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Abstract. We consider the inverse problem of determining two non-constant
coefficients in a nonlinear parabolic equation of the Fisher-Kolmogorov-Petrovsky-
Piskunov type. For the equation u; = DAu + p(z)u — y(z)u? in (0,7) x €,
which corresponds to a classical model of population dynamics in a bounded
heterogeneous environment, our results give a stability inequality between the couple
of coefficients (1, ) and some observations of the solution u. These observations consist
in measurements of u: in the whole domain 2 at two fixed times; in a subset w CC Q2
during a finite time interval; and on the boundary of 2 at all times ¢ € (0,7"). The proof
relies on parabolic estimates together with parabolic maximum principle and Hopf’s
lemma which enable us to use a Carleman inequality. This work extends previous
studies on stable determination of non-constant coefficients in parabolic equations, as
it deals with two coeflicients and with a nonlinear term. A consequence of our results
is the uniqueness of the couple of coefficients (u,~y), given the observation of u. This
uniqueness result was obtained in a previous article but in the one-dimensional case
only.

Keywords: Inverse Problem - Nonlinear parabolic equation - Two coefficients - Stability
- Uniqueness - Carleman estimate
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1. Introduction

Reaction-diffusion models of the form:
w = DAu+ f(u), t >0, x € Q CR", (1.1)

arise in several fields of application. These applications range from population dynamics
(1,2, 3, 4] and population genetics [5, 6, 7, 8, 9] to chemistry [10, 11], and combustion [12].

Spatial heterogeneities can easily be incorporated in these models by modifying the
diffusion and reaction terms. For instance, in population dynamics, several authors have
considered the case of spatially heterogeneous reaction terms of the Fisher-KPP type:
f(z,u) = p(xr)u — y(x)u*. In this case, the model (1.1) becomes:

uy = DAu+ p(x)u —y(x)u?, t >0, v € Q CR"™ (Sun)

The model (S,,) has been introduced by Skellam [13] in the context of population
dynamics, and then studied in bounded domains [14, 15] and periodic environments [3,
16, 17, 18, 19, 20, 21]. In these references, the quantity u(t,z) generally stands for a
population density and the coefficients D > 0, u(z) and y(x) > 0 respectively correspond
to the diffusion coefficient, the intrinsic growth rate coefficient (i.e., the birth rate minus
the death rate in the absence of competition) and a coefficient measuring the effects of
competition on the birth and death rates.

With the increasing frequency of biological invasions [22], ecologists and modelers
are often faced with species invading a new environment. In such cases, the reproduction
and dispersal features of the species in its new environment are often not known and
have to be estimated [23]. For the reaction-diffusion model (S,, ), the precise estimation
of the coefficients of the model is of critical importance, as the behavior of the model
strongly depends on the value of the coefficients [14]. In particular, the success of an
invasion [15] and the rate of spread of a successful invasion [19, 24] depend on the
coefficients D and pu(x), while the stationary state towards which the solution converges
depends on D, p(x) and vy(z).

Parameter estimation for models based on differential equations often relies on
mechanistic-statistical approaches [23, 25, 26], which use a statistical model for the
observation process, and allow one to compute the likelihood of the parameters, or
coefficients. However, depending on the model and on the set of observations, the
coefficients may not always be identifiable. This means that different set of coefficients
can lead to the same observations and therefore have the same likelihood. It is therefore
important to derive conditions on the observations which guarantee that there is a unique
set of coefficients leading to the observations. Since real observations are generally noisy;,
it is also important to check whether close observations lead to close estimations of the
coefficients. The results of this paper give such conditions on the observations for the
estimation of the parameters p(x) and y(z) of (S,,). In particular, we obtain a stability
inequality of the form

J(,7) — ()] < € | Observation(s,,.,) — Obscrvation(Sy,5)]|
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which links the distance between two sets of coefficients with the distance between two
sets of observations. Such stability inequalities lead to the uniqueness of the coefficients
(1, 7y) given the observation “Observation(S,, )”. They are also useful for the numerical
reconstruction of the coefficients using noise-free observations [27].

Similar stability results had already been obtained for a unique unknown coefficient
p(x) in the linear case uy = DAwu + p(x)u. For such reaction-diffusion equations, the
derivation of stability inequalities often relies on Carleman estimates [28, 29, 30, 31].
The idea of using Carleman estimates for solving such coefficient inverse problems has
been introduced in the foundational paper [32]; this technique is therefore often called
the “Bukhgeim-Klibanov method”. The idea of obtaining Lipschitz stability estimates
for coefficient inverse problems in parabolic equations was then proposed in [30] for the
first time; see also the survey paper [33].

The solution of the linear equation u; = DAu + p(z) u can blow up when ¢ — oo,
depending on the coefficients D, u(x) and on the boundary conditions. The nonlinear
reaction term f(x,u) = pu(z)u—y(x)u? that we consider in this paper is generally more
realistic, at least in the context of population dynamics, since it always lead to bounded
solutions (uniformly in time). With such a reaction term, uniqueness results for the
coefficients p(z), v(x) have been proven recently in the one-dimensional case [34, 35]

u
under the assumption that the density u(¢,zo) and its spatial derivative a—(t,xo) are
x

known at a point xy and during a time interval ¢ € (0,¢). Comparable results have
also been obtained for systems of nonlinear parabolic equations [36]. However, the
methods developed in [34, 35, 36], which do not rely on Carleman estimates, cannot be
applied as such to higher dimensions n > 2, and do not lead to stability inequalities,
even when n = 1. Uniqueness and stability results for nonlinear but homogeneous (i.e.,
independent of x) reactions terms f(u) can also be derived from boundary measurements
(37, 38, 39, 40, 41, 42].

