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Designing multi-unit multiple bid auctions: An agent-based
computational model of uniform, discriminatory and
generalized Vickrey auctions

Abstract

Multi-unit auctions are being employed by publiceagies to allocate resources and to
purchase services. These auctions resolve the Iupigbyproblem inherent in single-unit
auctions by allowing bidders to submit a supphdemand schedule. However, the choice of
pricing formats for multi-unit auctions is contrgs@l. Neither economic theory nor
laboratory experiments depict a complete picturbaf alternative pricing formats perform
in terms of budgetary outcomes or allocative efficiy. This paper constructs an agent-based
computational model to compare uniform, discrimamgtand generalized Vickrey formats
under different degrees of competition and hetaweig in the bidder population.

Key words procurement auctions, multi-unit auctions, comaiohal experiments, agent-
based modelling, reinforcement learning
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Designing multi-unit multiple bid auctions: An agent-based
computational model of uniform, discriminatory and
generalized Vickrey auctions

l Introduction

Multi-unit auctions are auctions in which the aanger wishes to sell or buy several units of
the same good. They can be single-bid or multijpdlealictions. Under the single-bid version,
each individual bidder is allowed to submit a bichsisting of a single price-quantity pair bid.
Multiple-bid auctions, on the other hand, allow deds to bid with demand (or supply)
schedules helping avoid the 'lumpy bid' problemeneimt in single-bid auctions (Tenorio,
1993). Multi-unit multiple bid auctions are beingcrieasingly used, with well known
applications including wholesale electricity maskas well as markets for Treasury bills and
foreign exchange (Tenorio, 1999). In the literatthe term multi-unit is mostly used to refer
to the multi-unit multiple-bid auction. For the saéf brevity, we will use this shorter name in

this paper.

In contrast to single-bid auctions for which theerue equivalence theorem (RET) has been
establishel the design of multiple-bid auctions suffers frgreat uncertainty about the
performance of alternative pricing formats. As sule the choice between discriminatory (or
pay-as-bid) and uniform price formats continuebéacontroversial both in Europe and in the
United States (Binmore and Swierzbinski 2000). Tikisthe case for US Treasury bill
auctions, for which policy-makers have switchednfrdiscriminatory to uniform payment
formats in the hope of improving allocative efficey and budgetary revenues (Binmore and

Swierzbinski 2000).

! The revenue equivalence theorem (RET) indicatesutider the hypothesis of bidders' risk neutrality,
and for private independent values, all payment ftsriead to equivalent expected revenues for the
auctioneer.



The controversy exists because economic theory doegprovide much guidance on the
relative efficiency of alternative formats in a iple-bid setting. The uncertainty is even
greater when the bidder population is heterogeneowshen bidder marginal values (costs)
are not constant (Ausubel and Cramton, 2002). Hogbistudies are also scarce (Wolfram,
1998, Tenorio, 1993). The case for experimental@mdputational approaches to further our
understanding of multiple-bid auction design isréliere strong (Binmore and Swierzbinski,

2000, p 407).

Laboratory and field experiments have provided mosgghts into the relative performance
of the three payment formats (e.g. Alemsgeest, Bwusnd Olson 1998, Kagel and Levin
2001, Engelmann and Grimm 2003). However, the cerityl of these auctions means that
the experiments are restricted to very simplifiettisgs. To date, most of these studies have
focused on auctions where two bidders with flat dech curves compete for two units.
Computational experiments or agent-based compuatdtieconomics (ACE), on the other
hand, suffer less from the cost or complexity caists that limit laboratory experiments.
ACE provides a useful and inexpensive research fmolexamining the performance of
auctions under different contexts and for compatimg relative performance of different
auction designs. A growing number of studies arpleyping ACE to complement theoretical

and experimental studies in econorfics

This paper constructs an agent-based model to eeathe performance of three alternative
formats for multi-unit auctions: discriminatory, iform and the generalized Vickrey. The
simulated auction market is cast as a procuremactiom where a government agent buys
services from a population of bidders with privatdependent values reflecting different
production capacities and different cost structuBédders submit supply functions indicating

the amount of services they would provide at déférprices. Auctions are repeated and

2 Tesfatsion's web site http://www.econ.iastate.edu/tesfatsi/ace.igran excellent source of
information on ACE research in economics.




bidders use reinforcement learning to update thedividual bid functions with the objective
of increasing their net incomes. The performanceaxth auction format is evaluated for
different levels of competitidhwith the demand level from the purchasing agemaaging in
magnitude from 12.5% to 50% of the aggregate capadithe bidders. The comparative
analysis is also undertaken for different levelheferogeneity in the size and cost structures

of individual bidders.

The paper is organized as follows. We first brieflyiew the various auction formats and the
structural properties of bidding strategies implisdtheoretical analysis. In the third section,
we develop an agent-based model (ABM) of boundedtional bidders revising their bid

choices using Erev and Roth’s (1998) reinforcenteguning algorithm. In the fourth section,

we present the results from the computational expants and compare bidding behaviours,
budgetary outlays and efficiency of allocation fbe three auction formats. The simulation
results provide some confirmation of analytical dictons. But they also indicate that

bidding behaviours display more interesting patetapending on the interplay between the
nature of heterogeneity in the bidder populatibme, intensity of competition, and the type of
the auction. We demonstrate that under the gemethlVickrey format, simulated bids

converge towards truthful bids as predicted byttieory and that bid shading is the rule for
the discriminatory and the uniform auctions. Vigkrauctions have the best performance
almost for all competition and heterogeneity lew&lsdied here. The discriminatory auction
has the worst performance for almost all levelsahpetition when marginal costs of supply
are increasing. In the fifth section, we summarthe paper and draw some general

recommendations.

® The level of competition here is measured as the o&tiemand by the government agency over
aggregate supply by bidders. It reflects the degfeemand rationing but it does not include the
impact of changes in the number of bidders.



