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Introduction

sn this pperD we study the exploittion of ommon groundwter resoure s di'erenE til gme in order to tke into ount the strtegi nd dynmi intertions etween the users of the resoureF sndeedD we onsider groundwter resoure used for irrigtion y severl frmersF his type of nturl resoure is often exploited under ommon property regimeD tht is the ess is restrited to lnd owners situted over the quiferF xumerous ppers hve studied this issue @for exmple qisser nd ánhez @IWVHA RD xegri @IWVWA SD rovenher nd furt @IWWQA UD uio nd gsino @PHHIA VA nd hve onluded tht privte exploittion is ine0ient @in terms of stok nd welfreA in omprison to the soilly optiml exploittion @or e0ient solutionAF his ine0ieny is due to the vrious externlities whih pper euse of the shring of this type of resoureD nmely the 4pumping ost4 externlity whih hrterizes the ft tht withdrwls mde y one frmer lower the wterEtle levelD resulting in n inrese in pumping osts for the other usersF yn the other hndD the 4stok4 externlity @lso lled strtegi externlityA represents the ompetition whih ppers etween frmers euse of the limited vilility of wter @the stokA @see UAF I qisser nd ánhez @IWVHA R showed the ine0ieny of the privte solution of resoure exploittion for the eos iver fsinD xew wexioF hey lso hrterized the nE lytil di'erene etween the optiml nd privte exploittionsD nd they onluded tht the di'erene is negligile if the pity of the quifer is lrgeF xieswidomy @IWVVA T lled this onsidertion the qisserEánhez ule @or qisser nd ánhez e'et @qiAAF he most importnt poliy implition derived from this study is tht regultion of ommon groundwter resoure is not justi(ed if the di'erene of welfre from privte nd optiml exploittions is insu0iently importntF roweverD uthors ssume tht frmers ehve myopilly in the lultion of the privte solutionD tht isD frmers tke deisions over short period of timeD without onsidering the impt of the other users on the ville stok @the stok externlityAF yther studies hve used gme theory to tke into ount the strtegi nd dynmi intertions etween the resoure users when omputing the privte solution @for exmE ple xegri @IWVWA SD rovenher nd furt UD uio nd gsino VAF xegri hrterizes nlytil solutions of the wterEtle level t the stedyEstte for two types of xsh equiliE rium @ypenEloop nd feedk solutionsA nd for the soilly optiml seF re shows tht the di'erene etween the soilly optiml solution nd the openEloop solution is positive nd ptures the pumping ost externlityF woreoverD he show tht the di'erene etween the openEloop solution nd the feedk solution is lso positive nd ptures the strtegi externlityF he di'erene etween the soilly optiml nd the feedk solutions is then positive nd represents the totl ine0ieny of privte exploittionF rovenher nd furt U tke up xegri9s ides to proveD in generl wyD tht if the ojetive funtion of the prolem is onveD the feedk solution is ine0ientD in omprison with the soilly optimlF sn VD uio nd gsino dpt the qisser nd ánhez model s di'erentil gme nd derive nlytil solutions of soilly optimlD open loop nd feedk solutions over n in(nite plnning horizonF hey lso on(rm xegri9s resultX strtegi ehviour exertes the ine0ieny of privte exploittionF woreoverD they on(rm the qisserE ánhez rule tking into ount the strtegi externlityX the di'erene etween optiml nd privte exploittions is negligile if the quifer is reltively lrgeF sn this ontextD we tke uio nd gsino¡s gme in V nd we introdue sudden hnge in the dynmis of the resoureF uh shok @lso lled regime shiftA my oE ur due to derese in men preipittion tht leds to derese in the rehrge of the quiferD or it my orrespond to the strtion of ertin mount of wter tht is dedited to other uses in the se of droughtD suh s (lling drinking wter reservoirsF sn oth sesD the prolem is to model n rupt derese of the wter vilility for the users of the resoureF sn ID de prutos ghorro et lF @PHIRA study the e'et of informtion out this type of shok on the optiml mngement of the wter resoureF por the deterministi seD when the dte of the shok is knownD they show tht regulE tor @the wter genyA would prepre for the event y pplying n inutious extrtion strtegyF uh result n lredy e found in the literture deling with the impt of P irreversile events @see sur nd emel @PHIRA IHAD where the phenomenon is known s the 4imptiene e'et4F woreoverD using numeril pplition to the estern l wnh quiferD pinD de prutos ghorro et lF show tht nonEmonotoni extrtion ehviour is possile in the short termD when vlue of the shok is importnt nd when the shok ours in the medium or long runF sn this pperD we omine uio nd gsino¡s gme theory pproh nd de prutos ghorro et lF study on the e'et of regime shiftsD in order to ess the di'erene etween the soilly optiml solutions nd solutions with strtegi intertions in presene of shokF sndeedD the ontriution of this pper onsists in the study of the ine0ieny of the privte solution of dynmi gme y onsidering rehrge rte whih is not onstnt over timeF sn prtiulrD we ompre the soilly optiml solution with ypenEloop nd feedk equilirium onsidering liner strtegies s uio nd gsino in VF purtherE moreD we propose n lterntive informtion struture to the openEloop solution whih we ll 4the pieewise openEloop41 F et (rstD we show tht the omined e'et of strtegi intertions nd this type of shok leds to n overexploittion of the resoure in the shortD medium nd long runF eondlyD we study the ine0ieny of privte exploittion with regrd to the intensity nd dte of ourrene of the shokF e show tht ost nd strtegi e'ets re prtiE ulrly importnt for lowEintense shoks or shoks tht tke ple in the medium termF pinllyD we estimte the ine0ieny of the privte exploittion in terms of welfre for prtiulr seD the estern l wnh quiferF his quifer is situted in the outh of pinD under semiErid limte where dry periods re frequentF woreoverD in the lst dedesD the quifer hs su'ered from vrious ine0ient regimes of exploittionF e prove tht regultion of the quifer through entrlized mngement is even more justi(ed in ontext of regime shiftsD providing e0ieny gins whih n reh RH millions of eurosF his pper is orgnized in the following wyF sn setion PD we present uio nd gsino¡s gme nd we introdue n exogenous nd deterministi shok in the gmeF sn setion QD we desrie nlytil resolutions of the prolem for di'erent informtion struE turesF sn setion RD we ompute the soilly optiml solution orresponding to the prolemF sn setion SD we ompre the di'erent nlytil solutions t the stedyEstte nd thenD we mke numeril pplition of the model to the estern v wnh quiferF pinllyD in setion TD we onlude nd give some perspetives for future reserhF

The model pirstD we present the dpttion of the qisser nd nhez model @IWVHA R s di'erentil gme developed y uio nd gsino @PHHID PHHQA @VD WAF sn RD the demnd for irrigtion wter is liner funtionD

g = a -bp, a, b > 0, @IA
where g represents wter pumping nd pD the prie of wterF sn VD uio nd gsino ssume tht the numer of frmers is (xed nd (nite over time @w frmersAF he individul demnd for irrigtion wter n e desried s liner funtionD

g i = θ i (a -bp), i = 1..M, @PA where 0 < θ i < 1 nd M i=1 θ i = 1F husD M i=1 g i = M i=1 θ i (a -bp) = a -bp = g. @QA
g i represents the rte of extrtion of frmer iF woreoverD the revenues of the frmer i is equl to

g i p(x)dx = g i a -g i θ i b dx = a b g i - 1 2bθ i g 2 i .
e ssume tht the mrginl ost of extrtion is liner funtion tht depends on qD the stok of the quiferF otl osts of extrtion re then

C = (z -cG)g, z, c > 0, @RA
where z is the sum of (xed osts nd the mximum mrginl ost of extrtion nd c the slope of the mrginl pumping ost funtionF es z nd does not depend on the rte of extrtionD the individul pumping ost of the ith frmer is