Here, our aim is to obtain a global stability inequality which enables to
simultaneously estimate both coefficients p(z) and ~v(z) of (S,,), and to prove their
uniqueness, given the following information: (i) u(x) and v(z) are regular (C°(9)) and
are known near the boundary 0€; (ii) the density u;(z) = u(0, z) is known in Q at ¢ = 0;
(iii) w is known on 0f2 and satisfies Neumann boundary conditions in [0, c0) x 99; (iv)
the density u(t,z) is known in a finite time interval and in a subset w CC Q; (v) the
densities u(to, ) and u(t;, ) are known at two fixed times t¢, t; and for all z € Q.
The main tools used to establish these new results are Carleman estimates with special
weights and parabolic estimates together with parabolic maximum principle and Hopf’s
lemma.

2. Hypotheses and main results

In this study, we assume that ) is a smooth and bounded domain. As mentioned in
the Introduction Section, we assume that the unknown coefficients p(z) and v(z) are
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Figure 1. Schematic example of a function p in M.

known near the boundary of €2, and bounded by known functions. In other terms,
pr)e M :={ieC’Q)st. u~ < <p" onQand Il os @) < m},

and
y(r)eT :={7€C°(Q) st. v~ <7 <~" on Q and 1Vlles @) < m},

for m > 0 and four functions p=, pu*, v~, 4" in C°(Q) such that 0 < p~ < p* and
0<~vy <~"onQand

p (z) = pt(z) and v~ (x) = 7T () if d(x,00) < ¢, (2.2)

for some positive constant ¢ > 0. Here, d(z,d2) corresponds to the usual euclidian
distance between any point = € 2 and the boundary of Q.

Let us fix a couple of coefficients (u,v) in M x I'. Our aim is to state a
stability inequality which enables us to reconstruct these two coefficients based on some
observations of the solution wu of:

Ou = DAu+ u(p — vyu) in (0,T) x Q,
d,u=0on [0,T) x 09, (2.3)
u(0,-) = u; in Q,

for some constants D > 0, T > 0 and some function u; in C7(Q).
As already mentioned in the Introduction Section, we assume that u is known on
0. Thus, the stability inequality has to link the distance between (u,v) and any set
of coefficients (fi,7) in M x I with the distance between the observation of v and the
observation of the solution @ of
Oyt = DAu+ a(fpn —Au) in (0,7T) x €,
a=won [0,T) x 09, (2.4)
w(0,-) = u; in Q.
Existence, uniqueness and regularity of the solution u are classical (see e.g. [43]).
In particular, the function u belongs to C?([0,T) x Q)f. Similarly, the problem (2.4)
admits a unique solution @, which belongs to C?([0,T) x ) (see Lemma 3.1).

t The spaces C}([0,T) x Q) are spaces of functions on [0,7) x € whose derivatives up to order i in z
and order j in ¢ are continuous.
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In order to state our stability inequality, we need other assumptions on w; :

u; >0 on Q, d,u; =0 on 9 and 6 maxu; < min p~ / max~y*, (2.5)
Q Q Q

and w; is a subsolution of the problem (2.3), in the sense:
—DAu; — u;(pp~ — vt u;) < 0on Q. (2.6)

Note that the set of initial conditions w; satisfying both assumptions (2.5)-(2.6) is not
empty. For instance, we can take any constant lower than min p~ /(6 max~™'). Another
Q Q

type of non-constant initial conditions satisfying these assumptions are presented in
Appendix A.

Before stating our main theorem, let us state a preliminary lemma which gives a
Harnack-type inequality:

Lemma 2.1. It exists a bounded interval T in (0,00) such that, for any couple (to,t1)
with 0 <ty <inf T <supT < ty, and for all (u,7y) and (i,5) € M x T,
6 max (o, x) < mina(ty, ).
€ z€Q)

The interval 7 can be computed explicitly, see Appendix B for the proof of
Lemma 2.1.

Our main result is:

Theorem 2.2. For any w CC 2, any time interval (ty,t1) containing T and any couple
(u,y) in M x T, there exist 6 € (0,ty) and a constant C' such that for allfi € M, 5 € T,

i = FillZ20) + Iy = Allzzi0) < C Glu, @), with

Gu, @) = [lu = Wl e (s r46),0200)) + (@ = @) (t0, 2y + 1w = @) (1) [ Fr2 -

A straightforward corollary is a uniqueness result (u,y) = (f,7), given u(to, ),
u(ty,z) for € Q and wu(t,z) for t € (ty — d,t; + ) and = € w. Another practical
consequence of Theorem 2.2 is to allow a numerical reconstruction of the unknown
coefficients 1 and 7, given the partial measurements (i), (ii), (iii), (iv), (v) detailed at
the end of the Introduction Section (see [27, 29]).

The paper is organized as follows. In Section 3 we prove regularity results and uniform
estimates for the solution of (2.4). Then, in Section 4, we prove the stability inequality
stated in Theorem 2.2.

