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&✐♠❡✲✈❛)②✐♥❣ ♦♥❡(✳ ■♥❞❡❡❞✱ ✐& ✇♦✉❧❞ ❜❡ ♣❡❝✉❧✐❛) &♦ )❡D✉✐)❡ &❤❛& &❤❡ ✇❛&❡) ❛❣❡♥❝② ♣)♦❞✉❝❡( ❛

♥❡✇ &❛① )❛&❡ ❛& ❡❛❝❤ ✐♥(&❛♥& ♦❢ &✐♠❡ &❤)♦✉❣❤♦✉& &❤❡ ❞✉)❛&✐♦♥ ♦❢ ❛ ✜(❝❛❧ ❡①❡)❝✐(❡✳

❚❤❡)❡❢♦)❡✱ ✇❡ ❝♦♥(&)✉❝& ❛♥ ♦♣❡♥✲❧♦♦♣ ❞②♥❛♠✐❝ ❙&❛❝❦❡❧❜❡)❣ ❣❛♠❡ &♦ ♠♦❞❡❧ ❢❛)♠❡)(✬ ♦♣&✐♠❛❧

❞❡❝✐(✐♦♥( ✐♥ &❤❡ ❢❛❝❡ ♦❢ &❤❡(❡ ❝♦♥(&❛♥& ✐♥❝❡♥&✐✈❡ ♣♦❧✐❝✐❡(✳

✹

❲❡ ✜♥❞ &❤❛&✱ ✉♥❞❡) ❣✐✈❡♥ ❝♦♥❞✐&✐♦♥(✱ &❤❡)❡ ✐( ✐♥❞❡❡❞ ❛ (❡& ♦❢ ❝♦♥(&❛♥& ♦♣&✐♠❛❧ ♣♦❧✐❝✐❡( ✇❤✐❝❤

❢✉❧✜❧❧( ❛❧❧ &❤❡ ❝♦♥(&)❛✐♥&( &❤❡ ❲❛&❡) ❆❣❡♥❝② ❤❛( &♦ )❡(♣❡❝&✳ ■♥ ♦✉) (✐♠♣❧❡ ❡①❛♠♣❧❡✱ &❤❡ ♦♣&✐♠❛❧

♣♦❧✐❝②✲♠✐① ❝♦♥(✐(&( ✐♥ ❛♥ ✐♥♣✉&✲&❛① ♦♥ ✇❛&❡) ✇✐&❤❞)❛✇❛❧( ❛♥❞ ❛♥❞ ✐♥♣✉& (✉❜(✐❞② ♦♥ ❢❡)&✐❧✐③❡) ✉(❡✳

❚❤❡ ♣❛♣❡) ✐( (&)✉❝&✉)❡❞ ❛( ❢♦❧❧♦✇(✳ ■♥ (❡❝&✐♦♥ ✷ ✇❡ ♣)❡(❡♥& &❤❡ ♣)♦❜❧❡♠✱ ❛ (✐♠♣❧✐✜❡❞ ❛❣)♦✲

❡❝♦♥♦♠✐❝ ♠♦❞❡❧ ✐♥❝❧✉❞✐♥❣ ❛ ❣)♦✉♥❞✇❛&❡) )❡(♦✉)❝❡✳ ■♥ (❡❝&✐♦♥ ✸✱ ✇❡ ♣)❡(❡♥& &❤❡ ❙&❛❝❦❡❧❜❡)❣

❣❛♠❡ ❛♥❞ ❝❤❛)❛❝&❡)✐③❡ ✐&( (♦❧✉&✐♦♥✳ ■♥ (❡❝&✐♦♥ ✹ ✇❡ ❝♦♥(✐❞❡) &✇♦ ❡①❛♠♣❧❡( ❛♥❞ ❝♦♠♣✉&❡ &❤❡

♦♣&✐♠❛❧ &❛①❛&✐♦♥ ♣♦❧✐❝② ✐♥ &❤✐( ❝♦♥&❡①&✳ ❋✐♥❛❧❧②✱ ✐♥ &❤❡ ❧❛(& (❡❝&✐♦♥✱ ✇❡ ❝♦♥❝❧✉❞❡ ❛♥❞ ❣✐✈❡ (♦♠❡

♣❡)(♣❡❝&✐✈❡( ❢♦) ❢✉&✉)❡ )❡(❡❛)❝❤✳

✷ ❚❤❡ ▼♦❞❡❧

✷✳✶ ❚❤❡ ❋❛(♠❡(*

❈♦♥(✐❞❡) ❛ ❣)♦✉♣ ♦❢ N ❢❛)♠❡)( ❣)♦✇✐♥❣ ❛ (✐♥❣❧❡ ❛❣)✐❝✉❧&✉)❛❧ ♣)♦❞✉❝& ❛♥❞ ❧♦❝❛&❡❞ ❛❜♦✈❡ ❛ (❛♠❡

❣)♦✉♥❞✇❛&❡) )❡(♦✉)❝❡✳ ❚✐♠❡ t ✐( ❝♦♥&✐♥✉♦✉( ❛♥❞ &❤❡ ♣❧❛♥♥✐♥❣ ♣❡)✐♦❞ ❣✐✈❡♥ ❜② &❤❡ ✐♥&❡)✈❛❧ [0, T ]✳
❚❤❡ ❛❣)✐❝✉❧&✉)❛❧ ♣)♦❞✉❝&✐♦♥ yi (t) , ♦❢ ❢❛)♠❡) i = 1, ...N, ❛& &✐♠❡ t ∈ [0, T ] , ❞❡♣❡♥❞( ♦♥ &✇♦

✐♥♣✉&(✱ ♥❛♠❡❧②✱ &❤❡ D✉❛♥&✐&② ♦❢ ❢❡)&✐❧✐③❡) (♣)❡❛❞ ♦♥ ❝✉❧&✐✈❛&❡❞ ❧❛♥❞✱ fi(t)✱ ❛♥❞ &❤❡ ✈♦❧✉♠❡ ♦❢

✐))✐❣❛&✐♦♥ ✇❛&❡)✱ wi(t)✱ &❤❛& ❡❛❝❤ ❢❛)♠❡) ♣✉♠♣( ✐♥ &❤❡ ❣)♦✉♥❞✇❛&❡) )❡(♦✉)❝❡✳ ❲❡ ❛((✉♠❡ &❤❛&

&❤❡ ♣)♦❞✉❝&✐♦♥ ❢✉♥❝&✐♦♥ yi(wi(t), fi(t)) ✐( ✐♥❝)❡❛(✐♥❣ ✐♥ ❜♦&❤ ✐♥♣✉&(✱ ❜✉& ❛& ❞❡❝)❡❛(✐♥❣ )❡&✉)♥( &♦

(❝❛❧❡✱ &❤❛& ✐(✱

∂yi

∂wi
≥ 0,

∂yi

∂fi
≥ 0,

∂2yi

∂w2

i

≤ 0,
∂2yi

∂f2

i

≤ 0,
∂2yi

∂wi∂fi
≥ 0. ✭✶✮

❚❤❡ ♣♦(✐&✐✈❡ (✐❣♥ ♦❢ &❤❡ ❧❛(& ❞❡)✐✈❛&✐✈❡ ♠❡❛♥( &❤❛& ✐))✐❣❛&✐♦♥ ✇❛&❡) ❛♥❞ ❢❡)&✐❧✐③❡)( ❛)❡ ❝♦♠♣❧❡✲

♠❡♥&❛)② ✐♥♣✉&(✳

❙♦✐❧ ❢❡)&✐❧✐③❛&✐♦♥ ❛♥❞ ✇❛&❡) ♣✉♠♣✐♥❣ ❛)❡ ❝♦(&❧②✳ ❚❤❡ ❢❡)&✐❧✐③❛&✐♦♥ ❝♦(& cf (·)✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡(

&❤❡ ♣✉)❝❤❛(✐♥❣ ❝♦(& ♦❢ ❢❡)&✐❧✐③❡)( ❛♥❞ &❤❡✐) ❧❛♥❞ ❛♣♣❧✐❝❛&✐♦♥✱ ❞❡♣❡♥❞( ♦♥ &❤❡ D✉❛♥&✐&② ♦❢ ❢❡)&✐❧✐③❡)

✉(❡❞✳ ❲❡ ❛((✉♠❡ &❤❛& &❤✐( ❝♦(& ✐( ❝♦♥✈❡① ❛♥❞ ✐♥❝)❡❛(✐♥❣✱ ✐✳❡✳✱

∂cf

∂fi
≥ 0,

∂2cf

∂f2

i

≥ 0. ✭✷✮

❚❤❡ ❝♦(& ♦❢ ♣✉♠♣✐♥❣ ❛♥❞ ❞✐(&)✐❜✉&✐♥❣ ✇❛&❡) cw(·) ❞❡♣❡♥❞( ♦♥ &❤❡ ✈♦❧✉♠❡ ✇✐&❤❞)❛✇♥✱ ❛♥❞ ♦♥

&❤❡ ❞❡♣&❤ ♦❢ &❤❡ ❛D✉✐❢❡)✱ ❞❡♥♦&❡❞ D (t)✳ ❲❡ ❛((✉♠❡ &❤❛& cw(·) ✐( ❥♦✐♥&❧② ❝♦♥✈❡① ✐♥ ✐&( ❛)❣✉♠❡♥&(

✹

❋♦" ❛ ❣❡♥❡"❛❧ ❢❡❡❞❜❛❝❦ ❙.❛❝❦❡❧❜❡"❣ ♠♦❞❡❧ 0❡❡ ❢♦" ❡①❛♠♣❧❡ ❳❡♣❛♣❛❞❡❛0 ✶✾✾✺ ❬✶✺❪ ✮✳

✸



❛♥❞ #❛$✐#✜❡# $❤❡ ❢♦❧❧♦✇✐♥❣ ❛##✉♠♣$✐♦♥#✿

∂cw

∂wi
≥ 0,

∂2cw

∂w2

i

≥ 0,
∂cw

∂D
≥ 0,

∂2cw

∂D2
≥ 0,

∂2cw

∂wi∂D
≥ 0. ✭✸✮

❚❤❡ ✜6#$ ❞❡6✐✈❛$✐✈❡ #$❛$❡# $❤❛$ $❤❡ ❝♦#$ ♦❢ ♣✉♠♣✐♥❣ ✇❛$❡6 ✐# ✐♥❝6❡❛#✐♥❣ ✐♥ $❤❡ ✐♥♣✉$ wi✳ ❚❤❡

#❡❝♦♥❞ ❞❡6✐✈❛$✐✈❡ ✐♠♣❧✐❡# $❤❛$ $❤❡ ♠❛6❣✐♥❛❧ ❝♦#$ ♦❢ ♣✉♠♣✐♥❣ ✐# ✐♥❝6❡❛#✐♥❣✳ ❚❤✐# ❝❛♥ ❜❡ ❥✉#$✐✜❡❞

❜② $❤❡ ❢❛❝$ $❤❛$ $❤❡ ❝♦♥#✉♠♣$✐♦♥ ♦❢ ❡♥❡6❣② ✐♥❝6❡❛#❡# ♥♦♥✲❧✐♥❡❛6❧② ✐♥ $❤❡ ✈♦❧✉♠❡ ♦❢ ♣✉♠♣❡❞ ✇❛$❡6✳

❚❤❡ #✐❣♥ ♦❢ $❤❡ $❤✐6❞ ❞❡6✐✈❛$✐✈❡ ❝❛♣$✉6❡# $❤❡ ✐❞❡❛ $❤❛$ $❤❡ ❧❛6❣❡6 D ✭♠❡❛♥✐♥❣ $❤❛$ ✇❛$❡6 ♠✉#$ ❜❡

❧✐❢$❡❞ ❛ ❧♦♥❣❡6 ❞✐#$❛♥❝❡ $♦ #✉6❢❛❝❡✮✱ $❤❡ ❤✐❣❤❡6 $❤❡ ❝♦#$ ♦❢ ♣✉♠♣✐♥❣ ✇❛$❡6✳ ■♥❝6❡❛#✐♥❣ ♠❛6❣✐♥❛❧

6❡$✉6♥# ❛6❡ ❛##✉♠❡❞ $❤6♦✉❣❤

∂2cwi

∂D2 ≥ 0. ❋✐♥❛❧❧②✱ $❤❡ ♥♦♥ ♥❡❣❛$✐✈❡♥❡## ♦❢ $❤❡ ❧❛#$ ❞❡6✐✈❛$✐✈❡ ♠❡❛♥#

$❤❛$ $❤❡ ♠❛6❣✐♥❛❧ ❝♦#$ ♦❢ ♣✉♠♣✐♥❣ ✇❛$❡6 ♠✐❣❤$ ❜❡ ✐♥❝6❡❛#✐♥❣ ✐♥ D✳

❚❤❡ ❢❛6♠❡6# ❛6❡ ♣6✐❝❡✲$❛❦❡6# ❛♥❞ $❤❡ ♣6✐❝❡ pi ♦❢ $❤❡ ❛❣6✐❝✉❧$✉6❛❧ ♣6♦❞✉❝$ ✐# ❝♦♥#$❛♥$ $❤6♦✉❣❤✲

♦✉$ $❤❡ #❤♦6$ ❞✉6❛$✐♦♥ ♦❢ $❤❡ ♣❧❛♥♥✐♥❣ ❤♦6✐③♦♥✳ ■♥❞❡❡❞✱ $❤❡ ♣❡6✐♦❞ ❝♦♥#✐❞❡6❡❞ ✐# ❞❡✜♥❡❞ ❛# ❛

#❡❛#♦♥ ♦6 ❛ ✜#❝❛❧ ②❡❛6✳ ❋✉6$❤❡6✱ $❤❡ ❢❛6♠❡6# ❛6❡ #✉❜❥❡❝$ $♦ ♣✉❜❧✐❝ ♣♦❧✐❝✐❡# ♦❢ $❤❡ ✇❛$❡6 ❛❣❡♥❝②✱

♥❛♠❡❧②✱ $❤❡② ♣❛② ❛ $❛① τ ♦♥ $❤❡ ✉#❡ ♦❢ ♣♦❧❧✉$✐♥❣ ❢❡6$✐❧✐③❡6✱ ❛♥❞ ❛ $❛① φ ♦♥ ✐♥❞✐✈✐❞✉❛❧ ✇❛$❡6

✇✐$❤❞6❛✇❛❧#✳ ❈♦♥#❡E✉❡♥$❧②✱ $❤❡ i✬# ❛❣❡♥$ ♣6♦✜$ 6❡❛❞# ❛# ❢♦❧❧♦✇#✿

πi =

∫ T

0

(piyi(wi(t), fi(t))− cw(D(t), wi(t))− cf (fi(t))− τfi(t)− φwi(t)) dt. ✭✹✮

❲❡ ♠❛❦❡ $❤❡ ❢♦❧❧♦✇✐♥❣ $✇♦ 6❡♠❛6❦#✿

✶✳ ❚❤❡6❡ ✐# ♥♦ ❝♦♥❝❡♣$✉❛❧ ❞✐✣❝✉❧$② ✐♥ ❡①$❡♥❞✐♥❣ $❤❡ ♠♦❞❡❧ $♦ ❛♥ ♦❧✐❣♦♣♦❧✐#$✐❝ #❡$$✐♥❣ ✇❤❡6❡

