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We deal here with mathematical models used in biology that involved deter-
ministic continuous dynamical systems (mostly: system of Ordinary Differen-
tial Equations) perturbed by random discrete events in time. Such perturbation
may either take the form of a discontinuous jump, or a change in the rule of



the continuous motion (or both). This large class of non diffusion stochastic
models has been introduced in the literature and rigorously defined (from the
probabilistic perspective) by [Davis, 1984, Davis, 1993] (see also the more re-
cent work by [Jacobsen, 2006]). Applications to biology date back at least to
[Lasota et al., 1992]. We emphasize that in this latter work a rather determin-
istic approach is taken (semigroup theory and evolution equations on densities).
Note also that in a more applied literature, such models are usually referred as
stochastic hybrid models [Kouretas et al., 2006].

The aim of this note is to present some examples of Piecewise Deterministic
Markov Processes (PDMP) applied to biological modeling, and to give an infor-
mal description of the probabilistic objects and techniques used for the study
of such models for non-probabilist. We will try to convince the reader to the
relative simplicity to define such model. In particular, we will detail the path-
wise definition of PDMP, widely used for stochastic simulation of trajectories
of the process. We will also give informal martingale properties and generator-
definition of PDMP, as those are very useful both for concise definition of PDMP
and for mathematical study (in particular long time behavior). We will finally
highlight the link with semigroup techniques and evolution equations on den-
sities, which should be more familiar for the reader used to partial differential
equations.

The examples taken from the literature include cell-cycle model (or growth-
fragmentation), bacteria movement (or random intermittent search), ion chan-
nels in neuron models (Gating model), integrate and fire models for excitable
cells, gene expression models, microtubules growth and active transport inside
cells. Most of the examples are taken from [Bressloff, 2014, Malrieu, 2014,
Lasota et al., 1992]. An important class of models, that contains almost all
examples, concern biochemical reaction network models. Although tradition-
ally represented as system of ordinary differential equations, stochastic version
have been recently widely used in systems biology, in order to take into account
the observed experimental variability in cellular and molecular biology. We
will explain how PDMP then naturally arise as (computational and theoretical)
simplification of stochastic chemical reaction network.

2 Theoretical foundations: Poisson processes

The basic elements of a PDMP is a time-continuous deterministic system and
a discrete random process. For the latter, we need a mathematical framework
that allows to describe the time repartition of discrete events and to “count”
them.

Let (Q, F,P) be a probability space with the sample space a non-empty set,
F a o-algebra of subsets of €2 ; and P a probability measure on F. Definitions
and properties in this section are taken from standard textbooks, see for instance
[Bremaud, 1981, Jacobsen, 2006, Bjork, 2005].

2.1 The Poisson process

We start by the definition of a simple Point process, and its associated counting
process.



Definition 1 (Point process). A point process is a sequence T = (T},)n>1 of
R*-valued random variables defined on (2, F,P) such that

° ]P){0<T1<T2<}=1,
o P{T,, < Tp41, Ty < 0} =P{T,, <o}, foralln>1,
o P{limp—on T =0} =1.

Thus, a point process is an almost surely increasing sequence of strictly
positive, possibly infinite random variables, strictly increasing as long as they
are finite and with almost sure limit oo. The interpretation of T;, is that, if
finite, it is the timepoint at which the nth recording of an event takes place with
less than n events occurring altogether (on the time axis R* ) if 7}, = co. By
definition, no event can happen at time 0.

Definition 2 (Counting process). A random process N = {N;;t € R*} is a
counting process if it satisfies the following conditions.

e The trajectories of N are, with probability one, right continuous and piece-
wise constant.

e The process starts at zero, Ny = 0.

e For each t, ANy = 0 or AN; = 1 with probability one. Here AN; denotes
the jump size of N at time t, or more formally

AN; = N; — N, .

In more pedestrian terms, the process N starts at 0 and stays at the level
0 until some random time 77 when it jumps to Ny, = 1. It then stays at level
1 until another random time 7% > 77 when it jumps to the value Np, = 2 etc.
We will refer to the random times 7 = (7},),>1 as the jump (or event) times of
N. Tt should be clear at this point that 7 is a point process, and that both N
and T carry the same information and are related by

N, = Z 17, <t

n=1

For instance,
(Nth)c)(Tnét).

Remark 1. A third view point (not considered here) is to define a discrete
random measure. Although less intuitive, this is the right way to generalize it
to counting process (measure) on arbitrary space (useful for individual based
modeling for instance).

We now turn to the definition of a Poisson process. There are three equiva-
lent definitions that we now give. The understanding of all three definitions is
important to get a “feeling” of what is a Poisson process.

(def:inf) Definition 3 (The infinitesimal definition). A counting process N = {Ny;t €
R*} is a Poisson process (of rate A > 0) if:



e The process has independent increments, i.e., the number of events in
disjoint intervals are independent random variables

Vig <ty <...<ty, (Ntk — Ntk—l) are independent.

1<k<n

e The process has stationary increments, i.e.