3. Preliminary lemmas

In this section, we derive estimates of the solution u of (2.4), which are independent of
the choice of the coefficients i in M and ¥ in I. These estimates will be used in the
proof of the stability inequality developed in Section 4.

We begin with the existence; uniqueness and regularity of the solution @ of (2.4).
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Lemma 3.1. The problem (2.4) admits a solution @ in C?([0,T) x ), and this solution
1S UNLQUeE.

Proof. Let us check that the boundary condition @ = w on 92 and the initial
condition @(0,-) = u; in  satisfy the compatibility condition

0:t(0, z) = Ou(0, z) = DAu;(x) + ui(x)(i(x) — (z)u;(z)) on 0. (3.7)
Since u € C2([0, T') x Q) the equation dyu(t, v) = DAu(t, z) +u(t, z)(u(x) —y(z)u(t, x))
in (2.3) remains valid at ¢ = 0 and for all z € 9. Thus, we have:

Owu(0, ) = DAu;(x) + wi(x) (pu(x) — v(z)u;(z)) on OS2

Since the couples (p,y) and (f,¥) belong to M xT', we have u(z) = fi(x) and y(z) = J(x)
for all z € 09Q. Thus, the compatibility condition (3.7) is fulfilled. It follows from
Theorems 8 and 9 in [44], Chap. 7, Sec. 4 that (2.4) admits a unique solution @, which
belongs to C2([0,T) x Q). O

We then obtain lower bounds for u and u;, which are independent of the choice of
(1, ) and (2, 7) :
Lemma 3.2. For any T > 0,

(1) it exists 1y > 0 such that,
for all (u,~) and (fi,7) € M x T, @ > on [0,T] x Q;
(1) it exists ro > 0 such that,

for all (u,7) and (fi,7) € M x T, @, > 1y on [0,T] x Q.

Proof of (i) Let us set
p~ =min{p"}, ¥* = max{y*}, and u; = min{u,}.
= 0 0 - Q0

Let us then define u™ as the solution of the ODE:

du-

= =), W (0) = (3.8)
The function (¢, ) — u~(t) is a subsolution of the equation satisfied by u, with Neumann

boundary conditions and with u~(0) < u(0,z) on Q. We therefore have
u (t) <wu(t,z) for all t € [0,T], = € Q.

Since the function (¢,x) — u~(t) is also a subsolution of the equation satisfied by 4,
with u~(t) < u(t,x) = a(t,z) on [0,T] x 9, and since @(0,z) > u; > 0 on ©Q, we get:

;= min u_ (1) < u Q.
0< 1 tg[lol}%]u (t).<a(t,z) on [0, x 2
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Proof of (ii) First, we show that d,u and 0;u are classical (i.e. strong) solutions of some
parabolic problem. Let v be the classical solution of
0w = DAv+v(p — 2yu) in (0,7 x €,
d,v=0o0n[0,T) x 09, (3.9)
v(0,-) = DAw; + u;(p — yu;) in Q.
Differentiating the equation satisfied by u with respect to ¢, and using Theorems 4 and 5
in [45] Chap. 7, we obtain that d,u is the unique weak solution of (3.9). By uniqueness,
it follows that 0;u = v and therefore 0,u is a classical solution of (3.9). Similarly, v = d,a
is a classical solution of
00 = DAD + 9(fi — 274a) in (0,7T) x Q,
v =won [0,T) x 09, (3.10)
0(0,-) = DAw; + u;(ft — Au;) in Q.
Let us set

7t =max{u"} and u; = max{u;}.
0 0

Let us then define u™ as the solution of the ODE:
du™
dt

The function (¢,z) — wu'(t) is a supersolution of the equation satisfied by w, with

Neumann boundary conditions and with u(0,x) < u*(0) on Q. We therefore have

=utut, vt (0) =1 (3.11)

u(t,z) <ut(t) < we Tforallt >0, z€Q.
Let us consider the solution v~ of the ODE:
— =v (u~ =27t ), for t € (0,7),
dt (— ) 01 (3.12)
v~ (0) = min { DAw; + w; (™ — v w;) } .
Q
From the assumption (2.6), we know that v=(0) > 0. It easily follows from Cauchy-
Lipschitz theorem that v~ (¢) > 0 for all ¢ € [0,T]. We define
0 = min v (¢).
<1y trer[lol’r%]v (1)
The function (¢, x) — v~ (t) is clearly a subsolution of the equation (3.9) satisfied by v,
with Neumann boundary conditions and with the initial condition v~(0) < v(0,x) on
Q. Thus, from the parabolic maximum principle, we have v=(t) < v(t,x) on [0,T] x Q.
Similarly, since v~ (t) < v(t,z) = 0(t,x) on [0,T] x 0N, the maximum principle implies
that:
0<ry <o (t) <o(t,z) on [0,T] x Q.
0

The next lemma shows the boundedness of @, u; and 4y in well-suited spaces,
independently of the choice-of (i, F) e Mx T :
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Lemma 3.3. For any T > 0 it exists a constant C' > 0, independent of the choice of
(,5) € M x T, such that:

lallc2 oy xa)s 8l ez o,myxm)s 1Tatll 20,50 < C-

Proof: First, from a classical comparison principle, we get

0<ua<e ™ maxu,;, on [0,7] x €. (3.13)
0

Next, we recall an a priori estimate for solutions of linear parabolic equations (see
[44]):