Ci = (z -cG)g i , z, c > 0. @SA he dynmi of the quifer n e desried s Ġ = -(1 -α)g + r = -(1 -α) M i=1 g i + r, @TA
where r is the rehrge rte nd α the return oe0ientD @α ∈ [0, 1)A @see I for detilsAF essuming tht intertions etween frmers re rtionl nd nonEoopertiveD the prolem of the ith frmer is to mximise welfreD de(ned s the present vlue of his future pro(tsD R where ρ is the disount rteD tking into ount the dynmi of the quifer @eqution TA nd given initil onditions nd positivity onstrintsX

max g i (.) ∞ 0 F i (G, g i ) e -ρt dt, @UA whereD F i (G, g i ) = a b g i - 1 2bθ i g 2 i -(z -cG)g i , @VA Ġ = -(1 -α) M i=1 g i + r, @WA G(0) = G 0 givenD @IHA g i ≥ 0 G ≥ 0. @IIA
sn wht followsD we will introdue n exogenous shok in the system nd solve difE ferent nonEoopertive sesF henD we (rstly remind how uio nd gsino solve the gme de(ned previously when plyers hve di'erent informtion struturesX openEloop nd feedk2 F sn the se of n openEloop strutureD every frmer i hooses t the eginning of the plnning period the pth of extrtions tht mximises the present vlue of the sum of their pro(ts over the plnning horizon @in this se t ∈ [0, ∞)AD ssuming tht strtegies hoosen y the other frmers depend on time nd knowing the initil stte of the resoureF he prolem to e solved is then @UA onstrined y equtions @WAD @IHA nd @IIAF sn the se of feedk strutureD the prolem of the ith frmer is the sme s in the openEloop se ut ssuming tht strtegies plyed y the other users depend not only on time ut lso on the stte of the resoureF sn prtiulrD we onsider tht pumping strtegies re liner with respet to the stte vrileF he prolem to e solved is then @UAD onstrined y the eqution of motionX

Ġ = -(1 -α)(g i + j =i a j G + b j ) + r, @IPA
nd onditions @IHA nd @IIAF e re now going to distur the system of the resoureF his disturne is n exE ogenous shok on the dynmi of the quiferF st represents sudden redution on the rehrge rteD rD t time t a @known to the usersAF husD from t a onD the rehrge rte swithes from r = r 1 to r = r 2 D with r 1 > r 2 F he prolem of the ith frmer eomes then @UAD onstrined y the dynmiX

Ġ = -(1 -α) M i=1 g i + r 1 si t ≤ t a -(1 -α) M i=1 g i + r 2 si t > t a , @IQA
with r 1 > r 2 nd onditions @IHA nd @IIAF sn wht followsD we desrie nlytil resolutions of the distured prolem ording to the vrious strutures of informtion de(ned previouslyF sn every seD we solve prolems in two stepsX (rstly etween t a nd ∞ nd thenD etween 0 nd t a F e ntiipte tht equiE lirium of the vrious prolems will e di'erent ording to the struture of informtion used y plyersX yv @openEloopA D yv @pieewise openEloopA nd pf @feedkAF 3

Non-cooperative cases

3.1

Resolution of the open-loop case e ssume tht frmers mde ommitment out their pth of extrtions over timeF his is n openEloop informtion strutureF he rmiltonin orresponding to the prolem of the ith frmer isX e propose n lterntive struture of informtion of the openEloop seD the pieewise openEloop seF his gme is more relisti thn the openEloop se for our prolem euse frmers n revise their strtegies when the shok tkes pleF sn other wordsD we suppose tht frmers mke new ommitment t the dte t a to follow openEloop strtegies y knowing the stte of the resoure t the ourrene of the shok @in tat a AF he full resolution of this type of gme is given in the eppendix fF 3.3 Resolution of the feedback case xowD more relisti se with regrds to previous propositions is the feedk informtion strutureF sndeedD frmers oserve the level of the resoure during the plnning periodD iFeF they hve informtion out the stte @or the tleEwter levelA of the resoure over timeF husD it is more redile for the frmers to mximize their pro(t ssuming tht tions or strtegies mde y the other frmers depend not only on time ut on the stte T of the groundwter resoureF e re going to solve this se on the sis of the priniE ple of dynmi progrmmingF he full resolution of the prolem is detiled in eppendix gF yne of the ojetive of this pper eing to estimte the ine0ieny of vrious equiliri de(ned previouslyD we need to de(ne the e0ient solution of the prolemX the soil optimumF 4

H i = F i (G, g i ) + π i (t)(r 1 -(1 -α) M i=1 g i ) if t ≤ t a F i (G, g i ) + π i (t)(r 2 -(1 -α) M i=1 g i ) if t > t a , @IRA with F i (G, g i ) from eqution @VAD nd π i (t)D the djoint vrileF G(t) nd π i (t)
The social optimum e suppose tht soil plnner deides how to mnge the resoureF he prolem for the regultor is to mximize the soil welfreD de(ned s the present vlue of the sum of future revenues of the w users of the resoureF he prolem for the regultor isX

max {g i } M i=1 ∞ 0 M i=1 F i (G, g i )e -ρt dt @ISA
with F i (G, g i ) desried in eqution @VAD onstrined y eqution of motion @WAD initil @IHA nd positivity onditions @IIAF xowD if shok ours t the known dte t a D the prolem for the soil plnner eomes @ISAD onstrined y the eqution of motion @IQAD where r 1 @respetively r 2 A re vlues of the rehrge rte efore @respetively fromA t a D with initil nd positivity onditions desried in equtions @IHA nd @IIAF he full resolution of this prolem is detiled in eppendix hF sn wht followsD we nlyse nd ompre the soilly optiml solution with the di'erent equiliri @openEloopD pieewise openEloop nd feedkA otined when suh shok tkes pleF 5 Results

Theoretical Results

sn this setionD we ompre the e0ieny of the di'erent solutions t the stedy stteF prom equtions @UTAD @QPAD @TPAD we otin solutions of the stok for the soil optimumD the openEloopD the pieewise openEloop nd respetively the feedk seD with wD the numer of symmetri frmers @M > 1AF husD

G SO ∞ = r 2 cb(1 -α) + r 2 ρ - a cb + z c , @ITA G OL ∞ = G P OL ∞ = r 2 cb(1 -α) + r 2 M ρ - a cb + z c , @IUA nd U G F B ∞ = r 2 2(1 -α)a * 1 - b * 1 a * 1 @IVA
with expressions b * 1 < 0 nd a * 1 > 0 de(ned in equtions @SVA nd @SWA in eppendix gF woreoverD t the stedy stteD solutions of the pumping rte re 3 X

g F B ∞ = g OL ∞ = g P OL ∞ = g SO ∞ = r 2 (1 -α)M . @IWA
Proposition 1 When the value of the recharge rate upon occurrence of the shock, r 2 , decreases (resp. increases), the level of the stock at the steady state decreases (resp. increases) for the dierent cases (SO, OL, POL and FB). Moreover, solutions of pumping rates at the steady state are the same for the dierent information structures and decrease (resp. increase), the lesser (resp. the greater) the value of r 2 .

Demonstration his is immedite from equtions @IUAD @IVA nd @IWAF st is enough to prove tht the derivtives of expressions desried in these equtions with regrd to r 2 re igger thn HF roposition I shows tht the more the (nl vlue of the rehrge rte is redued @respF inresedAD the smller @respF higherA the optiml level of the stok of the di'erent solutions in the long termF purthermoreD the resoure is exploited less @respF moreA intensively t the stedy stte when the rehrge rte fter the dte of ourrene of the shok tkes smller @respF greterA vlueF pinllyD the rte of exploittion does not depend on the deision mkers informtion struture t the stedy stteF xowD we study the di'erene etween the vrious solutions to estimte the ine0ieny of privte solutions @openEloop nd feedkA in terms of stoksF hi'erenes re lulted nd desried elowX

G SO ∞ -G OL ∞ = r 2 ρ (1 - 1 M ) @PHA nd G OL ∞ -G F B ∞ = r 2 2 ( 1 M ρ + 1 (1 -α)cb - 1 2(1 -α)a * 1 ) - a cb + z c + b * 1 a * 1 , @PIA with expressions b * 1 D a * 1 desried in equtions @SVA nd @SWAF
Proposition 2 When a deterministic shock on the recharge rate takes place, the cost and strategic eects remains positives.

