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Abstract:

e Network motifs are at the core of modern studies on biological networks, trying to
encompass global features such as small-world or scale-free properties. Detection of
significant motifs may be based on two different approaches: either a comparison
with randomized networks (requiring the simulation of a large number of networks),
or the comparison with expected quantities in some well-chosen probabilistic model.
This second approach has been investigated here. We first provide a simple and effi-
cient probabilistic model for the distribution of the edges in undirected networks.
Then, we give exact formulas for the expectation and the variance of the number of occur-
rences of a motif. Generalization to directed networks is discussed in the conclusion.
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1. INTRODUCTION

A cellular system can be described by a web of relationships between pro-
teins, genes or more generally metabolites. Studying its basic structural elements,
also called motifs, is a first step in the understanding of these networks that goes
beyond global features (such as the small world or scale-free properties, see [2, 12]).
For instance, motifs that occur more frequently than expected in random net-
works may reveal particular structures corresponding to biological phenomena.
Several definitions exist for a network motif. Here we consider the most com-
monly used: a simple pattern of interconnection in a graph. Detection of signif-
icant motifs [7] may be based on two different approaches: either by comparing
the observed network with appropriately randomized networks (this requires the
simulation of a large number of networks), or by the comparison with expected
quantities in some well-chosen probabilistic model. Up to now, only the first
approach has been explored ([8], [11], [13]) because no satisfactory probabilistic
model has yet been proposed for an analytical approach. The simplest model
is the well-known Erdés model, where the probability of appearance of an edge
between two different vertices is equal to some fixed p € (0,1). This model only
concerns undirected networks. Its major drawback lies in the fact that the num-
bers of edges per vertex, so-called vertex degrees, are distributed according to a
Binomial distribution, generally approximated by a Poisson distribution, whereas
biological networks appear to be scale-free, meaning a power law for the number
of edges per vertex [1] (for more details on random graphs, we refer to [4, 6, 5]).
Randomized networks (obtained by simulation, see [10] for instance) rely on the
knowledge of the number of (incoming and outcoming, when dealing with directed
graphs) edges for each vertex. In the same spirit, we provide a probabilistic model
that fits these vertex degrees. Depending on the specified sequence of edges per
vertex, our model may describe scale-free networks. This probabilistic model
enables us to derive exact formulas for the mean and variance of the number of
occurrences of a motif, in a graph specified by a sequence of degrees. One of the
advantages of this approach is that we do not need computationally expensive
simulations of a large number of graphs, for each fixed sequence of numbers of
edges per vertex.

Let us mention another approach developped in [3] where “groups of mo-
tifs” are detected using an heuristic algorithm based on a probabilistic model.
The main difference between this approach and our work lies in the definition
of a motif. Berg and Léssig’s motifs are groups of vertices which are highly inter-
connected in a sparse graph, whereas we consider sets of inter-connected vertices
with a given topology.

Section 2 presents the definitions of motifs and their occurrences. To decide
whether a given motif m has an unexpected frequency in a given observed graph,
one has first to consider random graphs having some similar properties with the
observed graph (Section 3), and then to calculate the expected count of m in such
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random graphs, and eventually its variance (Section 4). Since the derivation of
the exact distribution of a motif count is still an open problem, its exact mean and
variance can be used to calculate a z-score directly. This avoids heavy simulations
used in the literature to evaluate the significance of motif counts [9]. Indeed, from
our knowledge, current methods to assess significance of motif counts are based on
a large number of simulations for each type of graph (namely, a fixed sequence of
degrees). Our approach is simple to implement and leads to a generic procedure
(valid for any type of graph).

2. MOTIFS AND OCCURRENCES

Recall that, in this paper, a motif m of size k is simply a connected sub-
graph with k& vertices. We will essentially focus on undirected graphs and motifs,
but the generalization to a directed framework will be discussed in the conclusion.
Therefore, there are only two motifs of size 3 (triangle and “V”) and six motifs
of size 4 (see Figure 1).

mj mo ms my ms mg my mg

VNV I AKX

g g O o O )
Figure 1: Motifs of size 3 and 4.