Theorem 3.4. Assume that f(t,x) is continuous on [0,T] x Q, with f(0,-) = 0 on
0. Then, for any a € (0,1), it exists a constant Cy, independent of f, such that any
solution of

O — DAy = f(t,2) in Q,
y =0 in (0,T) x 09, (3.14)
y(0,2) =0 on 9,

satisfiess

”yHCé:s/z([O,T]xﬁ) < Co SUpJf|- (3.15)
0,T]xQ

We can apply Theorem 3.4 to § = @ — u, in (0,7] x Q, with f(¢t,z) = py — vy(u —
@)(u+a)+ (u— p)a+ (y —7)a?. Indeed, f(0,z) = 0 on O since u = fi and v = 7 on
00 Using (3.13) and the regularity of u we thus obtain

”ﬁHcé:g/z([o,T]Xﬁ) <y, (3.16)

for some constant C; independent of the choice of i € M and of ¥ € T".
Then, let us recall another result from parabolic regularity theory [44]:

Theorem 3.5. Assume that g(t,z) € CV%,([0,T] x Q) and h € C>* ([0, T] x Q) for

0,a/2 1,a/2
some « € (0, 1), with the compatibility condition
0:h(0,x) — DAK(0, z) = ¢g(0, ) for x € 0. (3.17)

Then, it exists a constant C), independent of g and h, such that the problem

Oz — DAz = g(t,x) in Q, (3.18)
z(t,x) = h(t,x) on [0,T) x 0Q U ({0} x Q), '
has a unique solution z € 0127’2‘/2([0, T] x Q) which satisfies
||Z||012:2‘/2([O,T]><§) <G <||g||08:2‘/2([0,T]><§) + HhHCf:z/Q([O,T]Xﬁ)) : (3.19)

§ The Holder spaces C’;:g, ([0, T] x Q) are spaces of functions on [0, 7] x  whose derivatives up to order
¢ in  and order j in ¢t are Holder continuous with orders ¢ and ¢', respectively.
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Because of the regularity of u, we have du — DAu = u(p — vyu) at t = 0 on
Q. From the hypothesis on the coefficients and since & = u = u; at t = 0, we get
Owu — DAu = a(fi — Hu) at t = 0 on 02. We can therefore apply Theorem 3.5, with
z =1, g =u(fi —u) and h = u, which gives:

“chf:g/Q([o,T]xﬁ) < G (Ha(ﬂ - ’W)”cg:g/z([o,:r]xﬁ) + ”u”Ci’s/2([0,T]xﬁ)) , (3.20)
and together with (3.16), this last inequality implies the existence of a constant Cj,
independent of i and 7, and such that:

Jllcze

(1= < Cs- (3.21)
Let us now set v = dy,u and v = 0,1, as in the proof of Lemma 3.2. We have:
(00 = DAv+ v(p —2vu) in (0,7) x Q,

¢ dyw=00n[0,T) x 0, (3.22)
v(0,) = DAw; + u;(p — yu;) in €,

and
(0,5 = DAD + 9(ji — 274) in (0,T) x ©,
Q¢ v=won[0,T) x 09, (3.23)
| 9(0,+) = DAw; + u;(f — Ju;) in 2.

Let us set

g :=0(j1 —23u) and h(t,x) := v(t,z) + v(0,z) — v(0, x).
Since p = ji and v = 7 on 02, we have
0(0,2) —v(0,2) = 0 for x € OS. (3.24)

Therefore, h = v = © on [0,7] x 092, and since h(0,z) = v(0,z) for z € €, we have
0 = h for all (¢, [0,7] x 0QU ({0} x Q). Furthermore, at t =0,

x) €
0:h(0,2) — DAR(0, z) = ¢(0, ) on Of2. (3.25)

Indeed, since u(z) = fi(z) and y(x) = F(z) if d(x,00Q) < €, we have, in addition to
(3.24), Ah(0,z) = Av(0,2) = Av(0,z) on 0. As a consequence, (3.25) is equivalent
to

0w (0,2) — DAv(0,2) = v(0,2)(u(z) — 27(z)u;(x)) on O

This last equality is a consequence of (3.22) and of the regularity of v: v € CZ([0, 7] x Q).
We can therefore apply Theorem 3.5, to get:

1llc2e om1xa < Ci <||9||cg;g/2([o,ﬂx§) + ||h||cf;g/2([o,ﬂx§)) : (3.26)
From the hypothesis on the coefficients and (3.21), we then obtain
HﬁHCf:g/z([o,T}xﬁ) < C5> (327)

where C5 is independent of fi and of 7.




Postprint

Version définitive du manuscrit publiée dans / Final version of the manuscript published in :
Inverse problems (2013), 22 p., DOI: no data.

Stable estimation of two coefficients in a nonlinear Fisher-KPP equation 10

Setting w = d;v and w = 0,0, we can check that w and @ are classical solutions of
(9w = DAw + w(p — 2yu) — 2yv% in (0,7T) x €,
¢ dyw=0o0n][0,T) x 0N, (3.28)
| w(0,-) = DA(Au; + ui(p — yus)) + (Awi + wi(p — yuq)) (1 — 27u;) in €.
and
(0 = DA + B(ji — 27u) — 2592 in (0,T) x 9,
w=won [0,T) x 09, (3.29)
w(0, ) = DA(Au; + wi(f — Yu;)) + (Auy + wi (7 — Ju;)) (f — 29w;) in Q.

