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A simple bio-e
onomi
 model of soil natural
apitalRobert Lifran∗, Oumarou Balarabé†, Annie Hofstetter∗, Mabel Tidball∗De
ember 2013Abstra
tRelying on the 
on
eptual framework of natural 
apital, this paperbuild a 
on
ept of soil natural 
apital and implement it using an optimal
ontrol model. Considering soil as an e
osystem, we build a simple bio-e
onomi
 model with two interelated sto
ks (the soil organi
 matter andthe sto
k of nutrients dire
tly 
ontributing to the plant's biomass elab-oration). The produ
tion fun
tion is of Liebig type, a Linear one withplateau. The e
onomi
 part of the model relies on the long term pro�tmaximisation in the 
ontext of private management. We retained two
ontrols: the mineral fertilization adding to the sto
k of nutrients, andthe rate of biomass given ba
k to soil to 
ontribute to the soil organi
matter.By 
ombining both 
ontrols, we identi�ed management regimes and de-�ned the set of stationaries states. Going beyong that standard step ofanalysis, we simulated optimal time path for di�erent initial 
onditionsand di�erent set of parameter values. We spe
i�
ally fo
used on the roleof the pri
e of fertilizers relative to the pri
e of the agri
ultural produ
ts.Results show that private management of soil natural 
apital drives to thequasi depletion of soil organi
 matter. As a 
onsequen
e, there is a needfor publi
 in
entives to promote those e
osystems servi
es non supportedby market.Keywords: Natural Capital, Optimal Control, E
osystems Servi
es,Environmental poli
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tionDespite huge progress in plants geneti
 and plants prote
tion, the produ
tionof food, �ber or biofuels by agri
ulture still relies on land as a 
omplex resour
emade by the mix of an area and a volume of soil. Plants use photosynthesisto 
apture solar energy trough area and soil's volume holds the nutrients theplants 
ould need to growth. This e
ologi
al mix has been regarded through thelong history of soil s
ien
es under various lenses Feller et al. (2012).At the beginning of the XIXth 
entury, the plant nutrition theory still fo-
used on the role of humus (Humus being on organi
 
ompund) Thaer (1809).At the same time, soil fertility is regarded by e
onomists as a natural resour
einequally allo
ated to di�erents pla
es. Observing the great range of soils pro-du
tivity, even under the same 
limate, early e
onomists postulated that di�er-en
es in agri
ultural output 
omes from the di�eren
es in the soil's fertility. Asa 
onsequen
e, they elaborated the land rent theory. That view point remainedun
hanged, even after the demonstration by german s
ientists that plants useonly simple elements like nitrogen, phosphorus and potash for their nutrition,and not dire
tly soil's organi
 matter Sprengel (1838) Liebig (1840). That min-eralist theory of plant nutrition had little impa
t on the way e
onomists regardedthe soil fertility, until the german 
hemists Haber and Bos
h dis
overed the pro-
ess of extra
ting nitrogen from atmosphere. From that innovation onwards,modern agri
ulture has been thought as a organi
 free agri
ulture Feller et al.(2012). As extra
tive industry is able to supply farmers with mineral fertiliz-ers, agri
ultural produ
tion seems no longer to rely on natural pro
esses. For



e
onomists, the neo-
lassi
al theory of produ
tion 
ould be at that point substi-tuted to the land rent theory. This substitution has been usefull and robust forde
ades, being reinfor
ed by the su

ess of what had been 
alled "The GreenRevolution" Borlaug (1970) Borlaug (2007). Be
ause land, mineral fertilizers,pesti
ides and seeds 
ould be found on markets, there is no need to look at thesoils 
ontents to explain di�eren
es in agri
ultural produ
tivity. Farmers haveonly to allo
ate fa
tors of produ
tion a

ording to relative pri
es, produ
tivityunder the 
onstraint of the produ
tion fun
tions Heady (1952). As a 
onse-quen
e soils properties and soils servi
es would be ousted from the resear
h inagri
ultural e
onomi
s for several de
ades.Nevertheless, at the end of the XXth 
entury, the awarness of several short-
ommings, able to balan
e the bene�ts of modern agri
ulture, was in
reasing.First of all, land resour
es degradation by the very e�e
ts of agri
ultural inten-si�
ation pra
ti
es threats non only the ability of agri
ulture to a�ord food and�ber, but also impair many others e
osystem servi
es. The �rst environmental
risis, known as a "dust bowl 
risis", had already been experien
ed in the Statebefore the se
ond World War. The e
ologi
al and e
onomi
al 
onsequen
es havebeen so dramati
 that the Federal Government 
reated the �rst Publi
 Agen
yto promote the soils 
onservation. The premiss of the soil natural 
apital 
on-
ept have been elaborated at that time and legitimize the publi
 interventionBun
e (1942) Hi
ks (1939a) Weitzell (1943). After the war, the memory of thedust bowl 
risis has been soon dis
arded, and we observe that during the fol-lowing de
ades up to 1980, no papers on the issue has been published. In theyears 1980, Burt (1981) and M
Connell (1983) published models of soil deple-tion by the e�e
t of produ
tion intensi�
ation. They are the �rst papers usingan intertemporal framework (dynami
s programming or optimal 
ontrol). Afterthem, only a bun
h of papers has been published on erosion issues, half of thembeing motivated by land degradation in developing 
ountries Shortle and Mira-nowski (1987) Barbier (1997) Miranda (1992) Goetz (1997) Grepperud (1997)Brekke et al. (1999) Shiferaw and Holden (1999) Hediger (2003) Nakhumwa andHassan (2011) Yirga and Hassan (2010). In all that papers, soil is modeled asa single state variable with a various dynami
s, under the 
ontrol of produ
tionintensity 
hoi
es. They do not expli
itly 
onsider that farmers, by their 
hoi
esand pra
ti
es, are managing an natural 
apital.At dawn of the XXIst 
entury, the 
risis indu
ed by the 
ompeting uses ofland for biofuel drawn attention on the fragility of organi
 free agri
ulture, andhis dependan
e on non renewable (and sometime non substitutable) resour
es.As a 
onsequen
e, 
on
erns about the unsustainability of modern agri
ulturehas been raising Gri�on (2006) Conway (1997).The 
onvergen
e between spe
i�
 issues in agri
ulture, and the international
onsensus on the role of 
arbon emissions on the 
limate 
hange has driven to anew paradigm shift in the s
ienti�
 