3 We remind that we assume parameters such as solutions of the stock and the rate of extraction are positive V Demonstration his is immedite from eqution @PHA for the ost e'etF ith respet to the strtegi e'etD we n see the detiled proof in ppendix iF roposition P on(rms tht the ost nd strtegi e'ets remins positives when there is shift on the rehrge rte tht t ertin dteF pinllyD we my estimte the vlue of the di'erent e'ets ording to r 2 D the vlue of the rehrge rte from t = t a F Proposition 3 When r 2 decreases (resp. increases), the cost and strategic eects decrease (resp. increase).

Demonstration his is lso immedite from equtions @PHA nd @PIAF st is neessry to prove tht the derivtives of expressions desried in these equtions with regrd to r 2 re greter thn HF roposition Q shows tht t the stedy stte the vlue of the di'erent e'ets derese @or inreseAD the less @moreA importnt the vlue of the rehrge rte fter t a F sn other wordsD pumping strtegies @t the stedy stteA derived from privte nd optiml exploittion get loser if the quifer rehrge deresesF e remind tht uio nd gsino found the sme expressions @PHA nd @PHA in V nd show (rst tht di'erene etween solutions delines s the disount rte ndGor the numer of frmers inresesF hey lso on(rm tht the sme result is otined when the storge pity of the quifer inreses @qi e'etAF sn this pperD we dd to uio nd gsino¡s result the importne of rehrge rte vritionF woreoverD we highlight the ft tht di'erent solutions t the stedy stte do not depend on the intensity of the shok r 1 -r 2 D ut on the vlue of the rehrge rte upon ourrene of the shokD r 2 F husD to estimte the mgnitude of the ine0ieny of privte solutions ording to the vlue of the shokD we hve to mesure externlities in terms of welfreD nd not in terms of stokF o this imD in wht followsD we pply our gme for the rel se of the estern l wnh quiferF

5.2

Numerical application sn this setionD we use prmeter vlues from de prutos ghorro et lF @PHIRA I tht re sed on rel prmeter vlues from severl soures @eFgF isten nd eli @PHIIA PD isten nd hinr @PHIPA QAF he prmeter vlues used re listed in tle IF

Comparison of the dierent information structures with the social optimum

sn this setionD we estimte the ine0ieny of the vrious solutions openEloop nd feedk y ompring with the soil optimum @the e0ient solutionAD t the stedy stte nd t the dte of ourrene of the shokF woreoverD we omplete this nlysis y studying the W pigure IX olutions of G * (t) @leftElnd sideA in millions of ui meters nd g * (t) @rightEhnd sideA in millions of ui meters per yer X the soil optimum @in greenAD the openEloop @in lueA nd the feedk @in redA sesD when r 1 -r 2 = 70 nd t a = 20 yersF prolem when the intensity nd the dte of ourrene of the shok vryF sn pigure ID we oserve optiml solutions of stok G * (t) @on the leftA nd pumping rte g * (t) @on the rightAD in prtiulr the soilly optiml @yA @in greenAD the open loop IH @in lueA nd the feedk solutions @in redAD for shok of midEintensity of UH millions of ui meters per yer @wm 3 GyerA @iFeF r 1 = 360 nd r 2 = 290A t the 20 th yer of exploittion of the quifer @iFeF t a = 20 yersAF pousing on the leftEhnd side of the (gureD we note tht the most e0ient solution t the stedy stte is the soil optimumF sndeedD the stok rehes level of UT UII wm 3 D whih is higher thn levels otined y the yv nd pf solutions @of round UQ VII nd UI WTP wm 3 respetivelyAF husD the di'erene etween the soil optiml nd the openE loop solutions is P VWW wm 3 wheres the di'erene etween the soilly optiml nd the feedk solutions is R URW wm 3 F e (rst on(rm theoretil results proved in proposition PX the ost nd strtegi e'ets remin positives in the long term when shok tkes pleF woreoverD we oserve on the rightEhnd side tht the pumping rte t the stedy stte is onstnt for the di'erent solutionsD with vlue of pproximtively IVI wm 3 GyerD s demonstrted in proposition IF e now nlyse the prolem for mediumEterm plnning horizonD etween taH nd t = t a = 20 yersF yn the right hndD we note tht the di'erent solutions interset efore the rrivl of the shokF sn prtiulrD totl extrtions until the rrivl of the shok re higher in the feedk se @W TUP wm 3 A thn in the yv @V QVQ wm 3 A nd y @T HRR wm 3 A solutionsF his mens tht the feedk strtegy is lso the less onservtive for the resoure in the mediumEtermF sn other wordsD the 4imptiene e'et4D tht is the inrese of extrtions efore the ourrene of the shok is more importnt in the feedk seD nd less importnt in the soilly optiml solutionF vet us now lulte the wellEeing @desried in eqution @UAA ssoited to the difE ferent strtegiesD @for the numeril exmple of the pigure IA t the medium nd long termsF sn the long term @fF le SAD the ine0ieny of the feedk solution with regrd to the soilly optiml solution is estimted t pproximtely QU RUV thousnds of euros nd t PQ HVS thousnds of euros with regrd to the openEloop solutionF et the medium term @fF le SAD the di'erene of welfre etween the y nd pf solutions is positiveD ut etween the y nd yv solutions is negtiveD tht is the open loop strtegy is more pro(tle thn the soilly optiml solution until the ourrene of the shokF edditionl simultions re then neessry to etter understnd this resultF Variation of the intensity of the shock sn this setionD we ompre the e0ieny @in terms of stok nd welfreA of the vrious solutions for shoks of di'erent intensitiesF por exmpleD in pigure P we simulte shok of PIH wm 3 GyerD whih is out IRH wm 3 Gyer more intense thn the shok desried in the previous setion @nd illustrted in pigure IAD ut tkes ple t the sme dteF pirstD we nlyse the prolem in the long termF e note tht the ost nd the strteE gi e'etsD evluted s the di'erene etween the y nd yv solutions nd respetively etween the yv nd pf solutionsD remin positive nd re twie s high s tht of the midEintense shok of UH wm 3 GyerD whih is three times less intenseF his mens tht ost nd strtegi e'ets do not vry proportionlly with hnge on the intensity of the II