Let us fix an undirected graph G with N vertices labelled by {1,2,..., N}.
Ij; denotes the set of positions {iy,isg,...,ix} in graph G where a motif of size k
may occur. Namely, I}, is the set of all subsets of {1,2,..., N} with cardinality k:

I, = {{il,ig,...,ik} C {1,...,N}k such that i; = 1y, v1<j7é€<k} .

In the same way, for any subset J C {1, ..., N}, define the sets of positions among
the restricted number of vertices {1,..., N}\J,

In(J) = {{il,ig,...,ik} C ({1,...,N}\J)k such that i; # iy, Vj#f} .

We say that a given motif m occurs at position o = {iy, 9, ...,ix} € I in G if
and only if the sub-graph with vertices {i1, 2, ..., } in G either has the same
topology as m, or contains a subgraph with the same topology as m. For instance,
the triangle (motif ms from Figure 1) occurs once in the graph in Figure 2
(position {2, 3,4}), and the “V” motif (m; from Figure 1) occurs 5 times (3 times
at position {2, 3,4}, once at position {1,2,3} and once at position {1,2,4}).

To define N (m) the number of occurrences of m in a graph G, we introduce
variables Y, (m), a € I, defined as the number of occurrences of motif m in the sub-
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graph with vertices a. Thus, for any motif of size k, we have N (m)=3_ . Yo (m).
If a = {i1,42, ..., }, the variable Y, (m) can be reformulated as Y;, ;, i (m).

1 2

3 4

Figure 2: A graph containing 5 occurrences of motif m;
and 1 occurrence of motif msy.

3. RANDOM GRAPH MODEL

Undirected graphs are quite properly described by the sequence of the
number of edges per node. Let us consider a graph G with N vertices labelled
by {1,...,N} and a sequence of integers (di,...,dy) such that 0 < d; < N — 1.
In practice, when analyzing a given graph, d; is chosen as the observed degree
of vertex i. We consider the following probabilistic model for graph G. Random
variables Z;; indicating presence/absence of an edge between vertices ¢ and j
(¢ # j) are independent Bernoulli variables with mean m;; (they are not iden-
tically distributed). Moreover, this probability 7;; of appearance of an edge
between vertices ¢ and j is related to the observed number of edges at node ¢ and
the observed number of edges at node j:

did;
C

T = Tjq = and 7T“':0 .

C'is a normalizing constant such that 7;; € [0,1]. For instance, C' = max;.; d;d;.
If the degrees are not too large with respect to the total number N of vertices,
one may use Cp = Z;VZI dij(dy—dj)/dy with dy=3".d;. With such a choice,
the expected number of edges is equal to the observed total number of edges.
Moreover, the expected number of edges at node ¢ is almost equal to d;. Note that
we do not allow direct loops from an edge to itself (m; = 0).

The advantage of this model is that its parameters are easy to choose
from an observed graph, contrary to more general m;;’s, and it almost fits the
observed sequence of degrees when choosing Cjy as the normalizing constant.
It relies on the same idea of preserving the sequence degrees as the commonly
used simulation approach [8]. Our probabilistic model appears as a rigorous for-
malization of the simulation method. [8] suggest generating graphs that preserve
the number of occurrences of all (k—1)-node sub-graphs when studying motifs
of size k. Taking into account the counts of the (k—1)-node sub-graphs would
be better than only preserving the sequence of degrees but such a generalization
appears to be difficult at this stage.
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4. FIRST AND SECOND MOMENTS FOR THE COUNT

Motifs of size 1 or 2 are of no interest here because they are the vertices
and the edges, respectively, and their frequencies are set by the graph model.
Let m be a motif of size k> 3. Since the variance of N(m) is equal to
EN?(m) — (EN(m))?, we will calculate the first and second moments of the
count, i.e. EN(m) and EN2(m). As we will see, these moments depend on m,
both through its size and its topology. No general formula is provided but we
propose a general methodology that can be applied to any topological motifs
without theoretical difficulties. Because of technical reasons, we will restrict our-
selves to motifs of size 3 and 4. More precisely, for each motif m, we provide
a simple description of variable Y, (m) using indicator random variables (RVs).
This description enables us to derive explicit formulas for the moments EN (m)
and EN?(m). Before detailing the different cases, we state a common framework
that will point out the basic quantities to calculate systematically.