on
eptions of agri
ultural produ
tion, andmore spe
i�
ally, on the representation of soil's fertility. We will 
all the newparadigm Systemi
. Systemi
, be
ause soil is now 
onsidered as an e
osytemof his own right. Deserti�
ation and land degradation has been promoted onthe International Agenda, and be
ome a main 
hapters in the MEA MillenniumE
osystem Assesment (2005).Main 
hanges in the representation of soil fun
tions and servi
es shared bysoils s
ientists are related to the s
ope of soil servi
es and to its stru
ture andfun
tions. Soils do not only provide support for food and �ber produ
tion, they



are also home for a great biodiversity, they 
ontribute to 
arbon sequestration,to regulate water 
y
le, and also give support to 
ultural servi
es. The XXIstCentury beginning, following Costanza et al. (1998) Costanza and Daly (1992),some soil s
ientists proposed to apply the 
on
ept of natural 
apital to the soile
osystem Robinson et al. (2009), Dominati et al. (2010), San
hez et al. (1997)."We de�ne the soil natural 
apital as the sto
k of bioti
 and abioti
 mass that
ontains energy and organization. Furthemore, the stru
ture and fun
tionalityof soild a

ross the lands
ape fa
ilitates needed pro
ess for the well-being ofHumanity and the Earth system" Robinson et al. (2009). As soils s
ientists,Robinson, Dominati or San
hez put emphasis on the 
omponents of the soile
osystem. Naturally, even they have seen the very interest of the 
on
ept forpubli
 de
ision making and poli
y design, they are not in position to furtherdevelop 
orresponding models suitable for management.At that point of our investigation, we get a very surprising 
on
lusion: to-day, soil s
ientists propose a de�nition of soil natural 
apital, and propose totake onto a

ount in the soil's so
ial management the bulk of goods and servi
esprovided by SES, but dont have the means to develop 
orresponding analyti-
al models. Meanwhile e
onomists have developped useful tools to take ontoa

ount intertemporal trade-o� in the agri
ultural produ
tion, but they mainlyrely on very simple, unidimensional, models of soil mainly de�ned by the depthor the volume of topsoil. Naturally, there is no 
ontradi
tion between bothpositions, there is just a gap to be ful�lled. And some modelling hurdle ahead.Our aims in that paper are to take advantage of the re
ent advan
es both insoil s
ien
es and in optimal 
ontrol theory, in order to elaborate an simple bio-e
onomi
 model of soil natural 
apital. We will de�ne soil natural 
apital (SNC)as an e
onomi
al 
on
ept, an e
onomi
al indi
ator usefull to evaluate the �owsof goods and servi
es provided by the soil 
onsidered as an e
osystem. SNC helpin monitoring management a
tions (extra
ting, renewing, use 
onversion...) ofprivate a
tors, and in designing publi
 poli
ies aimed at long term 
onservationof soils 
apa
ities. This de�nition relies on the e
onomi
al appraisal of �ows ofgoods and servi
es over time, and she is di�erent from the "naturalist de�nition"elaborated by soil s
ientists. Namely, she is not only related to the 
omponentsof the SES, but to the 
apitalisation of servi
es, evaluated either by marketsor by others evaluation methods. Be
ause the main servi
es provided by SESbeside food and �ber produ
tion are non markets servi
es, and are by naturepubli
 goods, the value of SNC is di�erent a

ording to the private or so
ialpoint of view. As long as intertemporal management is involved, we will rely onoptimal 
ontrol theory, and be
ause main soil's e
osystem servi
es (SESS) arerelated to soil's organi
 matter (SOM) Feller et al. (2012) Vi
toria (2012) Mileset al. (2009), we will fo
us on that sto
k. Moreover, we will rely on the simplestrepresentation of SOM dynami
s given by Hénin and Dupuis (1945). Humi�
a-tion pro
ess in
orporates 
rops residues into SOM sto
k, while mineralisationpro
ess nurtur the se
ond sto
k of dire
tly assimilable nutrients. Be
ause tothe inherent 
omplexity of SES fun
tionning, we will not deal at this stage withothers SESS beside the support to the agri
ultural produ
tion. Moreover, wewill fo
us on private management, keeping the so
ial value of SNC for furtherinvestigations. Assuming that the private management of soils aims at max-imising the net present value of the soil's asset, we will make use of optimal
ontrol models, and will identify management regimes and stationnaries states.We then will pro
eeds to simulations of transitory regimes from di�erents initial



