on Transportation Projects[END_REF] it is easy to calculate the total expenditure G:

G = c k k g F B k ;
as well as the equilibrium allocation for the other regions:

g SR(k) i = i c i c k k g F B k for i 6 = k: (12) 
One can check that, in order to restore the …rst-best allocation in the other regions, the following condition should be satis…ed:

i k = c i g F B i c k g F B k for i 6 = k;
i.e., for two regions i and k 6 = i the ratio of the regional shares should be the same as the ratio of the regional expenditures in the …rst-best allocation.

We have seen that the …xed regional share allocation has attractive properties when the regional shares are well chosen. The intuition for this result is simple: when a region is in power and can decide on the total expenditure on the public good G, even if the public good is paid by all the regions, the …xed share limits the regional bene…t of extending the total expenditure on public goods in one's own region. In other words, for every euro spent in the own region, there is automatically (1 ) euro to be spent in other regions -the …xed regional budget share imposes a kind of federal budget constraint to the region making the decision.

Bargaining Stage

The …xed regional share allocation works well if the shares are reasonably close to the First

Best. What can we say about the determination of the regional budget shares? The …xed regional shares can be seen as the outcome of legislative bargaining at federal level.

To show this result, we employ a modi…ed version of the legislative bargaining model of [START_REF] Baron | Bargaining in Legislatures[END_REF]. In this model n 3 symmetric players decide how to divide the budget of size 1 according to a particular voting rule. We consider two cases. The …rst case is the simple majority rule: it is necessary to have q out of n votes to pass a proposal, where q 2 (n=2; n). The second case is the unanimity rule: q = n and n 2. Unanimity may be a requirement if we want to …x the shares for a longer term such as in a constitution.

The players are risk-neutral and only concerned about their own share. Each player i has probability p i 2 ]0; 1[ of being selected as a proposer to suggest a distribution among the players, where n X i=1 p i = 1. This player proposes a vector x 2 R n + , with n X i=1

x i 1, where x i is player i's share of the budget. As soon as the proposal is made, the others vote in favor or against. If a (quali…ed) majority of the players supports it, the game ends and the budget is distributed according to the proposal, i.e. x is implemented. Otherwise a new proposer is selected and the same procedure is repeated. The players discount the future payo¤s by a factor 2 ]0; 1[.

Usually, in the literature, the analysis is restricted to the stationary subgame perfect equilibria (SSPE). The existence result is provided by [START_REF] Banks | A Bargaining Model of Collective Choice[END_REF] in a very general setting in which the space of outcomes can be any convex compact set and the utility functions are concave but otherwise unrestricted.

The main predictions of the model are the following: First, there is a property of immediate agreement. Even without discounting, there is a pressure to reach agreement in the …rst period because of the risk of being excluded afterwards. Second, only minimal winning coalitions form in equilibrium, since otherwise it would be a waste of resources for the agenda setter. Third, the proposer receives a disproportionately high share, because he/she always buys the cheapest minimal coalition and pays the minimum amount to its members just enough to secure the acceptance of the proposal.

There is another interesting feature of the equilibrium which will be useful in our analysis. [START_REF] Baron | Bargaining in Legislatures[END_REF] show, through the use of examples, that there are possibly multiple equilibria. However, [START_REF] Eraslan | Uniqueness of Stationary Equilibrium Payo¤s in the Baron-Ferejohn Model[END_REF] and [START_REF] Eraslan | Uniqueness of Stationary Equilibrium Payo¤s in Coalitional Bargaining[END_REF], using a quite general setup of the bargaining game, prove uniqueness of the expected payo¤s generated by all the game's stationary equilibria.