Vt,h >0, the law of (NHh — Nt) is independent of t.

e Only one event can occur at a time. More precisely, there is A > 0 such
that
P{Nh = 1} =M + O(h), P{Nh > 1} = O(h)
(def:ax) Definition 4 (The axiomatic definition). A counting process N' = {Ny;t € R}
is a Poisson process (of rate A > 0) if:
e The process has independent increments, i.e., the number of events in

disjoint intervals are independent random variables

Vig <ty <...<ty, (Ntk — Ntk—l) are independent.

1<k<n

e The number of events in any time interval of length h is Poisson distributed
with mean Ah, i.e., for all t,h > 0:

o (AR)E
P{Nipp — Ny =k} =e Ah%

(def:cons) Definition 5 (The constructive definition). A counting process N' = {N;;t €
R*} is a Poisson process (of rate A > 0) if:

Ny = > 1r,<,
n=1

for a sequence (7;,) having independent identically distributed increments AT, =
T, — Th—1, with an exponential distribution of parameter A, i.e. for all n > 1

P{AT, >t} = e M.
Equivalence of Definition. Def 3 = Def 4: One way to prove that Ny ~ Po(At)
is by the probability generating function:
Gn,(z) = 2 P{N; = k}zk.
k=0

Since Ny, = Ni+(Neyn—Ny), by independent increments, Gy, , = GN,GnN,, ), —N,-
Then

Gy, _ . Gy =Gy _ . G|y~ 1]
a0 h o h
By the definition 3,
GNt,+h*Nt =1—M+ Nz + O(h,) ,

so that
dGn,
dt

, which is the p.g.f of a Poisson random variable.

= )\(Z — 1)GNt .

Hence Gy, (z) = eM==1



Remark 2. A different proof consider subdividing [0,¢] in n (n — o) disjoints
intervals and use the Poisson limit theorem, e.g.

lim Bin(n, 0n)({k}) = Po(At)({k}),

if nb,, — At.
Def 4 = Def 5: The distribution of the first jump time follows from

P{Ty >t} =P{N, =0} = e .

The rest follows by the independence and stationarity of the increments. Specif-
ically, we show by induction that

P{ATn >x | ATl =T ,ATQ = ,CCQ,...ATn_l = .’L'n_l} = 67/\I.

To prove that, we use that we can rewrite the event {AT), = z,,ATy =
$2_,---ATn—1 = xn—l} = {Tl = tl,Tg = tg,...Tn_l = tn—l} with tl =
22:1 xy, and the latter may be re-written as increments of N.

Def 5 = Def 3 : it only remains to show the independence of the incre-
ments. By the lack of memory property of the exponential, we can prove that

Z(t) = (TNt,"'l —t, TN, +2, TN, 43, - . ) is independent of (Nt,Tl, .. 7TNt) and

distributed as Z(0) = (Tn) . Now, since (Niyp — Ni)i=o = H(Z(t)) for
n=1

some measurable function H, and all ¢, this implies the independence of N; and

(Nexn — Ni)e=o- O

The main crucial property of the Poisson process may be summarized in this
formula

P{Npsn — Ny = 1| (Ny)s<t} = P{Npsp — Ny = 1} = Mhe .
As the jumps of N are 0 or 1, this may formally written as
E[dN; | (Ng)s<t| = Adt

Hence ) is the expected number of jumps per unit of time. Let F; the
o-algebra generated by (Ns)s<t, and define

My = Ny — At.
We have the Martingale property
Proposition 1. For all s,t,
E[Mits | Fi| = M.

Proof. The proof is trivial using the independence of the increments and the
law of the increments, we have

E[Nt+5 — Ny | ft] = E[NHS — Nt] = \s.

We finish by stating some standard properties of Poisson Processes



Proposition 2. e If N1,N> are independent Poisson processes of rate resp.
A1 and Az, then N defined by

N(t) = Ni(t) + Na(t)
is a Poisson process of intensity A = A1 + Aa.

e Let N a Poisson process of intensity \. Suppose that N1 and N> are
counting process constructed as follows. For each arrival of N, the first
process N1 is augmented of 1 with probability p, and the second Na is
augmented of 1 with probability (1—p), and so independently of the previous
arrival. Then N1 and N3 are independent Poisson processes of rate resp.

pA and (1 —p)A.
e if N a Poisson process of intensity 1, then N defined by
Ni(t) = N(At),
is a Poisson process of intensity .

e (Gliven that Ny = n, the n jump times Ty,...,T, are distributed as the
order statistics corresponding to n independent random variables uniformly
distributed on (0,t).

2.2 Non homogeneous Poisson process
Again, we state three equivalent definitions

?(det:inf_inh)? Definition 6 (The infinitesimal definition). A counting process N' = {Ny;t €
R*} is a non-homogeneous Poisson process of rate function A(t) if:

e The process has independent increments.
e For all t, h,
P{N¢+n — Ny =1} = A(t)h + o(h), P{Nyyn — Ny > 1} = o(h).
?(def:ax_inh)? Definition 7 (The axiomatic definition). A counting process N'= {Ny;t € R*}
is a non-homogeneous Poisson process of rate function A(¢) if:
e The process has independent increments.

e The number of events in any time interval (¢,¢ + h] is Poisson distributed
with mean SEHL A(s)ds, e.g., for all £, h > 0:

(m(t + h) —m(t)"

P{Nt+h — N, = k} = ¢~ (m(t+h)—m(t)) o ,

where m(t) = Sé A(s)ds.