situations.Our paper is organized as follow:In the �rst se
tion, we will explain the model's stru
ture, the resolutionmethod and the results, and will give e
onomi
al interpretation.In the se
ond se
tion, we will look at the stationaries state 
orresponding todi�erent management regimes.We will devote the third se
tion to the simulations of optimal time pro�lesfor relevant initial 
onditions and sets of parameters values. We will give aspe
i�
 attention to the impa
t of the pri
es of fertilizers.Finally we will draw 
on
lusions and tra
e some resear
h perspe
tives on soilnatural 
apital.1 The model1.1 The model's stru
tureThe SNC model uses the optimal 
ontrol theory to maximize over an in�nitehorizon the pro�ts from the agri
ultural a
tivity. The manager is entitled withtwo 
ontrols: one is the fertilizer appli
ation rate, and the other one is the rateof biomass restitution to soil. The soil e
osystem stru
ture and dynami
s isrepresented by two interelated sto
ks: the �rst one represents the SOM 
ontents,the se
ond is the soil's nutrients 
ontents. Fertilizers just add to the se
ondsto
k, while restitutions of 
rops residues to soil 
ontributes, trough humi�
ationpro
ess, to the building of the �rst. Trough the mineralization pro
ess of SOM,the �rst sto
k 
ontributes to the building of the sto
k of nutrients N .A

ording to the mineralist theory of plants nutrition, the 
rop's biomassdepends only on the sto
k of nutrients. SOM plays yet no dire
t role in theprodu
tion. As a 
onsequen
e, the manager fa
e an intertemporal trade-o�between harvesting today all the marketable biomass, or leave a share to the soil,in order to spare in the future some fertilizer addition. In order to a

omodatethat trade-o�, we dire
tly model the biomass produ
tion, not only the grain or�ber yield. The biomass produ
tion fun
tion is pie
ewise linear, with a plateau,a

ording to the limiting fa
tor theory Paris (1992):
f(N) =

{

βN if N < N̄
βN̄ if N ≥ N̄ .The �rst statement holds when the nutrients available are not su�
ient toprovide full growth to the 
rop; in that 
ase, N is a limiting fa
tor. The se
ondone holds as soon asN is su�
ient, while others fa
tors like water or temperatureremain limiting. In that 
onditions, the biomass produ
tion is 
onstant, and theprodu
tion's plateau o

urs. The thresshold value for N will be noted N . It'snot ne
essary to add fertilizers as soon as the SOM sto
k is able to provides Nor more to the plants.

β is the te
hni
al 
oe�
ient of transformation of nutrients N into biomass.
ν 
oe�
ient express the 
orresponding 
onsumption of nutrients. As N ≥ Ň ,the nutrients 
onsumption remains 
onstant and is value is N :

ǫ(N) =

{

νN if N < N̄
N̄ if N ≥ N̄ .



The soil's organi
 matter dynami
s arises from two 
omplex pro
esses: thehumi�
ation of the 
rop's residue restitutions, on one side, and his own degra-dation trough ba
teria, known as the mineralization. The later mineralization
ontributes to the building of the nutrients sto
k, N . Fertilizers appli
ation,
n, dire
tly 
ontribute to N , with some losses, so as the e�
ient appli
ationbe
omes χ(n). While the rate of biomass restitutions, k, 
ontributes to N indi-re
tly, trough M dynami
s:

Ṁ = kf(N) − γM, M(0) = M0, (1)
Ṅ = γM + χ(n) − ǫ(N), N(0) = N0, (2)The timepoint pro�t fun
tion is quadrati
 in k and n, due to operatingvariable 
osts for harvesting and in
orporating 
rops remains to the soil. Fer-tilizers appli
ation is submitted to the same 
onstraints, be
ause appli
ation ofone in
reasing quantity of fertilizer requires more time and energy.
a(1 − k)f(N) − b [(1 − k)f(N)]

2
− Φ(n) (3)with:

a: pri
e of biomass sold on markets
b : harvesting 
osts
Φ1 : pri
e of fertilizer
Φ2 : appli
ations 
osts

Φ(n) = Φ1n +
Φ2

2
n2The manager's problem is one of maximizing the present value of the �owof pro�ts over one in�nite horizon:

max
n≥0,k∈[0,1]

∫ ∞

0

e−ρt
[

a(1 − k)f(N) − b [(1 − k)f(N)]2 − Φ(n)
]

dt (4)where
f(N) =

{

βN if N < N̄
βN̄ if N ≥ N̄ .su
h that

Ṁ = kf(N) − γM, M(0) = M0, (5)
Ṅ = γM + χn − ǫ(N), N(0) = N0, (6)

ǫ(N) =

{

νN if N < N̄
N̄ if N ≥ N̄ .In order to solves that intertemporal optimization problem, the manager
ould 
ombine the 
ontrols in several ways. As a 
onsequen
e, beside the interiorsolution (n > 0; 0 < k < 1), they are a bun
h of others possible managementregimes. Naturally, some of potential regimes do not have any pra
ti
al 
han
eto be implemented, be
ause they indu
e 
harges and no pro�ts.In order to solve the manager's problem, we now form the Lagrangean inhis more general expression. From that Lagrangean, we will 
ompute the �rstorder 
onditions and will give e
onomi
al interpretation. In a further step, wewill seek if there exist stationaries states.