$❤❡ ❢❛6♠❡6# ❝♦♠♣❡$❡ ✇✐$❤ ❛♥ ❤♦♠♦❣❡♥♦✉# ♣6♦❞✉❝$ K ❧❛ ❈♦✉6♥♦$✳ ❆❝$✉❛❧❧②✱ ✇❡ ❝❛♥ ❛❧#♦

❝♦♥#✐❞❡6 ❛ ❞✐✛❡6❡♥$✐❛$❡❞ ♣6♦❞✉❝$ ✭❡✳❣✳✱ ♦6❣❛♥✐❝ ❛♥❞ 6❡❣✉❧❛6✮✱ ✇❤❡6❡ $❤❡ ♣6✐❝❡ ❞♦❡# ♥♦$ ♦♥❧②

❞❡♣❡♥❞ ♦♥ $❤❡ E✉❛♥$✐$② ♣✉$ ♦♥ $❤❡ ♠❛6❦❡$✱ ❜✉$ ❛❧#♦ ♦♥ $❤❡ E✉❛❧✐$② ♦❢ ✐66✐❣❛$✐♦♥ ✇❛$❡6 ❛♥❞

$❤❡ E✉❛♥$✐$② ♦❢ ❢❡6$✐❧✐③❡6 ✉#❡❞ ✐♥ ❢❛6♠✐❣✳ ❖❜✈✐♦✉#❧②✱ $❤❡ ♠♦6❡ #♦♣❤✐#$✐❝❛$❡❞ $❤❡ ♠♦❞❡❧✱ $❤❡

♠♦6❡ ❝♦♠♣❧❡① $❤❡ ❝♦♠♣✉$❛$✐♦♥ ♦❢ $❤❡ ❡E✉✐❧✐❜6✐✉♠ ♣♦❧✐❝✐❡#✳

✷✳ ●✐✈❡♥ $❤❡ #❤♦6$✲$❡6♠ ♣❧❛♥♥✐♥❣ ❤♦6✐③♦♥✱ ✇❡ ❞♦ ♥♦$ ❞✐#❝♦✉♥$ ❢❛6♠❡6 i✬# ♣6♦✜$✳ ■♥❝❧✉❞✐♥❣ ❛

❞✐#❝♦✉♥$ ❢❛❝$♦6 ❞♦❡# ♥♦$ ♣♦#❡ ❛♥② ♣❛6$✐❝✉❧❛6 ❞✐✣❝✉❧$②✳

✷✳✷ ❚❤❡ ❉②♥❛♠✐❝,

❚❤❡ ❞❡♣$❤ ♦❢ $❤❡ ❛E✉✐❢❡6 ❞❡♣❡♥❞# ♦♥ ✇✐$❤❞6❛✇❛❧# ❜② ❢❛6♠❡6# ❛♥❞ ♦♥ ♥❛$✉6❛❧ 6❡❝❤❛6❣❡✳ ❉❡♥♦$❡

❜② r(t) $❤❡ ♠❡❛♥ 6❡❝❤❛6❣❡ 6❛$❡ ♦❢ $❤❡ ❣6♦✉♥❞✇❛$❡6 #$♦❝❦✳ ❚❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ D ✐# ❞❡#❝6✐❜❡❞ ❜②

$❤❡ ❞✐✛❡6❡♥$✐❛❧ ❡E✉❛$✐♦♥

Ḋ (t) = g

(

∑

i

wi(t), r(t)

)

, D(0) = D0 ❣✐✈❡♥, ✭✺✮

✇❤❡6❡ D0 ✐# ❛ ♠❡❛#✉6❡♠❡♥$ ♦❢ $❤❡ ✐♥✐$✐❛❧ ✇❛$❡6 ❞✐#$❛♥❝❡✱ ✇✐$❤

∂g

∂wi
> 0,

∂g

∂r
< 0.

❚❤❡ E✉❛❧✐$② ♦❢ $❤❡ ❣6♦✉♥❞✇❛$❡6 ❞❡$❡6✐♦6❛$❡# ✇✐$❤ $❤❡ E✉❛♥$✐$② ♦❢ ❢❡6$✐❧✐③❡6 ✉#❡❞ ❜② ❡❛❝❤ ❢❛6♠❡6✳

❋✉6$❤❡6✱ $❤❡ ❧❛6❣❡6 $❤❡ ✈♦❧✉♠❡ ♦❢ $❤❡ #$♦❝❦ ♦❢ ✇❛$❡6✱ $❤❡ ❤✐❣❤❡6 $❤❡ ❞✐❧✉$✐♦♥ ✭♠✐$✐❣❛$✐♦♥✮ ❝❛♣❛❝✐$②✱

❛♥❞ $❤❡ ❜❡$$❡6 $❤❡ E✉❛❧✐$②✳ ❆# $❤❡6❡ ✐# ❛ ♠♦♥♦$♦♥❡ 6❡❧❛$✐♦♥#❤✐♣ ❜❡$✇❡❡♥ $❤❡ ✈♦❧✉♠❡ ♦❢ ✇❛$❡6

❛♥❞ $❤❡ ❞❡♣$❤ ♦❢ $❤❡ ❛E✉✐❢❡6✱ ✇❡ ❝❛♥ ♠♦❞❡❧ $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ E✉❛❧✐$② ❛# ❢✉♥❝$✐♦♥ ♦❢ D ❛♥❞ ♦❢ $❤❡

✇❛$❡6 ✇✐$❤❞6❛✇❛❧#✳ ▼♦6❡ #♣❡❝✐✜❝❛❧❧②✱ $❤❡ ❡✈♦❧✉$✐♦♥ ♦❢ ✇❛$❡6 E✉❛❧✐$② ✐# ♠♦❞❡❧❡❞ ❜② $❤❡ ❢♦❧❧♦✇✐♥❣

❞✐✛❡6❡♥$✐❛❧ ❡E✉❛$✐♦♥✿

Q̇ (t) = h

(

∑

i

fi(t), D(t)

)

, Q(0) = Q0 ❣✐✈❡♥, ✭✻✮

✹



✇❤❡#❡ Q0 ✐% ❛ ♠❡❛%✉#❡♠❡♥* ♦❢ *❤❡ ✐♥✐*✐❛❧ ✇❛*❡# .✉❛❧✐*②✱ ✇✐*❤

∂h

∂fi
< 0,

∂h

∂D
< 0.

❲❡ ❞♦ ♥♦* ♠❛❦❡ ❢♦# *❤❡ ♠♦♠❡♥* ❛♥② ❛❞❞✐*✐♦♥❛❧ ❛%%✉♠♣*✐♦♥ ♦♥ h✱ ❜✉* %✐♠♣❧② ♥♦*❡ *❤❛* *❤✐%

❢✉♥❝*✐♦♥ ✐% ♥♦* ♥❡❝❡%%❛#✐❧② ❧✐♥❡❛#✳

❘❡♠❛#❦✿ ❋♦# ♥♦✇✱ ♦✉# ♠♦❞❡❧✐♥❣ ♦❢ *❤❡ ✇❛*❡# .✉❛❧✐*② ❡✈♦❧✉*✐♦♥ ❞♦❡% ♥♦* ❛❝❝♦✉♥* ❢♦# ❛♥②

❛❜❛*❡♠❡♥* ❛❝*✐✈✐*② *❤❛* *❤❡ ❢❛#♠❡#% ❛♥❞✴♦# *❤❡ ✇❛*❡# ❛❣❡♥❝② ♠❛② ✉♥❞❡#*❛❦❡ *♦ ✐♠♣#♦✈❡ *❤❡

.✉❛❧✐*② ♦❢ ✇❛*❡#✳ ■♥❞❡❡❞✱ ✐* ✐% *❡❝❤♥✐❝❛❧❧② ♣♦%%✐❜❧❡ *♦ ✐♥✢✉❡♥❝❡ *❤❛* .✉❛❧✐*② ❜②✱ ❡✳❣✳✱ ❢❛✈♦✉#✐♥❣ *❤❡

✉%❡ ♦❢ ♣❧❛♥*% ❝♦♥*❛✐♥✐♥❣ ♥✐*#♦❣❡♥✲✜①✐♥❣ %②♠❜✐♦*✐❝ ❜❛❝*❡#✐❛✳ ❚❤✐% ✐% *❤❡ ❝♦♥❝❡♣* ♦❢ ❣#❡❡♥ ♠❛♥✉#❡✿

❢♦# ✐♥%*❛♥❝❡✱ ✇❤✐*❡ ♠✉%*❛#❞ ✭❙✐♥❛♣✐% ❛❧❜❛✮✱ ✈❡*❝❤❡% ✭❱✐❝✐❛✮✱ ♣❤❛❝❡❧✐❛ ♦# #❛♣❡%❡❡❞ ✭❇+❛%%✐❝❛ ♥❛♣✉%✮

❛#❡ ❛❜❧❡ *♦ ✜① ♥✐*#♦❣❡♥ ✐♥ *❤❡ ✜❡❧❞✳ ❚❤❡② ❛#❡ %❡* ✉♣ ❛❢*❡# *❤❡ ♠❛✐♥ ❤❛#✈❡%*✱ ✐♥ ❛✉*♦♠♥ ❛♥❞

❞❡%*#♦②❡❞ ✐♥ ✇✐♥*❡#✳ ■♥ %♦♠❡ ❊✉#♦♣❡❛♥ ❝♦✉♥*#✐❡%✱ ❢❛#♠❡#% ✇❡#❡ ❡❧✐❣✐❜❧❡ *♦ ❛ ❞❛♠❛❣❡ ♣❛②♠❡♥* ❢♦#

*❤❡ ✐♥*#♦❞✉❝*✐♦♥ ♦❢ *❤❡%❡ ♥✐*#♦❣❡♥ ✜①✐♥❣ ♣❧❛♥*%✳

✺

✷✳✸ ❚❤❡ ❲❛(❡) ❆❣❡♥❝②

❲❤❡#❡❛% *❤❡ ❞❡✜♥✐*✐♦♥ ♦❢ ❛♥ ♦❜❥❡❝*✐✈❡ ❢✉♥❝*✐♦♥ ❢♦# ❛ ❢❛#♠❡# ✐% ❡❛%②✱ *❤❡ *❛%❦ ♦❢ ❞♦✐♥❣ %♦ ❢♦# *❤❡

✇❛*❡# ❛❣❡♥❝② ✐% ♥♦* *❤❛* %*#❛✐❣❤*❢♦#✇❛#❞✳ ■❞❡❛❧❧②✱ ♦♥❡ ✇♦✉❧❞ ❧✐❦❡ *♦ ❞❡✜♥❡ ❛ ✇❡❧❢❛#❡ ❢✉♥❝*✐♦♥ *♦

❛%%❡%% *❤❡ ✈❛❧✉❡ *♦ %♦❝✐❡*② ♦❢ ❛♥② ♣❛#*✐❝✉❧❛# ❣♦✈❡#♥♠❡♥*❛❧ ♣♦❧✐❝②✳ ❍♦✇❡✈❡#✱ ✇#✐*✐♥❣ ❞♦✇♥ %✉❝❤

❛ ❢✉♥❝*✐♦♥ ✐% ❛ ❤✐❣❤❧② ❝♦♠♣❧❡① ♣#♦❜❧❡♠ ❢#♦♠ ❛ *❤❡♦#❡*✐❝❛❧✱ ❛% ✇❡❧❧ ❛% ❢#♦♠ ❛ ♣#❛❝*✐❝❛❧ ♣♦✐♥* ♦❢

✈✐❡✇✳ ■♥ *❤✐% ♣❛♣❡#✱ ✇❡ ❛❞♦♣* ❛ ♣#❛❣♠❛*✐❝ ❛♣♣#♦❛❝❤ ❛♥❞ ❛%%✉♠❡ *❤❛* *❤❡ ✇❛*❡# ❛❣❡♥❝② ✉%❡% ✐*%

♣✉❜❧✐❝ ♣♦❧✐❝② *♦ ❛♣♣#♦❛❝❤ ❛% ❝❧♦%❡ ❛% ♣♦%%✐❜❧❡ ♣#❡✲❞❡*❡#♠✐♥❡❞ ❧❡✈❡❧% ♦❢ .✉❛❧✐*② ❛♥❞ .✉❛♥*✐*② ♦❢

✇❛*❡# ❛* *✐♠❡ T ✳ ❚❤❡%❡ ❧❡✈❡❧% ❝♦##❡%♣♦♥❞ *♦ ❛ .✉❛❧✐*② ♥♦#♠ ❛♥❞ ❛ ♠✐♥✐♠✉♠ ❛♠♦✉♥* ♦❢ ✇❛*❡#✱

✇❤✐❝❤ %❤♦✉❧❞ ❜❡ ♣#❡%❡#✈❡❞ ❢♦# ❢✉*✉#❡ ♣❡#✐♦❞%✿

Qb(T ) = Qb, ✭✼✮

Db(T ) = Db, ✭✽✮

▼♦#❡ ♣#❡❝✐%❡❧②✱ *❤❡ ✇❛*❡# ❛❣❡♥❝② ✇✐%❤❡% *♦ ♠✐♥✐♠✐③❡ *❤❡ ❞✐%*❛♥❝❡ ❜❡*✇❡❡♥ ❝✉##❡♥* ❛♥❞ ❞❡%✐#❡❞

.✉❛❧✐*② ❛♥❞ .✉❛♥*✐*② ❧❡✈❡❧%✱ *❤❛* ✐%✱

θ =
[

α(Q(T )−Qb)
2 + (1− α)(D(T )−Db)

2
]

, ✭✾✮

✇❤❡#❡ α ❛♥❞ (1−α) ❛#❡ ♣♦%✐*✐✈❡ ✇❡✐❣❤*% *❤❛* ♠❡❛%✉#❡ *❤❡ ✐♠♣♦#*❛♥❝❡ ♦❢ *❤❡ .✉❛❧✐*② ❛♥❞ .✉❛♥*✐*②
❣♦❛❧✱ #❡%♣❡❝*✐✈❡❧②✳ ❙✉❝❤ ♦❜❥❡❝*✐✈❡ %❡❡♠% *♦ ❜❡ ✐♥ ❧✐♥❡ ✇✐*❤ *❤❡ ♣❤✐❧♦%♦♣❤② ♦❢ ♣✉❜❧✐❝✲♣♦❧✐❝② ♠❛❦❡#%

✇❤♦ ✇♦✉❧❞ ❧✐❦❡ *♦ %❡❡ ❛ ❝❧❡❛# %*❛*❡♠❡♥* ♦❢ ✇❤❛* ❛ ❣♦✈❡#♥♠❡♥* ♣#♦❣#❛♠ ✐% ❛✐♠❡❞ ❛*✳

❚♦ ❛❝❤✐❡✈❡ ✐*% ❣♦❛❧%✱ *❤❡ ✇❛*❡# ❛❣❡♥❝② ❝❛♥ ❧❡✈② ✭❝♦♥%*❛♥*✮ *❛①❡% ♦♥ ❢❡#*✐❧✐③❡# ❛♥❞ ✇❛*❡# ✉%❡✳

❚❤❡ ❛❣❡♥❝② ✐% ❡♥❞♦✇❡❞ ✇✐*❤ %♦♠❡ ✜♥❛♥❝✐❛❧ #❡%♦✉#❝❡% ❛* *❤❡ ✐♥✐*✐❛❧ ✐♥%*❛♥* ♦❢ *✐♠❡✱ ❛♥❞ ✐% #❡.✉✐#❡❞

*♦ ❜❛❧❛♥❝❡ ✐*% ❜♦♦❦% ❛* *❤❡ ❡♥❞ ♦❢ *❤❡ ♣❧❛♥♥✐♥❣ ❤♦#✐③♦♥✳ ❚❤❡ ❡.✉✐❧✐❜#✐✉♠✲❜✉❞❣❡* ❝♦♥%*#❛✐♥* ❛*

T #❡❛❞% ❛% ❢♦❧❧♦✇%✿

0 = b0 +

∫ T

0

[τ
∑

i

fi(t) + φ
∑

i

wi(t)]dt, ✭✶✵✮

✇❤❡#❡ b0 ✐% *❤❡ ❛✈❛✐❧❛❜❧❡ ❜✉❞❣❡* ❛* *✐♠❡ 0✳ ❚❤❡ ❛❜♦✈❡ ❜✉❞❣❡* ❡.✉❛*✐♦♥ ✐% ❛♥ ✐%♦♣❡#✐♠❡*#✐❝

❝♦♥%*#❛✐♥* *❤❛* ❝❛♥ ❜❡ #❡✇#✐**❡♥ ✐♥ *❤❡ ❢♦#♠ ♦❢ ❛ %*❛*❡ ❡.✉❛*✐♦♥ ❛% ❢♦❧❧♦✇%✿

Ẏ (t) = [τ
∑

i

fi(t) + φ
∑

i

wi(t)] ✇✐*❤ Y (0) = b0 ❛♥❞ Y (T ) = 0, ✭✶✶✮

✇❤❡#❡ Y (t) #❡♣#❡%❡♥*% *❤❡ ❢✉♥❞% ❛✈❛✐❧❛❜❧❡ ❛* *✐♠❡ t ∈ [0, T ]✳
❲❡ ♠❛❦❡ *❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛#✐✜❝❛*✐♦♥ #❡♠❛#❦%✿

✺

■♥ ❋#❛♥❝❡ ❢♦# ❡①❛♠♣❧❡✱ .❤❡ ■♥❞❡♠♥✐&' ❝♦♠♣❡♥+❛&♦✐-❡ ❞❡ ❝♦✉✈❡-&✉-❡ ❞❡+ +♦❧+ ✭❈♦❞❡ ❞❡ ❧✬❡♥✈✐#♦♥♥❡♠❡♥.