\

The regularity of w and @ — they belong to C?([0,T] x Q) — follows from the assumption
u; € C7(Q) and from the fact that u(z) = fi(z) and y(x) = 7(x) when 7 is close to the

boundary 0f).
Let us set

g = w(fi — 27a) — 279* and h(t,z) := w(t,z) +w(0,z) — w(0, ).
Using the same arguments as above with w and w instead of v and v, we get
lolloze o < Co (I9llcae qompsm + Ihllcon orpm) - (330)
From the hypothesis on the coefficients and (3.21) and (3.27), we get:

||?I)|‘Cf:g/2([ovT]X§) < (7, (3.31)

where C is independent of i and of 4. Setting C' = max{C3,C5, C7}, we obtain the
result of Lemma 3.3. 0

4. Stability inequality

4.1. The inverse problem

Let u (resp. u) be the solution of (2.3) (resp. of (2.4)) associated to (u,7) (resp.
(fi,%)). We set U = u — u. The function U satisfies:

0U = DAU + pU — U+ u) + au — fu*  in (0,7) x Q,
U(t,x) =0 on [0,T) x 09,
U0,z) =0 in 0,

where o = — i and f = v — 4. Using Lemma 3.2, part (i), we can set y = U/u and
the previous system becomes:
oy= DAy—+ %Vﬂ- Vy
—l—y(u~|—D%a — OZTE —y(u+u)+a—LFu, in (0,7] x £,
= on [0, 7] x 052,
y(0,z) = 0 on €.

(4.32)

<
)
\‘&F
8
N
[a)
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We set z = dyy. Writing Ay = p+ DAu/u — du/u — v(u+ ), we get:
Oz= DAz+22Vu-Vz+ A1z+ 0, (2Va) - Vy
+y0; Ay — Boyu, in (0,7) x €,
2(t,z) = 0 on [0,T) x 02,
2(0,z) = (DAy + %Vﬂ- Vy+ A1y(0,-) + a — pu(0,-) on Q.

Then thanks to Lemma 3.2, part (ii), we set Z = z/0u, w = 0;Z and for the sake of

(4.33)

simplicity we denote:

A, — <_2DVé?tu 2DVu>
Ol U
and
Vo - Vi

2~

a +2D|V(1/0,a1)|?| 0,1 —|—A1).
tU

uo
We obtain that w satisfies the following system:
at'w = DAw+ A2 -Vw + Agw + 2D8t (Vuu) V_ + atAlz

8tu
+0(42) - VZ+ 0(Ag)2 + 0, (2D0, (7) ) vy i
+0, (3““1> y in(0,7T)xQ,
w(t,z) = 0 on [0,7) x 052

Lemmas 3.2 and 3.3 show that all the quantities in the right-hand side of the equation
satisfied by w are well-defined.

4.2. Carleman estimate

In this section, we prove a Carleman inequality for the solution w of the system (4.34).
Let w be a nonempty subset of €2, included in the interior of €. For any couple
0 < 10 < 7 and for any 0 € (0,79), we set Q,, = [r, — 0, + ] X w and
Qi =1 — 0,7+ 6] x , for i = 0,1. Given any function ((z) satisfying:
((r) € C*(Q),¢(x) >01in Q, ¢(z) =0 0n 99, and |V¢| >0 on Q\ w, (4.35)
and any constant K > 0, we may also define:
(@) 2K _ oM (@)

L Ty [Ca B Rl ey copeny 3 cxprepy o

where A > 0 and for i = 0, 1. Note that (7, ) = n71(71,-) on €.
Let us recall a classical Carleman estimate (see [30]):

Theorem 4.1. Let 19, 71,0 such that 0 < 79 < 71 and 0 < § < 19. Then it exists a
constant K > 0, a function ((x) satisfying (4.35) and such that K < ((z) < 2K, two
constants A\g > 0, sg > 0 and a positive constant Cy such that, for any X\ > Ao, any
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s > sg, and any function ¢ € C*(Q;) with ¢ = 0 on [1; — 6,7 + 8] x 09, the following
estimate holds:
li{g) < Co [y, 2" Mspilal dida

(4.36)
+fQ¢ e~2|9,q — DAg|? dtdx] ,

where

Li(q) = [o, e " (sp:) " (|0a]* + |Aql) dtdz "
+A? fQi e 5| Va|* dtdz + \* fQi e %M (sp;)|q|* dtdz. '

37)

Remark 4.2. If we set
M) = —DAY — $2A2D@?|V (0 + s,
and .
M = O + 2sAD,V ¢ - Vi,
with ¢ = e *Mq, then the Carleman estimate (4.36) also gives an upper bound for
1M 3a(g + 1My (see [46))
Using Theorem 4.1 applied to the solution y of (4.32), together with Lemma 3.2

and 3.3 we get that, for any 0 < 79 < 71, 0 < d < 79 and for s large enough, there exist
Y¥(s) > 0 and x > 0 such that, independently of the choice of (i,5) € M x T,

L(y) < 0(s) / Alyl2e M dtde +r | |a— Bale > dtde.  (4.38)
Qwi Q’L

Note: in the sequel, for the sake of simplicity, we denote by k any constant independent

of s > 0 and of (1,7) € M x T, and we denote by ¥(s) any constant independent of

(1,7) € M xT.