?(def:cons_inh)? Definition 8 (The constructive definition). A counting process N' = {N;;t €
R*} is a non-homogeneous Poisson process of rate function A(¢) if there exists
a standard Poisson process ) (rate = 1) such that:

t

N, = Y(L )\(s)ds) .



The latter definition deserves a particular comment, as it will be important
in the next. A direct calculus shows that Y( (t)Jrh )\(s)ds) - Y(Sé )\(s)ds) is

indeed distributed as a Poisson distribution of mean SEHL A(s)ds. Conversely,
define
m~H(t) =inf{s = 0:m(s) =t}, t=0.

Then we define ) by Y (t) := N(m~1(¢)). Then
E—K=dWm4U»—NWf%$)@beMmAQ»ﬂMm4®»)=Pd#ﬁ)

Note that the non-homogeneous Poisson process satisfy the survival relation
(used in many deterministic models, such as renewal population dynamics)

P{N; =0} = ezp( - Lt )\(s)ds) .

Furthermore, with
t

Mt = Nt —J. )\(s)ds,
0

we still have the Martingale property

Proposition 3. For all s,t,

E[Mits | Fi| = M.

2.3 Stochastic equation driven by a Poisson process

(ssec:stocheq) We are already able at this point to define stochastic equations driven by Pois-
son processes, which are widely used to simulate stochastic chemical reactions
networks. Let ) be a standard Poisson process, and let us consider the equation

t

Nt=N0+Y(J.
0

A(N:)ds) (1) easstocheq]

where A is such that Sé A(N(s))ds < o0. Tt should be clear that such solution is
still a counting process (modulo the initial condition). Hence to prove existence,
we only need to know the jump times of N'. We will give an explicit construction
with the help of the jump times of ).

Proposition 4. Let (1,,), be the jump times of ), then the unique solution of
(1) is
N = Z 1r,<t,

n=1

where, for alln =1 (10 =Ty =0)

Tn — Tn—1

Ty =Ty + Tl
SRS YG p—



Note that we still have the survival relation, for the law of next jump. At
time t, the next jump time T follows

P{T>t+s|F}= eggp( B Lt+s )\(N(u))du) = eacp( - )\(N(t))s) .

And the Martingale property now reads as follows. With

t
Mt = Nt — J. )\(Ns)ds,
0

we still have the Martingale property

Proposition 5. For all s,t,
E[Myys | Fi| = M.

We are already able to modify such construction to include a continuous
dynamical system between jumps, hence to have a constructive definition of a
PDMP. We postpone such construction as the generator characterization will
also prove to be useful in the next.

2.4 Generator

For the homogeneous Poisson process, we have seen that Ny — At is a Martingale.
This is actually a characterization among the counting process (Watanabe theo-
rem). A further even more general characterization among the Markov processes
is provided by the generator.

Definition 9 (Generator). For any compactly supported function f : N— > R¥,
we define

Af(n) = A(F(n+1) = f(n).

‘We now have

(prop:gene) Proposition 6. Let N be a homogeneous Poisson process of rate . Then, for
any compactly supported function f,
t
FV@) ~ FVO) = [ AN (s (2) eqsgons
0

is a Fy-Martingale. This holds as well for any function f such that E[f(N(t))] <
w, E[Af(N(t)] < o0, for all t > 0.

The sample path of N' (t — Ny(w)) are piecewise continuous and have
finite variation. As such, we may define a Lebesgue-Stieljes integral of bounded
function on finite time integral against the measure (dN¢(w)):. Note that such
measure may formally be represented as

> 61, (w) (ds)

k=1

where (T}) is the sequence of jump times associated to the Poisson process. As
an important first step, we state the



Proposition 7 (It6 Lemma). Let N be a homogeneous Poisson process of rate
A. Then, for any measurable function f,

t

FN(1)) = F(N(0)) + f

0

(FNGT) +1) = F(N(s7)))dN s)..

Proof. A simple calculus yields

N(t)
FIN@) = fINO)+ D] (f(k) = f(k 1)

k=1
N(t)

= SWNO) + D] (F(N(TW) = f(N(Ti1))
k=1
N(t)

= FNO) + Y (PN + 1)~ FN(T)
k=1

— WO+ | (AN + 1) = V) )aN ()

O

Exercise 1. Let N a counting process and ¢ — A; a deterministic process such

that
¢

Mtth_J- )\st,
0

is a Fy-Martingale. Shows that for all ¢ > s,
E[ei“(N"_NS) | Fo] = emp{(m(t) —m(s))(e™ — 1)} )
[Hint: for s = 0, use It6 with f(N;) = e™(NVe) ]
Deduce the Watanabe characterization: N is a Poisson process of intensity \;.