▲■■✶✳✶✳✸✳✸✮ ❛♠♦✉♥.❡❞ .♦ ✻✵ ❡✉#♦>✴❤❛ ✐♥ ✷✵✵✸✳

✺



✶✳ ❚❤❡ %❛① (❛%❡) τ ❛♥❞ φ ❞♦ ♥♦% ✈❛(② ✇✐%❤ %✐♠❡ ❛♥❞✴♦( %❤❡ )%❛%❡ ♦❢ %❤❡ )②)%❡♠ ✭5✉❛❧✐%② ♦❢

%❤❡ ❣(♦✇♥❞✇❛%❡( ❛♥❞ ❞❡♣%❤ ♦❢ %❤❡ ❛5✉✐❢❡(✮ ❞✉(✐♥❣ %❤❡ ♣❧❛♥♥✐♥❣ ✐♥%❡(✈❛❧ [0, T ]✳ ❆❧%❤♦✉❣❤

)%❛%❡ ♦( %✐♠❡ ❞❡♣❡♥❞❡♥% %❛① (❛%❡) ♠❛② ❜❡ ❝♦♥❝❡♣%✉❛❧❧② ❛%%(❛❝%✐✈❡✱ %❤❡② ❛(❡ ❞✐✣❝✉❧% %♦

✐♠♣❧❡♠❡♥% ✐♥ (❡❛❧✐%②✳ ■♥❞❡❡❞✱ ✐% ✇✐❧❧ ❜❡ ✈❡(② ❞✐✣❝✉❧% ❢♦( ♣✉❜❧✐❝ ❛❣❡♥❝✐❡) %♦ ❡①♣❧❛✐♥ ❛ ♣♦❧✐❝②

%❤❛% ❝♦♥%✐♥✉♦✉)❧② ❝❤❛♥❣❡) ♦✈❡( %✐♠❡✱ ❛♥❞ ❢❛(♠❡() ✇✐❧❧ ❤❛(❞❧② ❛❝❝❡♣% )✉❝❤ ❛ ♠❡❝❤❛♥✐)♠✳ ❲❡

❜❡❧✐❡✈❡ %❤❛% ♦✉( ❛))✉♠♣%✐♦♥ )✐♠♣❧② (❡✢❡❝%) ❛❝%✉❛❧ ♣(❛❝%✐❝❡ ✇❤❡(❡ %❛① (❛%❡) ✭❛) ✇❡❧❧ ❛) ♦%❤❡(

♣✉❜❧✐❝ )❡(✈✐❝❡ ♣(✐❝❡)✮ ❛(❡ )❡% ❝♦♥)%❛♥% ❜② ❣♦✈❡(♥♠❡♥%❛❧ ❛❣❡♥❝✐❡) ❢♦( %❤❡ ✇❤♦❧❡ ❞✉(❛%✐♦♥ ♦❢

%❤❡ ✜)❝❛❧ ❡①❡(❝✐)❡✱ %②♣✐❝❛❧❧② ❛ ②❡❛(✳ ❙✉❝❤ ❝♦♥)%❛♥% %❛① ❛♥❞ )✉❜)✐❞② ♣♦❧✐❝✐❡) ✇❡(❡ ✉)❡❞ ❜②

❑(❛✇❝③②❦ ❛♥❞ ❩❛❝❝♦✉( ❬✼❪ ✐♥ ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇❤❡(❡ ❛ ❧♦❝❛❧ ❣♦✈❡(♥♠❡♥% ❛✐♠) ❛% ❝♦♥%(♦❧❧✐♥❣

♣♦❧❧✉%✐♦♥ ❡♠✐))✐♦♥) ❜② ❞❡❝❡♥%(❛❧✐③❡❞ ❛❣❡♥%)✳

✷✳ ❲❡ ❞♦ ♥♦% ✐♠♣♦)❡ ❛♥② )✐❣♥ ♦♥ %❤❡ ✐♥)%(✉♠❡♥%) τ ❛♥❞ φ✳ ■❢ ♦♣%✐♠✐③❛%✐♦♥ ❧❡❛❞) %♦ ♥❡❣❛%✐✈❡

✈❛❧✉❡)✱ %❤❡♥ )✉❜)✐❞✐❡) )❤♦✉❧❞ ❜❡ )❡% ✉♣ (❛%❤❡( %❤❛♥ %❛①❡)✳ ❚❤❡ )✐❣♥ ♦❢ τ ❛♥❞ φ ✇✐❧❧ ♦❢ ❝♦✉()❡

❞❡♣❡♥❞ ♦♥ %❤❡ ♦❜❥❡❝%✐✈❡ ♦❢ %❤❡ ✇❛%❡( ❛❣❡♥❝②✳

✸✳ ❲❡ ❛))✉♠❡❞ %❤❛% %❤❡ ✇❛%❡( ❛❣❡♥❝② ♠✉)% ❜❛❧❛♥❝❡ ✐%) ❜✉❞❣❡% ❛% T ✳ ■❢ %❤❡ ❛❣❡♥❝② ✐) ❛❧❧♦✇❡❞

%♦ (❡❛❧✐③❡ ❛ )✉(♣❧✉)✱ %❤❡♥ %❤❡ ❜✉❞❣❡% ❝♦♥)%(❛✐♥%✱ ❡5✉❛%✐♦♥ ✭✶✵✮ ❜❡❝♦♠❡) ❛♥ ✐♥❡5✉❛❧✐%②✱ ✐✳❡✳✱

0 ≤ b0 −

∫ T

0

[τ
∑

i

fi(t) + φ
∑

i

wi(t)]dt.

❚♦ ❦❡❡♣ ✐% )✐♠♣❧❡✱ ✇❡ )❤❛❧❧ ❝♦♥)✐❞❡( %❤❡ ❝❛)❡ ✇❤❡(❡ %❤❡ ❜✉❞❣❡% ❝♦♥)%(❛✐♥% ✐) ❜✐♥❞✐♥❣ ❛♥❞✱ ❛)

)%❛%❡❞ ✐♥ %❤❡ ✐♥%(♦❞✉❝%✐♦♥✱ ✇❡ )❤❛❧❧ ❝♦♥%(❛)% %❤❡ (❡)✉❧%) ♦❢ %❤✐) )❝❡♥❛(✐♦ %♦ %❤❡ ❝❛)❡ ✇❤❡(❡

%❤❡(❡ ✐) ♥♦ ❜✉❞❣❡% ❝♦♥)%(❛✐♥%) ❛♥❞ %❤❡ ♦♥❡ ✇✐%❤ ♥♦ (❡❣✉❧❛%✐♦♥✳

✸ ❆ ❙#❛❝❦❡❧❜❡*❣ ●❛♠❡

■♥ %❤❡ ♣(❡✈✐♦✉) )❡❝%✐♦♥✱ ✇❡ ❞❡✜♥❡❞ ❛ ✜♥✐%❡✲❤♦(✐③♦♥ ❞✐✛❡(❡♥%✐❛❧ ❣❛♠❡✱ ✇✐%❤ N + 1 ♣❧❛②❡() ✭N

❢❛(♠❡() ❛♥❞ ❛ (❡❣✉❧❛%♦(✮✳ ❚❤❡ ♠♦❞❡❧ ✐♥✈♦❧✈❡) %❤(❡❡ )%❛%❡ ✈❛(✐❛❜❧❡)✱ ♥❛♠❡❧②✱ %❤❡ 5✉❛♥%✐%② D ❛♥❞

5✉❛❧✐%② Q ♦❢ ✇❛%❡( ❛♥❞ %❤❡ ✇❛%❡( ❛❣❡♥❝②✬) ❜✉❞❣❡%✱ Y ✳ ❚❤❡ ❝♦♥%(♦❧ ✈❛(✐❛❜❧❡) ♦❢ ❛ ❢❛(♠❡( ❛(❡ %❤❡

✇❛%❡( ✇✐%❤❞(❛✇❛❧ wi ❛♥❞ %❤❡ 5✉❛♥%✐%② ♦❢ ❢❡(%✐❧✐③❡( fi✳ ❚❤❡ ✇❛%❡( ❛❣❡♥❝② ❝❤♦♦)❡) %❤❡ %❛① (❛%❡) τ

❛♥❞ φ✱ ✇❤✐❝❤ ❝❛♥ ❛))✉♠❡ ❛♥② )✐❣♥✳

❚❤❡ ❣❛♠❡ ✐) ♣❧❛②❡❞ S ❧❛ ❙%❛❝❦❡❧❜❡(❣✳ ❚❤❡ ✇❛%❡( ❛❣❡♥❝② %❛❦❡) %❤❡ ❧❡❛❞❡(✬) (♦❧❡ ❛♥❞ ❛♥♥♦✉♥❝❡)

✐%) )%(❛%❡❣② ❜❡❢♦(❡ %❤❡ ❢❛(♠❡() ♠❛❦❡ %❤❡✐( ❞❡❝✐)✐♦♥)✳ ●✐✈❡♥ %❤❡ ❧❡❛❞❡(✬) ❛♥♥♦✉♥❝❡♠❡♥% ♦❢ %❤❡ %❛①

♣♦❧✐❝② (τ, φ)✱ %❤❡ ❢❛(♠❡()✱ ❛❝%✐♥❣ ❛) ❢♦❧❧♦✇❡()✱ ♣❧❛② ❛ ◆❛)❤ ❣❛♠❡ ❛♥❞ ❝❤♦♦)❡ wi ❛♥❞ fi✳ ❲❡ )✉♣♣♦)❡

%❤❛% %❤❡ ❢❛(♠❡() ❡♠♣❧♦② ♦♣❡♥✲❧♦♦♣ )%(❛%❡❣✐❡)✱ %❤❛% ✐)✱ ❛% %❤❡ ✐♥✐%✐❛❧ ✐♥)%❛♥% ♦❢ %✐♠❡✱ ❡❛❝❤ ♣❧❛②❡(

❞❡❝✐❞❡) ✉♣♦♥ ❛ )%(❛%❡❣② ✇❤✐❝❤ ❞❡♣❡♥❞) ♦♥❧② ♦♥ %✐♠❡✳ ■% ✐) ✇❡❧❧ ❦♥♦✇♥ %❤❛% ♦♣❡♥✲❧♦♦♣ ❙%❛❝❦❡❧❜❡(❣

❡5✉✐❧✐❜(✐❛ ❛(❡ ✐♥ ❣❡♥❡(❛❧ %✐♠❡ ✐♥❝♦♥)✐)%❡♥%✳

✻

❚❤✐) ♠❡❛♥) %❤❛% ❣✐✈❡♥ %❤❡ ♦♣♣♦(%✉♥✐%② %♦ (❡✈✐)❡ ❤✐)

)%(❛%❡❣② ❛% ❛♥ ✐♥%❡(♠❡❞✐❛%❡ ✐♥)%❛♥% ♦❢ %✐♠❡✱ %❤❡ ❧❡❛❞❡( ✇♦✉❧❞ ❧✐❦❡ %♦ ❝❤♦♦)❡ ❛♥♦%❤❡( )%(❛%❡❣②

%❤❛♥ %❤❡ ♦♥❡ ❤❡ )❡❧❡❝%❡❞ ❛% %❤❡ ✐♥✐%✐❛❧ ✐♥)%❛♥% ♦❢ %✐♠❡✳ ❚❤❡(❡❢♦(❡✱ ❛♥ ♦♣❡♥✲❧♦♦♣ ❙%❛❝❦❡❧❜❡(❣

❡5✉✐❧✐❜(✐✉♠ ♦♥❧② ♠❛❦❡) )❡♥)❡ ✐❢ %❤❡ ❧❡❛❞❡( ❝❛♥ ❝(❡❞✐❜❧② ♣(❡❝♦♠♠✐% %♦ ❤✐) )%(❛%❡❣②✳ ■♥ %❤❡ ♣(❡)❡♥%

❣❛♠❡ ✐% )❡❡♠) ♣❧❛✉)✐❜❧❡ %♦ ❛))✉♠❡ ♣(❡❝♦♠♠✐%♠❡♥% ♦♥ %❤❡ ♣❛(% ♦❢ %❤❡ ✇❛%❡( ❛❣❡♥❝②✿ ✐♥ ♣(❛❝%✐❝❡

❛ %❛① )❝❤❡♠❡ ✐) ❞❡%❡(♠✐♥❡❞ ❛♥❞ ❛♥♥♦✉♥❝❡❞ ❢(♦♠ %❤❡ ♦✉%)❡% ❛♥❞ ✇❤❡♥ %❤❡ (❡❣✉❧❛%♦(✬) ❞❡❝✐)✐♦♥ ✐)

✐((❡✈♦❝❛❜❧❡✱ %❤❡ ❛♥♥♦✉♥❝❡♠❡♥% ✇✐❧❧ ❜❡ ❝(❡❞✐❜❧❡✳

✸✳✶ ❚❤❡ ❋♦❧❧♦✇❡*+✬ ❘❡❛❝0✐♦♥ ❋✉♥❝0✐♦♥+

❚♦ )♦❧✈❡ ❢♦( ❙%❛❝❦❡❧❜❡(❣ ❡5✉✐❧✐❜(✐✉♠✱ ✇❡ ✜()% ❞❡%❡(♠✐♥❡ %❤❡ (❡❛❝%✐♦♥ ❢✉♥❝%✐♦♥) ♦❢ %❤❡ ❢♦❧❧♦✇❡()

❛♥❞ ♥❡①% )♦❧✈❡ %❤❡ ✭♦♣%✐♠❛❧✲❝♦♥%(♦❧✮ ♣(♦❜❧❡♠ ♦❢ %❤❡ ❧❡❛❞❡(✳ ❊❛❝❤ ❢❛(♠❡( ❝❤♦♦)❡) %❤❡ ❧❡✈❡❧)