Getting the expected count just requires the calculation of EY,(m) for
«a € I, since we have

EN(m) = > EY,(m) .

acly

Getting the second moment is a little more involved. By definition,

EN?(m) = E( > Ya(m) x Y Yﬁ(m)> =Y > E(Ya(m)Yz(m)) .

OéEIk; ﬁelk O!E.[k ﬁelk

Let us break down the sums over o and 3 into (k+1) sums depending on the
cardinality of the intersection « N (3, denoted by | N 3|. Note that

(i) when |a N @] =k, then a = 3 and E(Y,(m)Y3(m)) = EY,?(m),
(ii) when |aN B|<1 (disjoint occurrences or a unique vertex in common),

then Y, (m) and Y3(m) are independent random variables, leading to
E(Ya(m) Y3(m)) = EY, (m) EYs(m).

It gives
(4.1) EN’(m) = ) E(Ya(m))E(Y3(m)) + > EY,(m)EYs(m)
|anB|=0 langl=1
+ Y Y E(Va(m) Va(m) + Y EYZ(m) .
2<n<k—1 |anB|=n acly,

Additionally to quantities EY,(m), we have to calculate terms in the form
E(Yy(m)Yg(m)) when o and 3 share between 2 and k elements. The next two
subsections provide explicit formulas for motifs of size 3 and 4. The generic
method is to write Y,(m) as a sum of Bernoulli RVs whose expectations are
straightforward to calculate.
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4.1. Motifs of size 3

When k = 3, Equation (4.1) reduces to

EN’(m) = ) > EYijk(m)EYy,,(m)
{i,j,k}els {Lu,v}els(ijk)

(4.2) + >N > EY;;x(m)EY;,(m)

1<iKN {j,k}ela(i) {¢utelr(ijk)

+ 3 Y Y EWam)Yigem) + 3 EYY,(m).

{i,jYelz keI (i) L€y (ijk) {i,j,k}€l3

Motif my (“V")

Our approach is based on the split of variable Y; ; x(m;) into the sum of
three Bernoulli RVs

Yiiw(mi) = Zij i+ Zij ik + Zik jk Vi, j,ke{l,...,N},

where Z;; ;. = 1 if both edges ¢j and ik occur, and 0 otherwise. The expectation
EZ;; 41 is the probability m;;m;,. Thus we obtain

did;dy,
EY k(o) = mijm + miym + Tty = —ag— (di+dj+dy)

(4.3)

did;dy, d djdy
EN(m) = >~ (ditdi+d) = > >~
{i.j.k}els LSN {jk}el (i)

Similarly, we denote by Z;; x jr the indicator RV of the presence of edges ij, jk
and ik (note that Z; i, Zij jk = Zijik,jk)- To calculate E(Y; jx(my)Y; j.(my)),
we write

E(Y;jx(m1) Yy je(m)) =
= B{[Zijin+ Zijgn+ Zingn] [Zigae + Zige + Zini] |
(4.4) = (Mg + ) (Tie + W0 + Tiej0) + TipTji(TijTa0 + TijTje + Tiemje)

d;d;drdy
= —& +d;)* +

d?d3dy.dy

oL, {(dl +d;)(di + de) + dkdg} .
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Now, we focus on the term IEY% p(mp). We get

EY? w(m1) = EZijix + EZij ik + EZijk + 6 EZijin i
(4.5) = EY; jx(my) + 6 mijmipmp
did;dy, did3d;,
=~z (ditd +di,) + 6 — Cg :

Finally, by using Equations (4.2), (4.3), (4.4) and (4.5), we obtain

EN?(m;) =

did;dydgd,d,
> Tar e it djdy) (detdutdy)

{ivjvkvévuvv}ejﬁ
d?d;jdyded,
> X >, e ]OIZZ (di+d;j+dy) (di+de+du)
LISN {jk}elz(i) {€u}el(ijk)
did; dkdg d7d3dy.dy
DD DS v+ BN ) ) + )

{i,j}€l2 keli(ij) L€l (ijk)

didjdy, did5dy,
+ > oo (di+d; +di) + 6 — C .
{i,j,k}€l3

Motif my (triangle)