We recall here the Lemma 2.1 of [47],

Lemma 4.3. Let 7y, 0, Q; and n; be as previously. There ezists a constant k = k(7;) > 0
depending only on 7;, and a constant C(s) > 0, such that we have

/ e 28m
i

for every p € L3(Q;), all s > 0 and with O,p = p.

2
dt der < E||e_s’7ip
s

/T jp<£, v) d€

Ba(g0 + C() 187, 2y,

Now, using Theorem 4.1 applied to the solution z of (4.33) and by Lemmas 3.3 and
4.3, we get that there exist J(s) > 0 and x > 0 such that :

I(z) <0(s) [y, @HePemdtds

(4.39)
+h Jou 1B di d + D () (y (73, I ()
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Then, we are going to establish a similar inequality for w. We come back to the first
equation of system (4.34) and we rewrite it in the following form:

Ow = DAw + P (w) + Pa(z) + P3(2) + Py(y),

where P;(+), i = 1,...,4 correspond to first order linear operators.
First, by the classical Carleman estimate of Theorem 4.1 we have:

Iz(w) S K (fQZ 6—237%

+ le 6_257h‘|P3(2)‘2 dtdz —+ sz e—QSm ’P4(y)‘2 dtdl’) (440)

Py(2)|? dtdx

Py(w)|* dtdz + fQi e~ 2emi

+0(s) Jo,, #ilwlPe”*Mmdtdz.

From the definition of I;(w), see Eq. (4.37), the first integral is absorbed by the term
I;(w) for s large enough. Using Lemma 4.3, we observe that the second integral is
bounded from above by EI,~(z) for s large enough. Lemmas 3.2 and 3.3 imply that
the third integral can be freated similarly. By Lemma 4.3, the fourth integral can be
estimated as follows :

2 —2smy k —2sm;
o |Py(y)|” e ®"dt da < g/(\zP +|V2|?)e 2 dtdx + 9(s)||y(T, -)Hip(m.
Finally, for s large enough, we have:

—9em, K
w) <9 [ e *rdido + 1) + 9 0 e

wq

and we get:

Theorem 4.4. Let 1o, 7,0 be such that 0 < 19 < 17 and 0 < § < 19. Then there exist
a constant K > 0, a function ((x) in C*(Q) such that K < ((x) < 2K, two constants
s1 > 0 and k > 0 such that, for any s > sy, there exits ¥(s) > 0 such that:

Li(w) <9(s) [, el (lwf’ + |2*)dtdz + & [, |y — FPe™ > dt dx

+9(s)[|(y(7i, )7 -
All the coefficients in this inequality are independent of fi and 7.

(4.41)

4.3.  Stability result

Recall that our goal is to obtain a global stability estimate for both u — g and v — 4.
A natural idea would be to obtain a first stability inequality for p — fi, using the
usual method in the case of a unique unknown coefficient, and then to obtain a second
inequality for v — 4. However, this approach faces two difficulties. First, the existing
stability inequalities for one coefficient only work in the linear case. Second, even if
these inequalities were available in the nonlinear context considered here, we would
obtain two stability inequalities' of ‘the form || — fif] < C(v) ||Observation(S, ) —
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Observation(S; ) ||, and [|[y—7| < C(p) ||Observation(S,, ) —Observation(S,, 5)||. These
two inequalities are useless for the determination of p and ~.

Here, we work at two different times ¢y and #; and, using Lemma 2.1, we adjust
these values in order to get a single stability inequality for || — ||*> + [|v — 7.

In a first step, we get an upper bound for Hae‘sm(m")ﬂiz(m, where a = pu — [1:
Lemma 4.5. Let z and w denote the solutions of (4.33) and (4.34), respectively. There
exist three constants sy > 0, k > 0 and Y(s) > 0, such that:

lace™* 0|35 ) < D(s) Ja, oe 0 (lwl* + |2[*)dtdz + 9(s)lly(7o, ) Iz 0

+(2+ K/s°) max [a(7o, )71 Be ™™ Z2q

for all s > s,.
Proof of Lemma 4.5. Let 19 > 0 and ¢ € (0,79). We begin with a technical lemma:

Lemma 4.6. There exists a constant § > 0 depending only on 1y such that, for all
q€ H (1o — 6,70 +9), L*(Q)) and s > § we have:

/ 1q(70, 7)|?dx < 2 (s lq(t, z)|*dtdz + s* |0kq(t, x)|2dtdxt) .
Q Qo

Qo
Proof of Lemma 4.6. Let x € C*(R;[0,1]) be a cut-off function fulfilling

1 if|t—7'0|<5—25,
t) = 4.42
x(®) {o i [t — 1| >0 — e, (442)

for some fixed e € (0,8/2). Then, for every ¢ € H'((m9 — 0,70+ 9), L*(Q2)), the following
identity holds:

[ ot o) - / - ( / x2<t>|q<t,x>12dm) dt

_9 ( / ) / ot 1)1, x)dtdx) 42 / (OB |q(t, 2)2dtde.