♦❢ ✐♥♣✉%)✱ wi(t) ❛♥❞ fi(t)✱ %❤❛% ♠❛①✐♠✐③❡ ♣(♦✜%)✱ ❣✐✈❡♥ ❜② ❡5✉❛%✐♦♥ ✭✹✮✳ ◆♦%❡ %❤❛% %❤❡ ✇❛%❡(

✻

❙❡❡✱ ❡✳❣✳✱ ▼❛'()♥✲❍❡''-♥ ❡( ❛❧✳ ✭✷✵✵✺✮ ❛♥❞ ❇✉'❛((♦ ❛♥❞ ❩❛❝❝♦✉' ✭✷✵✵✾✮ ❢♦' ❡①❛♠♣❧❡? ✇❤❡'❡ ♦♣❡♥✲❧♦♦♣ ❙(❛❝❦✲

❡❧❜❡'❣ ❡D✉✐❧✐❜'✐❛ ❛'❡ (✐♠❡ ❝♦♥?✐?(❡♥(✳

✻



 ✉❛❧✐%② ❞♦❡* ♥♦% ❛♣♣❡❛- ✐♥ %❤❡ ♣❛②♦✛ ❢✉♥❝%✐♦♥ ♦❢ ❛ ❢❛-♠❡-✱ ❛♥❞ ❤❡♥❝❡ ✐% ✐* ✐--❡❧❡✈❛♥% ❢♦- %❤✐*

❛❣❡♥%✳ ❋✉-%❤❡-✱ ✇❡ *✉♣♣♦*❡ %❤❛% %❤❡ ❜✉❞❣❡% ❝♦♥*%-❛✐♥% ❛♥❞ %❤❡ ❡✈♦❧✉%✐♦♥ ♦❢ %❤❡ ✇❛%❡- ❞✐*%❛♥❝❡

❛-❡ ♣-✐✈❛%❡ ✐♥❢♦-♠❛%✐♦♥ ❞❡%❛✐♥❡❞ ❜② %❤❡ ✇❛%❡- ❛❣❡♥❝②✱ ✐✳❡✳✱ %❤❡ ❢❛-♠❡-* ❞♦ ♥♦% ♦❜*❡-✈❡ %❤❡*❡ *%❛%❡

❡ ✉❛%✐♦♥*✳ ❲❡ *❤❛❧❧ ♦♠✐% ❢-♦♠ ♥♦✇ ♦♥ %❤❡ %✐♠❡ ❛-❣✉♠❡♥% ✇❤❡♥ ♥♦ ❛♠❜✐❣✉✐%② ♠❛② ❛-✐*❡✳

❆**✉♠✐♥❣ ❛♥ ✐♥%❡-✐♦- *♦❧✉%✐♦♥✱ %❤❡ ✜-*%✲♦-❞❡- ❡ ✉✐❧✐❜-✐✉♠ ❝♦♥❞✐%✐♦♥* ❛-❡✿

∂Hi

∂wi
= pi

∂yi(wi, fi)

∂wi
−

∂cw(D,wi)

∂wi
− φ = 0, ✭✶✷✮

∂Hi

∂fi
= pi

∂yi(wi, fi)

∂fi
− c′f (fi)− τ = 0. ✭✶✸✮

❊ ✉❛%✐♦♥* ✭✶✷✮✲✭✶✸✮ ❛-❡ %❤❡ ✉*✉❛❧ ♦♣%✐♠❛❧✐%② ❝♦♥❞✐%✐♦♥* *%❛%✐♥❣ %❤❛%✱ ❛% %❤❡ ♦♣%✐♠✉♠✱ ♠❛-❣✐♥❛❧

-❡✈❡♥✉❡ ❢-♦♠ ♣-♦❞✉❝%✐♦♥ ❡ ✉❛❧ ♠❛-❣✐♥❛❧ ❝♦*%*✳ ■♥ ❡ ✉❛%✐♦♥ ✭✶✷✮✱ ♠❛-❣✐♥❛❧ -❡✈❡♥✉❡* ❛-❡ ❞✉❡ %♦

%❤❡ ✉*❡ ♦❢ ♦♥❡ ❛❞❞✐%✐♦♥❛❧ ✉♥✐% ♦❢ ✇❛%❡-✳ ▼❛-❣✐♥❛❧ ❝♦*%* ❛-❡ ❣✐✈❡♥ ❜② ♠❛-❣✐♥❛❧ ❝♦*%* ♦❢ ♣✉♠♣✐♥❣

❛♥❞ ❞✐*%-✐❜✉%✐♥❣ ✐--✐❣❛%✐♦♥ ✇❛%❡- ❛♥❞ ❜② %❤❡ %❛①❡* ♣❛✐❞ ♣❡- ✉♥✐% ♦❢ ✇❛%❡- ♣✉♠♣❡❞ ■♥ ❡ ✉❛%✐♦♥

✭✶✸✮✱ ♠❛-❣✐♥❛❧ -❡✈❡♥✉❡* ❞✉❡ %♦ %❤❡ ✉*❡ ♦❢ ♦♥❡ ❛❞❞✐%✐♦♥❛❧ ✉♥✐% ♦❢ ❢❡-%✐❧✐③❡- ❛-❡ ❡ ✉❛❧ %♦ ♠❛-❣✐♥❛❧

❝♦*% ♦❢ ❜✉②✐♥❣ ❢❡-%✐❧✐③❡-* ❛♥❞ %❤❡ %❛① ♣❛✐❞ ♣❡- ✉♥✐% ♦❢ ❢❡-%✐❧✐③❡-✳

❯*✐♥❣ ✭✶✷✮✲✭✶✸✮✱ ✇❡ ❝❛♥ ❡①♣-❡** wi ❛♥❞ fi ❛* ❢✉♥❝%✐♦♥* ♦❢ %❤❡ *%❛%❡ ✈❛-✐❛❜❧❡✱ D ❛♥❞ %❤❡

✐♥*%-✉♠❡♥%* ♦❢ %❤❡ ✇❛%❡- ❛❣❡♥❝②✳ ❉❡♥♦%❡ ❜② f̃i (D, τ, φ) ❛♥❞ w̃i (D, τ, φ) %❤❡*❡ -❡❛❝%✐♦♥ ❢✉♥❝%✐♦♥*✳

✸✳✷ ❚❤❡ ▲❡❛❞❡)✬+ ,)♦❜❧❡♠

❚❤❡ ❧❡❛❞❡- *♦❧✈❡* ❛♥ ♦♣%✐♠❛❧✲❝♦♥%-♦❧ ♣-♦❜❧❡♠ ✇❤✐❝❤ ✐* ♥♦% *%❛♥❞❛-❞ ❜❡❝❛✉*❡ %❤❡ ✇❛%❡- ❛❣❡♥❝②

✐* ❧♦♦❦✐♥❣ ❢♦- ❛ ❝♦♥*%❛♥% %❛① ♣♦❧✐❝② %❤-♦✉❣❤♦✉% %❤❡ ♣❧❛♥♥✐♥❣ ❤♦-✐③♦♥✳ ❚❤❡ ✇❛%❡- ❛❣❡♥❝② ❝❤♦*❡*

%❤✐* ♣♦❧✐❝② *♦ ❛* %♦ ♠✐♥✐♠✐③❡ %❤❡ ❞✐*%❛♥❝❡ ❜❡%✇❡❡♥ ♦❜*❡-✈❡❞ ❛♥❞ ❞❡*✐-❡❞  ✉❛♥%✐%② ❛♥❞  ✉❛❧✐%②

❧❡✈❡❧* ❛% %❤❡ ❡♥❞ ♦❢ %❤❡ ♣❧❛♥♥✐♥❣ ❤♦-✐③♦♥✱ T ✱ %❛❦✐♥❣ ✐♥%♦ ❛❝❝♦✉♥% %❤❡ ❢♦❧❧♦✇❡-* -❡❛❝%✐♦♥* ❛♥❞ %❤❡

❡✈♦❧✉%✐♦♥ ♦❢ ❛❧❧ %❤❡ *%❛%❡ ✈❛-✐❛❜❧❡* ✭*❡❡ ❡ ✉❛%✐♦♥ ✭✶✵✮✳

❙✉❜*%✐%✉%✐♥❣ ❢♦- f̃i (D, τ, φ) ❛♥❞ w̃i (D, τ, φ) ✐♥ %❤❡ ✇❛%❡- ❛❣❡♥❝②✬* ❜✉❞❣❡%✱  ✉❛♥%✐%② ❛♥❞  ✉❛❧✐%②
❡ ✉❛%✐♦♥* ❧❡❛❞* %♦

Ẏ (t) = τ
∑

i

f̃i (D, τ, φ) + φ
∑

i

w̃i (D, τ, φ) , Y (0) = b0, Y (T ) = 0, ✭✶✹✮

Ḋ = g

(

∑

i

w̃i (D, τ, φ) , r

)

, D(0) = D0, ✭✶✺✮

Q̇ (t) = h

(

∑

i

f̃i (D, τ, φ) , D(t)

)

, Qi(0) = Q0 ❣✐✈❡♥. ✭✶✻✮

❚❤❡ ❧❡❛❞❡-✬* ❍❛♠✐❧%♦♥✐❛♥ -❡❛❞* ❛* ❢♦❧❧♦✇*✿

HL

(

D (t) , µD (t) , Q (t) , µQ (t) , Y (t) , µY (t) , τ, φ
)

= µD (t) g

(

∑

i

w̃i (D (t) , λi (t) , τ, φ) , r

)

+µQ (t)h

(

∑

i

f̃i (D,λi, τ, φ) , D(t)

)

+ µY (t)

(

τ
∑

i

f̃i (D,λi, τ, φ) + φ
∑

i

w̃i (D,λi, τ, φ)

)

,

✇❤❡-❡ %❤❡ µD (t) , µQ (t) ❛♥❞ µY (t) ❛-❡ ❛❞❥♦✐♥% ✈❛-✐❛❜❧❡* ❛♣♣❡♥❞❡❞ %♦ %❤❡ *%❛%❡ ✈❛-✐❛❜❧❡*D (t) , Q (t)
❛♥❞ Y (t) .

❆**✉♠✐♥❣ ❛♥ ✐♥%❡-✐♦- *♦❧✉%✐♦♥✱ ❛❧♦♥❣ ✇✐%❤ %❤❡ ❢♦✉- *%❛%❡ ❡ ✉❛%✐♦♥* ✐♥ ✭✶✺✮✲✭✶✻✮✱ %❤❡ ✜-*%✲♦-❞❡-

✼



♦♣"✐♠❛❧✐"② ❝♦♥❞✐"✐♦♥+ ❛,❡ ❛+ ❢♦❧❧♦✇+✿

✼

µ̇D = −
∂HL

∂D
, µD (T ) = 2(1− α)(D(T )−Db), ✭✶✼✮

µ̇Q = −
∂HL

∂Q
, µQ (T ) = 2α(Q(T )−Qb), ✭✶✽✮

µ̇Y = −
∂HL

∂Y
, ✭✶✾✮

∫ T

0

∂HL

∂τ
dt = 0, ✭✷✵✮

∫ T

0

∂HL

∂φ
dt = 0. ✭✷✶✮

❘❡❝❛❧❧ "❤❛" "❤❡ ♦♣"✐♠❛❧✐"② ❝♦♥❞✐"✐♦♥+ ✐♥ ✭✷✵✮ ❛♥❞ ✭✷✶✮ "❛❦❡ "❤❡ ❢♦,♠ ♦❢ ❛♥ ✐♥"❡❣,❛❧ ❜❡❝❛✉+❡

♦❢ ♦✉, ,❡+",✐❝"✐♦♥ ♦❢ "❤❡ ❧❡❛❞❡,✬+ "❛① ♣♦❧✐❝✐❡+ "♦ ❝♦♥+"❛♥" ♦♥❡+✳ ❋✉,"❤❡,✱ ❛+ "❤❡ ✈❛❧✉❡+ ♦❢ +"❛"❡

✈❛,✐❛❜❧❡ Y (t) ❛,❡ ❣✐✈❡♥ ❛" 0 ❛♥❞ T ✱ "❤❡ ❛❞❥♦✐♥" ✈❛,✐❛❜❧❡ µY
✐+ ❢,❡❡✳ ❋✐♥❛❧❧②✱ ✇❡ ♥♦"❡ "❤❛" "❤❡

❧❡❛❞❡,✬+ ♦♣"✐♠❛❧✐"② ❝♦♥❞✐"✐♦♥+ ✐♥❝❧✉❞❡ 8 ❡F✉❛"✐♦♥+ ❛♥❞ +❛♠❡ ♥✉♠❜❡, ♦❢ ✉♥❦♥♦✇♥+✳

✹ ■❧❧✉$%&❛%✐♦♥

❲❡ ✐❧❧✉+",❛"❡ ✐♥ "❤✐+ +❡❝"✐♦♥ "❤❡ "②♣❡ ♦❢ ✐♥+✐❣❤" "❤❛" ❝❛♥ ❜❡ ♦❜"❛✐♥❡❞ ✉+✐♥❣ ♦✉, ♠♦❞❡❧✳ ❚♦ ❦❡❡♣

"❤✐♥❣+ ❛+ +✐♠♣❧❡ ❛+ ♣♦++✐❜❧❡✱ ✇❡ ❛++✉♠❡ "❤❛" "❤❡ n ❢❛,♠❡,+ ❛,❡ ✐❞❡♥"✐❝❛❧✳ ●✐✈❡♥ ♦✉, +❡""✐♥❣+ ♦❢

♣,✐❝❡✲"❛❦✐♥❣ ❢❛,♠❡,+ ❧♦❝❛"❡❞ ♦♥ "❤❡ +❛♠❡ ❣,♦✇♥❞✇❛"❡,✱ "❤✐+ ❛++✉♠♣"✐♦♥ ✐+ ♥♦" +❡✈❡,❡✳

✹✳✶ #$♦❞✉❝)✐♦♥ ❢✉♥❝)✐♦♥- ❛♥❞ ❞②♥❛♠✐❝-

❲❡ ❛❞♦♣" "❤❡ ❢♦❧❧♦✇✐♥❣ ♣,♦❞✉❝"✐♦♥ ❢✉♥❝"✐♦♥✿

yi = Awifi +Bwi + Efi −K
1

2
f2

i −
1

2
Mw2

i +G,

✇❤❡,❡ A,B,E,K,M ❛♥❞ G ❛,❡ ♥♦♥✲♥❡❣❛"✐✈❡ ♣❛,❛♠❡"❡,+✳ ❙♦♠❡ ,❡+",✐❝"✐♦♥+ ♦♥ "❤❡+❡ ♣❛,❛♠❡"❡,+

✇✐❧❧ ❜❡ ,❡F✉✐,❡❞ "♦ +❛"✐+❢② "❤❡ ❝♦♥❞✐"✐♦♥+ ✐♥ ✭✶✮✱ ♥❛♠❡❧②✿

∂yi

∂wi
= Afi +B −Mwi ≥ 0,

∂2yi

∂w2

i

= −M ≤ 0,

∂2yi

∂wi∂fi
= A > 0,

∂yi

∂fi
= Awi + E −Kfi ≥ 0,

∂2yi

∂f2

i

= −K < 0.