Proof of proposition 6. We conclude using the fact that M (t) = N(t) — A\t is a
Martingale, so that

t

FIN() = F(N(0) +f

0

(FNG™) + 1) = FN(s)) AN (s)

- KN+ | AT @)as+ [ (FOVE) # 1) = SN M),
and we admit (long argument) that Sé (f(N(s_) +1)— f(N(s_)))dM(s) is a
Martingale. O

As for the Watanabe characterization, knowing that N(t) satisfies the so-
called martingale problem, e.g. equation (2) for a sufficiently large class of
test functions, will characterize the stochastic process N(¢), among the Markov
processes.

Note that a differential version of equation (2) reads

E[df(Nt) | (Ns)sét] = E[Af(N(t))]dt



And noting Eq [ f(t, N¢)| = E[f(t, N¢) | Ny = n], we can show that

Af(t,n) = E?&Em[f(t + h, Nejn) — f(t,N)] -

We conclude this section by giving the generator of the solution of the first
stochastic equation we encountered in subsection 2.3.

Proposition 8. The generator of the solution of equation (1) is, for any com-
pactly supported function f,

Af(n) = Am)(F(n+1) = f(n).

2.5 Chapman-Kolmogorov equation
A first consequence of the generator is to give any moment equation. Indeed, if
A is the generator of NV, then, for any test functions

t

BL/(N(0)] = EL/NVO)] + [ BLAFV)ds.

0

In particular, using f(k) = 1p=n(k), we obtain an equation for E[f(N(t))] =
P{N(t) = n} =: p(n,t). Then, for the solution of equation (1),

dp(n,t
POT) N~ 1)pln —1.8) — A, Hp(n. 1)
for all n > 0 (with p(—1,t) = 0).
Exercise 2. Let A the solution of equation (1). Calculate dE[;\;(t)] and dE[ZZt(t) |

by three different manners. In which case do you obtain closed equations?

3 PDMP

We now use our knowledge on stochastic equation driven by Poisson processes
to define Piecewise Deterministic Markov processes.

3.1 One ode and one Poisson process
We will prove

Proposition 9. Assume the ODE

dX;
22X
{ o w(Xe),

Xo = o,

has a unique global solution for every choice of xg, and let § : R — R be an

arbitrary chosen function, and N a Poisson process of intensity X. Then the

SDE
{ dX: = p(Xp)dt+ B(X,-)dNy,

Xo = a0, (3) eq:sdel

has a unique global solution.

10



Proof. We have the following concrete algorithm.
e Denote the jump times of N by Ty , Ty, ...

e For every fixed w, solve the ODE

dx;
ot X
{ o w(Xe),

Xo = w0,
on [0,7T7). In particular we have determined the value of X -
e Calculate X7, by the formula

X, = Xpo +B(Xpo).

e Given X7, = x; solve the ODE

dx;
UG ¢
{ o w(Xe)

XT1 = 1,
on [T7,T5), and so on ...
O

We give without proof (similar as proposition 6) the generator of the solution
X (t) of equation (3):

Af(@) = u(@)f @)+ A(f(@ + B@) - f(@)).

We can give a similar construction of solution of SDE when the counting pro-
cess has now a state-dependent intensity. Using the time change representation,
we prove

(prop:sde_statedep) pyghosition 10. Assume the ODE

dX;
. :U’(Xt)a
Xo = o,

has a unique global solution for every choice of xg, and let § : R — R be an
arbitrary chosen function, ) a standard Poisson process, and X : R — RT q
measurable locally integrable function, with \/u locally integrable too. Then the

SDE .

X, =:E0+Jtu(Xs)ds+Y(J

)\(Xs)ds) N (4) eq:sde2
0 0

has a unique mazimum solution on [0, 7y) for a given T4 .

Proof. The proof is similar, we simply need to adapt the times of the jumps
according to the time change. We have the following concrete algorithm.

e Denote the jump times of Y by T , To, ...

11



e For every fixed w, solve the ODE

dXy
o 1(Xt) s
Xo = o,

on [0,71), where 7 is given by

¢
7 =inf{t > 0: J M Xs)ds = Th}.
0

If 7y = o0, we are done. Else, we have determined the value of Xr;'

e (Calculate X, by the formula
X=X~ +1.

e Given X, = z; solve the ODE

dX
— = X
dt M( t)a
Xr = 1,

on [71,72), where 73 is given by

To = inf{t > 7 : J- ANXg)ds =Ty —T1}.

T1
and so on ... The solution is constructed up to 7o, = lim,, 7, (which may

or may not be infinite).