. Multiple-bid auctions

We concentrate on the case of sealed-bid simulteneaictions for the procurement of
identical objects with private independent vali&'e. assume that the number of units that the
auctioneer wishes to buy is fixed and equaDjo We compare the three most common
payment formats: 1) the discriminatory paymentqdisown as pay-as-bid) in which bidders
are paid an amount equal to the sum of their agtirating bids; 2) the uniform payment in
which all units sold earn the clearing price equtiggregate supply to demand; and 3) the
generalized Vickrey payment, which is a generatimabf the second price payment in the
unit auction case. Under the Vickrey, each winsepaid the amount corresponding to the

sum of the bids (other than his own) that are dispdl by his successful bids.

We will start by describing the allocation proceskiunder the three payments rules using the
concept of residual demand. In a procurement rowmiti- auction, each bidder submits
multiple bids indicating the price he is willing @xcept for different quantities. In effect,
these multiple bids are equivalent to an inversgpgufunction. Let's define the supply
schedule of biddeiras Q' =S'(b) with Q' the quantity that biddéris willing to sell for a
per-unit priced .

The residual demand facing bidde D™ (b) , is defined as the total demar@, of the

purchasing agency less the quantities suppliedllmtteer bidderg for each level of clearing

priceb.

D" (b)=max{0, Q-> S( B 1)

j#
In the three auction formats, the allocation problis solved by awarding each bidder the

quantity Q" at which his supply schedule intersects his residemand.

Q'=D"(b)=S(b) )



However, the three formats differ in the calculatif the payments for the winners. In the
discriminatory auction, each bidder is paid theaarader his supply schedule up Q' In

the uniform-price auction, all units sold earn thearing priceb’ equating aggregate supply
to demand. Therefore, infra-marginal units receiaympents that are higher than the

corresponding bids. In a generalized Vickrey augteach successful bidder is paid the entire

. *j
area under the residual demand (Q "

Theoretical investigations on multiple-bid auctionsre initiated by Wilson (1979), who

described the purchase of perfectly divisible uais‘auctions of shares”. Since then, there
has been a rich literature on this mechanism, teptd two important and unchallenged
conclusions. First, the revenue equivalence thepwérich indicates that all payment formats
lead to equivalent expected revenues for the augtiq does not carry over to the multiple-
bid auction case (Tenorio, 1993; Engelbrecht-Wiggamd Kahn, 1998; Ausubel and
Cramton, 2002). Second, most payment formats leachultiple equilibria. It is therefore

impossible to obtain equilibrium strategies as etbform expressions and authors have
therefore focussed on the analysis of the strulcproperties of bidding strategies (Noussair,

1995; Krishna, 2002; Chakraborty, 2006).

Many empirical and theoretical studies compareptioperties of bidding strategies under the
three payment formats. Most studies — conductethibcase of a standard selling rather than
procurement auction — predict that the uniform pegtrand the discriminatory payment lead
to bid shading but that demand reduction can taKereint forms in the two auctions (see

Table 1 for a summary).

In the uniform payment, Engelbrecht-Wiggans and rKé&t998) and Ausubel and Cramton

(2002) demonstrate that, although it is a domirsairtegy to bid truthfully for the first unit



(or, in the continuous case, when quantity tendsetw), it is efficient for bidders to shade
their bids for additional quantities. Moreover, thenount of bid shading increases with
guantities offered becaus¢hé incentive to win units at any price below maajivalue is
offset by the incentive to reduce the price paidndra-marginal units that are won anyway”
(Ausubel and Cramtgn2002, p23).The latter becomes increasingly important when
guantities increase, which explains the increadiityshading. This phenomenon has been
verified experimentally by Kagel and Levin (200hdaempirically by Tenorio (1993) in his
analysis of the Zambian foreign exchange marketwalh as by Wolfram (1998) who
conducted an econometric analysis of ‘“incrementakrlmidding” in the electricity
procurement auction in England and Wales. Howenwes, field experiment involving sports
card auctions, List and Lucking-Reiley (2000) pomit that, although bid-shading is

observed, the first-unit bids are rarely sinceomti@ry to theoretical predicitons.

The discriminatory payment leads to different, mooenplex, bidding strategies. Back and
Zender (1993) demonstrate, in a simplified settiniy two bidders and two units, that there
is an incentive to submit flatter supply curvestliaa uniform price auction. In other words,
bidders overbid by relatively large amounts for fingt unit compared to subsequent units. If
bidders are risk neutral, submitting entirely 8apply curves, above the true opportunity cost
curve, is a possible equilibrium. Krishna (200¥o0akhows, in the case of two units, that a
strategy of differential bid shading, comparableMuat is observed in the uniform payment,
is also a possible outcome, when the differendbérmarginal values of the two units is high.

This is confirmed experimentally by Engelmann andr@r (2003).

The generalized Vickrey payment or its counterfprarthe open format (i.e. the ascending
auction with “clinched” quantities designed by Absy 2005) is the only multiple-unit

auction in which truthful bidding is a weakly domirt strategy, resulting in efficient



allocatiorf. It was demonstrated theoretically (Ausubel andn@on, 2002; Ausubel, 2005)
and tested experimentally (List and Lucking-Reil@@00; Engelmann and Grimm, 2003).
However, the generalized Vickrey is rarely employegractice because the payment rule is
not easily understood by bidders. Decision-makehgrefore prefer to implement
discriminatory or uniform payment auctions, althbugis known that overbidding may lead
to allocation inefficiencies.

Table 1: Structural properties of equilibrium strategiesunder different payment
formatsfor multi-unit auctions.

Sealed-bid format Structural property of equilibrium strategies and efficiency
Discriminatory Scope for “high flat supply” or for “incremental esbidding”
when true opportunity cost curve is steep;

Inefficient allocation

Uniform-Price “Incremental overbidding”; Coordination at a higtice
equilibrium; Inefficient allocation

Generalized Vickrey | Truthful bidding is a weakly dominant strategy;

Efficient allocation

Since there are different classes of equilibriurategies, it is difficult to analyse how bidders
coordinate or even compare the efficiency of the payment formats. Therefore, it is
crucial that more results be produced to help dmtimakers to make a choice between
discriminatory and uniform payments. In particulats particularly important to assess how
these formats compare for different levels of cotitipea and for different types of
heterogeneity in the bidder population. It was destiated that increased competition leads
to the reduction of strategic behaviour and to ntarthful bidding (Swinkels 1999) but there
is no indication whether this performance gain iieater in the uniform format or in the
discriminatory format. There are two sources ofdkid’ heterogeneity which are worth
exploring. The first one is heterogeneity in th@my capacity of bidders and the second is
related to heterogeneity in supply costs. The thealditerature does not provide answers on

the impact of these types of heterogeneity. Treeerieed, therefore, to turn to experiments to

“Efficiency here refers to the social opportunitgicof the allocation of resources. An efficient
reallocation is obtained when goods are bought ($ad) (to) bidders with the lowest marginal
production costs (highest marginal utility).



further our understanding in this area of reseatobtead of using human experiments, which

are costly to run, we chose to develop computatiexgeriments.