❚❤❡ ,❡✈❡♥✉❡ ❢✉♥❝"✐♦♥ ♦❢ ❢❛,♠❡, i ✐+ ❣✐✈❡♥ ❜② pyi✳ ❯+✐♥❣ "❤❡ ❛❜♦✈❡ ❞❡,✐✈❛"✐✈❡+✱ ✐" ✐+ ❡❛+② "♦

✈❡,✐❢② "❤❛" ❢♦, "❤❡ ,❡✈❡♥✉❡ ❢✉♥❝"✐♦♥ "♦ ❜❡ ❝♦♥❝❛✈❡✱ ✐" ✐+ ♥❡❝❡++❛,② "♦ ❤❛✈❡ "❤❡ ❞❡"❡,♠✐♥❛♥" ♦❢ "❤❡

❍❡++✐❛♥ ♠❛",✐① ♥♦♥✲♥❡❣❛"✐✈❡✱ ✐✳❡✳✱

p2A2 − p2KM ≤ 0. ✭✷✷✮

■♥ +♦♠❡ ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡+✱ ✇❡ ✇✐❧❧ ✉+❡ "❤❡ +✐♠♣❧✐❢②✐♥❣ ❛++✉♠♣"✐♦♥ A = 0✳ ■♥ "❤❛"

❝❛+❡✱ "❤❡ ❞❡"❡,♠✐♥❛♥" ♦❢ "❤❡ ❍❡++✐❛♥ ♠❛",✐① ✐+ ♥❡❣❛"✐✈❡✱ ✐✳❡✳✱

−p2KM ≤ 0. ✭✷✸✮

❚❤❡ ❢❡,"✐❧✐③❡, ❛F✉✐+✐"✐♦♥ ❝♦+" ✐+ ❣✐✈❡♥ ❜②

cf (fi) = Lfi,

✼

❆! "❤❡%❡ ✐! ♥♦ ♣❛%"✐❝✉❧❛% ♥❡❡❞ ❢♦% ✐"✱ ✇❡ ❞♦ ♥♦" ✇%✐"❡ "❤❡!❡ ❝♦♥❞✐"✐♦♥! ✐♥ ❢✉❧❧✳ ❲❡ ✇✐❧❧ ❞❡"❛✐❧ "❤❡♠ ✐♥ "❤❡

❡①❛♠♣❧❡

✽



✇❤❡#❡ L ✐% ❛ ♣♦%✐)✐✈❡ ♣❛#❛♠❡)❡#✳ ❚❤❡ ✐##✐❣❛)✐♦♥ ❝♦%) ✐% %♣❡❝✐✜❡❞ ❛%

cw(wi) = (Z + CD)wi,

✇❤❡#❡ Z ❛♥❞ C ❛#❡ ♣♦%✐)✐✈❡ ♣❛#❛♠❡)❡#%✳ ❚❤❡ )❡#♠ Zwi #❡♣#❡%❡♥)% )❤❡ ❝♦%) ♦❢ ❞✐%)#✐❜✉)✐♥❣ ✇❛)❡#✱

❛♥❞ CDwi ✐% )❤❡ ✇❛)❡#✲♣✉♠♣✐♥❣ ❝♦%) )❤❛) ❞❡♣❡♥❞% ♦♥ )❤❡ ❞✐%)❛♥❝❡ ❜❡)✇❡❡♥ )❤❡ )♦♣%♦✐❧ ❛♥❞ )❤❡

✇❛)❡#)❛❜❧❡✳ ❈❧❡❛#❧②✱ )❤❡ ❛❜♦✈❡ ❝♦%) ❢✉♥❝)✐♦♥% %❛)✐%❢② )❤❡ #❡;✉✐#❡♠❡♥)% ✐♥ ✭✸✮ ❛♥❞ ✭✷✮✳

❚❤❡ ❞②♥❛♠✐❝% ♦❢ )❤❡ ❞❡♣)❤ ❛♥❞ ;✉❛❧✐)② ♦❢ )❤❡ ❣#♦✇♥❞✇❛)❡# ❛#❡ ♠♦❞❡❧❡❞ ❛% ❢♦❧❧♦✇%✿

Ḋ =
∑

i

wi − r, D(0) = D0,

Q̇ =

(

−δ
∑

i

fi

)

D, Q(0) = Q0,

✇❤❡#❡ δ ✐% ❛ ♥♦♥✲♥❡❣❛)✐✈❡ ♣❛#❛♠❡)❡#✳◆♦)❡ )❤❛) ;✉❛❧✐)② ✐% ♥♦♥✲✐♥❝#❡❛%✐♥❣✱ ❢♦# ❛❧❧ t✳

✹✳✷ ❆♥❛❧②(✐❝❛❧ +❡-✉❧(- ✇✐(❤♦✉( ❝♦♠♣❧❡♠❡♥(❛+✐(②

❙✉♣♣♦%❡ ✜#%) )❤❡#❡ ✐% ♥♦ ❝#♦%%✲❡✛❡❝) ❜❡)✇❡❡♥ ✐♥♣✉)%✱ ✐✳❡✳ A = 0✳

✹✳✷✳✶ ❖♣&✐♠❛❧ ✐♥♣✉& ❛♥❞ ♣♦❧✐❝② ❝❤♦✐❝❡

●✐✈❡♥ ♦✉# ❢✉♥❝)✐♦♥❛❧ %♣❡❝✐✜❝❛)✐♦♥%✱ ❢❛#♠❡# i✬% ❍❛♠✐❧)♦♥✐❛♥ ♥♦✇ #❡❛❞%✿

Hi = p

(

Bwi + Efi −
1

2
Kf2

i −
1

2
Mw2

i +G

)

− (Z + CD)wi − Lfi − τfi − φwi.

❆%%✉♠✐♥❣ ❛♥ ✐♥)❡#✐♦# %♦❧✉)✐♦♥✱ )❤❡ ✜#%)✲♦#❞❡# ❡;✉✐❧✐❜#✐✉♠ ❝♦♥❞✐)✐♦♥% ♦❢ ❢❛#♠❡# i, i = 1, . . . , N,

❛#❡ ❣✐✈❡♥ ❜②✿

∂Hi

∂wi
= 0⇔ w̃i (τ, φ) =

pB − CD − Z − φ

pM
, ✭✷✹✮

∂Hi

∂fi
= 0⇔ f̃i (τ, φ) =

pE − L− τ

pK
. ✭✷✺✮

◆♦)❡ )❤❛) )❤❡ %♦❧✉)✐♦♥ ✐% ❢✉❧❧② %②♠♠❡)#✐❝✱ ✐✳❡✳ w̃i (τ, φ) = w̃ (τ, φ) ❛♥❞ f̃i (τ, φ) = f̃ (τ, φ)✱ ❢♦# ❛❧❧
i = 1, . . . N ✳

34♦♣♦5✐&✐♦♥ ✶ ❋❛"♠❡"% ❛✉'♦✲"❡❣✉❧❛'❡ '❤❡✐" ✇❛'❡" ✉%❡ ✇❤❡♥ '❤❡ ✇❛'❡" ❞✐%'❛♥❝❡ ✐♥❝"❡❛%❡%✳ ❋✉"✲

'❤❡"✱ ❢❛"♠❡"% ✉%❡ ❧❡%% ✇❛'❡" ✭❢❡"'✐❧✐③❡"✮ ✇❤❡♥ '❤❡ ✇❛'❡" ✭❢❡"'✐❧✐③❡"✮ ✐♥♣✉' ✐% '❛①❡❞✳

34♦♦❢✳ ❋#♦♠ ❡;✉❛)✐♦♥% ✭✷✹✮ ❛♥❞ ✭✷✺✮✱ ✐) ✐% ♦❜✈✐♦✉% )❤❛)✿

∂w̃

∂D
< 0,

∂f̃

∂D
= 0,

∂w̃

∂τ
= 0,

∂w̃

∂φ
< 0,

∂f̃

∂τ
< 0,

∂f̃

∂φ
= 0.

❚❤❡ ❧❛#❣❡# )❤❡ ✇❛)❡# ❞✐%)❛♥❝❡✱ ✇❤✐❝❤ ✐% %②♥♦♥②♠♦✉% )♦ ❛ ❤✐❣❤❡# ♣✉♠♣✐♥❣ ❝♦%)✱ )❤❡ ❧♦✇❡# )❤❡

❢❛#♠❡#✬% ✇❛)❡# ✉%❡✳ ❚❤❡ ❤✐❣❤❡# )❤❡ ✇❛)❡# ✭❢❡#)✐❧✐③❡#✮ )❛①✱ )❤❡ ❧♦✇❡# )❤❡ ♦♣)✐♠❛❧ ✐##✐❣❛)✐♦♥ ✭❢❡#)✐❧✲

✐③❡#✮ ✉%❡✳�

✾



❆❢"❡$ %✉❜%"✐"✉"✐♥❣ ❢♦$ w̃ (τ, φ) ❛♥❞ f̃ (τ, φ) ✐♥ "❤❡ %"❛"❡ ❡/✉❛"✐♦♥% Ḋ, Q̇ ❛♥❞ Ẏ ✱ ✇❡ ♦❜"❛✐♥ "❤❡

❢♦❧❧♦✇✐♥❣ ❍❛♠✐❧"♦♥✐❛♥ ❢♦$ "❤❡ ❧❡❛❞❡$✿

HL = µDN(w̃i − r)− µQδNf̃iD + µY
[

τNf̃i +Nφw̃i

]

= N
(

µD + µY φ
)

[

pB − CD − Z − φ

pM

]

+N
(

−µQδD + µY τ
)

[

pE − L− τ

pK

]

− rNµD,

✇❤❡$❡ µD (t) , µQ (t) ❛♥❞ µY (t) ❛$❡ ❛❞❥♦✐♥" ✈❛$✐❛❜❧❡% ❛♣♣❡♥❞❡❞ "♦ "❤❡ %"❛"❡ ✈❛$✐❛❜❧❡% D (t) , Q (t)
❛♥❞ Y (t)✳ ❚❤❡ ✜$%"✲♦$❞❡$ ♦♣"✐♠❛❧✐"② ❝♦♥❞✐"✐♦♥% ❛♥❞ "❤❡ %♦❧✉"✐♦♥ ♣$♦❝❡❞✉$❡ ❛$❡ ❣✐✈❡♥ ✐♥ "❤❡
❆♣♣❡♥❞✐① ✭❆✳✶✳✶✮✳ ❙♦❧✈✐♥❣✱ ✇❡ ❣❡"✿

D(t, φ) = e−ρtD0 +Θ(φ)(1− e−ρt), ✭✷✻✮

Q (t, φ, τ) = Q0 − Λ(τ)

∫ t

0

D(s)ds, ✭✷✼✮

Y (t, φ, τ) = b0
N

pKM
[(pE − L− τ)τM + (pB − Z − φ)φK] t− φρ

∫ t

0

D(s)ds, ✭✷✽✮

✇❤❡$❡

Θ(φ) =

[

N (pB − Z − φ)− rpM

NC

]

, Λ (τ) =
δN (pE − L− τ)

pK
, ρ =

NC

pM

❛♥❞

∫ t

0

D(s)ds =
D0 −D(t)

ρ
+Θ(φ)t.

❲❡ ❛❧%♦ ❤❛✈❡ "♦ ❝♦♥%✐❞❡$ "❤❡ %♣❡❝✐❛❧ ❝♦♥❞✐"✐♦♥% ❛% ✇❡ ❝❛♥ %❡❡ ✐♥ "❤❡ ❆♣♣❡♥❞✐①✱ ❡/✉❛"✐♦♥% ✭✹✵✮

❛♥❞ ✭✹✶✮ ✳ ❲❡ "❤❡$❡❢♦$❡ ❡♥❞ ✉♣ ✇✐"❤ ❛ %②%"❡♠ ♦❢ ✸ ❡/✉❛"✐♦♥% ✭✹✼✮✲✭✹✾✮ ❢♦$ "❤❡ "❤$❡❡ ✉♥❦♥♦✇♥%

τ, φ ❛♥❞ µY
✇❤✐❝❤ ✇❡ ❝❛♥ %♦❧✈❡✳ ❲❡ ❝❛♥ "❤❡♥ ✐♥%❡$" "❤❡ $❡%✉❧"% ✐♥ "❤❡ %②%"❡♠ ❞②♥❛♠✐❝% ❛♥❞ "❤❡

$❡❛❝"✐♦♥ ❢✉♥❝"✐♦♥% ♦❢ "❤❡ ❢♦❧❧♦✇❡$%✳

 !♦♣♦$✐&✐♦♥ ✷ ❚❤❡ ✉$❡ ♦❢ ♦♣(✐♠❛❧ ✐♥♣✉( (❛①❡$ ❧❡❛❞$ (♦ ❛ ❜❡((❡1 ✇❛(❡1 3✉❛❧✐(② ♦✈❡1 (✐♠❡✳ ❚❤❡

✉$❡ ♦❢ (❤❡ ♦♣(✐♠❛❧ ✇❛(❡1 (❛① ❞❡❝1❡❛$❡$ (❤❡ ✇❛(❡1✲(❛❜❧❡ ❞✐$(❛♥❝❡ ♦✈❡1 (✐♠❡✱ ✐✳❡✳ ❧❡❛❞$ (♦ ❛ ❣1❡❛(❡1

❣1♦✉♥❞✇❛(❡1 ✈♦❧✉♠❡✳

 !♦♦❢✳ N$♦♦❢ ✐♥ "❤❡ ❆♣♣❡♥❞✐①✱ ✭❆✳✶✳✷✮✳ �

✹✳✷✳✷ ◆♦ ❜✉❞❣❡& ❝♦♥$&!❛✐♥& ❝❛$❡

■❢ ✇❡ ❛%%✉♠❡ ❛✇❛② "❤❡ ❜✉❞❣❡" ❝♦♥%"$❛✐♥"✱ "❤❡ ✜$%"✲♦$❞❡$ ♦♣"✐♠❛❧✐"② ❝♦♥❞✐"✐♦♥% ♦❢ "❤❡ ❧❡❛❞❡$

❜❡❝♦♠❡✿

µ̇D =
N

pKM

[

KCµD + µQδM (L+ τ − pE)
]

, µD (T ) = 2(1− α)(D(T )−Db),✭✷✾✮

∫ T

0

∂HL

∂τ
dt = 0⇔ −δµQ

∫ T

0

Ddt = 0, ✭✸✵✮

∫ T

0

∂HL

∂φ
dt = 0⇔

∫ T

0

µDdt = 0. ✭✸✶✮

✇✐"❤ Ḋ✱ Q̇ ❛♥❞ µ̇Q
❛% ❜❡❢♦$❡✱ %❡❡ ❆♣♣❡♥❞✐①✱ ❡/✉❛"✐♦♥% ✭✸✹✮✱ ✭✸✽✮ ❛♥❞ ✭✸✾✮✳

❙♦❧✈✐♥❣ "❤❡ ❞✐✛❡$❡♥"✐❛❧ ❡/✉❛"✐♦♥% ♦❢ /✉❛♥"✐"② ❛♥❞ /✉❛❧✐"② ②✐❡❧❞%✱ ❛% ❜❡❢♦$❡✱

D(t, φ) = e−ρtD(0) + Θ(φ)(1− e−ρt),

Q(t, φ, τ) = Q0 − Λ(τ)

[

(D0 −Θ(φ))

ρ
(1− e−ρt) + Θ(φ)t

]

.

✶✵



 !♦♣♦$✐&✐♦♥ ✸ ❲✐"❤♦✉" ❜✉❞❣❡" ❝♦♥,"-❛✐♥"✱ "❤❡ ❞❡,✐-❡❞ 0✉❛♥"✐"② ❛♥❞ 0✉❛❧✐"② ❧❡✈❡❧ ✇✐❧❧ ❜❡ -❡❛❝❤❡❞✳

 !♦♦❢✳ ■❢ ✇❡ ❛%%✉♠❡ D(t) > 0 ❢♦) ❛❧❧ t✱ ,❤❡♥ ❝♦♥❞,✐♦♥ ✭✸✵✮ ✐♠♣❧✐❡%

µQ = 0 ⇐⇒ Q(T ) = Qb.