Calculations are simpler for triangles. Motif my occurs at position {3, j, k}
if and only if the 3 edges ij, jk and ik are present, and Y; ; 1(mgz) reduces to the
indicator RV Z; ;. jx. Thus we have

d?d2d? d?d?d?
15k o 1 9%k
o5 EN(mg) = E o5

{i7j7k}613

(4.6) EY; j k(M) = mmpma, =

Moreover, the product Y; ;x(ms)Y;,(m3) is equal to the indicator RV

Zij ik,ik,i0,je of presence of the 5 edges ij, jk, ik, il and j¢. Therefore,
B
(4.7) E(E‘J,k(mﬂyi,j,f(mﬂ) = TRk TjeTie = T oy

Since Y”k(mg) is an indicator RV, we have ij p(m2) =Y 5 (my) and
Z{z] k}elg 1] k( ) = EN(m2)

By plugging the formulas given by (4.6) and (4.7) in Equation (4.2),
we obtain the result.
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4.2. Motifs of size 4

When k = 4, Equation (4.1) reduces to

EN’(m) = ) > EYijke(m)EY, 0. (m)
{i,7,k,}€ls {uv,w,x}els(ijkl)

+ Z Z Z EY;,j,k,Z(m) E}/i,u,v,w(m)

IiSN {4k L el3(i) {uv,wlels(ijkt)

(4.8) + Y Y E(Yijrem)Yiju(m))

{ijrelz {ktyela(ij) {uv}elz(ijkl)

> Y Y E(Yijkem)Yijp(m))

{i,j,k}elg lely (Z]k) uely (ijf)

+ Y EYZ(m).
{ivjvkve}e‘lél

Following the approach used for motifs of size 3, we detail how to calculate
terms in the form EY; ;1 o(m), E(Y; j k()Y ;4 o(m)), E(Yre(m)Y; k. (m))
and Eij ko(m), but only for motif my. However, all final formulas are gathered
in Tables 1, 2, 3 and 4. Before, we give the split of variables Y, (m;) for 3<i<8,
as sums of indicator RVs (see Equations (4.9) to (4.14)). These splits directly de-
rive from the topology of the motif under consideration. Combined with Equation
(4.8), they are the basis for obtaining the final formulas presented in the tables.

There are 12 different occurrences of motif mg at position {3, j, k, £}, which
correspond to different orders of the nodes:

(4.9) Y jre(m3) = Zij ik ke + Zjkkei + Ziepiig + Zoiijjk + Zikkooj + Zij jo ek
+ Zyjjisik + Lok kiij T Zieej ik + Zeiik ki T Lkijiee; + Zikkjje -

Different occurrences of motif my appear depending on the central node (bottom
left node in Fig. 1, motif my):

(4.10) Yijko(Ma) = Zijikie + Zjijkje + Zhikjhe + Zigj ok -

There are only 3 different ways for motif ms to occur:

(4.11) Yijke(Ms) = Zij jk keei + Zij jeok ki + Zik kj.je i -

Occurrences of motif mg are obtained through occurrences of motif my.
When motif my4 occurs, there are 3 different ways of adding a vertex in order
to obtain motif mg. This leads to a total of 12 different possible occurrences of
motif mg at {7, j, k, £}

(4.12) Yijke(me) = Zijakie ik + Zijikieje + Zijik,ie ke + Zji jk. je,ik
+ Zjijkjeke + Ljijkjoie t Lkikjkeij T Lhikjke,i
+ Zikjkeje+ Zoigjekij + Leiggok,ik + L0i0j 0k jk -
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Motif my is obtained from motif ms by adding a diagonal:

(4.13) Yijke(mr) = Zij ik keije + Zijjk ke tiik + Zij otk ki jk

+ Zij etk kiit + Zik kjjetiis T Lik,kjje i ke -

Finally, motif mg corresponds to a complete sub-graph on vertices {i, 7, k, £} and
is thus equal to an indicator RV:

(4.14) Yijke(ms) = Zij ik keit,ik,je -

Detailed calculations for motif my (star)

Let us start by calculating the expectation EY; ;1 /(m4). We use Equation
(4.10) and the fact that EZ;; ;1 ;¢ equals m;mpmie = dfdjdkdg/C?’. Thus,

didjdyd
(4.15) EY, jke(ma) = ~=5g= (df +dj + di + d)
d3d;dydy
(4.16) and EN(my) = E E # :

16N {5k, 0}€l5(i)

We now calculate E(Y; j ¢(myg) Y juo(my)) by using the product of the
sums of indicator RVs:
E(Y;,jk,0(m4) Vi juo(my)) =
= ij (MikTie + kT je) (TiuTiv + TjuTjy + TinTjuTuw + TipTjoTuy)

(4.17) + Ty (Wikﬂjk + Wizﬂjg) (Wijﬂiuﬂw + T T juT o + Ty T ju Ty + 7Tiv7ij7Tuv)

did;dydyd,d,
= T
x {(d§+d§)2 d(;l ((a2+a3) (d§+d3)+(d§+d§)(d3+d3+d§+d§))}.

