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Plan

Aim of the paper

We consider a regression model that includes a spatial lag of the endogenous variable and that allows the spatial parameter to vary among locations:
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Introduction

Several methodological contributions proposed estimators adapted to situations where some economic behaviors can change depending on their location.

Two main approaches in spatial regression: spatial regimes (-→ stratification / segmentation) spatially varying coefficients model.
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Introduction

The first approaches in this field consisted in parametric models that incorporate the spatial coordinates of observations by different ways, such as the "Trend Surface Analysis" method [START_REF] Ripley | Spatial statistics[END_REF] and its generalization proposed by [START_REF] Casetti | The expansion method, mathematical modeling, and spatial econometrics[END_REF][START_REF] Casetti | Generating models by the expansion method: Applications to geographical research*[END_REF] under the name of "Variable Expansion" method.
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Introduction

Since, the main contributions considered semi-parametric methods like the LWR [START_REF] Mcmillen | One hundred fifty years of land values in chicago: a nonparametric approach[END_REF] and GWR [START_REF] Brunsdon | Geographically weighted regression: a method for exploring spatial nonstationarity[END_REF] which provide a methodological framework to estimate local values of the parameters using local regressions.
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Introduction

By defining

M i a matrix n × n such that M i = diag [m i 1 , ..., m i n ] with
zero for all others elements, the vector of local coefficients (for a focal point) is as follows:

β(u i , v i ) = (X M i X ) -1 X M i Y (1) 
A notable contribution to take into account spatial autocorrelation in a local regression framework has been made by [START_REF] Pace | Spatial autoregressive local estimation[END_REF].

They propose a Spatial Autoregressive Local Estimation (SALE) which is based on a recursive approach for maximum likelihood estimation of SLM, implying estimates on subsamples related to a neighboring of each observation.
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A MGWR [START_REF] Fotheringham | Some notes on parametric significance tests for geographically weigthed regression[END_REF] model can be expressed as:

y i = q j=1 β j x ij + p j=q+1 β j (u i , v i )x ij + i i , i = 1, 2, .., n (2) 
Mei ( 2004) and [START_REF] Geniaux | A spatial hedonic approach on land use change anticipations[END_REF] propose the use of a two steps estimator for mixed GWR that is easy to implement. 
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GMM estimator

First consider λ constant. Then a GMM estimator of θ = (λ, β) could be used with:

θ = argmin θ∈Θ Q(θ)
Where:

Q(θ) = S N (θ)Σ N S N (θ) S N (θ) = 1 N Z ũ(θ) Z ∈ X , WX , W 2 X , W 3 X ]
Σ N some positive definite matrix u(θ) the vector of residuals of the regression (3) considering λ constant
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Linearized GMM estimator

With a convergent θ, we can use a LGMM estimator (KM2008):

u( θIV ) = P Z Y -λIV P Z WY -P Z X βIV (4)
The gradients of the GMM are quite simple:

G β i = P Z X (5) 
G λ i = P Z WY (6)
To linearize the error term u i (β, λ), we use a taylor approximation.

ũi (β, λ) -ũi ( βIV , λIV ) = G (θ(u i , v i ) -θ 0 ) (7) 
where G (.) is a gradient term:

ũi (β, λ) = G (θ(u i , v i ) -θ 0 ) + ũi ( βIV , λIV ) Geniaux The Spatial 2 Lag Model (S2LM)

MC Settings

We focus our experiments on the ability of the proposed estimator to identify the spatial pattern of λ(u i , v i , M) when W is known.

M is considered unkonwn.

MC Settings

An experiment is defined by a quadruplet (l , h, lambda c , lambda v )
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MC Settings: locations l l ∈ (random, monocentric, polycentric). 

MC Settings: Weighting scheme wt

The weighting scheme type for W is an exponential distance kernel

with w ij = e -(d ij /h 1 ) k j w ij
and we choose a set of bandwidth h equal to the distance of neighboring that contains 4, 10 or 20 mean number of neighbors (mnb), so we have h 1 ∈ (h 4 1 , h 10 1 , h 20 1 ).
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MC Settings: spatial pattern of λ(u i , v i )

Three different spatial patterns for λ(u i , v i ):

λ c = i λ(u i , v i )/n ∈ (0, 0.2, 0.4, 0.6). Pattern 1: λ(u i , v i ) = λ c + f ( (u i -0.5) 2 + (v i -0.5) 2 ) Pattern 2: λ(u i , v i ) = λ c + f (u i + v i ) Pattern 3: λ(u i , v i ) = λ c + f u i +v i <1 (u i + v i ) Geniaux
The Spatial 2 Lag Model (S2LM)

MC settings

β = (1, 0.5) X 1 = 1, X 2 ∼ N(0, 3)
Coordinates of data (u i , v i ) and X are drawn once and only once for each type l . 1000 replications of using normal random ( ∼ N(0, 1)) to generate the vector of y
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Random locations Case. Random locations Case. 

n = 1000, r = 1000, β = (1, 0.5), l = random, W known Exp. parameters OLS IV S2LM λc mnb(h) pattern β 0 β 1 β 0 β 1 λ RMSE λ β 0 β 1 λ(u i , v i ) RMSE λ h 2 0 4 0.
n = 1000, r = 1000, β = (1, 0.5), l = random, W known Exp. parameters OLS IV S2LM λc mnb(h) pattern β 0 β 1 β 0 β 1 λ RMSE λ β 0 β 1 λ(u i , v i ) RMSE λ h 2 0.

Application example

Housing prices in Boston database [START_REF] Ii Harrison | Hedonic housing prices and the demand for clean air[END_REF] contains an aggregated house price index (median) for 506 census tracts and a set of 14 covariates, augmented with census coordinates projected to UTM Zone 19. [START_REF] Anselin | An introduction to spatial regression analysis in r[END_REF] proposes this SLM: 

log (MEDV ) =λW log (MEDV ) + β 0 + β 1 CRIM + 2 + β 3 INDUS + β 4 CHAS + β 5 NOX 2 + β 6 RM 2 + β 7 AGE + β 8 log (DIS) + β 9 log (RAD) + β 10 TAX + β 11 PTRATIO + β 12 B + β 13 log (LSTAT ) + Geniaux The Spatial 2 Lag Model (S2LM) log (MEDV ) =β 0 (u i , v i ) + λ(u i , v i )W log (MEDV ) + β 1 CRIM + 2 + β 3 INDUS + β 4 CHAS + β 5 NOX 2 +

Conclusion

Our proposition has several advantages, compared to a simple extension of the GWR that takes into account spatial autocorrelation.

First, the mixed GWR framework with a limited number of spatial varying parameters allows to avoid numerous problems relative to the GWR framework.

Second, it is usable for large datasets Third, our estimator seems very promising by allowing a substantial gain in predictive accuracy on different datasets tested.

Conclusion

But it remains a lot of works to do:

To rerun the MC experiments with adaptive bandwidths.

To ameliorate the criteria to choose the bandwidth of M.

To test a wider range of spatial patterns of spatial lag parameter in order to draw conclusions on the accuracy of θ estimates.

To run Monte Carlo experiments with unobserved spatial heterogeneity Finding a way to deal with the presence of spatial discontinuities of λ(u i , v i )

Extension to Logit/Probit model.

  idea of LWR/GWR is to estimate as many regressions as focal points i (data coordinates or other sets of coordinates) by weighting the local regressions with respect to the observations' distance to these focal points. Let's note M the weight matrix with:
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S2LM stimator

1 In the first step, estimate β OLS by OLS and keep the residuals vector u(β OLS , λ = 0). Estimate the gradient terms :