1. Themodelling of bidding strategieswith artificial learning agents

ACE is the study of artificial societies of intetiag autonomous agents that directly emulate
the behaviours of individuals, institutions and ieowmental components that make up the
market or the system being studied (Epstein andelAxt996; and Tesfatsion 2002).
Tesfatsion in 2002 surveyed the research areas hithwagent-based computational
economics (ACE) has been applied. Duffy (2006) exasiithe relationship between ACE
and human-subject experiments in economics andd@swan overview of studies using ACE
to examine findings from human subject experimehislike conventional or deductive
approaches, the starting point in ACE is the speatifin of agent attributes and behaviours
rather than equations or equilibrium conditionsctiéing the system under study. Therefore,
ACE is suited to the study of systems where mauglbutcomes can be gainfully enriched
through the explicit incorporation of phenomena lkgent heterogeneity, local interactions,
networking, inductive learning, as well as throutite relaxation of other restrictive
assumptions that are normally imposed in theoretrlysis for tractability purposes
(Tesfatsion 2002). Studies applying ACE to the stoflyauctions include Andreoni and
Miller (1995), Nicolaisen, Petrov and Tesfatsio®@2), Bower and Bunn (2001), Bunn and
Oliveira (2001), Hailu and Schilizzi (2004). The deb presented in this paper differs from
previous models because it tackles the issue ofiptetbid auctions: competing bidders
submit continuous bid supply functions in the ametand employ reinforcement learning

algorithms to update their bidding strategies.

Structure of agent based model

Our auction model has a population of agents gpelimods in a sealed-bid auction to a single

buyer, the government agent. The government agenaHixed target or demand level. Each



seller is characterized by a (true) non-decreasinply functionand a given supply capacity
indicating the maximum amount of good it has fdes@he government agent does not know
the true supply functions of the different biddaral makes selection based on submitted or
declared supply bid functions. Over time, sellearh to choose, in a repeated process, the

supply bid functions that maximize their expectetlincomes.

Each auction round involves two stages. In thet fitage, the government collects bid
functions from the sellers, calculates the residigghand for each bidder and determines the
equilibrium quantities bought from each of thentha intersection of their bid supply and
their residual demand. In the second stage, pawrtenindividual bidders are determined
according to the auction format in use. Sellersthseresults of the auction to compute their
net incomes and to update the probabilities witictvithey choose their bid strategies for the
next round. The strategy choice probabilities didder therefore depend on his opportunity

costs as well as on the history of choices he haderand rewards obtained for those choices.

For the sake of simplicity, it is assumed thatttiue supply function of each sellers linear

and can be written as:
P =a’+b’Q with 0<Q<ms 3)

wherems is the capacity of biddéra’ is his entry price andb’ is the supply slope.

Seller choice strategies

We make the simplifying assumption that the leabidding curve can be reasonably
approximated by a linear curve. The learnt bid cuswherefore assumed to be represented as

follows:

B(Q)=a +bQ with B (Q) the strategic bid of player (4)



There are therefore two dimensions to the sellen@ice strategy: intercept choicg)(and
slope choicelf). The learning algorithm described below will alldidders to progressively
explore different combinations af; and b; and to retain the best values based on the
performance of past bids. Intercept and slopecesoare discretized into seven steps. For the
slope parameter, for example, there is a choiceweén values equally spaced between 0 and
the maximum slope value implied by the constraitissussed below. The true interced (a
and slope ) parameters are included in the choice sets twalbr truthful revelation of

supply function parameters.

A constraint is imposed on the choice of strategi@shat the chosen bid function does not
have any section falling below the true cost fumttjbidding below true costs is a dominated
strategy and is therefore not included in the hiddehoice set). This is guaranteed by
restricting the allowed or feasible parameter ob®i@ andb) as shown in Figure 1. We also

impose that bidders won't use extreme overbiddiragjegies by restricting their bids to less
than three times the marginal cost of supply ofrtfust expensive unit by the most expensive

supplier. This is equivalent to imposing an implreiserve price by the auctioneer.

The learning algorithm

Different learning models have been developed tiverdast several decades. A typology of
learning models presented in Camerer (2003) shbesdlationship between these learning
algorithms and how certain variants are speciadsa$ others. The models differ in terms of
their information requirements. The reinforcemes@rhing algorithm is chosen for this study
as it is particularly suitable for modelling biddibbehaviour without requiring that players be

knowledgeable about forgone payoffs associated stititegies that they did not select.

The reinforcement-learning algorithm was developgdRoth and Erev (1995) based on the

reinforcement principle that is widely acceptedthie psychology literature. Erev and Roth



(1998) extend and use this learning algorithm taehdehaviour from twelve experimental
studie$ of repeated games with unique nontrivial equisibin mixed strategies. They find
that the reinforcement learning model’'s predictiafighe choices of experimental subjects
generally outperform theoretical predictions. ThettRerev algorithm has been used in
agent-based studies of electricity auction marketg. Nicolaisenet al 2001; Bunn and

Oliveira, 2001).

The algorithm is based on the following four prles rooted in the psychology of learning
(Erev and Roth 1998)Yhe law of effect, the power law of practice, expentationand
recency.The law of effecasserts that the tendency to choose an actionresgshened
(reinforced or weakened depending upon whether the actioduses favourable results or
not. This principle implies that choice is probadiit. The power law of practiceefers to the
fact that learning curves tend to be initially gtdexperimentatior{or generalizationymplies
that strategies similar to previously chosen swusfaénes will be employed more often.
Experimentation prevents players from quickly beiogked into particular choiceRecency
(or forgetting requires that recent experience has more impacbeahaviour than past

experience.