In the same way, we have

ct C'

2 d;d? d;dj
(4.18) + d?(dlcflk +d;+ >+d2< =t k)}
d2d2d2dyd

e {(d$+d§+di) (d2+d2) +d§d3} .

d;d;dydyd, didy,  d;d?
E(Y; ) ke(ms) Y g o(my)) = e o {d2 (d ]— >
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We finally compute expectation EY ik Z(m4)

EY? 1 o(my) = EY; jj o(my)

d2d2d2d2
(4.19) #’” (didj + didy, + didy + dydy, + djdg + didy)
d3d3d2
> EYZ(my) = EN(my) +2 ) P
{i.5.k.€Y€ls {i.5}elz {k}el2(if)

Finally, the second moment EN?(m,) is obtained by plugging the expressions
given by (4.15), (4.16), (4.17), (4.18) and (4.19) in Equation (4.8).

5. CONCLUSION

We provide a rigorous probabilistic model for undirected graphs which fits
the vertex degrees of an observed graph and thus partially describes real-world
networks. This model allows us to derive explicit formulas for the mean and
variance of the number of occurrences of the 2 motifs of length 3 and the 6 motifs
of length 4. Here, a motif is a simple pattern of interconnexion in a graph.
Our methodology can be extended to longer motifs through straightforward cal-
culations. Indeed, one just needs to describe the motif as a sum of indicator vari-
ables of Z-type (see decomposition (4.9)—(4.14) for instance). Then the second
moment EN?(m) given in equation (4.1) reduces to sums of products of expect-
ations of independent Binomial random variables (the Z;;’s for single edges (ij)),
easy to compute. Heavy simulations are usually done so far to study over-repre-
sentation of motifs. Thus, our formulas are of great interest in practice.

We think that no general formula depending only on the total numbers of
edges and vertices of the motif exists; additional topological information on the
motif is required (mg and my both have 4 vertices and 3 edges, but they clearly
have different expected counts).

Our methodology can also be generalized to directed motifs and directed
graphs. This is an important issue when analyzing biological networks where
the orientation of the edges may be known (direction of a reaction in metabolic
networks or activation/regulation in gene interaction networks). This will be the
matter of a forthcoming paper. Briefly, the probability 7;; that an edge goes from
i toward j is proportional to the product €; p; where ¢; is chosen as the observed
outcoming degree of vertex ¢ and p; is chosen as the observed incoming degree
of vertex j. Therefore, this model fits to the incoming and outcoming vertex
degrees. Note that this expression for 7;; has already been considered by [3] as
part of a more general model to detect groups of highly inter-connected vertices
which share some similarity.
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Finally, one may be interested in counting exact occurrences of a motif m
in graph G. For instance, no “V” motif is counted in a triangle. Our results
can be easily extended by defining new indicator RV X;, _; (m) which is equal
to 1 if the sub-graph with vertices {i1,...,ix} has exactly the same topology
as m and O otherwise. We then write X;, _; (m) as a linear combination of
ad-hoc edge indicators Z. For instance, if m is the “V”motif, we just write
Xijre(m) = Zij (1 — Zi) + Zij 1 (1 — Zig) + Zig ju(1 — Zij).

Table 1:  Mean count EN(m)
for non oriented motifs of size 4.

m EN(m)

m
’ EN(ms) =207 Y 3 dddud,
{i,7}€I> {k,£}cI>(3j)

my
/ EN(my) = C3 Z Z d3d;jdyd,
=1 {j,k,L}€l5(i)

m
° EN(ms) = 30~ Y dddid}
{i,5,k L}y

ISiSN j#i {k, L} eI2(i5)

i EN(mg) = C™* > > Y dld;did;

{i,j}el> {k, E}EIg(Z])

m,
5 EN(m SN ddldid
{i,5,k,0}€1y
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Table 2:  Formulas giving E(Y k¢ (m) Yy (m))
for non oriented motifs of size 4.