O

The generator of the solution X (¢) of equation (4) is given by:

Af(@) = u(@)f (@) + 2@) (f@ + 1) = (@)

Remark 3. Note that the first jump time 7 in the above proof follows

P{r >t} = ezp( - Lt )\(Xs)ds) = ezp( — JM @dz) .

wo ()

3.2 General PDMP

To define a general PDMP, following [Davis, 1984], we only need to let arbitrary
jumps occurring at the discrete event, and to authorize to change the dynamical
system as well. This is simply done by adding a discrete variable to the state
space, that will keep track of the particular dynamical system we follow, and by
choosing a transition measure that will dictate the jump law. More precisely,
let I be a countable set, d : I — N and for each ¢ € I, M; an open subset of
R The state-space E is

E=| M ={z=(zi)yiel,weM}.
iel
Let (E, &) the natural Borel space associated to E. The PDMP is determined
by the following objects

12



e Vector fields (H;,i € I) such that for all i € I, all zyp € M;, there is a
unique global solution in M; of

dX;

2t (X

dt i(X), (5) eq:ode_pdmp
Xo = o,

e A measurable function X : E — R, such that for all z = (i,x¢) € E, the
function ¢t — A(X%) is locally integrable along the solution of equation (5)

e A transition measure Q) : £ x E' — [0, 1], such that Q(A; z) is a measurable
function of z € E for each fixed A € £, and is a probability measure on
(E, &) for each fixed z € E.

A unique global solution is constructed as in the proof of proposition 10.
The only needed changes concern the calculus of Z,, from ZT;- The post jump

location Z;, is selected independently of 71, with distribution Q(-; er)'
The generator of the general PDMP is given by:

Af(i,) = Hi@) ¥ 62) + i) | (7020 = £0,2)) QU ¢ ds 6, 2)).

If @ has a density, the Chapman-Kolmogorov equation are given by

op(i,x,t)  OH;(x)p(i,x,t)
ot ox

— MG 2)pli,x )+ fE G909, QG 2); (G 9))didy

4 Numerical algorithms

We give below different algorithms that can be useful in various situation, and
that are directly related to properties on Poisson process we just saw.

4.1 How to simulate several Poisson processes

Suppose one wish to simulate the following system of SDE (any Markovian
discrete chemical reaction network)

L t
Xi(t) = X:(0) + ) qul(L bt (X(s))ds) , (6) sqrmext]
=1

where (Y])1<1<r are independent standard Poisson processes. By the splitting
properties of Poisson processes, the law of the solution of equation (6) is the
same as the solution of

t
N(it) = Y(J A(X(s))ds),
0 L t (7) eq:gillespi
Xi(t) = Xi(0)+ZVufO 1o (x(s)ax () Ens—))dN(s).
=1

where \(z) = ZzL=1 Ai(2), qx) = Zizl Ai(z)/A(x), Y is a standard Poisson pro-
cess, and &p, &1, . .. are independent uniform [0, 1] random variable, independent
of Y.

13



Both equivalent formulations equation (6) and (7) actually suggest two differ-
ent algorithms, known in the literature as the next reaction method [Gibson and Bruck, 2000]
and the Gillespie [Gillespie, 1977] (or stochastic simulation algorithm, ssa) re-
spectively.
The Gillespie algorithm, corresponding to equations (7) can be described as
follows:

e At each step, draw two random uniform [0, 1] independent numbers w, g.

e The next time step is given by AT; = —1/A(X(T;-1)) log(u).

e The reaction is chosen according to [ = min{i > 1 : Z;;ll Ai(z)/A(x) <
D=1 Ail@)/ (@)}

e Update X accordingly, that is X; = X; + vy.

The next reaction method, corresponding to equations (6) can be described
as follows:

e At time 0, for all [ = 1..L, draw a random uniform [0, 1] independent
number u;, and calculate T; = —1/X(X(0)) log(u;).

e At each step, let j the index of the smallest 7. Set t = Tj.
e Update X accordingly, that is X; = X; + v;;.

e For any reaction k # j whose intensities is modified by reaction j, update
the new intensity A, = Ax(X(¢)) (and keep the old Ag). Set T = t +
(Ae/N) (T — t). Forget the old intensity, e.g. Ap = A

e For reaction j, draw a random uniform [0, 1] independent number u, and

calculate Tj = —1/X;(X (t)) log(u).

4.2 How to simulate an ODE and a Poisson process

Suppose one wish to simulate a hybrid process, given by

t
N(it) = Y(J /\(s,X(s))ds) :
O t
X(@) = X0+ [ nXEds + [ o) (X NANG).
0 0
where &(xp),&1(x1),. .. are are independent random variable, independent of

Y, and distributed according to a transition measure Q(-;z).

There are basically two options to simulate the jump times of such process.
The first one can be convenient if the integral Sé A(s, X (s))ds is known exactly
(for instance if it is independent of X):

e At each step, draw a random uniform [0, 1] independent number w.

e Solve the ODE X (¢) = X (0)+ Sé (X (s))ds until the next time step, given
by
T; +t
Tiv1 =T, +inf{t >0: J A(s, Xs)ds = —log(u)}
T;
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e Set t = T;41 and draw an independent random variable according to
)

Q- X(t
e Update X accordingly.

Note that the drawback of this method is that it requires the evaluation of the
integral { (s, X;)ds at each step. A second option uses an acceptance/reject
method, based on a property of 2d-Poisson process. Assume sup; , A(s, X(s)) <
Ao-

e At each step, draw a random uniform [0, 1] independent number w.
e Set an hypothetical time T}, ; = T; — 1/Aolog(u).

o Solve the ODE X (t) = X (0) + §, (X (s))ds on [T3, T/, ;).