G(t) g(t) GSO GOL GFB gSO gOL gFB t t
pigure PX olutions of G * (t) @leftElnd sideA in millions of ui meters nd g * (t) @rightEhnd sideA in millions of ui meters per yer X the soil optimum @in greenAD the openEloop @in lueA nd the feedk ses @in redAD when r1 -r 2 = 210 nd t a = 20 yersF shokF woreoverD we mde other simultions for shoks of di'erent intensities whih re illustrted in le PF e on(rm tht the ost nd strtegi e'ets derese when r 2 deE resesD s proved theoretilly in proposition QF eondD in le R nd SD we n oserve tht the di'erenes of welfre derese the more intense the shokF his mens tht the ine0ieny @in terms of stok nd welfreA derived from privte exploittionD evluted s the di'erene etween the y nd the pf solutionsD is mximl for lowEintense shoksF por exmpleD the loss of welfre derived from privte exploittion under ompetition @feedE k solutionA is out T millions euros smller when the intensity of the shok inreses y round IRH wm 3 @see the di'erene etween olumns S nd U of the lst line in le SAF e now mke the sme type of nlysis in the (nite plnning horizon HDt a @with t a = 20AD tht is t medium termF e (rst nlyse extrtion ehvior efore the ourE rene of the shok @efore t a A for the vrious solutions @see the rightEhnd side of pigure PAF sn the medium termD totl extrtions in the feedk se @W USU wm 3 A remin higher thn in the yv @V VIH wm 3 A nd y T RUR wm 3 A sesF woreoverD in the three sesD we oserve more intense extrtion ehvior in omprison with the shok of midEintensity of UH wm 3 GyerF sndeedD totl extrtions inrese y VSD RPU nd RQH wm 3 for the ses pfD yv ns y respetively when the intensity of the shok inreses y round IRH wm 3 GyerF sn dditionD the imptiene e'etD inreses the higher the shok nd this inrese is more importnt in the y nd yv ses thn in the pf seF his mens tht the mgnitude IP of the 4imptiene e'et4 is redued when onsidering the 4strtegi4 externlityF yn the other hndD the study of the di'erenes in welfre otined euse of di'erent extrtion ehviour in the medium term @le SA shows tht welfre otined from yEyv nd yvEpf strtegies vry in nonEmonotoni wy with respet to the vlue of the shokD rehing sometimes negtive vluesF reneD the soil optimum is not lwys the e0ient solutionD if we nlyse the prolem in the short or medium termsF pigure QX olutions of G * (t) @leftElnd sideA in millions of ui meters nd g * (t) @rightEhnd sideA in millions of ui meters per yer X the soil optimum @in greenAD the openEloop @in lueA nd the feedk ses @in redAD when r 1 -r 2 = 70 nd t a = 5 yersF efter the nlysis nd estimtion of extrtion ehviour in the di'erent ses ordE ing to the intensity of the shokD we study the di'erent solutions with respet to the dte of ourrene of the shokF sn pigure QD we oserve optiml solutions of stok G * (t) @on the leftA nd pumping rte g * (t) @on the rightAD in prtiulr the soilly optiml @yA @in greenAD the open loop @in lueA nd the feedk solutions @in redAD for shok of midE intensity of UH millions of ui meters per yer @wm 3 GyerA @iFeF r 1 -r 2 a UH wm 3 GyerA t the 5 th yer of exploittion @t a = 5 yersAF sn wht followsD we ompre this shok with the previous shok illustrted in pigure ID whih hs the sme intensity ut tkes ple IS yers lterF

r 1 -
t a = 5 t a = 20 t a = 50 yEyv P QUQ Q URQ Q TPS yvEpf I RUP P HTQ P HIW yEpf Q VRS S VHT S TRS
le TX hi'erenes etween solutions of stok evluted t t = t a @G ta A in millions of m 3 for shok of UH wm 3 GnD t di'erent dtes of ourrene t a F sn the longErun nlysisD simultion results do not depend on the dte of ourrene of the shok s we note in nlytil solutions @equtions @ITAD @IUA nd @IVAAF his is IR not true in terms of welfre @see le UAF e note tht totl welfre inreses the lter the shok oursF vogillyD frmers etter dpt to shok whih ours lter in timeD prouring gin of welfreF he sme results is otined when we ompute di'erenes etween solutions @see le VAF por exmpleD the loss in totl welfre derived from privte explottion under ompetition @feedk solutionA with respet to optiml exploittionD is greter of round Q VHH thousnds of euros when the shok ours in t a = 20D insted of ourring erlier t t a = 5F

roweverD results hnge if we relize shortEterm nlysis of e0ieny in terms of stok nd welfreF yne ginD we on(rm tht until the rrivl of the shokD totl extrtions re higher in the pf se @R PSR wm 3 A thn in the yv @Q QPV wm 3 A nd y @I VRS wm 3 A sesF woreoverD they re less importnt thn in the lter shok tht ours t t a = 20F roweverD we mde other simultions of shoks of di'erent dtes in le T nd on(rm tht the previous result is not monotoni in timeF por exmpleD we oserve tht the di'erenes etween solutions inrese etween t a = 5 nd PHD ut derese etween t a = 20 nd SHF sn terms of welfreD we n see in le U tht welfre otined in HDt a inreses the lter the shok oursF his is logil euse extrtions re lso more importnt when the shok tkes ple lterF his n e explined y the ft tht for lter ourring shoksD frmers tke the time to etter dpt to the shok efore its ourreneF roweverD when the shok ours t n erlier dte @t a = 5AD di'erenes etween solutions re negtive in the short term @see le VAF he ine0ieny of privte exploittion @in terms of stokA is trnslted y gin of welfre in the short termD in ontrst with results otined in the longEtermF por exmpleD feedk strtegies entil gin of PIDQ millions of euros with regrds to the soil optimumD for shok of midEintensity @UH wm 3 A whih tkes ple t t a = 5 yersF his result mens tht in se of ourrene of this shok the plnning horizon HDS is not su0iently long to dpt to this shokF le UX elfre otined from the di'erent solutions @in thousnd of eurosA for shok of r 1 -r 2 aUH wm 3 nd for di'erent dtes of ourreneF e onlude (rstD tht the feedk solution is the lest e0ient solution @in terms of stok nd welfreA over the in(nite plnning horizonF woreoverD the ine0ieny derived from privte exploittion @tht is openEloop nd feedk strtegiesA is mximl for lowE intense or lter ourring shoksF roweverD this result is not true in shorter plnning horizonF he ine0ieny of privte exploittion @in terms of stokA n result in gin of welfre if the plnning horizon is not su0iently long to dpt to the shokF pigure RX olutions of G * (t) @on the left hndEsideA in millions of m 3 nd g * (t) @on the right hndEsideA in millions of m 3 GyerX openEloop @in lueAD pieewise openEloop @in dotted lkA nd feedk @in redAD for shok of r 1 -r 2 = 70M m 3 tht ours t ta = 20 yersF pinllyD more relisti se thn the informtion struture openEloop @yvA is the openEloop struture y prts @yvAD lso lled the pieewise openEloopF his solution o'ers the possiility of rede(ning openEloop strtegies t the time of rrivl of the shokF sntuitivelyD this type of informtion would e situted etween the yv nd pf sesF e wnt to on(rm our initil intuition y relizing numeril simultionsF pigure R depits solutions of stok @on the leftA nd pumping rte @on the rightA for the shok of midEintensity @r 1 -r 2 aUH wm 3 A tht tkes ple t the medium term @t a = 20A otined from the di'erent informtion struturesX openEloop @in lueAD pieewise openE loop @in dotted lkA nd feedk @in redAF es usulD we nlyse (rst results t the stedy stteF sn terms of stokD solutions re the IT [0, t a ] yev yv IIR VVT IQP PTS yv IIQ VTS IPV IIT pf IHI HQW IHW IVH le WX elfre otined from the di'erent solutions @in thousnd of eurosA for shok of r 1 -r 2 aUH wm 3 ourring t t a = 20F sme s in the openEloop se s we prove nlytilly in eqution @IUAD ut totl welfre is greter in the openEloop se y round R millions of eurosF his is euse of di'erent extrtion ehviour t short nd medium termF st¡s then more interesting to nlyse the di'erent pumping strtegies until the rrivl of the shokF sn the yv seD totl extrtions re round W HVR wm 3 nd provides level of welfre of IIQ VTS thousnds of euros t the mediumEtermF es we expetedD pumping rtes of this lterntive informtion struture re pled etween yv nd pf solutionsD with V QTV wm 3 nd respetively W UTP wm 3 of totl wter pumped efore t a F woreoverD the di'erene of welfre with regrd to the yv se is round one million of euros t the medium term @fF le WAF e onlude tht the pieewise openEloop struture is less e0ient solution @in terms of stok nd welfreA thn the openEloop struture t medium termF et the stedy stteD the two types of informtion strutures yv nd yv provide the sme levels of stokF roweverD the yv strtegy is preferle in terms of welfreF his mens tht it is not interesting for frmers to mke new ommitment nd rede(ne openEloop strtegies t the time of rrivl of the shokF 6