Controls n = 0 n > 0
k = 0 Mining Compensated Mining

0 < k < 1 Attenuated Mining Complementarity
k = 1 Fallow Improved FallowTable 1: Management regimes1.2 Model's resolutionThe Lagrangean:

L = a(1 − k)f(N) − b [(1 − k)f(N)]
2
− (Φ1n + Φ2

2 n2) + λ [kf(N) − γM ] + µ [γM + χn − ǫ(N)] +

+λk=0k + λk=1(1 − k) + λn=0n,where λ and µ are the adjoint variables 
orresponding to M and N respe
tively.
λk=0, λk=1, λn=0 are the Lagrange multipliers 
orresponding to the 
onstraints
k ≥ 0, k ≤ 1 and n ≥ 0 respe
tively:

λk=0k = 0 λk=0 > 0

λk=1(1 − k) = 0 λk=1 > 0

λn=0n = 0 λn=0 > 0First order 
onditions, when derivatives exists, are:
∂L

∂k
= f(N) [−a + 2b(1 − k)f(N) + λ] + λk=0 − λk=1 = 0 (7)

∂L

∂n
= −Φ1 − Φ2n + µχ + λn=0 = 0 (8)

λ̇ = ρλ −
∂H

∂M
= (ρ + γ)λ − γµ (9)

µ̇ = ρµ −
∂H

∂N
= (ρ + ǫ′(N))µ − f ′(N)

[

a(1 − k) − 2b(1 − k)2f(N) + kλ
] (10)Remarque 1 Note that when 0 < k < 1 as f(N) > 0, equation (13) be
omes

−a + 2b(1 − k)f(N) + λ = 0.Repla
ing in (10) we have,
µ̇ = (ρ+ǫ′(N))µ−f ′(N) [(1 − k)(a − 2b(1 − k)f(N)) + kλ] = (ρ+ǫ′(N))µ+f ′(N)λ.1.3 E
onomi
 interpretationAs 
rops do not make a di�eren
e among nutrients 
oming from di�erentssour
es, the question arises to de�ne the optimal 
ombining of both 
ontrols.Its worth remarking that 
rop residues restitutions 
ontributes with a 
ertaintimelag to provide nutrients. Naturally, the nutrients provided by the mineral-ization of SOM are not free, they have an opportunity 
ost represented by thelost value of biomass given ba
k to soil.



The Lagrangean resolution in both 
ontrols n et k, gives the following �rstorder 
onditions for optimality :
∂L

∂n
= −Φ1 − Φ2n + µχ + λ(n=0) = 0 (11)The multiplier (also 
alled impli
it pri
e) asso
iated to the 
orner solution(n = 0 ) will be positive when n = 0,and null nul otherwise.If the manager 
hooses n > 0, the optimal value n∗ should be :

n∗ =
µχ − Φ1

Φ2
(12)The use of fertilizers goes down to zero as their pri
e goes 
lose to the impli
itpri
e of the nutrients N . (We 
ould remark that the impli
it pri
e is often 
alled,in the resour
es e
onomi
s, the user's 
ost). When the sto
k N, is important, the
orresponding multiplier is low. As a 
onsequen
e, it be
omes more e
onomi
alto prioritize the SOM as a sour
e of nutrients, instead of fertilizers as soon as:

µχ − Φ1 < 0 and to use the 
ontrol n∗ = 0 .Now, solving the Lagrangean in k: gives the 
orresponding �rst order 
on-ditions:
∂L

∂k
= f(N) [−a + 2b(1 − k)f(N) + λ] + λk=0 − λk=1 = 0 (13)Assuming manager 
hooses the interior solution (0 < k < 1) we get:

∂L

∂k
= f(N) [2bf(N)(1 − k) + λ − a] = 0This se
ond 
ondition states that the opportunity 
ost of the sold biomassdepends on the gap between the pri
e of the sold biomass and the impli
it pri
eof the SOM, M in our model. When M is high, his impli
it pri
e is low, andthe opportunity 
ost of biomass restitutions be
omes high.Even restri
ted to interiors solutions, the above 
onsiderations 
ould help inunderstanding the results we will get in looking for stationaries states in thefollowing stage.2 Parameters settings and sensitivity analysis ofSteady StatesWe will perform the study of the SS taking onto a

ount the tri
hotomy intro-du
ed by the mere existen
e of the plateau in the produ
tion fun
tion N < N̄ ,

N > N̄ ,et N = N̄. (see Annex B ). In what follows we suppose ν
β

< 1] be
ause
ν is lower than one and β is always greater than one.For situations where N < N̄ , among the three management regimes withfertilizers use, only one (n>0, K=0) give rise to a possible stationary state,depending on the 
onditions on the parameters values. The same result o

ursfor regimes without fertilizers use (n=0). In that 
ase, the only SS arises fromthe regime (n=0, k=0), resulting in the 
omplete depletion of both sto
ks M andN, and a null produ
tion for ever. For N > N̄,, there are no SS, whatever n orK are. The form of the produ
tion fun
tion led to pay a spe
ial attention to the




ase et N = N̄ . In the management regime without biomass restitution to soil,and fertilizers use, there is a potential SS depending on the parameters values.In that 
ase, the sto
k of SOM is fully depleted. Management regimes withbiomass restitution are also possible depending on parameters values. Whenthey do not use fertilizers, we get a SS with N = N̄ . and M = N̄/γ. The studyof the 
onditions for existen
e of SS emphasizes the importan
e of the modelparameters. In the next paragraph, we will des
ribe and legitimize our 
hoi
es.We will then perform a sensitivity analysis of the existen
e of SS a

ording to theparameters values, fo
using spe
i�
ally on the 
ost of the mineral fertilization.2.1 Parameters settingsThe set of parameters used in the following simulations en
ompasses both e
o-nomi
al and agro-e
ologi
al parameters.
a, b, φ1, φ2, γ, χ, ν, β,N,M0, N0