The main features of the algorithm can be descris#dg the following three equations. If

the propensity of player to choose strategy (a,Bf timet is denoted b)Qiab(t) , the
propensity updating function can be written as (Ered Roth 1998, p. 863):

qiab(t +1) = (1_¢) qiab(t) +Ecd (a! b1 R) (5)

® Eleven of these games were conducted by diffesmmtarchers in the period between 1960 and 1995.



where:¢ is the recency parameté®,is the reward or reinforcement from previous chaié

strategy(c,d) and is the payment above true costs (net reverhta)ned by the seller, while

E.s(a ,b R) is the following three step generalization fuont

=R(1¢) ifa=candb=d
Ewa(@ b, R =R. €/n) if (a, b) is neighboring strategy of (c,d)
=0 otherwise (6)

whereg is an experimentation parameter anig the number of neighbours of strategy (a,b).

Thus, each strategy element has a propensity atlaichit. And the propensity to choose a

strategy in period t+1 is an update on the previpispensity of choice for that strategy

(equation 5). This updating includes elements s€dlinting by(1-¢) to reflect forgetting as
well as the addition of new reinforcemehy,( j, R). For a strategy that was selected in the

previous round, this additional reinforcement isi@do the reward R achieved, discounted
by the need to experiment with "similar" or "neighibing" strategies in the next round; this
is indicated in the first line in equation (6).tfe strategy whose propensity is being updated
was a neighbour of a strategy selected in the pusviound, then the new reinforcement is
the result of experimentation (see second linegimaéon (6)). Note that since the mark-up
hasn neighbouring strategies, the experimentation patamis divided byn in this line.
Finally, as shown in the third line in equation,(6)rategies that were not selected in the

previous rounds and are not neighbouring a selettategy, get no experimental spillovers.

The choice of a learnt bid curve is made in a podiséic way in each round. The probability

that a given strategy da,b) value is chosen depends on that strategy’s priopattshare in

® For strategy sets without linear order, the genextidin function should be specified as a two-step
function. See Erev and Roth (1998, p. 863).



the propensity sum for all strategies availabl¢ht bidder. Specifically, the probability that

playeri uses higc,d) strategy is then given by:

e (t)= g (t) @)

ZZQiab(t)
a b
Therefore, this learning algorithm has three patarse namely, the recency parametgy (

used in equation (5), the experimentation paranie}arsed in equation (6) as well as a scale
parameter (s) that determines the initial propmrsﬂfb. The parameter values that provided

the best data for the 12 games studied in Erev aidl @998) were used in this study. These
values are 0.1, 0.2 and 9, respectively. The valk1 for the recency parameter implies that
propensities of choice get discounted by a factbr0® between auction rounds. The
experimentation parameter value of 0.2 implies thatreinforcement that a bid curve gets for
being similar to a strategy selected in the previcound is 2.5% of the net reward achieved
for the latter. The scale parameter does not apgpeahe above equations; it is used to set the
initial (period 1) propensity values. The choicepensities are initially given uniform values
and this uniform value is equal to the producthaf scale parameter and the expected profit
from any bidding round. The latter is harmlesslyitarily set at 10% of the bidder’s cost for
supplying her maximum capacity. The significancetlo initial propensities is that they
determine the overall scale from which propensitjesreinforced and degraded as learning
occurs. These can affect the speed at which thaitepconverges on particular choices.
Sensitivity analyses show that our results are sbhw variations in the parameter values of

the learning algorithm.



Figurel: Generalization (experimentation) in reinforcement learning

a choice

Neighbours of (c,d)

v

b choice

V. Simulation results and discussion

Simulation settings
Bidding under the Vickrey, discriminatory and umifo auctions was simulated in our
computation experiments for different levels of qgatition and heterogeneity in the size and
cost structures of the bidder population. The lesfecompetition was varied by changing
demand while keeping aggregate supply capacitytanhat 4.0. Four levels of demand,
namely, 0.5, 1.0, 1.5 and 2.0, were used. Thesesmond to 12.5%, 25%, 37.5% and 50% of
the aggregate capacity available. Auction performeanas simulated for the following four
bidder populations (Table 2):

e population 1: a homogeneous population of biddetis similar capacity and

costs, with a flat supply curve (constant margaust curve, $0)
» population 2: a population where 50% of the biddeessmall capacity bidders

and 50% are large capacity bidders, all with asipply curve (£=0)



« population 3: a homogeneous population with risimayginal cost curves
(b°>0), and

» population 4: a highly heterogeneous populatiofwitiders differentiated
along two dimensions (capacity and the steepnesgeaharginal cost curves).

Table 2: description of the four populations of bidders

Bidders Capacity Entry price’d Supply slope B
Population 1 |8 identical bidders 0.5 0.5 0
Population 2 |4 small 0.25 0.5 0

4 large 0.75 0.5 0
Population3 |8 identical bidders 0.5 0.5 0.5
Population 4 |2 small -low cost: 0.25 0.5 0.25

2 small-high cost 0.25 0.5 0.75

2 large-low cost 0.75 0.5 0.25

2 large-high cost 0.75 0.5 0.75

Convergence of simulated strategies
Simulations are run over a large number of round# bidders have had ample time to learn
and adjust their bids. What we are interested entlae bidders' convergence strategies, that is
the pair (ab) obtained once convergence is reached. Theret deast two ways to measure
convergence in the choices that agents make. T$tadito define convergence in terms of the
stability of parameters that are selected. The skdento examine the distribution of
probabilities of choice among the set of stratetias a bidder has. This second approach was
employed in this study as it is more appropriatetti@ probabilistic nature of the choices that
bidders make. To avoid premature termination ofiélaening process, it was required that the
following two conditions hold for each bidder:

1) that the distribution of probabilities over chogteategies is unimodal, i.e. the

probability of choice attached to the most likelsategy is at least 0.5, and

2) that this probability is at least five times biggiean the second highest probability

For each experimental set up, 100 different repboa were generated using different
random seeds. A minimum of 1000 rounds were alibwefore convergence was tested

using these criteria. In 64% of the simulationg tlonvergence criteria were met within the



first 2000 rounds and in 80% of the simulationshimit5000 rounds. The simulation was
allowed to run for a maximum of 20000 rounds if tt@nvergence criteria were not met
before that. The 20080round was reached without the convergence critegiag met only

in 8% of the cases. An examination of the highest second highest choice probabilities
from the learning algorithm indicates that theres\agoredominant choice in most of the runs

when the simulation was stopped.