3

e Draw a random uniform [0, 1] independent number q.

o If ¢ < NT}yy, X7, )/ Ao, set Tipy = Tj,,, and update X accordingly to
the jump law. Else repeat previous step with a new hypothetical jump

time T}, = T}, ; — 1/Aolog(u) (with a new random uniform number u).

4.3 General algorithm for a PDMP

General algorithm for a PDMP may be derived from both previous section
(exercise!)

4.4 Approximations

Approximate algorithm can be drawn from limit theorems (law of large number,
central limit theorem), by changing some of the Poisson processes by determin-
istic terms and/or Brownian term. Other methods such the 7-leaping method
choose to fire many reaction in a single step. We refer to [Anderson et al., 2011,
Hepp et al., 2014] for more details.

4.5 Large time

General results of Markov chain and Markov processes, [Meyn and Tweedie, 1993a,
Meyn and Tweedie, 1993b, Meyn, , Costa and Dufour, 2008] Examples on spe-

cific models with particular emphasize to the convergence rate [Malrieu et al., 2010,
Malrieu, 2014, Malrieu, 2012] Examples on specific models using semigroup tech-

niques [Tyran-Kaminska, 2009, Pichér et al., 2012, Mackey and Tyran-Kaminska, 2008]

5 Examples from biology

5.1 growth-fragmentation

We look at a cell that growth continuously at rate 7(z), and divides at random
times, of intensity A(x). At division, the size is decreased according to the kernel
B(z,y). We keep track of a single cell. The generator is

X

Af@) = @) (@) + 2@ () = £@) sy

0
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Particular case: TCP, equal mitosis, cell cycle, integrate and fire.

See [Bardet et al., 2011, Cloez, 2012] for probabilistic approach, and [Lasota et al., 1992,
Tyran-Kaminska, 2009, Doumic and Gabriel, 2009] for semigroup and entropy
approaches.

5.2 degrowth-production

(ssec:burstin) We Jook at a quantity (protein concentration, chemical content in a body) that is
degraded continuously at rate v(x), and produced at random times, of intensity
A(z). At production event, a random amount is added according to the kernel
k(z,y). The generator is

0
Af(@) = ~1(2)f(2) + M) [ (1) = £@)) nta. ).
Particular case: storage model, bursting in gene expression.
For extensive study of the storage model, see [Bardet et al., 2011], while for
more general models applied to gene expression, see [Mackey et al., 2013]. See
also [Cloez, 2012]

5.3 Switched flows

The following generic model is widely used

Af (@) = va@) ' (2.0) + Ma(@) (Y] prn(@)f(@,k) = Fla.m))

k#n

with for all (z,n), >3, pr.a(z) = 1.

Particular case: gene expression, chemotaxis, active transport,
random intermittent search, gating model, ion channels, microtubules
growth.

We refer to [Bakhtin and Hurth, 2012, Malrieu et al., 2012b, Benaim et al., 2012,
Malrieu et al., 2012a, Malrieu, 2012] for generic study of switched flows, and ex-
amples of quite surprising results (explosion of a PDMP by switching two stable
linear flows).

5.4 Biochemical Reaction Network

We consider a network of ry chemical reactions involving sy chemical species
St,...,5s,, represented as

S0 S0

/
Zyiksi_’ Zl/iksi, k= 1,...,7“0,
i=1 i=1

where the v, v}, are nonnegative integers (stoichiometric coefficients). Let
X (t) € N* give the numbers of molecules of each species present at time ¢. Let
vk = (Vik)1<i<s, be the vector that give the number of molecules consumed in
the kth reaction, and v}, = (v, )1<i<s, the number of molecules produced by the
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kth reaction. We suppose that each reaction is executed according to a counting
process of intensity A (z), that is

X(t) = X(O) + Z(V;c - Vk)Yk (J;) Ak(X(S))dS) R (8) eq:sde_crn
k

where Yj, are independent standard Poisson processes. Accordingly, we empha-
size that the probability that a reaction k fires in a small time interval is given
by

P{Reaction k occurs in (¢,¢ + 6t] | F} ~ X\e(X(£))dt .

The function A, (z) are called reaction rate. A typical example of such function
is given by the law of mass-action,

i =1 ().

where k; > 0 is the reaction rate constant.
The law of large numbers give for the following property for Poisson processes

(prop:1gn) Proposition 11. let Y be a standard Poisson process, then for each ty > 0,

1
lim sup | =Y (nt) — ¢ |=0 a.s.
n—0o0 t<to n
The proposition 11 implies the standard scaling of biochemical reaction net-
work: for large number of species, an appropriate re-scaling of X () and of the
reaction rate makes the solution of equation (8) to converge to the solution of

% = Z}/-@k(y}fC — ) H:c;’““ .
k i

Recent work [Kang et al., 2014, Kurtz and Kang, 2013, Anderson and Kurtz, 2011,
Crudu et al., 2012] provides general theorems to reduce equation (8) to a PDMP,
when some species are present in large quantity (and/or some reaction occur in
a faster time scale). Rather than presenting the general theorems, we will focus
on a particular model of gene expression, for which reduced forms have been
extensively used.