E(Yijre(m) Yijuo (m))

C~5d;d;dyded,d, [(di—l—dj)? (dp+de) (du+dy) {1+3C 'did; }
+ 2did; (d; +d;) {(du—i—dv) (24 CM(did; +2 drdy))
+ (d+de) (24 C7H (did; + 2dudy)) }

+4d;d? (14 C (dudy+dydy)) +4C~ did;jdydydrdy

see formula (4.17)

ACTT BB dydidd? + 5 C3d ddydydzd2

didjdydyd,d,
C7

dk d@ du d'u
C C

ld?dﬁ(dﬁdj)? (d4dp) (dy+dy) <1+— +

dyd,
—l—dfd?(di—i—dj){(di—i—df) (dy+dy) <1+ . )

+ (i, +d3) (di+de) (H%”

dydy
+ did;(di+d;) (d?+d§){dkdz(du+du) (1+ - )

did
+ dudy(dp+dy) <1+%>}

+ dydy (d +d) { dide(d,+d3) +dud, (df, +d7) }+did (df +d7) (d5, +d)

+ (df +d3)? dpdedudy + did; (di+d;)*dpdedy dy (di +de) (dy +dy) / C

N

CTTd} 3 dydidLdyd C73 (di+d;)? (dy+dy) (di+dy)

dydy drd
+ CQdidj(dﬁdj)KH = >(dk+dz)+<1+%>(du+dv)]

+ C3d2d2(dydy+didy) + O3 did;dyded,d,

C a3 dididy
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Table 3:  Formulas giving E(Yjjke(m) Yk, (m))

for non oriented motifs of size 4.

E(Yijhe (m) Vijo (m)

-

did;dyded,

ci [6 didjdk{l + (di-l—dj-f—dk) (de+dy) / C

d;d;dy,
632 (dl+du)}

ded,  didydy,
o Tz

+ (didj—Fdidk-l-djdk-l-dzdu) / C+

+ (d?dj+did§+d§dk+did§+djd§+d§dk)(1+ (dg—i—du))

) dFdZ+d:d}+d3d;, dldu)
el

C

d;d;d
(du+de) + 2(d2+d2+d3) ék<1

+6¢¢@@%Kﬂ@@+m¢+¢@ﬂ

see formula (4.18)

EINN:

COBRRRARE {did; + didy + dydy +2 O didydy(di-+d;+dy) |

RN

d? d? d2ded,
5

dudf
02

ﬁm+¢+mﬁ+2 (d2d?+d2d} +d2d7)

dy,+d
+ Q(di-i-dj-i-dk) (didj-l—didk-i-djdk) (7”

C
dudy
+2?Eﬁu+@Hﬁwﬁdw+ﬁwﬁdw+ﬁuﬁ@ﬁ}
d3d3d}dd,
c7
dyd,
+ 2 =5 (durtdy) (did; +djdy+-didy)
did;dyd}d>
e

|:3(di+dj +dk) (du +dg)2

Fﬂ@+@ﬁ+ﬂﬁ@+@ﬁ+@ﬂ@+@f

COdid3dydid2 {3(7Q(didj4—didk4—djdk)didjdk(dg4—du)
+ C2(di+dj+dy,) didjdgdyde + 6 C2d}d5dydyd,

+C*w@ﬁm@+@@F}

C—2didjdid}d;,
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Table 4:  Formulas giving EY;%;,(m)
for non oriented motifs of size 4.

m EY?M (m)

,

EY; jk,e(ms) + C~*d}d3d}d] [12 (3 4+ C2d;djdrdy)

ms + 10 c! (dldj + d;dy + d;dp + djdk + djdg + dkdg):|

[

+ 2d;d;dyd,C* {didjdk(di—i-dj—i-dk) + d;djde(d;+d;+dy)

+ didgde(di+dp+dg) + djdkdf(dj+dk+d2)}

my
/O see formula (4.19)
ms

EY; jke(ms) + 6 C~Od} d3djd}

mg EY; jk,e(mg) + 12C~°d; djdyd] {5 C~td;djdydy

+d;d; +didk+didl+djdk+djdf+dkdl}

EY; j k,e(m7) + 30 EY; j 1 ¢ (mg)

C-Sd3d3d3d?
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APPENDIX

This appendix contains some indications in order to prove the formulas put
in Tables 1, 2, 3 and 4 for the motifs mg, ms, mg, m7 and mg of length 4.