The simulation results are discussed in the nectisse We only analyse convergence results.

Since all simulations involve 100 replications wiltfferent random seeds, the strategies and
the performance of the auctions are evaluated besethe average values obtained from

these 100 replications. First the bidding strategibserved are presented and compared to
available theoretical predictions. Then the perfamoe of the three auction format are

compared in terms of budgetary outlays per unit emterms of the social efficiency of

allocation as measured by the cost of productiorupé.

Results for a homogenous population of bidders flatrsupply

This population has the simplest structure. The drisidire homogeneous in capacity and the
level of marginal cost is constant. Since the |@fgharginal cost is constant and identical for
all bidders, the competition at any price levelalves the entire aggregate capacity.

The simulated bidding behaviour for this populatif@able 3) indicates that bidding is

truthful on the first unit (with a frequency of 9986 higher) in all auction formats regardless
of the level of demand. The bidding strategy fa slibsequent units was found to be
dependent on the level of demand in the uniformiandut not in the discriminatory and

Vickrey auctions.



Table 3: Bidding strategy frequencies (%) for selected bidders. homogeneous
population with constant marginal costs ( a=0.5, b=0)

Demand trueal/trueb truea/higher b higher a/trueb  higher a/higher b
Auction type level

0.t 85 15 0 0

; 1 88 12 0 0

Vickrey 1.5 87.€ 11.¢ 0.2 0
2 85.9 13.3 0.8 0

0.t 5 95 0 0

L 1 4.2 95.7 0 0

Discriminatory 15 3c 96.5 0 0
2 3.8 96 0.2 0

0.t 5 95 0 0

. 1 23.€ 76.4 0 0

Uniform 15 415 58.¢ 0 0
2 50.8 49 0.2 0

Under the Vickrey format, learnt bidding behaviogenerally conforms to the results
predicted by theory which states that truthful lmdd("true a/true b") is a weakly dominant
strategy. The frequency of truthful bidding is mahan 85%. In the remaining 15% of the
cases, bidders bid truthfully on the first unit bmterbid on the subsequent units (“true

a/higher b"). The figures are summarized in Table 3.

In discriminatory auctions, around 96% of seledi@ttlers bid truthfully on the first unit and
overbid on the following units (henceforth referredassupply inflation). However, the
literature (Englebrecht-Wiggans and Kahn 1998) datlis that the expected structural
properties of equilibrium strategies are highemeptice and flat bidding on the following
units igh flat bidding henceforth). A flattening of the supply curve impes bidder
revenue as the prices received for infra-margir@tsuare brought closer to that of the
marginal unit. So under this auction format, thisran incentive for bidders to organize their
bids at the auction clearing price. However, whempgetition is tight, these flat supply
curves are susceptible to price undercutting bglsiand the bidder can easily be priced out
with small changes in others' bids. Under suchuarstances, bidders have an incentive to
ensure winning by bidding with truthful entry pricevhile at the same time earning positive

net income by inflating prices on subsequent ufitais, supply inflation is not precluded by



theory (Krishna, 2002), and it is exactly what served in our simulations for the case of

this homogenous populations.

It is only with the uniform format that the leatm¢haviour changes greatly with the level of
competition: for low demand levels, the biddingc@mparable to the one observed in the
discriminatory format (supply inflation), whereaw higher demand levels, the frequency of
truthful bidding, as observed in the Vickrey formeicreases. In a uniform auction, supply
inflation allows the marginal bidder (the one sgjtthe clearing price) and all other winners
to make greater profits. It is therefore the bebtaviexpected by theory under uniform
auctions. However, the propensity to bid more fulty that is evident at lower completion

levels can be explained by the fact that each bitlde a lower probability of being the price
setter as the demand increases. Infra-marginaebsdaave no incentives to inflate their bids

as it does not impact the price they get.

Results for a population of bidders with flat sypput heterogeneous sizes

Here, we compare the bidding behaviours simulatgte simplest case described above with
strategies observed for the case of a slightly nsoraplex population of bidders (Table 4).
Population 2 is made of bidders who all displaynid=l constant marginal costs (flat supply)
but having different sizes: 50% of agents witha kapacity (ms = 0.25) and 50% of agents
with a high capacity (ms = 0.75). The total suppiyacity, as well as the aggregate supply
curve remain the same as in the homogenous basdaad.5 and b = 0).

Table 4: Bidding strategy frequencies (%) for selected biddersfor demand of 1.5:
population of small and large bidder s with constant marginal costs (a=0.5, b=0)

Auction type Bidders truea/ Truea/ higher a/ higher a/
trueb higher b trueb higher b
. Smal 94.¢ 4.1 0 0
Vickrey Large 83.4 15.2 1.4 0
. Smal 5.¢ 94.1 0 0
Discriminatory "arqe 3.4 96.6 0 0
Smal 88.¢ 11.4 0 0

Uniform Large 43 95.3 0 0




The introduction of size heterogeneity has a vewntitic impact on bidding behaviours
under the uniform auction. We observe great disurejges between the strategies adopted by
small and high capacity bidders, altering signifitta the conclusions drawn for the
homogeneous case. For high levels of demand, sndalérs tend to adopt a truthful strategy
whereas large bidders use a strategy of supplatiofi. However, for lower levels of demand,
small bidders display a mix of truthful and suppiflation strategies, i.e. the frequency of
their bids on the combination (true a/higher b)gae to 54% for D= 12.5% of aggregate
supply. The explanation is as follows. Large biddars more likely to be price setters,
especially for high levels of demand. They thereftend to inflate the clearing price by
overbidding on the last units. For lower levelslemand, small bidders have a greater chance

to be price setters and therefore tend also toteapessive overbidding.