5.5 Standard gene expression models

One of the most simple and widely used model of gene expression consider two
variables. The first one is a boolean variable (0 or 1), that represent the state
of the gene. The second one is an integer variable, that represents the amount
of gene products, to be either mRNA or protein quantity. In the following
equation, (;)i=1,...4 are independent standard Poisson processes.

t t

Xo(t) = Xo(0)+ Yl(fo 15120} Aa (X1 (5))ds) —YQ(L 1 xo(=1 (X1 (5))ds)),
Xi(t) = X1(0) + Y3(J: 1{X0(5)=1})\1(X1(s))ds) — Y4(J: 71X1(s)ds).

(9) eq:SD1

17



In such model, the gene state switches between 0 and 1 at rate A\,(X;) and
Ai(X1). The gene product is degraded at a linear rate v1X;. When the gene
is “ON” (state 1), the gene product may increase at rate A;(X;). The three
functions A4, A\;, A1 represent the auto-regulation of the gene production on its
own production. There are constant for constitutive gene (no regulation), and
are bounded strictly positive monotonous function in the general case (typical
examples are Hill functions).

We refer to [Peccoud and Ycart, 1995] for a mathematical study of such
model in the case without regulation (A1, Aq, \; constant). For large amount of
gene products (X7 » 1), this model may be simplified to a switching ODE. The
results is limiting model is given by

t t

Xo(t) = Xo(0) + Yl(L l{XO(s):O}/\a(:cl(s))ds) - YQ(JO 1{X0(5):1}Ai(z1(s))ds),
z1(t) = x1(0)+ Lt (1{Xo(s):1})\1(~’01(5)) - ’lel(s))ds-

(10) eq:SC1
The precise result is given by:

Theorem 1. Let X be the solution of equation (9) with the rescaled rate
functions

MV (2) = N\(z/N), =,

MV (@)= Xa(@/N), AV (2) := \i(2).

Assume that Ny is a C! function of x € RY, and that Mg, \;, A1 are such that
equations (10) defines a unique global solution (measurable linearly bounded is
sufficient). Then let the rescaled process z™ = (X, 2l) defined by =¥ =
XN/N. Assume 2™V (0) converges in distribution to x(0), then ™ converges in
distribution to the PDMP whose law is uniquely defined by equations (10).

A further result in [Crudu et al., 2012] allows to reduce the PDMP defined
by equations (10), by “averaging” the discrete motion, assuming it evolves in a
fast time scale. The reduced model is know a deterministic ODE, given by

dx Aa(21) S
— =1 v ——AMT) —mm 11) eq:C1
dt )\a(xl)+Ai(1'1) ( ) ( )
The precise result requires that A,, A;, A1 are such that the equation (11) defines
a global flow, not necessarily restrict to evolve in a compact. Furthermore, it
requires that the fast motion given by the switch defines an ergodic semigroup,
exponentially mixing, and uniformly with respect to the slow variable z;. Here,

it is easy to see that this semigroup is ergodic, with unique invariant law given
Aa (11)
Aa(z1)+Xi(z1) "
with rate Aq (z1) + Ai(z1). Hence, it is needed to suppose additionally that these
rates are bounded with respect to z1. As before, we rewrite the limiting theorem

given in [Crudu et al., 2012] with our notation:

by a Bernoulli law of parameter Its convergent rate is exponential

Theorem 2. [Crudu et al., 2012, Theorem 5.1 p. 13] Assume \; € C}(RT) and
such that the model defined by equation (11) defines a global flow. Assume A\,
and \; are C' on RT and bounded, positive such that one of them is strictly
positive. Let Ny = nAq and A} = n)\; with n — . Let (X3(t), 7 (t))i=o0
the stochastic process defined by equations (10), and (x1(t))i=0 the solution of
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equation (11). Assume x'(0) converges in distribution to x1(0) in RT, then
(z(t))i=0 converges in distribution to (z1(t))i=0 i D(RT;RT).

The restriction of bounded rate A, and \; in [Crudu et al., 2012] is essen-
tially to ensure that the fast dynamics stay in a compact in some sense. Here,
because the fast dynamics is on a compact state space, this assumption can be
released easily. Note that no convergence on the fast variable is stated here.
Convergence do actually occurs, but for a specific topology (in L*(0,T")). See
[Kurtz and Kang, 2013] for general results on averaging methods.