In the two following sections 5.1 and 5.2 we provide two di¤erent explanations for the existence of …xed regional shares in the political bargaining process. In both cases we show how a …xed regional share can arise as an equilibrium and demonstrate properties of these shares. In the …rst explanation (section 5.1) the …xed shares are considered as decided in a constitutional deal that is agreed upon once and for all. A …xed share can be an equilibrium when the constitution is decided with unanimity or with a quali…ed majority. In this case the …xed shares correspond to an expected share of public goods over a longer period. The second explanation (section 5.2) does not rely on a once and for all constitutional agreement but assumes that regions agree in advance (without formal vote in a constitutional phase)

to implement a proportional sharing rule, whoever becomes agenda setter. There is only a tacit agreement, no explicit constitutional type agreement, on a "punishment" strategy. It is shown that this can also be an equilibrium and gives rise to the regional shares proportional to the bargaining power of the regions. Both approaches explain the …xed shares on the basis of the long term e¤ects in terms of public good allocation, so in both equilibria the discount plays a role.

Regional Shares as Expected Payo¤s

In this section we consider the regional shares as …xed in the constitution, and suppose that they are calculated as ex ante expected payo¤s obtained from the described bargaining game.

Because of the appealing uniqueness property it is valid to do so.

Sharing Rule under the Quali…ed Majority Voting

In this section we consider the following situation: each player has one vote and q votes are necessary to approve the decision. We take n = 2l + 1; l 1 and q l + 1. For the rest of the section we assume that the players have the same discount factor , which is close to 1.

It can be shown 3 that if the distribution of the proposal power is relatively close to 1 n ; :::;

1 n or, more precisely, if p i 1 n < q 1 n(n (q 1 
)) for all i = 1:::n, then the vector of expected payo¤s is 1 n ; :::; 1 n . However, if there are "weak" players (in terms of proposal power) for whom p i 1 n < q 1 n(n (q 1)) and there is a "strong"player j for whom p j > p i , then the stronger player gets higher expected payo¤ as compared to the weaker ones. This result can be illustrated in the case n = 3. If probabilities p i < 1=2 for all i = 1; 2; 3, everybody receives exactly 1=3. Suppose, there is a "strong" player with the probability of being selected as a proposer larger than 1=2. Without loss of generality we can assume that it is player 3. Then his/her expected payo¤ is:

y 3 = p 3 1 + p 1 + p 2 ;
and each of the two other players gets:

y i = p 1 + p 2 1 + p 1 + p 2 ; i = 1; 2:
In this case one may show that y 3 is larger than 1=3; and y 1 and y 2 are smaller than 1=3.

Implementation of Regional Shares through Trigger Strategies

Up to now we have shown that the …xed regional sharing rule can be explained in terms of the expected payo¤s from the legislative bargaining game. Now, we modify our setting slightly.

As before, an agenda setter is chosen following a speci…ed probability distribution and the legislators discount future payo¤s according to the discount factor 2 ]0; 1[. We suppose the regions agree in advance that, each period, whoever is becoming an agenda setter will propose a proportional distribution of the …xed federal budget, i.e., he/she proposes shares

( i ) i=1::n .
In this section we assume that, if at some stage, the chosen agenda setter decides to deviate from the given distribution, the other regions will play a non-cooperative one-stage equilibrium during the following periods. Along the lines of [START_REF] Persson | Economic Policy and Special Interest Politics[END_REF] in such an equilibrium the agenda setter will choose a coalition composed of q 1 other regions, and the regions outside this winning coalition get no public good at all, even though they will bear the cost of taxes. Next, the agenda-setter will spend only as much as necessary to keep the members of the winning coalition barely as well o¤ as with the default policy. Lastly, the agenda setter will choose regions that are "cheapest" to buy o¤, i.e., that value a unit of the public good more than the others.

We are going to investigate a simple case, in which the legislators have the same quasilinear utility u(g i ) from the consumption of the local public good g i :

u(g i ) = (1 t) L i + H(g i );
where L i is the labor supply in each region i. The bene…t function H(g i ) is identical for all regions, and as before, we assume that:

H(0) = 0; H 0 (g i ) > 0 and H 00 (g i ) < 0, i = 1::n.
Tax t is determined by the federal budget constraint:

tL = n X i=1 c i g i ;
where L = P n i=1 L i and c i is the unit cost of public good provision, and, for simplicity, it is taken to be 1. Therefore, the tax level is just

t = g L ; (14) 
where g = P n i=1 g i is the size of the federal funds to be distributed. In a one-period bargaining game a speci…ed agenda setter i chooses coalition M i of size q 1 and o¤ers each of the coalition member as much as is necessary to restore his/her utility under the default outcome with g j = t = 0 for all j 2 M i , i.e., u(g j ) = L j for each j 2 M i : Thus, the level of public good each member of the coalition M i gets is de…ned as:

H (g j ) =
L j L g for any j 2 M i :

Note that coalition M i will contain regions with the smallest L j .