❙✉❜%,✐,✉,✐♥❣ ❢♦) Q(T ) = Qb ✐♥ ✭✷✾✮ ❛♥❞ %♦❧✈✐♥❣ ❧❡❛❞% ,♦

µD(t) =
2(D(T )−Db)(1− α)eρt

eρT
.

◆♦✇✱ ❝♦♥❞✐,✐♦♥ ✭✸✶✮ ✐♠♣❧✐❡%

µD = 0 ⇐⇒ D(T ) = Db.

�

❚❤❡ ,❛①❡% φ∗ ❛♥❞ τ∗ ,❤❛, ✈❡)✐❢② D(T ) = Db ❛♥❞ Q(T ) = Qb ❛)❡ ,❤❡♥ ❣✐✈❡♥ ❜②

φ∗ =

(

e−ρTD0 −Db

1− e−ρT
−

r

ρ

)

C − Z + pB,

τ∗ = pE − L−
Qb −Q0

V

pK

δN
,

✇❤❡)❡

V =
Db −D0

ρ
+

e−ρTD0 −Db

1− e−ρT
T < 0,

%❡❡ ❆♣♣❡♥❞✐①✱ ✭❆✳✶✳✸✮✳ ❚❤❡ %✐❣♥% ♦❢ φ∗ ❛♥❞ τ∗ ❝❛♥♥♦, ❜❡ ❛%❝❡),❛✐♥❡❞ ✉♥❛♠❜✐❣✉♦✉%❧② ❛% ,❤❡②

❞❡♣❡♥❞ ♦♥ ,❤❡ ✈❛❧✉❡% ♦❢ ,❤❡ ♣❛)❛♠❡,❡)%✳

❋✐♥❛❧❧②✱ %✉♣♣♦%✐♥❣ ,❤❛, Qb < Q0 ❛♥❞ Db > D0✱ ♦♣,✐♠❛❧ ❧❡✈❡❧% ♦❢ ✐♥♣✉,% ❛)❡ ❣✐✈❡♥ ❜②✿

w(t)∗ =
1

N

(

r + ρe−ρt
(

Db −D0

1− e−ρT

))

> 0,

f∗ =
Qb −Q0

V δN
> 0

❛♥❞ ,❤❡ ♦♣,✐♠❛❧ ❡✈♦❧✉,✐♦♥ ♦❢ ✇❛,❡) F✉❛♥,✐,② ❛♥❞ ✇❛,❡) F✉❛❧✐,② ✐% ❣✐✈❡♥ ❜②✿

D(t, φ∗) = e−ρtD0 −
e−ρTD0 −Db

1− e−ρT
(1− e−ρt),

Q(t, φ∗, τ∗) = Q0 + Λ(τ∗)
D0−Θ(φ∗)

ρ
(e−ρt − 1)−Θ(φ∗)t,

✇❤❡)❡

Λ(τ∗) =
Qb −Q0

V
, Θ(φ∗) = −

e−ρTD0 −Db

1− e−ρT
.

❘❡♠❛!❦ ✶ ■❢ "❤❡ -❡❣✉❧❛"♦- ❛✐♠, ❛" ❛♥ ❡♥❞✲♦❢✲♣❡-✐♦❞ 0✉❛♥"✐"② "❤❛" ✐, ❡0✉❛❧ "♦ ✐♥✐"✐❛❧✲❞❛"❡ 0✉❛♥"✐"②✱

✐✳❡✳✱ D0 = Db✱ "❤❡♥ "❤❡ ,♦❧✉"✐♦♥ ❜❡❝♦♠❡,

φ∗ =

[

pB −

(

D0 +
r

ρ

)

C − Z

]

,

τ∗ = pE − L+
Qb −Q0

D0TδN
pK,

w∗ =
r

N
> 0, f∗ =

Q0 −Qb

D0TδN
> 0,

D∗ = D0, Q(t)∗ = Q0 −
Q0 −Qb

D0T
t.

✶✶



❲❡ ❝❛♥ ♥♦✇ ❝♦♠♣✉*❡ *❤❡ ❜✉❞❣❡* ❝♦//❡0♣♦♥❞✐♥❣ *♦ *❤❡0❡ ♣♦❧✐❝✐❡0✱ ✐✳❡✳✱

Ẏ (t) =

(

Q0 −Qb

D0Tδ

)[

pE − L+
Q0 −Qb

D0TδN
pK

]

+ r

[

pB −

(

D0 +
r

ρ

)

C − Z

]

Y (T ) =

(

Q0 −Qb

D0Tδ

)[

pE − L+
Q0 −Qb

D0TδN
pK

]

+ r

[

pB −

(

D0 +
r

ρ

)

C − Z

]

T + b0

❘❡♠❛$❦ ✷ ■❢ "❤❡ %❡❣✉❧❛"♦% ❛✐♠- ❛" ❛♥ ❡♥❞✲♦❢✲♣❡%✐♦❞ 2✉❛❧✐"② "❤❛" ✐- ❡2✉❛❧ "♦ ✐♥✐"✐❛❧✲❞❛"❡ 2✉❛❧✐"②✱

✐✳❡✳✱ Q0 = Qb✱ "❤❡♥ ✇❡ ❤❛✈❡ "❤❡ -♣❡❝✐❛❧ ❝❛-❡ ✇❤❡%❡ f∗ = 0✳

✹✳✷✳✸ ◆♦ $❡❣✉❧❛/✐♦♥ ❝❛3❡

■♥ *❤❡ ❛❜0❡♥❝❡ ♦❢ ❛♥② /❡❣✉❧❛*✐♦♥✱ *❤❡ ❡8✉✐❧✐❜/✐✉♠ ❝♦♥❞✐*✐♦♥0 ❢♦/ *❤❡ ❢❛/♠❡/0 ✐♥ ✭✷✹✮✲✭✷✺✮ ②✐❡❧❞ *❤❡

❢♦❧❧♦✇✐♥❣ ✇❛*❡/ ✇✐*❤❞/❛✇❛❧ ❛♥❞ ❢❡/*✐❧✐③❡/ ❧❡✈❡❧0✿

w̃ =
pB − CD − Z

pM
, ✭✸✷✮

f̃ =
pE − L

pK
. ✭✸✸✮

❈♦♥0❡8✉❡♥*❧②✱ *❤❡ 8✉❛♥*✐*② ❛♥❞ 8✉❛❧✐*② */❥❡❝*♦/✐❡0 ❛/❡ ❣✐✈❡♥ ❜②

D(t)∗ = e−ρtD(0) + Θ(1− e−ρt),

Q(t)∗ = Q0 − Λ

[

(D0 −Θ)

ρ
(1− e−ρt) + Θt

]

,

✇❤❡/❡

Θ =

[

N (pB − Z)− rpM

NC

]

,

Λ =
δN (pE − L)

pK
, ρ =

NC

pM
.

✹✳✸ ❆♥❛❧②(✐❝❛❧ +❡-✉❧(- ✇✐(❤ ❝♦♠♣❧❡♠❡♥(❛+✐(②

❙✉♣♣♦0❡ ♥♦✇ ❛ ❝/♦00✲❡✛❡❝* ❜❡*✇❡❡♥ ✐♥♣✉*0✱ ✐✳❡✳ A 6= 0✳

✹✳✸✳✶ ❖♣/✐♠❛❧ ✐♥♣✉/ ❛♥❞ ♣♦❧✐❝② ❝❤♦✐❝❡

●✐✈❡♥ ♦✉/ ❢✉♥❝*✐♦♥❛❧ 0♣❡❝✐✜❝❛*✐♦♥0✱ ❢❛/♠❡/ i✬0 ❍❛♠✐❧*♦♥✐❛♥ ♥♦✇ /❡❛❞0✿

Hi = p

(

Awifi +Bwi + Efi −
1

2
Kf2

i −
1

2
Mw2

i +G

)

− (Z + CD)wi − Lfi − τfi − φwi.

❚❤❡ ❝♦//❡0♣♦♥❞✐♥❣ /❡❛❝*✐♦♥ ❢✉♥❝*✐♦♥0 ♥♦✇ ❞❡♣❡♥❞ ♦♥ *❤❡ ✇❛*❡/ ❞✐0*❛♥❝❡✱ D(t) ❛♥❞ ♦♥ ❜♦*❤ ✐♥♣✉*
*❛①❡0✿

w̃i (τ, φ) =
A (L+ τ − pE) +K (CD + Z − pB + φ)

p (A2 −KM)
,

f̃i (τ, φ) =
M (L+ τ − pE) +A (CD + Z + φ− pB)

p (A2 −KM)
.

◆♦*❡ *❤❛*

∂w̃i

∂D
< 0 ❛♥❞ ∂f̃i

∂D
< 0 ❛0 pA2 − pKM < 0 ❛♥❞ C > 0✳ ■♥ ❛❞❞✐*✐♦♥✱ ✇❡ ❤❛✈❡ ∂w̃i

∂φ
< 0✱

∂w̃i

∂τ
< 0 ❛♥❞ ∂f̃i

∂φ
< 0✱ ∂f̃i

∂τ
< 0✳

✶✷
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✇❛'❡" ❞✐%'❛♥❝❡✱ ✇❤❛'❡✈❡" '❤❡ '②♣❡ ♦❢ ✐♥♣✉' '❛①❡% ✉%❡❞✱ ❛ ✇❛'❡" '❛① ♦" ❛ ❢❡"'✐❧✐③❡" '❛①✳

 !♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐①✭❆✳✷✳✷✮ �

✹✳✸✳✷ ◆♦ ❜✉❞❣❡& ❝♦♥$&!❛✐♥& ❝❛$❡

 !♦♣♦$✐&✐♦♥ ✻ ❲✐'❤♦✉' ❜✉❞❣❡' ❝♦♥%'"❛✐♥' '❤❡ ❞❡%✐"❡❞ <✉❛♥'✐'② ❛♥❞ <✉❛❧✐'② ❧❡✈❡❧ ✇✐❧❧ ❛❣❛✐♥ ❜❡

"❡❛❝❤❡❞✳

 !♦♦❢✳ ❙❡❡ ❛♣♣❡♥❞✐① ✭❆✳✷✳✸✮✳ �

❘❡♠❛!❦ ✸ ❚❤❡ ✐♠♣❛❝' ♦❢ '❤❡ ❝♦♠♣❧❡♠❡♥'❛"✐'② ♣❛"❛♠❡'❡" A ♦♥ '❤❡ ♦♣'✐♠❛❧ ✐♥♣✉' ❝❤♦✐❝❡ ❛♥❞ ♦♥

♦♣'✐♠❛❧ ✇❛'❡" <✉❛♥'✐'② ❛♥❞ <✉❛❧✐'② ✐% ❛♠❜✐❣✉♦✉%✳

✹✳✹ ❙♦♠❡ ♥✉♠❡(✐❝❛❧ ❡①❛♠♣❧❡/

❲❡ ❝❛♥ ✜♥❛❧❧② ❣✐✈❡ 6♦♠❡ ♥✉♠❡:✐❝❛❧ ❡①❛♠♣❧❡6✳ ❘❡♠❡♠❜❡: =❤❛= ✇❡ ❤❛✈❡ ❛ 6❤♦:= =✐♠❡ ❤♦:✐③♦♥ ♦❢

♦♥❡ ✜6❝❛❧ ②❡❛: ❛♥❞ ❤❡♥❝❡ T = 1✳ ❈♦♥6✐❞❡: ❛ ❝❛6❡ ✇❤❡:❡ A = 1✳ ◆❡①= 6✉♣♣♦6❡ =❤❛= =❡♥ ❢❛:♠❡:6

❡①♣❧♦✐= =❤❡ 6❛♠❡ ❣:♦✉♥❞✇❛=❡: :❡6♦✉:❝❡✳ D❛:❛♠❡=❡: ✈❛❧✉❡6 ❛:❡ ❣✐✈❡♥ ❜②✿

A = 1, B = 4, C = 1, E = 4, G = 1,K = 2, L = 0.1,M = 2,

N = 10, p = 100, r = 0.7, Z = 0.1, δ = 0.01,

❛♥❞

D0 = 10, Db = 20, Q0 = 12, Qb = 2, Y0 = 2500, α = 0.5.

◆♦=❡ =❤❛= =❤❡ ✐♠♣❛❝= ♦❢ ❢❡:=✐❧✐③❡: ❛♥❞ ✇❛=❡: ✐♥♣✉=6 ♦♥ ♣:♦❞✉❝=✐♦♥ ✐6 6②♠❡=:✐❝✱ ✐✳❡✳ B = E = 4
❛♥❞ K = M = 2✳ ▲✐❦❡✇✐6❡✱ =❤❡ ❲❛=❡: ❆❣❡♥❝② ❛==❛❝❤❡6 =❤❡ 6❛♠❡ ✐♠♣♦:=❛♥❝❡ =♦ I✉❛♥=✐=② ❛♥❞

I✉❛❧✐=② ♠❛♥❛❣❡♠❡♥=✱ α = 0.5✳ ■♥ ❛❞❞✐=✐♦♥✱ =❤❡ ❞✐6=❛♥❝❡ ❜❡=✇❡❡♥ =❤❡ ✐♥✐=✐❛❧ ❛♥❞ =❤❡ ❞❡6✐:❡❞

✇❛=❡: I✉❛♥=✐=② ❛♥❞ I✉❛❧✐=② ❧❡✈❡❧6 ✐6 ❡I✉❛❧✿ Db − D0 = Q0 − Qb = 10✳ ❋✐❣✉:❡ ✶ ❞❡♣✐❝=6 =❤❡

♦♣=✐♠❛❧ ❡✈♦❧✉=✐♦♥ ♦❢ =❤❡ ✇❛=❡:✲=❛❜❧❡ ❞✐6=❛♥❝❡ ❛♥❞ =❤❡ ✇❛=❡: I✉❛❧✐=②✳ ■♥ =❤❡ ❧❛✐66❡:✲❢❛✐:❡ ❝❛6❡

✭❞❛6❤❡❞ ❧✐♥❡6✮✱ ❜♦=❤ =❤❡ ✇❛=❡: =❛❜❧❡ ❞✐6=❛♥❝❡ ❛♥❞ =❤❡ ✇❛=❡: I✉❛❧✐=② ❛:❡ ❞❡♣❧❡=❡❞ ❜❡②♦♥❞ =❤❡

❞❡6✐:❡❞ ❧❡✈❡❧6✳ ❲❤❡♥ ♦♣=✐♠❛❧ =❛① ♣♦❧✐❝✐❡6 ❛:❡ ✐♠♣❧❡♠❡♥=❡❞ ✭6♦❧✐❞ ❧✐♥❡6✮✱ =❤❡ I✉❛♥=✐=② ❛♥❞ I✉❛❧✐=②

❞❡❣:❛❞❛=✐♦♥6 ❛:❡ =❡♠♣❡:❡❞✳ ❲❡ ❤❛✈❡✿

φ = 520.84, τ = −232.27,

❛♥❞ ❛❢=❡: ♣♦❧✐❝② ✐♥=❡:✈❡♥=✐♦♥✿

D(T ) = 21.26, Q(T ) = 6.10, w(T ) = 1.16, f(T ) = 3.74.