r 1 -
Conclusions and discussion e hve extended the nlysis of deterministi shok mde in de prutos ghorro et lF @PHIRA I y tking into ount the di'erent externlities whih rise in the exploittion of ommon groundwter resoureD iFeF the dynmi nd strtegi intertions etween users of the resoureF e present di'erent solutionsX the soil optimum nd two xsh equiliri orresponding to lssi informtion struturesX openEloop nd feedkF woreoverD we propose n lterntive informtion strutureD more relisti thn the openEloop situtionD the pieewise openEloop strutureF pirstlyD we nlyse the impt of the deterministi shok on stok levels t the stedy stte ording to the vrious strutures of informtion used y frmersF e (nd the sme tendenies proved in I when they only study the soilly optiml seF e show (rst tht di'erent solutions @t the stedy stteA do not depend on the intensity of the shokD ut on the vlue of the rehrge rte upon ourrene of the shokF husD the lesser the vlue of the rehrge rteD the more the level of the stok of the resoure deresesF xeverE thelessD even if dpttion ehviour in the fe of suh shoks is similr for the di'erent informtion struturesD the mgnitude of the impt of di'erent pumping strtegies on the IU stok is signi(ntly di'erentF e then nlyse di'erenes etween the soilly optimlD the openEloop nd the feedk strtegiesF e remind tht xegri @IWVWA S shows @t the stedy stteA tht the di'erene etween the solutions y nd yv is positive nd ptures the pumping ost externlityF purthermoreD he shows tht the di'erene etween the soluE tions yv nd pf is positive nd ptures the strtegi externlityF pinllyD the di'erene etween the solutions y nd pf is then positiveD nd ptures oth externlities nd shows the ine0ieny of privte exploittionF sn this pperD we dd to xegri¡s nlysis the onsidertion of regime shifts s vrition on the rehrge rte of the quiferF e show nlytilly tht the pumping ost nd strtegi e'et derese the lesser the vlue of the rehrge rte upon ourreneF sn order wordsD solutions get loser when the vlue of the rehrge rte is smllF roweverD to estimte the mgnitude of the ine0ieny of privte solutions ording to the vlue of the shok nd not to the vlue of the rehrge rte t the stedy stteD we hve to mesure externlities in terms of welfreF o this golD we pply our gme for the prtiulr se of the estern l wnh @vwA quiferF sn the long term @stedyEstteAD we on(rm theoretil resultsF hen suh shoks ourD privte exploittion @openEloop nd feedk strtegiesA is ine0ient @in terms of stok nd welfreA ompred to optiml exploittionF woreoverD the onsidertion of the strtegi externlity @feedk solutionA exertes the overexploittion of the resoure with respet to open loop strtegiesF hese results re in greement with the existing literture @xegri @IWVWA SD uio nd gsino @PHHIA VAF por exmpleD for shok of midEintensity whih ours t medium termD the totl loss of welfre due to the privte exploittion under ompetition @feedk solutionA is estimted to QUDR millions of eurosF roweverD in the short nd medium termD efore the ourrene of the shokD result hngeF e show tht privte exploittion remins the lest e0ient solution in terms of stok ut this ine0ieny n e trnslted y gin of welfre @insted of lossA in mny situtionsF e therefore study the dpttion ehviour ording to the hrteristis @intensity or the dte of ourreneAF e (rst study the ine0ieny @in terms of stokA of di'erent solutions with respet to the severity of the shokF e show tht the 4imptiene e'et4D tht is the inrese in extrtions efore the ourrene of the shokD is more importnt in the pf se thn in the y nd yv sesD ut the mgnitude of this inrese with regrds to the vlue of the shokD is more importnt in the y nd yv sesD tht in the pf seF sn other wordsD even if the pf strtegy lwys entils lower levels of stok with regrd to the yv nd y strtegiesD the pf solution is less in)uened y n inrese of the vlue of the shok euse of supplementry informtion held y frmersF woreoverD we show tht the ost nd strtegi e'etsD tht is di'erenes etween solutionsD derese the more importnt the shok for shorter plnning horizonF xextD we mke the sme nlysis when the dte of ourrene of the shok vriesF et the stedy stteD dpttion strtegies do not depend on the dte of the shokF roweverD if we estimte the ine0ieny of the privte exploittion @in terms of stokA efore the rrivl of the shokD this one is more importnt for events whih tke ple in the medium termF sn the short or respetively in the long termD the ost nd strtegi e'ets re less importnt euse the time of dpttion is insu0ient IV or respetively too longF sn onlusionD in the existing literture @RD SD VAD uthors show tht di'erent e'ets @t the stedy stteA derese the more importnt the pity of the quifer ndGor when the disount rte ndGor the numer of frmers inresesF he min ontriution of the pper is to show tht the di'erent solutions get loser lso for lower vlues of rehrge rtes in the long term nd when the shok eomes more intense or tkes ple in the medium term for shorter plnning horizonF esults hnge if we nlyse the prolem in terms of welfreF pirstD we onlude tht the ine0ieny of privte exploittion is explined y loss of totl welfre lulted in the in(nite plnning horizonF purthermoreD this loss is mximl for lowEintense or lter shoksF por exmpleD this ine0ieny my reh out RH millions of iuros for low intense shok tht ours in the mediumEtermF he most importnt poliy implition of this nlysis is tht regultion through entrlized mngement of the estern l wnh quifer is justi(edF woreoverD this regultion eomes more neessry for lowEintense or lter shoksF roweverD the ine0ieny from privte exploittion n entil gin of welfre in the short or medium termF por exmpleD openEloop nd feedk strtegies entils totl gin of IW nd respetively P millions of iuros with regrd to the soil optimum sitution when the shok rrives t erlier dte @for exmple t the (fth yer of exploittionAF his result my explin why frmers in the (eld dopt intensive pumping rtes if they do not onsider the long runF usequentlyD we propose n lterntive informtion struture situted etween the openEloop nd feedk sesD nmely the pieewise openEloop @yvA seF his struture is more relisti thn the yvD euse it o'ers the possiility to restore openEloop strtegies t the time of ourrene of the shokF he study of the yv informtion struture of informtion is espeilly interesting in the medium nd short termsD euse it entils more onservtive strtegies thn in the pf seD ut less preservtive thn in the yv seF yn the other hndD t the stedy stteD solutions re the sme for the yv nd yv sesF purthermoreD the yv strtegy entils loss of welfre with regrd to yv solution in the shortD medium nd long termsF his mens tht it is not interesting for the users to restore new openEloop strtegies t the time of the shokF pinllyD we wnt to propose some possile extensions of the hpterF pirstlyD we n introdue the unertinty on the modelD for exmple through the dte of the shokD s relized in ID or on the intensity of the shokF eondlyD it would e interesting to introdue symmetries @or heterogeneitiesA etween groups of frmersD or to tke into ount higher numer of frmersF hirdlyD solutions to the ine0ieny of privte exploittion ould e proposed for the prtiulr se of the vw quiferF

A

Resolution for the open-loop case e re going to solve the openEloop se proeeding (rstly etween t a nd ∞F he rmilE tonin of this prolem isX IW

H i = F i (G, g i ) + π i (r 2 -(1 -α) M i=1 g i ) = a b g i - 1 2bθ i g 2 i -(z -cG)g i + π i (r 2 -(1 -α) M i=1 g i ).
@PPA epplying the mximum priniple nd ssuming interior solutionsD we hve the usul (rst order onditionsX