We denote by m i , the total amount of public good distributed to the members of M i , i.e.,

m i = X i2M i H 1 L i L g :
The agenda setter gets g m i . We assume that g > m i for any agenda setter i.

The non-members do not get any public good at all, however they bear the costs:

u(g j ) = (1 t) L j = L j g L j L for any j = 2 M i :
We would like to identify the conditions under which the deviation is not sustainable.

If at some stage of the game, legislator i is chosen to be a proposer and he/she decides to deviate, his/her expected payo¤ would be:

L i g L i L + H (g m i ) + 1 X t=1 t p i L i g L i L + H (g m i ) + (1 p i ) L i g L i L : (15) 
The …rst term is the maximum the legislator could get by deviating, and the second term re ‡ects the in…nite punishment stage: in the following periods the legislator can receive the amount g m i of public good only if he/she is chosen as a proposer and, if not, he/she simply bears the cost.

Expected payo¤ (15) should be compared with his/her expected payo¤ under the assumption that he/she cooperates through all the periods, i.e., he/she gets share i :

1 X t=0 t L i g L i L + H ( i g) : (16) 
That is, we examine under which conditions expected payo¤ ( 16) is at least as high as [START_REF] Moulin | Axiomatic Cost and Surplus Sharing[END_REF], i.e., the following inequality holds true:

1 X t=0 t H ( i g) H (g m i ) + 1 X t=1 t p i H (g m i )
or

1 1 H ( i g) H (g m i ) + 1 p i H (g m i ) :
Multiplying both sides of the inequality by ( 1) and rearranging the terms we get:

H (g m i ) H ( i g) (1 p i )H (g m i ) : (17) 
Thus, the deviation is not sustainable if and only if is smaller than 1.

One can check that < 1 if and only if:

H (g m i ) < 1 p i H ( i g) : (18) 
Since the bene…t function H is concave

H ( i g) i H (g) :
Assuming that i = p i we get that:

1 p i H ( i g) H (g) > H (g m i ) ;
and therefore [START_REF] Tullock | Some problems of majority voting[END_REF] is satis…ed. Thus, we showed that under the additional assumption i = p i there exists a threshold < 1 such that for the …xed sharing rule can be implemented.

Numerical Illustration for Railway Investments in Belgium

Belgium is a federal country that consists of three regions: Brussels (capital and centrally located), Flanders and Walloon region. Historically a tradition developed that only railway investment plans satisfying the rule "60% (for Flanders) and 40% (for Wallonia)" can be accepted by the federal parliament. These budget shares are e¤ectively close to the share of representatives (and population) of the two regions, and illustrate therefore our …xed share equilibrium 4 . We calibrate a small numerical example to illustrate the e¤ect of the …xed sharing rule.

Calibration of the Model

Let us denote by f and w the Flanders and Walloon regions respectively. We assume that the observed equilibrium is a …xed share equilibrium with …xed shares 60% for Flanders and 40% for Wallonia.

We use the following speci…cation:

H i (g i ) = 2 i p g i , i = f; w;
where i is a calibration parameter for the bene…t function, and assume average cost per unit of rail investment c i in each region i = f; w. The rail geography of Belgium is such that most commuting ‡ows go from Wallonia and Flanders to Brussels but almost no commuting ‡ows between Flanders and Wallonia.

We can therefore neglect regional spillovers between Flanders and Wallonia. The rail investments in Brussels are considered to bene…t the whole federation and are kept outside the …xed share allocation mechanism and are not discussed here.