T0—0
Applying Young’s inequality, this entails
/ lg(ro,0)|2dz < (s + 2||atx||oo)/ lq(t, o) Pdtdz + 57 [ |0g(e, D)Pdtdz,
Q Qo Qo

for each s > 0, so the result follows by taking § = 2(|0;x/||c- O

Returning to the proof of Lemma 4.5, we consider the first equation of the system
(4.32) evaluated at some time ¢ = 79:

() == Bl )+ ( DAY + 22V Vgt D= % (1)) ()
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Multiplying this equality by e*™() and applying Lemma 4.6 for ¢ = ze=*", we get

that
Jo 12(70, 2)|2e~2m0(0) dz < 3s Jo, 12(2, ) [2e=2m0®2) gt dy

357" [, |02(t, @) Pe 20D dtdr,

for s large enough. Using this last inequality and the equality satisfied by z(7o, -), and
using the results of Lemmas 3.2 and 3.3 we obtain:

HOée_SﬁO(TO’.)H%?(Q) <K (S_lee_snO|’%2((TO_6’TO+6)7L2(Q))
+S||Z€ sn ||L2 (7_0 5TO+5) L2(Q) ) + ||y(7-07 )H%{Z(Q)) (443)

+2 max, g |a(r, -) Pl Be P01, g,

for s sufficiently large, and where y is defined as in Section 4.1.
Using the inequality (4.39) and the result of Theorem 4.4 we can write:

s (T Iy(w)  Ip(z _smo(
e gy < o (200 Dy, )y )2 el e g

p
and:
o102, ) < 0(s) (o, e (ol + |22t + ly(r0, e oy
+ 1K 1 + k= + 2 max | (7o, )% ) || Be~* 0|2
LR 1t L2(Q)"
This concludes the proof of Lemma 4.5. U

In a second step we give an upper bound for ||(a — Bi(ry,-))e *m(m ||L2(Q) The
proof essentialy relies on the following Lemma

Lemma 4.7. Let z denote the solution to (4.33) and put T := He_s’“z(ﬁ,-)ﬂiz(m.
Then there are three constants s3 > 0,9(s) > 0 and k > 0, such that we have

Zgﬁ(s)/Q

for all s > s3.

i1
e 2z 2dtda + rs / / e Bl dtdx (4.44)
t1—0 JQ

w1

Proof of Lemma 4.7. Set ¢ = e~ *"z. Bearing in mind that ¢(7 — d,-) = 0 and since
Vo1 = A1 V( , we find that

7 / 5/8t|¢tx|dtdx
:2(/71 6/M2 wwdtdx—sD/ﬁ 5/@1|v<| W dwdt

+sD /gplACsz dtdx)
T1—0
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/6_23771(7-1,1:)2(7_1733)2 de <2 / /M(l)d}w dtdx
Q T1—0

T1
+ks / / e M Zdtd.
71— JQ

Then we give an estimate of the first integral in the right hand side of the previous

Then we get:

(4.45)

inequality. On the one hand from the Cauchy-Schwartz inequality:

/ /M2(1)¢ Y dtdx| < 3_3/2\// /(Mé”zb)2 dtdx\/s3/ /6_25771@:%22 dtdzx.
-6 /9 -6 JQ -6 JQ

Then using Young’s inequality, we obtain

/ /M1)¢¢dtdx < —s732 <||M |12 + §° /e—%mgoi’f dtdm)
T1—96 T1—0

Finally by applying the Carleman inequality (4.39), we get:

1 T1 71
/ / MV o dtdr| < k [33/2/ /6_23"190:&2 dtdz + 8_3/2/ /6_2Sn1\5|2dtd4 :
7_1_5 Q 7—1_5 w 7'1—5 Q

Further by using inequality (4.45) and choosing s sufficiently large, the following
estimate yields:

I< 19(5)/ e~ M3 2 P dtde 4 ks~ /e_2sm|ﬂ|2dx dt (4.46)
Q

wy T1—08

This concludes the proof of Lemma 4.7. 0

Let us come back to the first equation of the system (4.32) evaluated at some time
t =Ty

Au O

2(1,-) = <DAy +=Vu-Vy+ y(,u—i— — = Y(u+a) +a— ﬁﬂ) (11,).

Multiplying this equality by e=*™() and combining with (4.46), we get:

Lemma 4.8. Let z and w denote the solutions of (4.33) and (4.34), respectively. Then
there are three constants s4 > 0, ¥(s) > 0 and k > 0, such that we have

||<a - Bﬁ(Tl; '))6_8771(71"))“%2(9) < 19(8) wil e~ 2sm |Z|2dtdl’

+0(s)ly(m1, )20

T1
/2 / / e~ M| B dtdx,
T1—6 JQ

for all s > sy.
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It is straightforward that:

lae™m 2o gy H|BE(T, Jem Do
< 2|/ (o — Ba(rr, )e D |20 + BllaemED |2,

Then since 1o(79, -) = m (71, ) we get:

laesm D2 gy +|Bi(ry, Jem DT, g

< 2||(a = Ba(ry, ) )em D2, o) + 3llaes0 DT, .

and according to Lemmas 4.5 and 4.8 we obtain, for s large enough:

laem D gy HIBE(T, Je 0D

<i(s) [ oHlaPatda

Quy

+W@/ G (Jwl? + |2[?)dtda (4.47)

Qug

#0(s) (Ily(m. ey + (0. i)

+(r/s” + 6 max |i(to, )|*)[| e |72 -
€

Thus, we get:
(e e K 3 N ar (o
e °’”H%z(n>+(I;1€%1IU(t1,$)|2 —;—ﬁfilggIU(tow)IQ)HﬁU(Tb')6 0D |22 )
Sﬁ(s)/ O3 |2 2dtdx
Qu (4.48)
+0(5) [ bl + [+)dtda
Qug