∂H i ∂g i = 0 ⇒ a b -z + cG - 1 bθ i g i -π i (1 -α) = 0, @PQA πi = - ∂H i ∂G + ρπ i ⇒ πi = -cg i + ρπ i . @PRA
he equilirium of the openEloop gme is otined y solving w strtegies whih verify the onditions @PQA nd @PRA @iaIFFwAD iFeF liner system of Pw equtionsF o simplify the nlytil resolution of the prolemD we ssume tht plyers re symmetriD θ i = 1 M D g = g i nd π = π i F prom @PQAD we (nd the optiml rte of extrtion s funtion of the resoure stok nd the shdow prieX

g = 1 M (a -zb + cbG -πb(1 -α)).
@PSA ustituting @PSA in the equtions of motion of the stte @WA nd djoint vrile @PRAD we hve the following dynmi systemX

Ġ = r 2 -(1 -α)(a -zb) -cb(1 -α)G + πb(1 -α) 2 , @PTA π = 1 M (-c(a -zb) -c 2 bG + cb(1 -α) + ρM )π, @PUA
whih llows us to (nd the roots of the hrteristi polynomX

β 1,2 = ρM + c(1 -α)b(1 -M ) 2M (28) 
± ρ 2 M 2 + cb(1 -α)(-2M (1 -α)cb + c(1 -α)b(1 + M 2 ) + 2ρM (1 + M )) 2M . (29) 
prom equtions @PSAD @PTA nd @PUAD with Ġ = 0 nd π = 0D we (nd the stedy stte of the prolemX

g OL ∞ = r 2 (1 -α)M , @QHA π OL ∞ = cr 2 M ρ(1 -α) , @QIA PH G OL ∞ = r 2 cb(1 -α) + r 2 M ρ - a cb + z c . @QPA
essuming prmeters re positivesD g ∞ nd π ∞ @equtions @QHA nd @QIAA hve lwys positives vluesF woreoverD in wht followsD we ssume prmeters suh s the vlue of G ∞ @eqution @QPAA is lso positiveF pinllyD we (nd optiml extrtion pth with β 2 D the negtive rootX

G OL+ (t) = e β 2 (t-ta) (G ta -G OL ∞ ) + G OL ∞ , @QQA g OL+ (t) = r 2 (1 -α)M - β 2 (1 -α)M e β 2 (t-ta) (G ta -G OL ∞ ), @QRA π OL+ (t) = e β 2 (t-ta) (π ta -π OL ∞ ) + π OL ∞ , @QSA ndD π ta = a b(1 -α) - z -cG ta (1 -α) - 1 b(1 -α) 2 (r 2 -β 2 (G ta -G OL ∞ )), @QTA
whih is otined from equtions @WA nd @PQA with r = r 2 F sn seond stepD we will solve the prolem etween H nd t a F sn this periodD the rmiltonin of the prolem is desried yX

H i = F i (G, g i ) + π i (r 1 -(1 -α) M i=1 g i ) = a b g i - 1 2bθ i g 2 i -(z -cG)g i + π i (r 1 -(1 -α) M i=1 g i ).
@QUA e use the sme priniple of resolution thn previouslyF e hve (rst order onditions @equtions @PPAD @PQAD @PRA with r 2 = r 1 A y pplying the mximum prinipleF woreoverD we ssume tht plyers re symmetriF sn (nite horizon prolemD we write solutions s desried elowX

G OL-(t) = C 1 e β 1 t + C 2 e β 2 t + C 3 , @QVA π OL-(t) = D 1 e β 1 t + D 2 e β 2 t + D 3 . @QWA
ustituting G OL-(t) nd π OL-(t) @equtions @QVA nd @QWAA in (rst order onditions @PQAD @PRAD nd tking into ount oundry onditions G(0) = G 0 nd π(t a ) = π OL+ (t a )D we otin system of T equtions with T unknowns @C i D D i with iaIDPDQAF e (nd the follow solutions to the systemX 4 X 4 Solutions of Di for i=1,2,3, are not detailed here, but they are available from authors request.

PI

C 1 = -(1 -α)b(-ρM cr 1 + ρM c(1 -α) 2 bπ ta -(1 -α)c 2 br 1 ) -c 2 e β2ta ρM (1 -α)bG 0 D 1 +ce β2ta ρM (r 1 + (1 -α)zb -(1 -α)a) + cr 1 M β 2 -(1 -α)ρM 2 π ta (β 2 -ρ) + c 2 e β2ta b(1 -α)r 1 D 1 +ce β2ta ρM (r 1 + (1 -α)zb -(1 -α)a) + cr 1 M β 2 -(1 -α)ρM 2 π ta (β 2 -ρ)) D 1 , (40) 
with

D 1 = ρM (-e β1ta β 1 (ρM +cb(1-α)-M β 2 )+(1-α)cb(-(1-α)cb(e β2ta -e β1ta )+M e β1ta (β 2 -ρ))), C 2 = -(-ρM -cb(1 -α) + β 2 M )(-c 2 b 2 (1 -α) 2 r 1 -ρM e β1ta cb(1 -α)G 0 (β 1 + cb(1 -α)) D 2 +cb 2 (1 -α) 3 ρM π ta + e β1ta (β 1 + cb(1 -α))(ρM (r 1 -(a -zb)(1 -α)) + cb(1 -α)r 1 ) D 2 , (41) 
with F i (G, g i ) e -ρ(t-ta) dt, @RQA with F i (G, g i ) @eqution @VAAD onstrined y the dynmis @eqution @WAA with r = r 2 nd onditions @IIA nd G(t a ) = G ta F essuming tht plyers re symmetri nd pplying the mximum prinipleD we hve to solve the sme prolem thn in the previous setion etween t a nd ∞F husD we otin solutions desried in equtions @QQAD @PSA nd @QSAF sn seond stepD we solve the prolem etween H nd t a D tht isD

D 2 = cb(1 -α)ρM ((β 2 -ρM -cb(1 -α) + M β 2 )), +cb(1 -α)(e β2ta cb(1 -α) + e β1ta (-cb(1 -α)(β 2 -ρ)M )), C 3 = ρM (r 1 -(a -zb)(1 -α)) + cb(1 -α)r 1 cb(1 -α)ρM . @
max g i (.) ta 0 F i (G, g i ) e -ρt dt + e -ρta φ(t a , G ta ). @RRA Ġ = -(1 -α) M i=1 g i + r 1 . @RSA G(0) = G 0 givenD @RTA
with the trnsverslity ondition π(t a ) = ∂φ(ta, G ta ) ∂G ta , @RUA where π(t) is the djoint vrileF φ(ta, G ta ) represents the post event vlue @or 4srp vlue funtion4A nd is desried y the following equtionX

φ(G ta ) = σ + τ G ta + υG 2 ta , 5 @RVA withD τ = β 2 (1 -α) 2 c 2 b 2 ρr 2 + 2β 2 M (1 -α) 2 cb 2 ρ 2 z + β 2 2 M (1 -α)bρ 2 z -2β 2 2 M (1 -α)cbρr 2 M 2 (1 -α) 3 cb 2 ρ(ρ 2 -3ρβ 2 + 2β 2 2 ) +M (1 -α) 2 c 2 b 2 ρ 2 r 2 + 2β 2 M (1 -α)cbρ 2 r 2 + 2β 2 2 M (1 -α) 2 cbρa -β 2 2 M (1 -α)ρ 2 a M 2 (1 -α) 3 cb 2 ρ(ρ 2 -3ρβ 2 + 2β 2 2 ) -2β 2 M (1 -α) 2 cbρ 2 a + β 3 2 M (1 -α)ρa + β 2 2 M ρ 2 r 2 -2β 2 2 M (1 -α) 2 cb 2 ρz M 2 (1 -α) 3 cb 2 ρ(ρ 2 -3ρβ 2 + 2β 2
2 ) 5 We do not detail the expression σ because it is not necessary for resolution, but it is available from authors on request. 