For the calibration of the model we need two assumptions. First, it is often claimed that the construction cost is higher in the more hilly Wallonia than in Flanders. We normalize the Walloon construction cost c w to one and assume that c f = 0:85. Second, we assume that the density of the railway network 5 is 1:54 times higher in Flanders than in Wallonia. We use this observation to assume that the bene…t scale parameter i is larger for Flanders:

f = 1:54 w :
From "Nationaal Instituut voor de Statistiek"(NIS) 2001 we know that L f = 5; 952; 552 and L w = 3; 346; 457.

In 2001, Belgium invested 532:6 million euro in railway infrastructure, so we have:

G = c w g SR w + c f g SR f = 532:6 million euro. ( 19 
)
We know that the share of Flanders is = 0:6: From ( 19) and the fact that c f g f = G and c wf g w = (1 )G we can easily calculate the total investment levels for the …xed sharing rule in each region: We assumed that the observed equilibrium satis…es (9):

c f f p g f + 1 c w w p g w = 1
From this condition it is easy to …nd w :

1:54 0:85

p g f + 1 p g w w = 1;
and therefore, = 11981: 5 The density is the number of people per kilometer of rail. In Flanders the density is 5952552=1848:7 = 3219: 9 and in Wallonia it is 3346457=1605:3 = 2084:6. 20

Scenarios

Taking all parameters into consideration, we are able to compute alternative equilibria. The …rst-best allocation becomes: Thus, in the …rst-best allocation Wallonia gets 23% and 77% goes to Flanders.

g F B f = 11981 
From [START_REF] Knight | Endogenous Federal Grants and Crowd-out of State Government Spending: Theory and Evidence from the Federal Highway Aid Program[END_REF] the optimal share that could generate the …rst best in this case would be:

= 1 1 + cw c f g F B w g F B f = 1 1 + 144 0:85 471 = 0:735.

The di¤erence (

) is 0:135.

One can notice that L f =L = 0:64 which is rather close to = 0:6:

The numerical results for alternative equilibria are presented in Table 1, where utility levels are given in millions of euro. The federal utility (the …rst column) is de…ned as the simple sum of the regional utilities. We see that the common pool (CP) equilibrium indeed performs very poorly, with an e¢ ciency of 29% of the …rst-best (FB) equilibrium. The …xed regional sharing rule (SR)

with di¤erent speci…cations produces relatively good results. SR represents the equilibrium obtained when the federal government chooses the total level of public goods that maximizes the sum of regional utilities but respects the regional shares (see [START_REF] Eraslan | Uniqueness of Stationary Equilibrium Payo¤s in Coalitional Bargaining[END_REF]). This could be seen as the outcome of a coalition government. Equilibria SR(f) and SR(w) correspond to the case where the same regional shares are used but where the total supply of public goods maximizes the welfare function of the regions f or w. The result is that the three …xed share equilibria (SR, SR(f) and SR(w)) all perform strikingly much better in e¢ ciency terms than the common pool equilibrium. The main explanation for this result is that, in the …xed sharing equilibrium, the proposer is limited in exploiting his/her agenda setting power: whatever extra supply of public goods he/she wants his/her region implies that he/she will have to also supply public goods to the other regions.

To check that our results do not directly follow from a particular choice of parameters we provide a sensitivity test. We change the power in the utility function from 0:5 to 0:25 and 0:75, respectively. The performed calculations are presented in the following Table 2. As one can see for the steeper utility function, performance of the di¤erent sharing rules improves. We also tested that equal regional costs c f = c w do not change the main conclusions.
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In this paper, we analyzed the properties of …xed sharing rules for regional public expenditures. The sharing rules are sometimes explicitly imposed in some federal countries and sometimes implicitly imposed in that they serve as check for a political acceptable allocation of expenditures over regions. In this paper we show two important characteristics of the …xed sharing rules. First, the …xed sharing rule acts as a strong budget constraint for any representative that wants to favor his own region. Indeed, for every euro spent in his own region he is forced to spend X euro in the other region and he has to pay for these expenditures too. This hidden budget constraint acts as a powerful break for common pool type of public expenditure behavior. The second important characteristic is that the sharing rule itself can be an equilibrium of federal bargaining at the constitutional level or can be an equilibrium in trigger strategies where other regions punish the deviating region. The shares are therefore closely related to proposal and voting power at the level of federation. In some cases this implies that relative population and number of representatives of districts will be determining the sharing rules. Using these two characteristics we show that the …xed sharing rule allocation performs somewhere between the …rst best and the common pool allocation.