❚❤❡ ♦♣=✐♠❛❧ ♣♦❧✐❝② ❝♦♥6✐6=6 ✐♥ =❛①✐♥❣ ✇❛=❡: ✐♥♣✉=6 ❛♥❞ 6✉❜6✐❞✐③✐♥❣ ❢❡:=✐❧✐③❡: ✐♥♣✉=6✳ ❚❤✐6 ✐6 ♥♦=

6✉:♣:✐6✐♥❣ ❢♦: =✇♦ :❡❛6♦♥6✿ ✜:6=✱ =❤❡ ❜✉❞❣❡= ❝♦♥6=:❛✐♥= ❧❡❛❞6 =♦ ❛ =❛①✲6✉❜6✐❞② ♣♦❧✐❝② ♠✐① ✭❛6 ❧♦♥❣

❛6 b0 > 0✮✳ ❙❡❝♦♥❞✱ ✇❛=❡: ✇✐=❤❞:❛✇❛❧6 ❤❛✈❡ ❛♥ ✐♠♣❛❝= ♦♥ ✇❛=❡: I✉❛♥=✐=② ❛♥❞ ♦♥ ✇❛=❡: I✉❛❧✐=②

✭=❤:♦✉❣❤ =❤❡ ❞✐❧✉=✐♦♥ ❡✛❡❝=✮ ✇❤✐❧❡ ❢❡:=✐❧✐③❡: ✉6❡ ♦♥❧② ❤❛6 ❛♥ ✐♠♣❛❝= ♦♥ ✇❛=❡: I✉❛❧✐=②✳ ■♥ =❤✐6

6②♠❡=:✐❝ ❡①❛♠♣❧❡✱ ✐= ✐6 =❤✉6 ♠♦:❡ ✐♥=❡:❡6=✐♥❣ =♦ =❛① ✇❛=❡: ❛♥❞ =♦ 6✉❜6✐❞✐③❡ ❢❡:=✐❧✐③❡:✳ ◆♦=❡ =❤❛=

♦♣=✐♠❛❧ ✐♥♣✉= ✉6❡ ✐6 6♠❛❧❧❡: =❤❛♥ ❜❡❢♦:❡ ✇❤❡♥ ♦♣=✐♠❛❧ ♣♦❧✐❝✐❡6 ❛:❡ ✐♥ ♣❧❛❝❡✳

✶✸



❋✐❣✉$❡ ✶✿ ❖♣*✐♠❛❧ ❡✈♦❧✉*✐♦♥ ♦❢ ✇❛*❡$✲*❛❜❧❡ ❞✐6*❛♥❝❡✱ D(t)✱ ❛♥❞ ✇❛*❡$ 9✉❛❧✐*②✱ Q(t), ✇✐*❤ ♣♦❧✐❝②
✭6♦❧✐❞ ❧✐♥❡✮ ❛♥❞ ✇✐*❤♦✉* ♣♦❧✐❝② ✭❞❛6❤❡❞ ❧✐♥❡✮✳

◆❡①*✱ ❧♦♦❦ ❛* *❤❡ ✐♠♣❛❝* ♦❢ α ♦♥ *❤❡ ♦♣*✐♠❛❧ ♣♦❧✐❝②✱ ❛6 6❤♦✇♥ ✐♥ ✜❣✉$❡ ✷✳ ❲❤❡♥ α = 1✱ *❤❡
❲❛*❡$ ❆❣❡♥❝② ❞♦❡6 ♥♦* ❛**❛❝❤ ❛♥② ✐♠♣♦$*❛♥❝❡ ♦♥ *❤❡ ✇❛*❡$✲*❛❜❧❡ ❞✐6*❛♥❝❡✳ ❆❧❧ ❡✛♦$* ❣♦❡6 ✐♥*♦

*❤❡ $❡❣✉❧❛*✐♦♥ ♦❢ ✇❛*❡$ 9✉❛❧✐*②✳ ❚❤❡ ♦♣*✐♠❛❧ ♣♦❧✐❝② ✐6 6✉❝❤ *❤❛* *❤❡ 9✉❛❧✐*② $❡9✉✐$❡♠❡♥* ✐6 ♠❡*✱

❜✉* *❤❡ ✇❛*❡$ ❞✐6*❛♥❝❡ ✐6 ❞❡❣$❛❞❡❞✳ ❚❤❡ 6♠❛❧❧❡$ α✱ *❤❡ ❣$❡❛*❡$ *❤❡ ✐♠♣♦$*❛♥❝❡ *❤❛* ✐* ❛**❛❝❤❡❞

♦♥ *❤❡ ❧❡✈❡❧ ♦❢ *❤❡ ✇❛*❡$✲*❛❜❧❡ ❛♥❞ *❤❡ ✢❛**❡$ *❤❡ ❡✈♦❧✉*✐♦♥ ♦❢ *❤❡ ✇❛*❡$✲*❛❜❧❡ ❞✐6*❛♥❝❡✳

❲❡ ❝❛♥ ❛❧6♦ *❡6* *❤❡ ✐♠♣❛❝* ♦❢ *❤❡ ❞❡6✐$❡❞ ❧❡✈❡❧6 ♦❢ *❤❡ ✇❛*❡$✲*❛❜❧❡ ❛♥❞ *❤❡ ✇❛*❡$ 9✉❛❧✐*② ♦♥

*❤❡ ♦♣*✐♠❛❧ ♣♦❧✐❝②✳ ❲❡ ❝♦♠♣❛$❡ *❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛6❡6✿ Db ✈❛$②✐♥❣ ❢$♦♠ 12 *♦ 26 ✇❤✐❧❡ Q0−Qb = 10
❛♥❞ Qb ✈❛$②✐♥❣ ❢$♦♠ 4 *♦ 18 ✇❤✐❧❡ Db −D0 = 10✳ ❘❡6✉❧*6✽ ❛$❡ 6❤♦✇♥ ✐♥ ✜❣✉$❡ ✸✳

❚❤❡ ❣$❡❛*❡$ *❤❡ ❝♦♥6*$❛✐♥* ✭❢♦$ Qb ❜✐❣ ❛♥❞ Db 6♠❛❧❧✮✱ *❤❡ ❤✐❣❤❡$ *❤❡ ✇❛*❡$✲✐♥♣✉* *❛①✱ φ✱ ❛♥❞

*❤❡ ❧♦✇❡$ *❤❡ ❢❡$*✐❧✐③❡$✲✐♥♣✉* 6✉❜6✐❞②✱ τ ✭$❡♠❡♠❜❡$ *❤❡ ❜✉❞❣❡* ❝♦♥6*$❛✐♥*✱ ✇❤✐❝❤ ✐♠♣❧✐❡6 *❤❛*

Y (T ) = 0✮✳ ❚❤✐6 ✐♥ *✉$♥ ♠❡❛♥6 ❧♦✇❡$ ❣❛✐♥6 ❢♦$ ❢❛$♠❡$6 ✭❢♦$ ❜✐♥❞✐♥❣ ❝♦♥6*$❛✐♥*6✮✳ ▲✐❦❡✇✐6❡✱ *❤❡
❣$❡❛*❡$ *❤❡ ❝♦♥6*$❛✐♥*6✱ *❤❡ 6♠❛❧❧❡$ *❤❡ ✜♥❛❧ ✇❛*❡$✲*❛❜❧❡ ❞✐6*❛♥❝❡✱ *❤❡ ❣$❡❛*❡$ *❤❡ ✜♥❛❧ ✇❛*❡$

9✉❛❧✐*② ❛♥❞ *❤❡ 6♠❛❧❧❡$ ✜♥❛❧ ✇❛*❡$ ❛♥❞ ❢❡$*✐❧✐③❡$ ✐♥♣✉*✳ ❖✈❡$❛❧❧✱ ✇❡ ❝❛♥ 6❡❡ *❤❛* *❤❡ 6❡♥6✐*✐✈✐*②

♦❢ *❤❡ $❡6✉❧*6 ✐6 ❣$❡❛*❡$ ❢♦$ Db *❤❛♥ ❢♦$ Qb✳ ❚❤✐6 ✐6 ❛❣❛✐♥ ❞✉❡ *♦ *❤❡ ❞✐❧✉*✐♦♥ ❡✛❡❝*✳

❋✐♥❛❧❧②✱ ♥♦*❡ *❤❛* ✇❡ ❝❛♥ ❛❧6♦ ❣❡♥❡$❛*❡ ❛ ❝❛6❡ ✐♥ ✇❤✐❝❤ *❤❡ ✇❛*❡$ ✐♥♣✉* ✐6 6✉❜6✐❞✐③❡❞ ❛♥❞

*❤❡ ❢❡$*✐❧✐③❡$ ✐♥♣✉* ✐6 *❛①❡❞✳ ❲❤❡♥ *❤❡ ❝♦♥6*$❛✐♥* ♦♥ *❤❡ ✇❛*❡$✲*❛❜❧❡ ✐6 ♥♦* 6*$♦♥❣ ✭❢♦$ ❡①❛♠♣❧❡

Db = 36 ✐♥6*❡❛❞ ♦❢ Db = 20✮ ❝♦♠♣❛$❡❞ *♦ *❤❡ 9✉❛❧✐*② ❝♦♥6*$❛✐♥* ✭❢♦$ ❡①❛♠♣❧❡ Qb = 10 ✐♥6*❡❛❞
♦❢ Qb = 2✮ ❛♥❞ *❤❡ ✇❛*❡$ ♣$♦❞✉❝*✐✈✐*② 6♠❛❧❧ ✭❢♦$ ❡①❛♠♣❧❡ B = 0.1 ✐♥6*❡❛❞ ♦❢ B = 4✮✳ ❚❤✐6 ✐6
6❤♦✇♥ ✐♥ ✜❣✉$❡ ✹✳ ◆♦✇ ✇❡ ❤❛✈❡✿

φ = −309.04, τ = 265.18,

❛♥❞ ❝♦♥6✐❞❡$✐♥❣ 6♦♠❡ ♣❛$❛♠❡*❡$ ✈❛❧✉❡6 ❛* ✜♥❛❧ *✐♠❡ ✇✐*❤ ♣♦❧✐❝② ✐♥*❡$✈❡♥*✐♦♥✿

D(T ) = 33.59, Q(T ) = 7.88, w(T ) = 2.35, f(T ) = 1.85.

✽

◆♦"❡ "❤❛" ❝❤❛♥❣❡) ✐♥ Db ❛+❡ ❜✉✐❧" ♦♥ "❤❡ ❜❛)❡❧✐♥❡✲❝❛)❡✱ ✇✐"❤ D0 = 10✳ ❋♦+ ❝❤❛♥❣❡) ✐♥ Qb ✇❡ ❝♦♥)✐❞❡+❡❞ ❛♥

✐♥✐"✐❛❧ 5✉❛❧✐"② ❧❡✈❡❧ ♦❢ Q0 = 22 ✐♥ ♦+❞❡+ "♦ ❜❡ ❛❜❧❡ "♦ ❝♦✈❡+ "❤❡ )❛♠❡ +❛♥❣❡ ♦❢ ✈❛+✐❛"✐♦♥ ❢♦+ Qb ❛♥❞ Db✳

✶✹



❋✐❣✉$❡ ✷✿ ❖♣*✐♠❛❧ ❡✈♦❧✉*✐♦♥ ♦❢ ✇❛*❡$✲*❛❜❧❡ ❞✐6*❛♥❝❡ ❛♥❞ ✇❛*❡$ 8✉❛❧✐*② ❢♦$ α = 1, α = 0.7, α = 0.3✳
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Phi Tau Gains Final water distance Final water quality Final water input Final fer�lizer input

❋✐❣✉$❡ ✸✿ ❱❛$✐❛*✐♦♥ ♦❢ ♦♣*✐♠❛❧ ♣♦❧✐❝② ❛3 ❛ ❢✉♥❝*✐♦♥ ♦❢ ❞❡3✐$❡❞ ❧❡✈❡❧3 ♦❢ ✇❛*❡$ 7✉❛❧✐*②✱ Qb ✭❜❧✉❡✮

❛♥❞ ✇❛*❡$ 7✉❛♥*✐*②✱ Db ✭$❡❞✮✳

❋✐❣✉$❡ ✹✿ ❖♣*✐♠❛❧ ❡✈♦❧✉*✐♦♥ ♦❢ ✇❛*❡$✲*❛❜❧❡ ❞✐3*❛♥❝❡✱ D(t)✱ ❛♥❞ ✇❛*❡$ 7✉❛❧✐*②✱ Q(t)✱ ✇❤❡$❡ *❤❡
✇❛*❡$✲✐♥♣✉* ✐3 3✉❜3✐❞✐③❡❞ ❛♥❞ ❢❡$*✐❧✐③❡$ ✐♥♣✉* *❛①❡❞✳

✶✺



✺ ❙♦♠❡ ❝♦♥❝❧✉❞✐♥❣ ,❡♠❛,❦/ ❛♥❞ ♣❡,/♣❡❝1✐✈❡/

❲❡ ❤❛✈❡ ❝♦♥()*✉❝)❡❞ ❛ ♠♦❞❡❧ ♦❢ ❣*♦✉♥❞✇❛)❡* ♠❛♥❛❣❡♠❡♥) ✐♥ ✇❤✐❝❤ ❛ ❣*♦✉♣ ♦❢ ❢❛*♠❡*( ♦✈❡*❡①✲

♣❧♦✐)( ❛ ❣*♦✉♥❞✇❛)❡* ()♦❝❦ ❛♥❞ ❝❛✉(❡( ❡①❝❡((✐✈❡ ♣♦❧❧✉)✐♦♥✱ ❜② ✉(✐♥❣ )♦♦ ♠✉❝❤ ✐**✐❣❛)✐♦♥ ✇❛)❡*

❛♥❞ ❢❡*)✐❧✐③❡*✳ ❲❡ ❤❛✈❡ (❤♦✇♥ )❤❛) )❤❡*❡ ❡①✐()( ❛ (❡) ♦❢ ❝♦♥()❛♥) ♣♦❧✐❝✐❡( ✇❤✐❝❤ )❤❡ *❡❣✉❧❛)♦* ❝❛♥

✐♠♣♦(❡✱ ✐♥ ♦*❞❡* )♦ ❜*✐♥❣ )❤❡ ✇❛)❡* *❡(♦✉*❝❡ ❝❧♦(❡ )♦ ❛ ❣✐✈❡♥ <✉❛♥)✐)② ❛♥❞ <✉❛❧✐)② ❧❡✈❡❧✳ ❚♦ ✜♥❞

)❤❡ ♦♣)✐♠❛❧ ♣♦❧✐❝②✲♠✐①✱ ✇❡ ❤❛✈❡ ❝♦♥()*✉❝)❡❞ ❛ ❧✐♥❡❛*✲()❛)❡ ♦♣❡♥✲❧♦♦♣ ❙)❛❝❦❡❧❜❡*❣ ❣❛♠❡✱ ✇❤✐❝❤

✐( ❡<✉✐✈❛❧❡♥) )♦ ❛ ❢❡❡❞❜❛❝❦ ❙)❛❝❦❡❧❜❡*❣ ❣❛♠❡✳ ❲❡ ❤❛✈❡ (❤♦✇♥ )❤❛)✱ ✐♥ ❛❞❞✐)✐♦♥ )♦ )❤❡ ✉(✉❛❧

✜*() ♦*❞❡* ❝♦♥❞✐)✐♦♥(✱ ✇❡ ♥❡❡❞ (♦♠❡ (♣❡❝✐❛❧ ❝♦♥❞✐)✐♦♥( )♦ ❛❝❝♦✉♥) ❢♦* )❤❡ *❡❛❧✐(♠ )❤❛) )❤❡ ❲❛)❡*