Contrary to the uniform case, size does not havehnmfluence on bidding strategies in the
Vickrey and in the discriminatory auctions. Smalhdalarge capacity bidders adopt
comparable strategies: truthful bidding in the Vek case and supply inflation in the
discriminatory cases are the most frequent behavidabove 80% and above 94%,
respectively). Furthermore, these observationdaary insensitive to the level of demand or
competition (although truthful behaviour tends égnress slightly under the Vickrey when

competition levels decline).

Results for homogeneous population of bidders wpthard sloping supply

When the marginal cost of production is positivedioped (Table 5), it is for the
discriminatory format that major changes in biddatigategies are observed compared to what
is observed when marginal costs are flat. For l@mand levels, bidders display the same
supply inflation behaviour as in the previous siatigns (97% on true a/higher b for D= 0.5)

but when demand levels increase, the high flat ibgidbecomes increasingly prevalent,



reaching a frequency of 74% (higher a/zero b) wihenratio of demand to total capacity is
50%. The latter behaviour conforms to the theorkficedictions and is explained by reduced
risks of being completely undercut by competitoreewthe demand level increases.

Table5: Bidding strategy frequencies (%) for selected biddersfor demand level 1.5:
Homogeneous population with positively sloped marginal costs (a=0.5, b=0.5)

truea/ truea/ higher a/ higher a/ higher &/
Auction type trueb higher b trueb higher b lower b (zero
b)
Vickrey 84.4 15.6 0 0 0(0)
Discriminatory 4.3 35.7 0.4 0.4 59.2 (59.2)
Uniform 75.2 24.6 0 0 0.2 (0.2)

With the other two auction formats, sincere biddimgrevalent at all levels of demand. The
frequency of true al/true b bids is above 81% fer\ickrey and above 72% for the uniform.
It is interesting to note that in both cases, theeiofrequent bidding strategy observed is
supply inflation and that the frequency of this #@bur decreases when demand increases in
the uniform format (from 27% for demand of 0.5 t6.9% for demand of 2) whereas it

remains relatively stable in the Vickrey format.

Results for population of bidders with heterogersesizes and supply slopes
In the final set of simulations, we include two sms of heterogeneity (size and marginal
cost slopes) simultaneously. All bidders have timaes entry price (a = 0.5) but each falls into
one of four categories depending on its capacity) @nd true supply cost slopes (b). The four
groups have two bidders each with the followingrahteristics:

Group A: small capacity and flatter supply curves£0.25, b=0.25)

Group B: large capacity and flatter supply curves%0.75, b=0.25)

Group C: small capacity and steeper supply cumes=0.25, b=0.75)

Group D: large capacity and steeper supply cumess=(.75, b=0.75)



Under the Vickrey auction, cases where biddersadechigher entry prices are almost
nonexistent. Bidders predominantly bid their trugre priced. And in at least 74% of the
cases, the bids also reveal the true supply slasesting in truthful bidding. Between 18 and
24% of the time, bids combining true entry pricathvinigher slopes are observed under this
auction. However, the different groups do not Imicekactly similar ways and the following
differences are consistently observed among thepgroSmaller capacity bidders tend to be
more truthful than their larger counterparts retgssl of the slope of their true supply curves.
Furthermore, bidders with shallower true supplyesrtend to bid truthfully more frequently
than equally sized bidders with steeper curvesséhmtterns can clearly be seen from the
frequency results for the case of demand of 1.5nsamzed in Table 6. The frequencies of

truthful bidding for the four groups are 91%, 7386% and 56%, respectively.

As with the results for the other populations, hifut bidding is almost non-existent with a
discriminatory auction. The most predominant ovedbig is the theoretically expected “high
flat “ supply bid which occurs with an increasinggduency as the level of competition
decreases: it increases from 37% at a demand dévieko 69% at a demand level of 2 (see
Figure 2). The only exceptions to this are largaédbis with steep true supply curves who
frequently adopt “supply inflation” strategies, esjally for low demand levels. This
behaviour is consistent with what has already bebserved in more homogeneous
population settings. It confirms that supply infbatis a strategy adopted by bidders who are

likely to be totally priced out by rivals.

Bidding behaviour under the uniform auction variegh competition levels. At high
competition levels (demand of 0.5) truthful biddirsgthe most frequent behaviour for all
groups (77% on average). This behaviour is highegfoups A, B, and C at 94%, 80% and

89%, respectively. Only for big capacity and stemst curve bidders (group D) is this

! Only when the demand level is 2 does the frequehbidse with higher than true entry prices

go above 1%. At a demand level of 0.5 this rate isad&only 0.29% at a demand level of 1.



frequency below 50% as this group bids with truthéatry prices and inflated slopes.
However, “supply inflation” becomes more frequdat all groups as the demand level
increases to 1.0 but then declines as demand Besdarther where we observe a mixture

of “truthful” and “high flat” strategies especialymong groups B and C.

Table 6. Bidding strategy frequencies (%) counts for demand level 1.5 for the

population of bidderswith heter ogeneous sizes and supply slopes

Bidding strategiesunder Vickrey

truea/ truea/ higher a/ higher a/ higher a/
Bidder trueb higher b trueb higher b lower b
groups (zerob)
Group A 91.2 8.1 0.7 0 0
Group B 74.9 22.7 0.6 0 1.8
Group C 85.8 13.7 0 0 0.5
Group D 56 43 0 0 0.6
All bidders 77 22 0 0 1

Bidding strategiesunder Discriminatory
true a/ true a/ higher a/ higher a/ higher a/
true b higher b true b higher b lower b
(zero b)
Group A 6 10 0 0 84
Group B 7 9 1 0 83
Group C 8 26 0 0 66
Group D 1 98 0 0 1
All bidders 5 36 0 0 59
Bidding strategiesunder Uniform
truea/ truea/ higher a/ higher a/ higher a/
trueb higher b trueb higher b lower b
(zerohb)

Group A 91 6 1 0 2
Group B 33 51 1 1 14
Group C 84 13 0 0 3
Group D 58 40 1 1 0
All bidders 67 27 0 1 5




(a) Learnt bid curves for bidder a bidder with (b) Learnt bid curves for bidder a bidder with

capacity of 0.25 and slope of 0.25 capacity of 0.75 and slope of 0.25
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Figure 2. Bidding behaviour under a discriminatory auction, for different
levels of competition: population of heter ogeneous bidder swith upwar d
sloping supply cost curves

Bidding strategies: a summary

Examining the pattern of bidding behaviour acrdss different populations, the following
general observations can be made.