a and b are set as paramaters for the pri
e of the biomass harvested andmarketed, so as to provide gross produ
tion, φ1 and φ2 stand for the 
ost ofmineral fertilizers a
quisition and spreading. All the four parameters are set soas to keep a reasonable relationship between them (a > b, ϕ1 > ϕ2) whateverthe absolute value of a and ϕ1 are. a has been set to 1 for being a referen
e forothers pri
es and 
ost.Among agro-e
ologi
al parameters, γ stands for the rate of degradation ofsoil organi
 matter M . We know that the soil organi
 matter dynami
 is avery 
omplex one, involving several sto
ks with short and long turn-over. In asimplifying assumption, we take an average value of 0, 2 for γ. That 
orrespondto one average turn-over of 5 years. Smaller values of γ 
orrespond to situationswhere the Soil organi
 matter turn-over is longer, so as the SOM sto
k providelittle nutrients to plants. On the opposite, greater value des
ribe situationswhere the SOM' 
ontribution to the plant nutrition is higher and faster. χ is a
oe�
ient of transformation of mineral fertilizer added into nutrients for plants.It 
orrespond to losses arising from the fa
t that nitrogen is easily soluble inwater, and leaking frequently o

ur. We set χ to 0.7. β is a 
oe�
ient oftransformation of nutrients' sto
k N into biomass, we retained the value of 30(1 unit of nitrogen give 30 units of biomass).
N̄ is a value tresshold beyond whi
h the yield of N is 
onstant (f(N) =

N̄). A

ording to agronomi
 experien
e, and 
onsidering the value of otherse
onomi
al parameters, 0, 166 looks a reasonable value for N̄ (we have performedsimulations with greater values).While the initial values of M and N 
ould vary in a wide a range so as tore�e
t the diversity of soils' fertility, we 
hoose to keep them in a 
onstant ratio
M/N mimi
king the C/N ratio in average soils (15). We then performed severalsimulations in order to browse situations ranging from that of fertile soils, ri
hin organi
 matter, up to poor soils, with depleted sto
ks of organi
 matter andnutrients (From 10 to 20 ).To summ up:
a = 1, b = 0.1, χ = 0.7, γ = 0.2, ν = 1, ρ = 0.01, N̄ = 0.166, β = 30, φ1 = 0.02, φ2 = 0.1.



2.2 Sensitivity analysis a

ording to φ1 or φ2

a = 1, b = 0.1, χ = 0.7, γ = 0.2, ν = 1, ρ = 0.01, N̄ = 0.166, β = 30, φ2 = 0.1.Re
all that : φ1 is a relative pri
e of fertilizers while φ2 is a 
ost of deliveringfertilizers to �elds.2.2.1 N0 < N̄ , φ1

n = 0 et k = 0 is a SS up to φ1 > 20.792079212.2.2 N0 = N̄ , ∀t, φ1

0 < k < 1n > 0

• M > 0, ∀φ1

• k > 0, ∀φ1

• k < 0, φ1 < 1.422714286

• n > 0, φ1 < 0.02734 then true while φ1 < 0.02734

n = 0

• k = ν
β
, ∀φ1

• M = νN̄
β

, ∀φ1

• N = N̄ , ∀φ1Remarque 2 for φ1 = 0.02 there are two SS and we leaved aside the 
ase where
n = 0.
a = 1, b = 0.1, χ = 0.7, γ = 0.2, ν = 1, ρ = 0.01, N̄ = 0.166, β = 30, φ1 = 0.02.2.2.3 N0 < N̄ , φ2The regime (0 < k < 1; n = 0 ) is an SS ∀φ22.2.4 N0 = N̄ , ∀t, φ2The regime ( 0 < k < 1 ; n = 0) is a SS be
ause 
onditions are not dependentof φ2.



3 Optimal time pro�les3.1 Simulations organizationIn order to build 
omplete time pro�le resulting from the 
hoi
e of a a

eptableset of parameters, we should mat
h the previous stationary states with transientregimes applied to any 
ouple of initial values (M(0) = M0, N(0) = N0). Indeed,it is natural to 
lassify initial values a

ording to the typology used in Table 1.In order to set the initial values of the M sto
k a

ording to real situations, wewill parameter them as follow :Vary N0 and M0 keeping them in a ratio M/N of 10 0.0649 < N0 < 0.105before and k > 1 after k < 0Vary N0 and M0 keeping them in a ratio M/N of 20 0.044 < N0 < 0.053before k > 1 after k < 0Be
ause we use optimality 
onditions for both SS and transient regime, weget an optimal traje
tory 
orresponding to ea
h initial 
onditions. In orderto mat
h transient regime and SS, we make use of 
ontinuity 
onditions (refSS). We will perform simulations for situations where the mineral fertilizers arerespe
tively 
heap and expansive.
N < N̄ à la �n Starting from N0 = N̄ and M0 = N̄

γ
, we found a mat
hingsolution and the SS with( 0 < k < 1; n > 0 ) is ever better than the SS with ( 0 < k < 1; n = 0)In all 
ases, for the terminal stage, we get the 
ontrol ( 0 < k < 1;n = 0).Mat
hing with :

• N0 > N̄ with k = 0 et n = 0

• N0 < N̄ with k = 0 et n = 0

• N0 < N̄ with 0 < k < 1 et n > 0

N = N̄ at the end. At the end, the 
ontrol used is : ( 0 < k < 1; n > 0).Mat
hing with :
• N0 > N̄ ave
 k = 0 et n > 03.2 Low pri
e of fertilizers (φ1 = 0.02)3.2.1 N0 < N̄, 0 < k < 1, n = 0 then N0 = N̄ , k > 0, n > 0Cf. �gures 1, 2, 3, 4.At the beginning, the restitutions to soil is high and 
lose to 0.8. Then therestitutions de
rease sharply, and the fertilizers are used as substitute. Thefertilizers used stabilize around 0.036. A quantity equivalent to 0.216 of thevalue of N̄ . At that point, almost all the biomass produ
ed is harvested andexported. The sto
k of SOM, M, in
reases at the beginning and rea
hes thevalue of 0.9, before being dropped to a lower value. In a long run, the SOM iskept at a very low level, and the ratio M/N stabilizes around 4.