Motif mj3

We use the split of Y; ;1 ¢(mj3) into the sum of 12 different terms. Some
symmetrical terms appear and we obtain

d d;dd
EY; je(ms) = 2 ==L (did; + didy, + didy + djcy + djdy + dyy)

and EN m3—2z Z

{ZJ}GIZ {k Z}EIQ(ZJ)

d; dzdkdg

Let us now compute E(Y; ; 1 ((m3)Y; j .(m3)). This is a big product but a large
number of terms may be grouped together and we have

E(Yijke(m3) Y juo(mg)) =

d;d;drded,d, d;d; dyudy
— % {(di+dj) (du-+dy) <1+Tj> +2d;d; <1+ = )}

x&@+@ﬂ%+@%HMM&

B d2dydyd, d,
2_—7ﬁ———ﬂ%+%ﬂ%+%%ﬂh%+¢@}

X {(di—i-dj)(dk—l-dz) + Qdkdg} .

After some simplifications, we obtain,

E(Y;jk,e(m3) Y juw(ms)) =

 dydjdydyd,d,
= SO

did; _ did
x {(du+dv)<2+ e ’“CZ> + (dy+dy) <2+

+4£ﬁ< dyd, qu+4¢@%%@@l

1%y

(@+@f@mﬂ@@wﬂﬁ{ dd}+zuu¢+@)
+

0t

dy
2

C C c
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To get Eifi?j7k7g(m3), we write

Y ke(ms) = Yy jp0(m3)
+2 {6 Zijjkketi + 6 Y5 g e(ms) + 6 Zij jo ok ki + 6 Zie0j.jk ki

+ 5 Zik it jkjoke + O Zijitjkjeke + O Zijik jkjeke T O Zijik,it,joke
+ 5 Zijikit,jk,ke + O Zijikie,jk,je + Zitjkjeke + Lik it jk ke
+ Zijivjkje + Zijikit gk + Zijik,ie ke + Zijik kgt T Zijie je,ke

+ Zijikjk ke + Zik i jeke + Zik,jkjoke + Lijik,ie,je + Zij,ik,jk,jé} .

This leads to

EYz‘?j,k,Z(m?») = EY] j i ¢(m3)
2 12 12 12
N d; djdkdz [12 <3+didjdkdg>

Cct C?
10
+& (didj + didi, + didy + djdy, + djdy + dkdé):|
did;dydy

+ 2 {didjdk(di-i-dj"i‘dk) + didjdﬁ(di"i_dj—’_df)

C4
+ didkdg(di—i-dk—i-dg) + djdkdg(dj —l—dk—i-dg)} .

Motif mj (square)

First, let us calculate the probability EY; j,k7g(m5) that the motif ms occurs
at position {4, j, k, £}. Write Y ; 1 /(m5) = Zij jk ke.ei+Zij jo ok kit Zik kj jo.ei- Bach
one of these indicator RVs has same expectation equal to d?d?did% /C*. Therefore,
we have

B2
C4

BRE

EY; jke(ms) =3 1

and  EN(m;)=3
{i,7,k,L}E14

We now calculate E(Y] j . ¢(ms5) Y] j uo(ms)) like E{(Zi; jk ke.ei+ Zij joon ki +
Zik kjjeei) (Zij juuvwi + Zijjowuui + Ziwug,jowi) - We get

BAGEES _ dddddd
c7 C8 i

(5.1) E(Y;jk,0(ms) Y juo0(ms)) = 4
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Now we provide the calculation of E(Y; j ¢(ms)Y; ;. (ms)).

E(Y; jke(ms) Y,k u(ms)) =

= i TikTkeTie { ThuTiu + TjuTkuTik + TikTjuTiu }
(5.2) + T T T e T ik {ﬂ'jkﬂ'kuﬂ'iu + TjuThu + ijﬂjuﬂiu}
+ Mk T kT 0T {mﬂkuﬂiu + T T ju Tk + 7Tju77iu}
2 72 12 12 12
BLEE G
6

did;d
{@@+@@+@@+2 ék@+@+@%.