If the public expenditure needs are closely correlated to the population and the per-unit cost is not very di¤erent across regions, then the expenditure shares will match the political power and the allocation will be relatively e¢ cient.

We used two types of simpli…cations to examine the properties of the …xed sharing rule allocation. The …rst type relates to the production and consumption of the public good. We neglected spillovers to other regions and economics of scale. Our model can be generalized in this respect, all we need is that these elements were known and integrated in the federal bargaining phase. The second major simpli…cation is that we used homogeneous regions.

This implies that we neglected di¤erences in preferences that could form other coalitions across regions. This has been discussed by Besley and Coate (2013). For instance, one could imagine that intensive public transport users form a nationwide coalition to spend more on public transport in the whole country and that sharing mechanisms di¤erent from the

= 5 :

 5 326 10 8 0:4 = 213 million euro:

2 =

 2 (11981) 2 = 144 million euro.

Table 1 :

 1 Numerical Example.

	Allocations Utility Utility Utility Invest-	Invest-	E¢ ciency
		(fed)	(F)	(W)	ment (F) ment (W)	
	FB	553	459	95	100%	100%	100%
	CP	157	46	111	200%	630%	28%
	SR	542	381	161	80%	148%	98%
	SR(f)	540	381	159	88%	163%	98%
	SR(w)	538	375	163	66%	123%	97%

Table 2 :

 2 Sensitivity Test.

			power 0:25		power 0:75
	Allocations Invest Invest E¢ ciency Invest Invest E¢ ciency
		(F)	(W)		(F)	(W)	
	FB	100%	100%	100%	100%	100%	100%
	CP	158%	341%	87%	398%	3981%	24%
	SR	92%	115%	99:9%	53%	325%	98%
	SR(f)	92%	115%	99:9%	77%	471%	98%
	SR(w)	92%	115%	99:9%	25%	153%	97%

The general cost/surplus sharing problem has been extensively studied from an axiomatic perspective.A comprehensive survey of this strand of the litereature is provided in[START_REF] Young | Cost Allocation[END_REF] and[START_REF] Moulin | Axiomatic Cost and Surplus Sharing[END_REF] among others.

Alternatively, we could assume that the federal government has lump sum taxes and transfers and uses a Bergson-Samuelson social welfare function. This type of social welfare function can be the result of a

see[START_REF] Zaporozhets | Essays on Political Economy and Social Choice[END_REF] for the detailed proof.

Of course, every political system has its own particularities and describing the Belgian political system would be a paper itself.

regional voting shares start to play a role.

In this subsection we assume that it is necessary to have the votes of all n 2 players to pass a proposal. Let y i denote player i's ex ante expected payo¤. Then we can write the following system of equations:

Thus, the expected payo¤ y i of player i equals the …rst term of (13) if he/she is a proposer and the second term of ( 13) if he/she is not a proposer. With probability p i , player i is a proposer, and he/she buys the other players by proposing them their discounted expected payo¤s, and he/she takes the remaining. Otherwise, with probability 1 p i he/she receives his/her discounted expected payo¤.

No-delay property implies:

and therefore, after simpli…cations the equations (13) become: y i = p i for all i = 1::n:

Thus, we have proved the following:

Proposition 1 In a unanimity voting system, the expected regional shares equal the probability of being a proposer for any discount factor 2 ]0; 1[ :

We obtain that the expected share of player i is equal to his/her probability of being selected as a proposer. If we think of p i as of player i's proposal power, then we can say that the expected share of the player is proportional to his/her proposal power. Note that this result is independent of the discount factor .

If the probability of being a proposer is proportional to the population size of the region, such as in a proportional representation system, the resulting shares i are also proportional to the population size.