1) For all types of bidder populations and demandI$eensidered here, the Vickrey
auction leads to high frequencies of sincere bigldirhis conforms with predictions
from theoretical analysis. It can also be lookedsat confirmation that the learning
algorithm used in the simulations does lead to miteoutcomes.

2) Overbidding is the norm under the discriminatorgtaan. The theoretically predicted
high flat bidding (higher entry price and lowerzmro slope) is observed in the case
of bidder populations characterized by non-constaarginal cost curves. This
behaviour becomes more predominant at lower lewdlscompetition. Supply
inflation (same entry price but higher supply sk)pis the predominant overbidding
strategy under the discriminatory when the margauait of supply is constant. This
behaviour (which is not precluded by theoreticablgsis) allows the bidder to

minimize the risk of being completely undercut bgmpetitors. Therefore, this



bidding strategy is rational when the level of cetiton is intense because demand
is low and/or marginal cost is constant pittingrguenit for sale against every other.

3) The uniform auction induces two types of strategtesthful bidding and supply
inflation. Supply inflation is observed mostly foigh levels of competition and
predominantly among bidders with large capacity atebp cost curves when the
population is heterogeneous in size. The frequefdguthful bidding increases with
increase in demand levels, especially among sme#ipacity bidders who have a
lower probability of being price setters.

4) When the context induces truthful bidding behavionder the uniform auction, the
frequency of truth telling is lower than that olbid under the Vickrey. Moreover, for
both auction formats, the frequency of truthfuldidy is higher for the group with

most competitive cost structure (i.e. for groughan for group B).

Nash equilibrium property tests of learnt stratexgyie

The learnt bids were tested for best reply properiy checking, for one bidder at a time, if

there is no other strategy that allows the biddeintrease its net income. The convergence
strategies constitute a Nash equilibrium (NE) if earf the eight players can improve on his

net income using a bid other than the learnt one.r€lults are summarized in Table 7.

The percentage of learnt strategy choices thattitolessa Nash equilibrium strategy set is
high in the Vickrey at all demand levels for bidgepulations 1 and 2. For these populations,
between 82 to 95% percent of the experiments gesINE test. For the populations with
increasing marginal costs, this ratio is much lowerd for both discriminatory and uniform
auctions, this rate is low regardless of the pdpmra Finally, more choices constitute NE
strategies when the level of competition is tiglfteamand is low). These figures confirm that
the multiplicity of possible equilibria induce caimation failures. Bidders learn to coordinate

their overbidding when demand is high. And thisrdirmation is easier when the population is



heterogeneous and the clearing price is set byrfbidlders. However, these coordinated bids
do not constitute best reply strategies as indafichidders can improve their net incomes
through unilateral deviation. With the Vickrey, fexample, coordinating bidding choices
with others so that the clearing price is high biéseall bidders. However, a bidder's net
income might improve (but would never go down)tifréverts to a more truthful bidding
strategy given the choices of its competitors hia discriminatory auction, a bidder’s revenue
depends on his own bid, providing the bidder with incentive to deviate if other bidders
were to keep their bids fixed. Under the uniforhe bidder’s revenue can depend on its own
bidding strategy. Therefore, a bidder might haveshme incentives to defect or 'free ride' on
the price coordination choices of other bidders.

Table 7: Proportion of learnt bidding strategiesthat passthe Nash equilibrium tests
(%): Vickrey (V), Discriminatory (D) and Uniform (U) auctions

Population 1 Population 2 Population 3 Population 4
Demand V D U \Y D U \Y D U \Y D U
0.5 95 91 30 90 71 72 30 25 29 50 34 48
1.0 97 13 20 84 22 60 18 1 9 11 5 17
15 83 14 17 82 11 8 15 0 10 8 0 5
2.0 86 14 15 82 10 11 13 0 8 2 2 2

Auction performance

The performance of an auction is measured usindptimving two criteria: budgetary outlay
and the total production costs. The former meadinesnonetary transfers from the buyer to
the bidders. The latter measures the auction's Iscast efficiency. From a social welfare
perspective, the auction outcomes are more efficieghe product purchased is sourced from
lower cost producers. The second criterion is @évonly for the last two experiments
(populations 3 and 4) as any allocation is equetficient when marginal costs are constant

and identical for all bidders as in populationandl 2.

The analysis of auction efficiency confirms whas leeen observed with bidding strategies.

The Vickrey is the most efficient for all types mdpulations. The discriminatory is the least



efficient. These results are related to the redafiequency of truthful bidding displayed

under the three formats.

Judging by budgetary outlay, the Vickrey auctiothis least expensive in almost all settings.
This advantage of the Vickrey is very clear whedders have constant marginal costs
(populations 1 and 2) , especially for high levalslemand. See Figure 3. For populations of
increasing marginal cost bidders (population 3 4pdhe budgetary outlays in the Vickrey
and in the uniform are almost the same when denwmialv. For higher demand levels in
heterogeneous populations (populations 2 and 4yeher, the performance of the uniform
auction declines, due mainly to the strategiesacdd bidders who tend to drive the auction

clearing price up by overbidding on the last urfiise Figure 4.
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Figure 3. Outlay per unit for different levels of competition for the
population of homogeneous bidderswith flat supply cost curves
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Figure 4. Outlay per unit for different levels of competition for the

population of heterogeneous bidderswith upward sloping supply cost

curves
The discriminatory auction format is generally thest expensive auction but with the
following two qualifications. For high competitidavels, the discriminatory often performs
as well as the Vickrey especially when the popatais homogeneous. For low competition

levels with populations which are heterogeneowsza, the discriminatory can perform better

than the uniform.