Figure 1: Cheap fertilizers
N0 < N̄ , n∗(t). Figure 2: Cheap fertilizers

N0 < N̄ , k∗(t).
Figure 3: Cheap fertilizers
N0 < N̄ , N∗(t). Figure 4: Cheap fertilizers

N0 < N̄ , M∗(t).



Figure 5: Cheap fertilizers
N0 > N̄ , n∗(t) and k∗(t). Figure 6: Cheap fertilizers

N0 > N̄ , N∗(t).

Figure 7: Cheap fertilizers
N0 > N̄ , M∗(t).3.2.2 N0 > N̄, k = 0, n > 0 then N0 = N̄ , k > 0, n > 0Cf. �gures 5, 6, 7.As N0 in
reases, more time pro�les of n and k go further on the right, andthen, more the mat
hing be
omes later.Varying N0 and M0 while keeping the M/N ratio at 10 0.166 = N̄ < N0 6

0.681 before N̄ after n < 0Varying N0 et M0 while keeping the M/N ratio at 20 0.166 = N̄ < N0 6

0.356 before N̄ after n < 0In the �rst stage, one uses the natural fertility of soil, without giving ba
kanything. This is a mining strategy. As soon as SOM, the initial fertility, isdepleted, and when the nutrients 
ontents N rea
hes the plateau's value, N̄ ,the manager stabilizes the fertility with low biomass restitutions and an quiteimportant addition of fertilizers (0.25) greater than the plateau's value (0.166).In the long term, the SOM is depleted, and the ratio of M/N is 
lose to 0.Varying the initial 
onditions of fertility, we get di�erent optimal time pro�le,and use di�erent 
ontrols along them.



3.3 High pri
e of fertilizers (φ1 = 0.2)

N0 > N̄, (k = 0, n = 0) then N = N̄ , (0 < k < 1; n > 0- then N = N̄, (0 < k <
1, n = 0) N(0) = 0.2, M(0) = 2.5 Mat
hing is possible in three steps.Cf. �gures 8, 9, 10, 11.In that 
ase, we already demonstrated that the only SS remaining is theso-
alled "double turnpike". N = N̄ et M = N̄

γ
. The mere existen
e of thatturnpike makes the sear
h of transitory solution more 
omplex. It will be im-possible to mat
h initial and terminal 
onditions in two steps only. The pri
e offertilizers φ1 don't a�e
t that SS be
ause n = 0, but it 
ould impa
t the tran-sitory regimes, using fertilizers before rea
hing the turnpike. At the turnpike,
ontrols are (n = 0 ;k = 1

β
). The intuition for the mat
hing pro
edure is asfollow: be
ause the sto
k M dynami
s is under the 
ontrol of k (degradationrate being 
onstant as an e
ologi
al parameter), if we keep k at zero, we willdrive M to zero. As soon as we will rea
h the value M = N̄

γ
, we will maintainthat level by 
ombining k > 0 et n > 0.

• N0 > N̄� 1st step : drop up to N̄ using ( k = 0 ; n = 0 )� 2nd step : From that point onwards, use ( (0 < k < 1 ; n > 0) torea
h M̄ while holding N̄� 3rd Hold the double turnpike with the 
orresponding 
ontrol (n = 0; k = 1
β
)As a matter of fa
t, we pro
eeded ba
kward, from N̄ et M̄ , then onlykeeping N̄ before the last step.

• N0 < N̄ In that 
ase, we have not found optimal time pro�le mat
hingterminal SS and initial 
onditions in three steps, and we stopped here.In the 
ontext of our model, it appears to be of good e
onomi
 rationalityto deplete the natural soil's fertility, in the same way it is rational to exhaust anon renewable natural resour
e. SOM appears in our model exa
tly as a 
heapfertilizer. The pri
e of fertilizer does impa
t the time pro�le of their use. Whenthey are high, they are used only temporary in the median stage.



Figure 8: Expensive fertiliz-ers, N0 > N̄ , n∗(t). Figure 9: Expensive fertiliz-ers, N0 > N̄ , k∗(t).
Figure 10: Expensive fertil-izers, N0 > N̄ , N∗(t). Figure 11: Expensive fertil-izers, N0 > N̄ , M∗(t).