Easy computation of IEij’kj(mg)) is allowed since all 3 products of
two different indicator RVs appearing in Yi,j,k,Z(mS) are equal to Z;; ik ke,ei je.ik
(indicator RV of the complete graph with vertices {i, j, k, £}), whose expectation
equals d}d}djd}/CO

d3d3 33

(5.3) EY? 1. o(m5) = EY; 1 ¢(ms) +6 o6

Motif mg

According to the split of Y;;j¢(mg) into the sum of 12 terms with
symetrical expectations in the form d?djdidi /C*, we have,

N
Z EY; je(mg) = C™* Z Z Z Bd,E2E .

Concerning Eij 1o(mg), we have
V2 o(me) = Yk o(mg) + 2 {30 Yijke(mg) + 6(Zik,ié,jk,jé,ké + Zijit,jk,jt ke

+ Zijikjk,jeke t Zijikiejo ke + Zijik,io,jk ke + Zz’j,ik,z’é,jk,jé) } .

Finally,

EYi?j,k,Z(mG) = EYjre(mg) + 12

d?d?dzd% 5 d;djdydy,
(o C

+d;id; + didy, + didg + djdy, + djdp + dkdg} .
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Motif my
Using the split Yijpe(mz) = Zijiniejnge + Zijanithine + Zijinie it +
Zji ik.jt.ik.it, We obtain
d2d2d2 2
EY;,j7k,€(m7) = % (dzdj + didy + didp + d]dk + dde + dkde) ’

al?’d?’al2
=2 > &

{i,j}el> {kL}ela(ij)
E(Yri,j,k,é(mﬁ Y;,j,u,v(m7)) =
_ ARy (didy | didy | didy | didy | did;
Cc4 C C C C C
X@@ﬁﬁ didy | didy  dydy | didy  didy | didydud,

C3 C C C C C C?

ﬁﬁﬁﬁx@wxﬁﬁﬁﬁ djdy | didy | didy,  didy did; dudy’)
Cc4 C Cc4 C C C C C C

After simplifications, we have
E(Yijk,e(m7) Yiju0(mr)) =

| BBRBEE {(d‘%_d')z(du%—dv)(dk—kdg)
S e e T PR}

c7 C?

dci (di+d;) [( dcfl”>(dk+dz) - <1+%>(du+dv)}

2 72

03(

+

d;d;drd,d,d,
dudy+deds) + —}

O3
Now we focus on E(Y; j k. ¢(m7) Y] j ru(mz)).
E(Y;jk0(m7) Y jxu(mr)) =

LR [ djded;dyd? didjdycy o o didjddy
= C5 C C 1] C

N didyd;jdyd? [didjdkdu didjdkdu}

|:dd + didy+ djdy+

o3 c + d;dy, + djdk + d;dy+ didj + c

dpdodid;d? [did;dyd, diddy.d,
+ k%yu[ %ﬁ +@@+@@+—%%—+@@+@%}

(ddk—l-d dk-l-dd)

d2
C2
y [didjdkdu did;dyd, didjdkdu] }

C + d;dp + djdk + o + didj + C
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After simplifications, we have

E(Yijke(m7) Y jku(my)) =

BB 3 did;d
:-—%%i—{u@@+@@+@@y7%ﬁwrum
did;dyd,d,  Gdididedy  (did;+ didy+ dydy,)?
+ (di+dj+dy) j02 +6 ]03 + o J .

Now, we compute IEij’M(mﬁ. Any product of two different indicator RVns
appearing in my is equal to indicator RV of the complete graph on {i,j, k, ¢}.
Thus,

EY?) 1, (m7) = EY; ik o(my) + 30EY] jxe(ms) |

where EY; ; 1 ¢(mg) is given below.

Motif mg

Motif mg corresponds to a totally connected subgraph. In particular,
Y; jke(mg) is an indicator RV, which simplifies calculations. We have

B
EY; jko(ms) = ——F5—
BEB BB
E(Yi o (ms) g (ms)) = ——-E——"
didtdid3d?
E(Yrivjykf(mS) }/i7j,k7u(m8)) = ]T ’

EYi?j,k,Z(m8) = EYj jre(mg) .