A different limit from the PDMP defined by equations (10) may be taken,
and was also treated explicitly in [Crudu et al., 2012]. Now we let A = n);
and A!' = nA;. Intuitively, the switching variable X§ will then spend most of
its time in state 0. However, transition from X = 0 to X' = 1 will still be
possible (and will not vanish as n — o). Convergence of X to 0 will hold in
LY(0,t) for any finite finite time t. When X' = 1, production of z; is suddenly
very high, but for a brief time. Although z; follows a deterministic trajectory,
the timing of its trajectory is stochastic. At the limit, this drastic production
episode becomes a discontinuous jump, of a random size. All happen as the
two successive jumps of Xy (from 0 to 1 and back to 0) coalesce into a single
one, and create a discontinuity in x;. In such case, convergence cannot hold
in the cad-lag space D(R*;R*") with the Skorohod topology. The authors in
[Crudu et al., 2012] were able to prove tightness in LP([0,T],R*), 1 < p < o0.
Their result requires the additional assumption that all rates A\;,\; and A\, are
linearly bounded, and either )\, or A; is bounded with respect to x;. This is
needed to get a bound on 27 in L*([0,7],R™"). The limiting theorem reads

Theorem 3. [Crudu et al., 2012, Theorem 6.1 p. 17] Assume \; € C*(R™) and
let A} = n); and AT = n\ with n — co. Let (X5(t), 27 (t))i=0 the stochastic
process defined by equations (10). Assume z7(0) converges in distribution to
z1(0) in R*, and X3(0) converges in distribution to 0. The reaction rates Ai,\;
and N\, are such that

o there exists a > 0 such that \;(x1) = « for all zy ;

e there exists My > 0 such that

A(x1) < My(xg + 1),
/\a(:cl) < Ml(l'l =+ 1),
)\1(561) < Ml(l'l + 1),

e In addition either A\, or A1 is bounded with respect to x1 .

Then (X7 (t))t=0 converges in distribution to 0 in L*([0,T7],{0,1}) and (z7(t))t=o0
converges in distribution to the stochastic process whose generator is given by

0

©
A R
o(x) Y171 P

o0

+/\a(z1)J (cp(¢1(t,x1))—gp(zl)))\i(@(t,xl))e’%Ai(m(s’xl))dsdt, (12) eq:geneswitchCrudu

0
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for every ¢ € CH(RT) and where ¢1(t,z1) is the flow associated to

S-C = )\1(56),
x(0) = .

Remark 4. Note that equation (12) may be rewritten as

0

Af(@) = —y(@)f'(2) + Aa(2) f ( Fly) — f(x))h(y,x)dy, (13) eq: gensswitchCrudu2

x

for every f e C}(R*) and where h(y, ) is given by

h(y,z) = 7u(,7:)’ y>=x>0.,
v(z) = exp ( —J:) M) dz).

Let us now present in detail three examples.

Example 1. Consider the special case where both regulation rates A\; and \;
are constant. Then the flow ¢; is easily calculated and we have

¢1(t,$1) =1'1+>\1t, t>0,

t
f )\zkz((bl (S, xl))ds = )\it,

0

and the generator eq. (12) becomes

o0

N i,
(<P(951 +2)— 90(551)) P Adz,

0
Ap(zy) = —71301—('0 + )\“(xl)J-
1

81'1 0

which is a “Bursting” model (see subsection 5.2), with an exponential jump size

distribution of mean parameter % Such rate has an easy interpretation, being

the number of molecules created éluring an ON period of the gene.

Other choice of regulation rate leads to different model, as illustrated in the
next two examples.

Example 2. Let Ay be a constant and \;(x1) = N1 + ko (linear negative
regulation), so that

¢1(t,$1) =T + )\115, t = 0,

¢
AL
J Niki(01(s,21))ds = (N1 + ko)t + 12 2
0
and the generator eq. (12) becomes
4 * Nz + ko -5 [AiﬂJrk ]
Aplm) = ﬂ““aiﬂ"ka(zl)f (¢(2)=plan)) 250 T gz,
Z1 1 )\1

The limiting model is then a bursting model where the jump distribution is a
function of the jump position, and has a Gaussian tail.
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Example 3. Let A\i(x1) = 21 and A; be a constant (positive linear regulation),
so that

d)l(tv‘rl) lee)\lt; t>07

¢
J. Aiki(¢1(s,x1))ds = Ait,

0
and the generator eq. (12) becomes

Jp ®© Ni MM
Ap(z1) = —y121=— + Aka(21) (cp(z) - gp(zl)) —x™MzT T Xdz.
6:51 21 )\1
This time, the limiting model is a bursting model where the jump distribution
is a function of the jump position with a power-law tail.

The model obtained in equation (10) is a switching ODE. The advantage of
reducing the model compared to equation (9) is to be able to calculate explicitly
the stationary density (if it exists), which leads to specific strategy to prove
convergence in large time towards a stationary state. We state the result for a
slightly generalized model:

Theorem 4. Let us look at the equation

Xo(t) = Xo(0)+ Y1(J: 1{x0(s):o})\a(9€1(8))d8) - Yz(fot 1{x0(s):1})\i($1(5))d5),
z1(t) = 21(0) + f: (1{Xo<s)=1})\1($1(8)) + 1{x0<s>=o}>\o($1(8)))d8-

(14) eq:SC1_generic
Suppose there exists y, < y* such that

{ Mo(yx) =0, A1(ys) > 0,
Xo(y*) < 0, A1 (ys) = 0.

Then, if 1(0) takes values on (yx,y*), so is x1(t) for all t = 0. Moreover, the
stationary density of the continuous variable x1 of the solution of equation (14)
is solution of the first order differential equation

O A A ApA/ Ao — Mo/ *

We refer to [Mackey et al., 2013] for systematic study to the model obtained
in equation (13)
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