Table 8. Auction performance for bidder population 4

Performance Summary Relative Performance
measure Summary Performance M easur es M easures
Demand: 0.5 Demand: 0.5
Vickrey Discriminatory  Uniform Vickrey Discriminatory Uniform
Outlay per unit 0.539 0.560 0.532 1.025 1.095 1.016
Cost per unit 0.516 0.519 0.515 1.008 1.014 1.006
Demand: 1 Demand: 1
Vickrey Discriminatory  Uniform Vickrey Discriminatory Uniform
Outlay per unit 0.589 0.672 0.598 1.068 1.283 1.093
Cost per unit 0.532 0.545 0.533 1.016 1.041 1.018
Demand: 1.5 Demand: 1.5
Vickrey Discriminatory  Uniform Vickrey Discriminatory Uniform
Outlay per unit 0.660 0.727 0.687 1.126 1.357 1.194
Cost per unit 0.551 0.556 0.554 1.029 1.038 1.035
Demand: 2 Demand: 2
Vickrey Discriminatory  Uniform Vickrey Discriminatory Uniform
Outlay per unit 0.729 0.759 0.767 1.162 1.379 1.252
Cost per unit 0.568 0.569 0.572 1.034 1.035 1.040




The average performance figures for populationelmesented in Table 8. The table also
presents performance measures relative to whatdamaNe occurred under truthful bidding
(last 3 columns). These relative figures help uwess the relative distortion of true values
under the three formats. This distortion is highesprogram outlay under the discriminatory
auction; program outlay under bidder learning ranfjem 110% to 138% of what it would
have been under truthful bidding. This figure raa@®m 102% to 116% for the Vickrey
auction and from 102% to 125% for the uniform awttiTherefore, the level of overpayment
can be significant even in the case of the Viclaagtion where bidding is predominantly but

not completely truthful. Efficiency losses are riglaly small, in a range of 0.8% to 4%.

5. Conclusions

Economic theory does not provide an analytical dpson of the equilibrium bidding
strategies under multi-unit uniform and discrimorgtauctions. The choice of auction format
continues to be a controversial issue. The objedativéhis paper is to contribute towards
filling this knowledge gap by using computationaperiments to simulate bidding behaviour
and auction performance for three pricing formatsform, discriminatory and generalized

Vickrey auctions.

The paper started by discussing theoretical priedistfor the three auction types and the
knowledge gaps that exist. Findings from some stdising human experiments were also
discussed. An agent-based model was then formuladedimulate bidding among a

population of agents that use a reinforcement iegralgorithm to update their bids based on
individual experience. The bidders learn over ategy space with two dimensions: the
intercept and slope parameters of their bid fumctithe experiments are undertaken for four

different demand levels (ranging in magnitude fra&h5% to 50% of aggregate supplier



capacity) and for four different types of biddepptations, with the most heterogeneous one

consisting of four groups of bidders differentiatgdsize and marginal cost slopes.

Our results indicate that bidding behaviour canm®tcompletely characterized by auction
format. It also depends on the nature of the bigdgulation and the level of competition. In
particular, bidding strategies in a uniform auctase extremely sensitive to the heterogeneity
of size amongst bidders. Uniform auctions induce types of strategies: truthful bidding and
supply inflation (i.e. true entry price but incrawas overbidding on the subsequent units).
When the population of bidders is heterogeneowspacity, dramatic differences in bidding
behaviours occur under the uniform format. Suppiffation is observed mostly for high
levels of competition and predominantly for larggacity bidders. It is the strategy adopted
by the bidders who are likely to be the price $stt®n the contrary, when bidders are less
likely to be price setters, they tend to remairihtiui and "free-ride" on the risks taken by

their bigger or more expensive counterparts.

The discriminatory auction, on the other hand, ndeads to truthful bidding: two types of
overbidding behaviours are observed: supply irdfta@and high flat bidding (i.e. high leant
entry price and flat supply bid). The high flat dhilg expected by theory is found for bidders
with increasing marginal costs, when levels of cetitipn are low. However, supply inflation
of the type observed in the uniform auction isemjfrent strategy when true marginal costs are
constant or when competition levels are high. @sults provide evidence of such bidding
behaviour among all types of bidders at high coitipatlevels, and even at high demand
levels for bidders with less competitive cost stmues. This bidding behaviour has also been
observed in human experimental studies (Engelmarth @rimm 2003). An intuitive
explanation can be provided for this deviation friiva high flat bidding predicted by theory.
High flat bids have the capacity to improve biddmrenue as the prices received for all units

sold are brought closer. However, this strategyeases the risk that the bidder is completely



priced out by rivals. Therefore, when a bidder $actiff competition as a result of its
similarity with others or because of its less cotitppe cost structure, a strategy of supply

inflation rather than high flat bidding allows @ &void zero gain outcomes.

The picture provided by these simulations is mayenglex than the partial view that the
theory provides in relation to the structural pntigs of equilibrium strategies under the three
formats. It indicates that attention should be tgdnto the heterogeneity of the bidding

population, not only in terms of cost structure &lsb in terms of size.

The analysis of the relative performance of auationterms of budget outlays also delivers a
strong message. The discriminatory auction, whictoimmonly used in practice, is in most
cases the most expensive format. Vickrey is thstlegpensive procurement auction in most
cases. The reluctance of auctioneers to use thisnaatight be related to its relative

complexity, especially in the multi-unit case. Timdform auction can perform better than the
discriminatory auction for most levels of competiti Therefore, procuring agencies and

policymakers would need to seriously consider a#ives to the discriminatory auction.

There are several emerging auction markets wheid-umit auctions could be applied in
Australia. Auctions for allocating conservation tracts are currently of great interest
throughout Australia. The National Market-Basedrmsents Pilot Program of the National
Action Plan for Salinity and Water Quafitjs in its second round; and, both rounds
have included several pilots trialing conservatauttions. However, none of these
auctions have been multi-unit auctions althoughldmepy bid nature of single-unit
bids is identified to be a problem for private |aottlers (see, for exampl€han,
Laplagne. and Appel§2003)). Moreover, all auction trials have focusedy on one

payment format, the discriminatory auction, andeheas been little consideration of

8 A description of the pilot program is available hérep://www.napswq.gov.au/mbi/index.html



alternative pricing formats. Another potential apalion area for multi-unit auctions
is the buyback of water rights from irrigators irder to restore environmental flows.
The buyback of forest harvest rights for environtakprotection purposes (e.g. in
Tasmania) is also an area where properly designgti-amit auctions can be used to

improve budgetary and allocative efficiency outceme
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