PQ

+β 2 2 (1 -α)cbρr 2 -2r 2 M (1 -α) 2 c 2 b 2 ρβ 2 -β 3 2 (M ρr 2 + M (1 -α)bρz + (1 -α)cbr 2 ) M 2 (1 -α) 3 cb 2 ρ(ρ 2 -3ρβ 2 + 2β 2 2 ) , @RWA υ = - β 2 (β 2 + 2c(1 -α)b) 2M (1 -α) 2 b(ρ -2β 2 ) @SHA nd β 2 < 0D
i (.) ∞ ta F i (G, g i ) e -ρ(t-ta) dt, @SIA
with F i (G, g i ) @eqution @VAAD onstrined y the dynmis @IPA with r = r 2 nd onditions @IIA nd G(t a ) = G ta F por eh plyer i (i = 1..M ) the optiml vlue of the resoureD V i (G)D hve to verify the rmiltonEtoiEfellmn equtionX

ρV i (G) = max g i (F i (G, g i ) -V i G (G)(r 2 -(1 -α) M j=1 g j )), i = 1..M, @SPA with V i (G) nd g j @j = iAX V i (G) = AG 2 + BG + C, @SQA g j = a j G + b j . @SRA
o simplify the nlytil resolution of the prolemD we ssume now M = 2 plyers @or group of frmersAF pirstD we solve the prolem for the plyer I @iFeF i = 1AF olving the prolem on the right hndEside of @SPAD we (nd the optiml pumping rte of plyer ID g * 1 X

g

* 1 = a 1 G + b 1 . @SSA withD PR a 1 = b(c -2(1 -α)A) 2 , @STA b 1 = a -zb -b(1 -α)B 2 .
@SUA ustituting now g * 1 on the right hndEside of eqution @SPA nd equlizing the left nd hnd sides of the equtionD we otin optiml vlues of oe0ients eD f nd g of V i with regrds to vriles a 2 nd b 2 @see eqution @SRAAD whih re oe0ients of pumping rte of plyer PF woreoverD ssuming tht plyers re symmetri s in the previous sesD g 1 (t)ag 2 (t) for ny t = t a ..∞F husD a 1 aa 2 nd b 1 ab 2 F ustituting A * nd B * in equtions @STA nd @SUAD nd tking into ount the propriety of symmetry etween plyersD we (nd optiml vlues of oe0ients of the pumping rte funtion of plyer ID b *

1 nd a * 1 X b * 1 = (1 -α)ρ(-a + zb) + (1 -α) 2 a * 1 (-a + zb) + r 2 (ρ + (1 -α)(cb + 2a * 1 )) (1 -α)((1 -α)(cb + 2a * 1 ) + 2 (ρ + 2(1 -α)a * 1 )(ρ + 2(1 -α)(cb + a * 1 ))) + r 2 (ρ + 2(1 -α)a * 1 )(ρ + 2(1 -α)(cb + a * 1 )) (1 -α)((1 -α)(cb + 2a * 1 ) + 2 (ρ + 2(1 -α)a * 1 )(ρ + 2(1 -α)(cb + a * 1 ))) . @SVA a * 1 = -ρ + (1 -α)cb + ρ 2 + 4ρ(1 -α)cb + (1 -α) 2 c 2 b 2 6(1 -α) . @SWA
pinllyD sustituting b * 1 nd a * 1 in the dynmis of the quifer @IPA with r = r 2 D we my solve the di'erentil eqution @IPAD onstrined y ondition G(t a ) = G ta F henD we otin optiml solutions of the feedk prolemD G

F B+ (t)D g F B+ 1 (t) nd the optiml vlue fontion V * (G) in t a D∞AX G F B (t) = e -2(1-α)a * 1 (t-ta) (G ta -G ∞ ) + G ∞ , @THA g F B 1 (t) = r 2 + 2(1 -α)a * 1 e -2(1-α)a * 1 (t-ta) (G ta -G ∞ ), nd V + (G) = A * G 2 + B * G + C * , @TIA withD G ∞ = r 2 2(1 -α)a * 1 - b * 1 a * 1 @TPA PS nd b * 1 D a *
1 desried in equtions @SVA nd @SWAF xextD we solve the prolem etween H nd t a F he vlue funtion of the prolem of plyer iD V i (t, G) 6 veri(es the rmiltonEtoiEfellmn equtionX

ρV i (t, G) -V i t (t, G) = max g i (F i (G, g i ) -V i G (G)(r 1 -(1 -α) M j=1 g j )), i = 1..M, @TQA with V i (G, t) nd g j @j = iAX V i (t, G) = A(t)G 2 + B(t)G + C(t), @TRA g j (t) = a j (t)G + b j (t), @TSA nd the trnsverslity onditionD V i (t a , G ta ) = V + (G ta ). @TTA he vlue of V + (G ta
) is otined from the (rst step of resolution of the prolemD nd is desried in eqution @TIAF o solve the seond step of the prolemD we re going to use similr proess thn we use previouslyF he hllenge here lies in the ft tht strtegies of plyers depend on the stok of the resoure G nd on funtions a 1 (t) nd b 1 (t) in independent wyF oD the resolution of the prolem is lrgely numerilF pirstD ssuming M = 2 plyers nd solving the right prt of eqution @TQA for i = 1D we (nd the expression @SSA tht is the optiml pumping rte of plyer ID g * 1 (t)D with a 1 = a 1 (t) nd b 1 = b 1 (t)D desried in equtions @STAD @SUA nd A = A(t)D B = B(t)D whih re now funtions tht depend on tF woreoverD s plyers re symmetriD g 1 (t)ag 2 (t) for ny t = 0..t a D then a 1 (t)aa 2 (t) nd b 1 (t)ab 2 (t)F xowD sustituting g * 1 (t) in the right prt of eqution @TQAD nd equlizing the right nd left prts of the equtionD we hve to solve system of Q di'erentil equtions in A(t), B(t) nd C(t)D whih re oe0ients of the vlue funtion V (t, G)D etween t = 0 nd t = t a D @see eqution @TRAAD tking into ount oundries onditionsX

A(t a ) = A * , B(t a ) = B * , C(t a ) = C * , derived from the trnsverstity ondition @TTAX V -(G ta , t a ) = A(t a )G 2 ta + B(t a )G ta + C(t a ) = V + (G ta )
. et this stgeD we otin A * (t) nd B * (t) y numeril pproximtion methodF uE stituting A * (t) nd B * (t) in expression g * 1 (t)D we (nd the optiml vlues of oe0ients 6 We remind that in this type of problem with a nite horizon planning, the value function have to be described as a function that depends on G and t independently. PT b * (t) nd a * (t) of the pumping rteF xextD we sustitute these vlues in the eqution of motion @IPA with r = r 1 F pinlly we otin the numeril solution of the feedk prolem etween H nd t a D tht is G F B-(t) nd F i (G, g i ) e -ρ(t-ta) dt, @TUA with F i (G, g i ) @eqution @VAAD onstrined y eqution @WA with r = r 2 nd onditions @IIA nd G(t a ) = G ta F he rmiltonin of this prolem is given yX

H = M i=1 ( a b g i - 1 2bθ i g 2 i -(z -cG)g i ) + λ(-(1 -α) M i=1 g i + r 2 ),
where λ is the djoint vrileF epplying the mximum priniple nd ssuming interior solutionsD we hve the usul (rst order onditionsX @TWA e ssume tht plyers re symmetri in order to simplify the nlytil resolution of the prolemF husD θ i = 1 M nd g = g i F prom @TVAD we (nd the optiml extrtion volume s funtion of the resoure stok nd the shdow prieX g = 1 M (a -zb + cbG -λb(1 -α)). @UHA ustituting @UHA in the equtions of motion of the stte @WA nd djoint vrile @TWAD we hve the following dynmi systemX