+0(5) (Il Mz + (0, Mgy

We then use Lemma 2.1 to find two times ¢ty and ¢; such that

6 mal(ﬂ(toa SL’) < mllla(tla .’E),
e e

and we fix 6 € (0,fy). Applying the inequality (4.48) with 7y = ¢p and 7, = ¢; and s
large enough, we obtain the existence of a constant C' > 0 such that, for any couple
(fi,7) € M xT,

t1+0

el 22y + 181172y < O/toa /UJ(|Z|2 + |wf?)dtdz + Clly(to, 720
+Cly(t, ')H%ﬂ(ﬂ)

<C (H“ - a”%ﬂ((to—é,tlJré),L?(w)) + [[(w = @)(to, ')”%{2(9)
= @)1, o)

and Theorem 2.2 follows directly: U
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Appendix A: existence of non-constant initial conditions satisfying (2.5)
and (2.6)

Under our assumptions, we can prove the existence of a non-constant function u; which
satisfies (2.5) and (2.6). Let us recall that, from Krein-Rutman theory (see [48] for
further details), for any p € C°(Q), it exists a unique real number \;[p] and a unique
function ¢ € C7(Q) which satisfy

—DAp — pp = M[plp in Q, (4.49)
Oyp=0o0n 09, ¢ > 01in Q, ||¢]le = 1. '

Definition 4.9. \i[p] and ¢ are respectively the principal eigenvalue and principal
eigenfunction of the operator —DA — p, with Neumann boundary conditions.

Let us set A~ = A\[p~], and let ¢~ be the associated principal eigenfunction.

Lemma 4.10. For any k € (0, i P

(2.6).
Proof. Let us first show that A~ < 0. We have
—DAp™ —p" " = A" ¢ in Q. (4.50)

5 +) , the function u; = k@~ satisfies (2.5) and
maxg Y

Dividing this equation by ¢ and integrating by parts over €2, we get:

Ve |? o
—D/Q o _/Q“ =\ 9], (4.51)

where || stands for the Lebesgue measure of the set €. Using our assumption u~ > 0

in 2, we get
AT <0.

Now, let us set u; = Kk ™, for some k > 0. The function u; satisfies

—DAu; —ui(p — v u) =u; A+ k) in Q. (4.52)

A\
In particular, if k € (0, —) , we obtain
maxg "

—DAu; —ui(p — v ) <0in Q, (4.53)
and the condition (2.6) is fulfilled. Since maxu; = &, the assumption (2.5) is also

Q
satisfied if kK < ming = /(6 maxg ™). Since —A~ > ming p~ (this can easily be checked
by using Rayleigh formula), u; = k ¢~ satisfies the assumptions (2.5) and (2.6) for any
ming p~
el0,—2—]. O
" 6 maxg ™"
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Appendix B: Proof of Lemma 2.1

We recall that we want to prove that it exists a bounded interval 7 C (0,00) such
that, for any couple (to, ;) with 0 < ¢ty < inf7 < sup7 < t;, and for all (i) and
(7, 9) € M x T,

6 max a(ty, x) < minu(ty, z).
e €N

The proof of this lemma uses the hypothesis (2.5) on u;.
Recall the definition of the sets M and I™:

M :={iecC’(Q)st. p~ <ji<p"onQand [l os @y < m},

and
I:={7e€C’(Q)st. v <5<~"onQand 1Tl es @y < m}

Let us fix two couples (u,7) and (@,7) in M x I'; and a function u; satisfying the
hypothesis (2.5). Let u and @ be respectively the solutions of (2.3) and (2.4).
Let us set

p- =min{y" }, 7" = max{p"} and 7" = max{y"},
- Q Q Q

and similarly,
w; = min{w;} and w; = max{w;}.
- 0 0

Let u~ and u* be defined as in the proof of Lemma 3.2:

du~ -4 _

= 7)) = -
+ .

=, W (0) =

The functions (¢, x) — u~ () and (¢, x) — u™(t) are respectively sub- and supersolutions
of the equation satisfied by u, with Neumann boundary conditions and with v~ (¢) <
u(t,r) < u*(t) on Q at t = 0. We therefore have

u (t) <u(t,z) <ut(t) forallt >0, x €.

In particular we have u=(t) < a(t,r) < u*(¢) in {0} x QU (0, +00) x 99, and since
+

t)
(t,x) — u (t) and (t,x) — wu'(t) are also sub- and supersolutions of the equation
satisfied by @, we get

u (t) < a(t,z) <ut(t) forallt >0, z € Q.

Fix some times tg, t1, with ¢y < ¢t;. We have
et

B (et = 1)

ut(to) = weP ™ and u () = (4.55)
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Thus, it exists a couple (79, 71) such that 0 < 70 < 7 and u™(71) > 6u™ (1) if and only

if %—Jr > 6u;, which corresponds to the assumption (2.5) on ;. For such a couple (79, 1)

we then get, for all ty < 79, and t; > 7,

6 max @(tg, ) < 6ut(to) < 6ut(rg) < u (1) <wu (1) < mina(ty, ).
e xe

Note that the formula (4.55) allows an explicit computation of the the interval
T — [T 0, T 1]. [
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