Con
lusions and perspe
tivesIn this paper, we have explored the potential of optimal 
ontrol models toanalyse intertemporal trade-o� involved in the management of soil's e
osystemby farmers. To do that, we 
hoose to rely on new approa
hes proposed bysoil's s
ientists, pla
ing the SOM at the 
ore of our model. At this �rst stageof a resear
h program on soil natural 
apital, we adopted the viewpoint of themineralist theory of the plants nutrition: SOM does not plays another role thanprovisionning the nutrients sto
k. In the model, manager has two 
ontrols todrive the �ow of pro�ts over an in�nite horizon. She 
ould dire
tly 
ontributesto the nutrients sto
k by adding fertilizers, or indire
tly by 
ontributing to thesto
k of SOM, by giving ba
k to the soil a part of the produ
ed biomass. Whilefertilization has a dire
t 
ost, the mainenan
e of the SOM trough 
rop residuesrestitutions has an opportunity 
ost only. The produ
tion fun
tion is 
oherentwith the Liebig's theory of limiting fa
tors. The produ
tion rea
h a plateau aslong as the level of the nutrients sto
k N is greater than a thresshold N. We �rstsolved the manager's problem using the Lagrangean method for interior solution
(n > 0; 0 < k < 1) and give e
onomi
 interpretation useful for it. Nevertheless,be
ause there are two 
ontrols with a range of values, we have examined thefull range of theoreti
ally possible management régimes. We then sear
h forexisten
e of stationaries states among these regimes. Moreover, we performedour sear
h for all the possible values of N 
ompared to the thresshold value
N̄ .(
orresponding to the plateau of the biomass produ
tion fun
tion). Amongthe 18 theoreti
ally 
ases, 12 
ould never drive to SS. For values of the sto
k ofnutrients above the thresshold N̄ , SS are never possible (that sounds like easyto understand). In all the 
ases where the biomass is entireley given ba
k tosoil there is no pro�t, and the regime has no e
onomi
 viability: 
orrespondingsolutions 
ould not be stationnaries and terminals. Among the six remainingrégimes, stationaries states 
ould be found, but depend on the set of parameters.For that reason, we 
arefully 
hoose the model's parameters, relying to do thaton agronomi
al and soils s
ien
es. Eventually, our a
tual 
hoi
es of parametersex
lude all the SS with N < N̄. At the end, the only remaining 
ase able togive rise to SS is N = N̄ . The lessons are that, for a given parameters set,the existen
e of SS depends on the fun
tional form of the produ
tion fun
tionwe have adopted. While our 
hoi
e is 
oherent with agronomi
al knowledgeand easily tra
table in the 
ontext of intertemporal optimisation, one 
ouldask wether anoter 
hoi
e would 
hange the essen
e of our 
on
lusion. Furtherresear
h would be needed to answer the question.Naturally, it's not satisfa
tory to stop investigations just after 
ompletingthe study of SS. In the real world, and for poli
y purposes, it 
ould be ne
essaryto take onto a

ount the variety of time path pro�le starting from di�erentsituation of soil's fertility and fa
ing di�erent e
onomi
 situations. To lookat optimal time pro�les, we implemented simulations for situations with a highand low pri
e of fertilizers (as 
ompared to the pri
e of agri
ultural output). Weobserved a path dependan
y, be
ause the terminal SS are di�erent a

ording tothe initial situations. The fertilizers pri
e impa
t the form of the optimal timepro�le of the 
ontrol: when the pri
es of fertilizers are high, they are usedtemporalely and in the median stage of the horizon.Bea
use the paper is just a �rst stage of a resear
h program on soil's natural
apital, we fo
used our attention on the 
ase of the private management, and,



in our representation of the soil fun
tionning, we rely on the mineralist theorystri
to sensu. Moreover, we adopted an utilitarian perspe
tive in 
omputingthe value of soil natural 
apital. The 
on
lusion follows: in long term, the SOMvanish, and, naturally, all the bulk of others e
osystem servi
es. For that reason,in a further stage of resear
h, we will investigate a quite di�erent model, wherethe SOM would play a dire
t role in the produ
tion of biomass. Both sto
ksbeing 
omplementaries, one 
ould expe
t di�erents results about SS.As long as the whole so
iety is 
on
erned by the sustainable managementof SNC, long term management models su
h one we have developped in thispaper are useful to measure the distan
e between private and so
ial optimaltime pro�les. Be
ause the pri
es on the land market are dire
ted by a lotsof fa
tors, they do not re�e
t the so
ial value of the soils uses. The in
lusionof values related to the bun
h of soil's e
osystem servi
es in suitable models ofSNC 
ould help in designing poli
ies aimed at a sustainable management of thatvital natural 
apital.



Appendi
esA Steady states studyWe will perform the study of the SS taking onto a

ount the tri
hotomy intro-du
ed by the mere existen
e of the plateau in the produ
tion fun
tion N < N̄,
N > N̄,et N = N̄. In what follows we suppose ν

β
< 1 be
ause ν is lower thanone and β is always greater than one.Remarque 3 Note that we 
an prove easily that when 0 < k < 1 (see remark1) or when N > N̄ (be
ause f ′(N) = 0), λ̇ = µ̇ = 0 implies λ = µ = 0.Moreover, µ = 0 implies that n > 0 is not possible at the SS be
ause, in this
ase n > 0 is in 
ontradi
tion with equation (8).A.1 N > N̄There do not exist SS when N > N̄ .In fa
t by remark 3 the solution of �rst order 
onditions gives: λ = µ = n =

0, λn=0 = φ1. From (5) and (6) we obtain: M = N̄
γ

, k = 1
β
. But k = 1

β
is not asolution of (13).A.2 N < N̄

0 < k < 1

• There do not exist SS with 0 < k < 1 and n > 0. See remark 3.
• 0 < k < 1 and n = 0 If 1

2
a

b(β−ν) < N̄ , the SS verify:
k =

ν

β
, M =

1

2

νa

b(β − ν)γ
, N =

1

2

a

b(β − ν)

k = 0

• n > 0. If
χβa−φ1ρ−φ1ν > 0, −βγ+νρ+νγ+ργ+ρ2 > 0,

χ(χβa − φ1ρ − φ1ν)

φ2νρ + φ2ν2 + 2bβ2χ2
< N̄then the SS is:

n =
ν(χβa − φ1ρ − φ1ν)

φ2νρ + φ2ν2 + 2bβ2χ2
, N =

χ(χβa − φ1ρ − φ1ν)

φ2νρ + φ2ν2 + 2bβ2χ2
, M = 0, µ > 0, λ > 0.

λk=0 =
χβ(χβa − φ1ρ − φ1ν)(−βγ + νρ + νγ + ργ + ρ2)(φ2νa + 2bβχφ1)

(ρ + γ)(φ2νρ + φ2ν2 + 2bβ2χ2)2

• n = 0. If ϕ1 −
aβχ
ρ+ν

≥ 0 then
M = N = 0, µ =

aβ

ρ + ν
> 0, λ =

aβγ

νγ + ρ2 + ργ + νρ
> 0, λn=0 = ϕ1−

aβχ

ρ + γ
, λk=0 = 0.



k = 1

• n > 0. It is not possible be
ause:
λ = 0, M =

−χβφ1

γφ2(−β + ν)
, N =

−χφ1

φ2(−β + ν)
, µ = 0, n =

−φ1

φ2
.