Ġ = r 2 -(1 -α)(a -zb) -cb(1 -α)G + λb(1 -α) 2 ,
@UIA λ = -c(a -zb) -c 2 bG + (cb(1 -α) + ρ)λ, @UPA PU whih llows us to (nd the roots of the hrteristi polynomX ρ 1,2 = ρ ± ρ 2 + 4cb(1 -α)ρ 2 . @UQA prom equtions @UHAD @UIA nd @UPAD with Ġ = 0 nd λ = 0D we (nd the stedy stte of the soil optimum prolemX

g SO ∞ = r 2 (1 -α)M , @URA λ SO ∞ = cr 2 ρ(1 -α) , @USA G SO ∞ = r 2 cb(1 -α) + r 2 ρ - a cb + z c .
@UTA ine we ssume tht ll prmeters re positiveD g ∞ nd λ ∞ @equtions @URA nd @USAA re lwys positiveF woreoverD in wht followsD we onsider prmeters suh tht G ∞ @eqution @UTAA is positiveF pinllyD we hve the optiml extrtion pths from t = t a D with ρ 2 D the negtive rootX

G SO+ (t) = e ρ 2 (t-ta) (G ta -G ∞ ) + G ∞ , @UUA λ SO+ (t) = e ρ 2 (t-ta) (λ ta -λ ∞ ) + λ ∞ , @UVA g SO+ (t) = r 2 (1 -α)M - ρ 2 (1 -α)M
(G ta -G ∞ )e ρ 2 (t-ta) , @UWA withD

λ ta = a b(1 -α) + -z + cG ta (1 -α) - r 2 b(1 -α) 2 + 1 b(1 -α) 2 ρ 2 (G ta -G ∞ ), G ta unknown.
ustituting @UUA nd @UWA in prolem @TUAD we n ompute the srp vlueD φ SO (G ta ) 7 X φ(G ta ) = + κG ta + ιG 2 ta , with 8 @VHA κ = -r 2 ρ(4cb(1 -α) + ρ) + ρ 2 (1 -α)(a -zb) + 4cb(1 -α) 2 ρ(a -zb) ρ(1 -α) 2 b(η + ρ + 4cb(1 -α))

7 We nd that the expression φ(ta, Gta) does not have the independent term ta. In what follows, we write the scrap value function, φ(Gta).

8 We do not detail expression of σ because it is not necessary for the resolution of the problem, but it is available from the authors upon request PV + (2cb(1 -α) + ρ)r 2 η -ρ(1 -α)η(a -zb))

ρ(1 -α) 2 b(η

+ ρ + 4cb(1 -α)) , @VIA ι = - c(-4cb(1 -α) -ρ + η) (1 -α)(η + ρ + 4cb(1 -α))
, nd @VPA η = √ ρ ρ + 4bc(1 -α).

@VQA e now turn to the seond prt of the prolemD etween H nd t a D onsidering the optiE ml solution for the (rst prtF he prolem for the soil plnner is now @RRA onstrined y equtions @RSAD @RTA nd the trnsverslity onditionX λ(t a ) = ∂φ(ta, G ta ) ∂G ta = 2ιG ta + κ, .

with φ(ta, G ta ) desried y eqution @VHAF he rmiltonin n e written sX

H = M i=1 ( a b g i - 1 2bθ i g 2 i -(z -cG)g i ) + λ(-(1 -α) M i=1 g i + r),
where λ is the djoint vrileF epplying the mximum priniple nd ssuming interior solutionsD we hve the usul (rst order onditions @TVA nd @TWAF prom this nd eqution of the motion of the stte @RSAD with r = r 1 D we hve the system of di'erentil equtionsX Ġ = r 1 -(1 -α)(a -zb) -cb(1 -α)G + λb(1 -α) 2 , @VRA λ = -c(a -zb) -c 2 bG + (cb(1 -α) + ρ)λ. @VSA e know tht the solutions of the (nite prolem re nowD of the shpeX G SO-(t) = A 1 e ρ 1 t + A 2 e ρ 2 t + A 3 , @VTA λ SO-(t) = B 1 e ρ 1 t + B 2 e ρ 2 t + B 3 , withD

G SO-(0) = A 1 + A 2 + A 3 = G 0 , @VUA
λ(t a ) = B 1 e ρ 1 ta + B 2 e ρ 2 ta + B 3 = 2ιG ta + κ, @VVA nd ρ 1 D ρ 2 desried in eqution @UQAF his onstitutes system of T equtions nd T unknownsD whih we n solve to (nd optiml solutions for the prolem for the (rst periodD etween H nd t a F e (nd optiml vlues of A i , B i (i = 1..3)9 X

  g F B-(t)D where the initil ondition G(0) = G 0 D is givenF D Resolution of the social optimum o solve this prolemD we seprte it into two prts nd proeed y kwrd indutionF pirstD we solve the mximiztion etween t a nd ∞F he prolem of the soil plnner is to (nd φ SO (G ta )D φ(G ta ) = max g i (.)

  i -(z -cG) -λ(1 -α) = 0, i = 1..M, @TVA λ = -∂H ∂G + ρλ ⇒ λ = -c M i=1 g i + ρλ, i = 1..M.

  RPAwith π ta desried in eqution @QTAF pinllyD tking into ount tht G(t) is ontinuous funtion @G OL-(t a ) = G OL+ (t a )AD we (nd optiml solutions for the open loop gmeD tht is G OL (t)D g OL (t) nd π OL (t)F

	B	Resolution of the piecewise open loop case
	es in the previous seD we re going to solve the prolem (rst etween t a nd ∞D
			∞
		max
		g i (.)	ta
			PP

  the negtive root desried in eqution @PWAF sn the period taHD t a D solutions of the pieewise open loop se re solutions of the prolem open loop desried in equtions @QVA nd @QWAAD with π(t a ) whih veri(es ondition @RUAF pinlly nd ssuming tht G(t) is ontinuous funtionD we otin optiml solutions of the pieewise open loop prolemX G P OL (t)D g P OL (t) nd π P OL (t)F

	C	Resolution of the feedback case
	xowD for the feedk seD we solve s previously (rst the prolem etween t a nd ∞F
	he prolem of plyer i isX
		max
		g

Care should be taken not to confuse this type of deterministic game with a piecewise open-loop game in the theory of stochastic games.

As the problem is already solved inRubio and Casino (2001, 2003) ([8], [9]), we are not going to detail the resolution of the various problems.

We do not provide detailed solutions of Bi (i = 1..3) because the equations are too long and they are not necessary for the proofs, however, they are available from the authors upon request.

PW

b(1 -α)(ρc(r 1 + (1 -α)e ρ 2 ta (a -zb) -r 1 e ρ 2 ta ) -ρ 2 cr 1 )

2 (e ρ 2 ta -e ρ 1 ta )-cb(1-α), ρ 1 e ρ 1 ta +ρ 1 e ρ 1 ta (ρ 2 -ρ)),

pinllyD onsidering the ontinuity of the funtion of the vrile stteD iFeF G SO-(t a ) = G SO+ (t a )D we otin optiml solution of the stok G SO (t) nd wter pumping g SO (t) for the soil optimum prolemF QH E Proofs of propositions Proposition: At the steady state, the strategic eect, evaluated as the dierence

1 desried in equtions @SVA nd @SWAF ustituting optiml vlues b * 1 nd a * 1 @equtions @SU nd STA nd simplifyingD we otin

with pP desried in expressionD

yn one hndD F 2 > 0 euse A * < c 2(1-α) @stility ondition of the feedk soluE tion 10 AF ustituting now A * in iI nd iPD we otin

10 This condition is derived from Rubio and Casino [8] and it is necessary to assure the stability of the linear system of dierential equations.

QI

es ω nd hve positive vlues y ssumptionD E2 < 0F xowD two ses re possileF pirstD if (2(α -1)c + ρ 2 b ) < 0D then the expression written in rkets in eqution @WPA

> 0 in @WQAD evluting the squre of expression written in rketsD then we otin 12ρbc(α -1) < 0F husD from the monotoni propriety of the squre funtionD the vlue of expression @WQA is less thn H nd in the two possile sesD iIbHF pinllyD if iIbH nd iP`HD then pI`H @desried in eqution @WIAAF es pI`H nd pPbHD we (nd from eqution @WHA tht