❆❣❡♥❝② ❝❛♥ ♦♥❧② ✐♠♣♦(❡ ❝♦♥()❛♥) ♣♦❧✐❝✐❡(✳

■♥ ❢✉*)❤❡* ✇♦*❦✱ ✐) ✇♦✉❧❞ ❜❡ ✐♥)❡*❡()✐♥❣ ✐✮ )♦ ❝♦♠♣❛*❡ )❤❡ ❝♦♥()❛♥) ♣♦❧✐❝② (♦❧✉)✐♦♥ )♦ ❛ (♦❧✉)✐♦♥

✇❤❡*❡ ♣♦❧✐❝✐❡( ❛*❡ )✐♠❡✲❞❡♣❡♥❞❡♥) ❛♥❞ ✐✐✮ )♦ ❝♦♠♣❛*❡ ♦✉* (♦❧✉)✐♦♥ )♦ ❛ (♦❝✐❛❧ ♦♣)✐♠❛❧ (♦❧✉)✐♦♥

✇❤❡*❡ )❤❡ ❧❡❛❞❡* ♦♣)✐♠✐③❡( ❥♦✐♥) ✇❡❧❢❛*❡ ❜✉) ✐♠♣❧❡♠❡♥)( ❝♦♥()❛♥) ♣♦❧✐❝✐❡(✳

✶✻



❆ ❆♣♣❡♥❞✐①

❆✳✶ ❈❛%❡ A = 0

❆✳✶✳✶ ❋✐%&'✲♦%❞❡% ♦♣'✐♠❛❧✐'② ❝♦♥❞✐'✐♦♥& ❛♥❞ &♦❧✉'✐♦♥& ✇✐'❤ ❜✉❞❣❡' ❝♦♥&'%❛✐♥'

Ḋ =
N (pB − CD − Z − φ)

pM
− r, D(0) = D0, ✭✸✹✮

µ̇D =
N

pKM

[

KC
(

µD + µY φ
)

+ µQδM (L+ τ − pE)
]

, µD (T ) = 2(1− α)(D(T )−Db),✭✸✺✮

Ẏ (t) =

(

N

pKM

)

[(pE − L− τ) τM + (pB − CD − Z − φ)φK] , Y (0) = b0, Y (T ) = 0, ✭✸✻✮

µ̇Y = 0⇒ µY (t) = constant = µY , ✭✸✼✮

Q̇ =
δND (L+ τ − pE)

pK
, Q(0) = Q0, ✭✸✽✮

µ̇Q = 0, µQ (T ) = 2α(Q (T )−Qb)⇒ µQ (t) = 2α(Q (T )−Qb), ✭✸✾✮

∫ T

0

∂HL

∂τ
dt = 0⇔

∫ T

0

{

µY (L+ 2τ − pE)− µQδD
}

dt = 0, ✭✹✵✮

∫ T

0

∂HL

∂φ
dt = 0⇔

∫ T

0

{

µY (CD + Z + 2φ− pB) + µD
}

dt = 0. ✭✹✶✮

❉❡♥♦/❡ ❜②

Θ(φ) =

[

N (pB − Z − φ)− rpM

NC

]

,

Λ (τ) =
δN (pE − L− τ)

pK
> 0, ρ =

NC

pM
> 0.

❙♦❧✈✐♥❣✱ ✇❡ ❣❡/✿

D(t, φ) = e−ρtD0 +Θ(φ)(1− e−ρt), ✭✹✷✮

Q (t, φ, τ) = Q0 − Λ(τ)

∫ t

0

D(s)ds = Q0 − Λ(τ)

[

(D0 −Θ(φ))

ρ
(1− e−ρt) + Θ(φ)t

]

, ✭✹✸✮

Y (t, φ, τ) = b0
N

pKM
[(pE − L− τ)τM + (pB − Z − φ)φK] t− φρ

∫ t

0

D(s)ds, ✭✹✹✮

0 = µY (L+ 2τ − pE)T + 2α(Q (T )−Qb)δ

∫ T

0

D(s)ds, ✭✹✺✮

0 =
µY C

ρ

[(

1− e−ρT
)

D0 +Θ(φ)(ρT + e−ρT − 1)
]

+ (Z + 2φ− pB)µY T +

∫ T

0

µDdt,✭✹✻✮

✇❤❡<❡

∫ t

0

D(s)ds =
D0 −D(t)

ρ
+Θ(φ)t,

❛♥❞

µD(t, φ, τ) = C1e
ρt −

µQ(t)δM(pE − L− τ)

NCK
− µY φ, C1 ?✳/✳ µD(T, φ, τ) = 2(1− α)(D(T, φ, τ)−Db).
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◆♦"❡ "❤❛" Q (T ) ✐♥✈♦❧✈❡* ❛ ♠✉❧"✐♣❧✐❝❛"✐✈❡ "❡/♠ τφ "❤/♦✉❣❤ "❤❡ ♣/♦❞✉❝" ♦❢ Λ(τ) ❛♥❞ Θ(φ)✳ ❚❤❡/❡✲
❢♦/❡✱ ❛❢"❡/ *✉❜*"✐"✉"✐♦♥ ❢♦/ Q (T ) ✐♥ ❡8✉❛"✐♦♥* ✭✹✺✮ ❛♥❞ ✭✹✻✮ ❛❜♦✈❡✱ ✇❡ ❡♥❞ ✉♣ ✇✐"❤ "✇♦ ❡8✉❛"✐♦♥*
♦❢ "❤❡ ❢♦/♠

0 = a0 + a1τµ
Y + a2τφ+ a3τφ

2 + a4φ+ a5τ + a6φ
2, ✭✹✼✮

0 = c0 + c1µ
Y + c2τ + c3φ+ c4φµ

Y + c5τφ+ c6τ
2φ+ c7τ

2, ✭✹✽✮

✇❤❡/❡ a0, . . . , a6, ❛♥❞ c0, . . . , c7 ❛/❡ ❝♦♥*"❛♥"*✳ ❚❤❡ ❜✉❞❣❡" ❝♦♥*"/❛✐♥" ❛" T ✐♥ ❡8✉❛"✐♦♥ ✭✹✹✮ /❡❛❞*

❛* ❢♦❧❧♦✇*✿

Y (T, φ, τ) = 0 = d0 + d1τ + d2τ
2 + d3φ+ d4φ

2, ✭✹✾✮

✇❤❡/❡ d0, . . . , d4 ❛/❡ ❝♦♥*"❛♥"*✳ ❲❡ ❤❛✈❡ ❛❧❧ "❤❡ ✐♥❢♦/♠❛"✐♦♥ "♦ *♦❧✈❡ ❛ *②*"❡♠ ♦❢ ✸ ❡8✉❛"✐♦♥*

✭✹✼✮✲✭✹✾✮ ❢♦/ "❤❡ "❤/❡❡ ✉♥❦♥♦✇♥* τ, φ ❛♥❞ µY
✳

❆✳✶✳✷ $%♦♦❢ ♦❢

∂D
∂φ

< 0✱ ∂Q
∂φ

> 0✱ ∂Q
∂τ

> 0

$%♦♦❢✳ ❋✐/*" ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡✿

sign(
∂D(t, φ)

∂φ
) = sign(

∂Θ(φ)

∂φ
) = sign(−1) < 0.

◆❡①"✱ /❡♠❡♠❜❡/

Q(t, φ, τ) = Q0 − δN

∫ t

0

˜f(t)D(t)dt.

❲❡ "❤✉* ❤❛✈❡✿

∂Q

∂φ
= −δN

∫ t

0

d

∂φ

[

˜f(s)D(s)
]

ds = −δN

∫ t

0

[

∂ ˜f(s)

∂φ
D(s) + f̃

∂D

∂φ

]

ds > 0

❛*

∂f̃

∂φ
= 0, D(s) > 0, f̃ > 0,

∂D

∂φ
< 0.

▲✐❦❡✇✐*❡✿

∂Q

∂τ
= −δN

∫ t

0

d

∂τ

[

˜f(s)D(s)
]

ds = −δN

∫ t

0

[

∂ ˜f(s)

∂τ
D(s) + f̃

∂D

∂τ

]

ds > 0

❛*

∂f̃

∂τ
< 0, D(s) > 0, f̃ > 0,

∂D

∂τ
= 0.

�

❆✳✶✳✸ ❈❛,❡ A = 0 ✇✐0❤♦✉0 ❜✉❞❣❡0 ❝♦♥,0%❛✐♥0

❲❡ ❤❛✈❡ V < 0 ❢♦/ ❛❧❧ Db ≥ D0 ❛♥❞ T ≥ 0✳ ■♥ ❢❛❝"

V (Db = D0) = −D0T < 0,

∂V

∂Db
=

1− e−ρT − ρT

ρ (1− e−ρT )
< 0 ∀T.

V ✐* ❞❡❝/❡❛*✐♥❣ ✇✐"❤ Db ❛♥❞ ❤❡♥❝❡ ❛❧✇❛②* ♥❡❣❛"✐✈❡✳ ◆♦"❡ "❤❛" V < 0 ✐♠♣❧✐❡* "❤❛" f∗ > 0✱ ❛*
Qb < Q0✳

✶✽



❆✳✷ ❈❛%❡ A 6= 0

❆✳✷✳✶ $%♦♦❢ ♦❢

∂f̃
∂φ

< 0✱ ∂f̃
∂τ

< 0✱ ∂w̃
∂φ

< 0✱∂w̃
∂τ

< 0✱

❙♦❧✈✐♥❣ Ḋ = Nw̃ − r✱ ✇❡ ❣❡*✿

D(t) = e−ρtD0 +Θ(τ, φ)(1− e−ρt),

✇❤❡-❡

ρ =
−NKC

p(A2 −MK)
> 0,

Θ(τ, φ) = −
A(L+ τ − pE) +K(Z − pB + φ)

KC
−

r

ρ
.

❲❡ *❤❡-❡❢♦-❡ ❤❛✈❡✿

∂D

∂τ
= −

A

KC

[

1− e−ρt
]

< 0,

∂D

∂φ
= −

1

C

[

1− e−ρt
]

< 0,

❛♥❞✿

∂f̃

∂φ
= −

1

p(A2 −MK)
A

[

−1− C
∂D

∂φ

]

= −
1

p(A2 −MK)
A

[

−e−ρt
]

< 0

∂f̃

∂τ
= −

1

p(A2 −MK)

[

−AC
∂D

∂τ
−M

]

= −
1

p(A2 −MK)
(
A2

K
−M) < 0

∂w̃

∂φ
= −

1

p(A2 −MK)

[

−K −KC
∂D

∂φ

]

= −
1

p(A2 −MK)
K

[

−e−ρt
]

< 0

∂w̃

∂τ
= −

1

p(A2 −MK)

[

−A−KC
∂D

∂τ

]

= −
1

p(A2 −MK)
A

[

−e−ρt
]

< 0

❛2

−
1

p(A2 −MK)
> 0.

❆✳✷✳✷ $%♦♦❢ ♦❢

∂D
∂φ

< 0✱ ∂D
∂τ

< 0✱ ∂Q
∂φ

> 0✱∂Q
∂τ

> 0

$%♦♦❢✳ ❘❡♠❡♠❜❡- ❢-♦♠ ♣-♦♦❢ ✭❆✳✷✳✶✮ *❤❛*

∂D

∂τ
= −

A

KC

[

1− e−ρt
]

< 0,

∂D

∂φ
= −

1

C

[

1− e−ρt
]

< 0.

❚❤❡ ♣-♦♦❢ ❢♦❧❧♦✇2 *❤❡ 2❛♠❡ -❡❛2♦♥✐♥❣ ❛2 ✐♥ ♣-♦♦❢ ✭❆✳✶✳✷✮✳ ❲❡ ❤❛✈❡✿

∂Q

∂φ
> 0

❛2

∂f̃

∂φ
< 0, D(s) > 0, f̃ > 0,

∂D

∂φ
< 0.

❛♥❞

∂Q

∂τ
> 0

❛2

∂f̃

∂τ
< 0, D(s) > 0, f̃ > 0,

∂D

∂τ
< 0.

�

✶✾



❆✳✷✳✸ ❈❛&❡ ❆❃✵ ✇✐,♦✉,❤ ❜✉❞❣❡, ❝♦♥&,5❛✐♥,✳ 65♦♦❢ ♦❢ D(T ) = Db ❛♥❞ Q(T ) = Qb

65♦♦❢✳ ❲❡ ♥♦✇ ❤❛✈❡✿

HL = µDN(w̃i − r)− µQδf̃iD

∫ T

0

∂HL

∂τ
dt = 0⇔

∫ T

0

[

µDNA− µQδMD
]

dt = 0, ✭✺✵✮

∫ T

0

∂HL

∂φ
dt = 0⇔

∫ T

0

[

µDNK − µQδAD
]

dt = 0. ✭✺✶✮

❋/♦♠ ✭✺✵✮ ❛♥❞ ✭✺✶✮✱ ✇❡ ❤❛✈❡✿

∫ T

0

[

µD − µQ δM

NA
D

]

−

[

µD − µQ δA

NK
D

]

dt = 0⇒
δ

N

∫ T

0

µQD
[

A2 −MK
]

= 0.

❆4 D > 0 ❛♥❞ [A2 −MK] 6= 0✱ ✇❡ ❤❛✈❡✿ µQ = 0 ⇔ Q(T ) = Qb✳

■♥ ❛❞❞✐8✐♦♥✱ ✇❡ ❤❛✈❡✿

˙µD = −
∂HL

∂D
= ρµD + µQ δACD

p(A2 −MK)
− µQ δ[M(pE − L− τ) +A(pB − CD − Z − φ)]

p(A2 −MK)

✇✐8❤✿

µD(T ) = 2(1− α)(D(T )−Db) ❛♥❞ µQ = 0.

❍❡♥❝❡✿

˙µD = −
NKC

p(A2 −MK)
µD, µD(T ) = 2(1− α)(D(T )−Db).

❚❤❡/❡❢♦/❡✿ µD = 0 ⇒ D(T ) = Db✳ �

✷✵
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DR n°2012 - 01 :  Abdoul Salam DIALLO, Véronique MEURIOT, Michel TERRAZA 

« Analyse d’une nouvelle émergence de l’instabilité des prix des 
matières premières agricoles » 

 

DR n°2012 - 02 :  Emmanuel DUGUET, Christine Le CLAINCHE 

« Chronic Illnesses and Injuries: An Evaluation of their Impact on 
Occupation and Revenues » 

 

DR n°2012 - 03 :  Ngo Van LONG, Antoine SOUBEYRAN, Raphael SOUBEYRAN 

« Knowledge Accumulation within an Organization » 
 

DR n°2012 - 04 :  Véronique MEURIOT 

« Une analyse comparative de la transmission des prix pour 

l’orientation des politiques publiques : le cas du riz au Sénégal et au 
Mali » 

 

DR n°2012 - 05 :  Daniel SERRA 

« Un aperçu historique de l’économie expérimentale : des origines 

aux évolutions récentes » 

 

DR n°2012 - 06 :  Mohamed CHIKHI, Anne PEGUIN-FEISSOLLE, Michel TERRAZA 
« Modélisation SEMIFARMA-HYGARCH de la persistance du cours du 

Dow Jones » 

 

DR n°2012 - 07 :  Charles FIGUIERES, Fabien PRIEUR, Mabel TIDBALL 
« Public Infrastructure, non Cooperative Investments and 

Endogenous Growth » 

 

DR n°2012 - 08 :  Emmanuel DUGUET, Christine LE CLAINCHE 
« The Impact of Health Events on Individual Labor Market 

Histories : the Message from Difference in Differences with 

Exact Matching » 

 
DR n°2012 - 09 :  Katrin ERDLENBRUCH, Mabel TIDBALL, Georges ZACCOUR 

« A Water Agency faced with Quantity-quality Management of a 

Groundwater Resource » 
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