• n = 0 gives
λ = µ = M = N = λk=1 = 0, λn=0 = φ1.A.3 N = N̄The question in that 
ase is now: it is possible to stay for ever in N = N̄?In this 
ase we suppose N = N̄ and Ṅ = 0 for all t. Ṅ = 0 implies that

n =
N̄ − γM

χ
.The problem is:

max
k∈[0,1]

∫ ∞

0

e−ρt

[

a(1 − k)βN̄ − b
[

(1 − k)βN̄
]2

− φ1
N̄ − γM

χ
−

φ2

2

(

N̄ − γM

χ

)2
]

dt(14)su
h that
Ṁ = kf(N) − γM, M(0) = M0.The Lagrangian is:

HN = a(1−k)βN̄−b
[

(1 − k)βN̄
]2
−φ1

N̄ − γM

χ
−

φ2

2

(

N̄ − γM

χ

)2

+λ(kβN̄−γM)+λk=0k+λk=1(1−k).and �rst order 
onditions are:
−aβN̄ + 2b(βN̄)2(1 − k) + λβN̄ + λk=0 − λk=1,

λ̇ = (ρ + γ)λ −
γ

χ

(

φ1 + φ2
N̄ − γM

χ

)

.

0 < k < 1

0 < k < 1 gives:
k =

χ2(ρ + γ)(2βN̄b − a) − γ(φ1χ + φ2N̄)

βN̄(2χ2b(ρ + γ) + φ2γ)
, M =

kβN̄

γ
, n =

N̄(γ − kβ)

γχ
.Remember 
onditions (I not write them) in order to have 0 < k < 1 and n > 0.

k = 0

k = 0 gives in parti
ular
M = 0, λk=0 =

βN̄
[

χ2(ρ + γ)(−2βN̄b + a) − γ(φ1χ + φ2N̄)
]

χ2(ρ + γ)
.In this 
ase λk=0 must be greater than zero a

ording to the parameter's value.



k = 1

k = 1 gives
M =

βN̄

γ
, λk=1 = −

βN̄
[

aχ2(ρ + γ) + φ2βγN̄ − γ(φ1χ + φ2N̄)
]

χ2(ρ + γ)
.In this 
ase λk=1 must be greater than zero.

n = 0The 
ase n = 0 is not in the analysis given above.
k =

1

β
, N = N̄ , M =

N̄

γ

n = 0 with k = 0 or k = 1 are not possible.



BSteadystatessummary

n>0, k=0 n>0, 0<k<1 n>0, k=1

λk=0 > 0

λk=0 = A.B.C.βχ

(ρ+γ)(φ2νρ+φ2ν2+2bβ2χ2)2

n = νC
φ2νρ+φ2ν2+2bβ2χ2possible if

χβa − φ1(ρ + ν) > 0et −βγ + νρ + νγ + ρ2 + ργ > 0

impossible n = −
φ1

φ2

impossible n = −
φ1

φ2n=0, k=0 n=0, 0<k<1 n=0, k=1
M = 0
N = 0

λk=0 = 0

µ = aβ
ρ+ν

λ = aβγ

νγ+ρ2+νρ+ργpossible if

λn=0 = φ1 − µ χalso φ1 −
aβχ
ρ+ν

> 0

λ = 0
µ = 0

λn=0 = φ1

M = 1
2

νa
b(β−ν)γ

N = 1
2

a
b(β−ν)possible if

N = 1
2

a
b(β−ν)

<
−

N

M = 0
N = 0
λ = 0
µ = 0

λk=1 = 0
λn=0 = φ1in
redible be
ause bene�t=0

f
(N

)
=

β
N

N
<

−N

n>0, k=0 n>0, 0<k<1 n>0, k=1impossible n = −
φ1

φ2

impossible n = −
φ1

φ2

impossible n = −
φ1

φ2n=0, k=0 n=0, 0<k<1 n=0, k=1impossible N = 0 or N >
−

N

k = 1
βimpossible

k is not a solution of δL
δk

impossible λk=1 = −aβ
−

N

f
(N

)
=

β
−N

N
>

−N

n>0, k=0 n>0, 0<k<1 n>0, k=1
M = 0

λk=0 =
βN̄[χ2(ρ+γ)(−2βN̄b+a)−γ(φ1χ+φ2N̄)]

χ2(ρ+γ)possible if

χ2(ρ + γ)(−2βN̄b + a) − γ(φ1χ + φ2N̄) > 0

M = kβ
−

N
γ

n =
N̄(γ−kβ)

γχ

k =
χ2(ρ+γ)(2βN̄b−a)−γ(φ1χ+φ2N̄)

βN̄(2χ2b(ρ+γ)+φ2γ)possible if
N̄(γ−kβ)

γχ
> 0et k > 0 et k < 1

M = β
−

N
γ

λk=1 = −
βN̄[aχ2(ρ+γ)+φ2βγN̄−γ(φ1χ+φ2N̄)]

χ2(ρ+γ)possible if

−βN̄
ˆ

aχ2(ρ + γ) + φ2βγN̄ − γ(φ1χ + φ2N̄)
˜

> 0n=0, k=0 n=0, 0<k<1 n=0, k=1in
ompatible k = 1
β

k = 1
β

N =
−

N

M =
−

N
γ

in
ompatible k = 1
β

f
(N

)
=

β
−N

N
=

−N
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