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Quantity-quality management of a groundwater resour
eVersion: February 1, 2011Abstra
tWe 
onsider a problem of groundwater management in whi
h a group of farmersoverexploits a groundwater sto
k and 
auses ex
essive pollution. A Water Agen
ywishes to regulate the farmer's a
tivity, in order to rea
h a minimum quantity andquality level but it is subje
t to a budget 
onstraint and 
annot 
redibly 
ommit totime-dependent optimal poli
ies. We 
onstru
t a Sta
kelberg game to determine a setof 
onstant poli
ies that brings the groundwater resour
e ba
k to the desired state.We de�ne a set of 
onditions for whi
h 
onstant poli
ies exist and 
ompute the amountof these instruments in an example.JEL 
lassi�
ation: H23, Q15, Q25.Key words: groundwater, quantity-quality management, Sta
kelberg game1 Introdu
tionThe problem of groundwater management is a typi
al 
ommon pool resour
e problem whereseveral users have to share a same resour
e sto
k. However, water resour
e managementhas to be 
onsidered along two dimensions, quantity and quality. Optimal publi
 poli
ieshave to ta
kle both the externalities related to quantity and to quality. In this paper,we 
onsider an endogeneous pollution externality from agri
ultural produ
tion and dis
ussoptimal quantity-quality regulation by a Water Agen
y with restri
ted regulatory power.Many arti
les have fo
used on the need of publi
 intervention to regulate private ex-ploitation of groundwater. In a simple quanitity management model with sto
k and pump-ing 
ost externalities,1 Gisser and San
hez 1980 [4℄ argued that the di�eren
e betweenthe 
ompetetive and the optimal out
ome is too small to justify poli
y intervention (seeKoundouri 2004 [5℄ for a survey.). The 
onsideration of more 
ompli
ated resour
e problems1The sto
k externality arises be
ause the extra
tion of ea
h resour
e user is 
onstraint by the totalgroundwater sto
k ; the pumping 
ost externality arises be
ause the 
ost of pumping groundwater dependson the level of the groundwater table, see Proven
her and Burt 1993 [8℄.1
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and other externalities has shown that publi
 intervention 
an be ne
essary, for examplewhen several resour
es are linked with ea
h other (Zeitouni and Dinar 1997 [15℄), whengroundwater has a bu�er value against surfa
e water s
ar
ity (Proven
her and Burt 1993[8℄2), or when quality is taken into a

ount (Roseta-Palma 2003 [10℄).Con
erning water quality, a great deal of attention has been given to the issue ofsaltwater intrusion in 
oastal aquifers (see for example Cummings 1971 [1℄, Zeitouni andDinar 1997 [15℄, Dinar and Xepapadeas 1998 [2℄, Tsur and Zemel 2004 [11℄, Moreaux andReynaud 2006 [7℄). With the intensi�
ation of agri
ultural produ
tion, inland resour
esare more and more threatened by quality degradation, via nitrate in�ltration. Be
ausegroundwater resour
es are often used for drinking water, the issue is of importan
e alsooutside the agri
ultural se
tor. It is for example addressed by several European Poli
ies,su
h as the Water Framework Dire
tive (Dire
tive 2000/60/EC), whi
h �xes the obje
tiveof "good water quality" in 2015, the Dire
tive on the prote
tion of groundwater againstpollution and deterioration (Dire
tive 2006/118/EC) or the Nitrates Dire
tive (Dire
tive91/676/EEC) , whi
h spe
i�
ally ta
kles pollution from agri
ultural produ
tion.A large literature exists on the issues of nitrate pollution and non-point sour
e pol-lution resulting from agri
ultural a
tivity, in
luding dynami
 models (for example Yadav1997 [14℄, Xepapadeas 1992 [12℄). However, as Koundouri [5℄ states, these models "gener-ally avoid the relationship between 
ontamination and water-use de
isions. The assessmentof how mu
h groundwater should be pumped is absent from these models". The �rst workthat brings together these aspe
ts in a general dynami
 setting is Roseta-Palma (2002[9℄ and 2003 [10℄). She 
onsiders the impa
t of 
ontaminant dis
harges on groundwaterquality and in parti
ular two spe
ial e�e
ts: the sto
k dilution e�e
t whi
h des
ribes thebene�
ial impa
t of water volume on water quality and the 
ontaminating ve
tor e�e
t inwhi
h 
ontaminants in�ltrate more easily into the soil when 
arried with irrigation water.Roseta-Palma 2003 shows that publi
 regulation should address both quantity and qualityto be optimal. She also 
on�rms numeri
ally that poli
y intervention is justi�ed even ifgains from quantity regulation are small, as in Gisser and San
hez [4℄, be
ause of the im-portan
e to meet quality standards.However, Roseta-Palma (2003) and most other arti
les 
onsider only one optimal toolfor poli
y intervention: dynami
 taxation.3 Although a dynami
 tax has a 
on
eptualappeal, it is quite irresalisti
 in real-life 
ontexts. Indeed, it requires that the regulator
hooses an optimal poli
y that 
hanges 
ontinuously, depending on the individual a
tionstaken. Roesta-Palma points at some implementation problems but fo
uses on those linkedto informational 
onstraints on individual produ
tion and pollution fun
tions. In this pa-2Redu
ing groundwater sto
ks then generates the so-
alled risk-externality, see Proven
her and Burt1993 [8℄.3As argued by Proven
her and Burt [8℄, permit allo
ation does solve neither the risk externality northe 
ost externality. 2



per, we study the 
ase where the water regulator imposes 
onstant poli
ies over a reasonabletime period, for example a year. This is what we observe in the �eld: many taxation andsubsidy rates are revised every year, or set for a 
ouple of years.In the following, we analyse the 
ase of a group of irrigating farmers whi
h use thesame groundwater resour
e. Fertilizer used by the farmers lea
hes into the groundwaterand 
auses nitrate pollution, mitigated by the sto
k dilution e�e
t and the natural de
ayrate of the 
ontaminant. However, the individual farmer does not observe this pollution.The regulator, a Water Agen
y, aims at preserving a given quantity level to provide wa-ter for a nearby town and wishes to maintain drinking water quality. The Water Agen
y
an levy taxes (on withdrawal and pollution), give subsidies or invest to ameliorate the
ontaminant de
ay rate, for example with green manure. However, she is subje
t to a bud-get 
onstraint and 
an 
redibly 
ommit only to 
onstant poli
ies. We therefore 
onstru
tan open-loop dynami
 Sta
kelberg game, similar to Kraw
zy
k and Za

our [6℄, to modelfarmers' optimal de
isions in the fa
e of these 
onstant in
entive poli
ies. In the examplewe make, we use a linear state open-loop game for whi
h the equilibrium is known to besubgame perfe
t and equivalent with the feedba
k Sta
kelberg equilibrium (see for exampleXepapadeas 1995 [13℄ for a general feedba
k Sta
kelberg model).We �nd that, under given 
onditions, there is indeed a set of 
onstant optimal poli
ieswhi
h ful�lls all the 
onstraints the Water Agen
y has to respe
t. Maybe surprisingly,in our simple example, the optimal poliy-mix 
onsists in two input-subsidies (on waterwithdrawals and fertlizer use).The paper is stru
tured as follows. In se
tion (2) we present the problem, a simpli�edagro-e
onomi
 model in
luding a groundwater resour
e. In se
tion (3), we present theSta
kelberg game and 
hara
terize its solution. In se
tion (4) we 
onsider a numeri
alexample and 
ompute the optimal taxation and investment poli
y in this 
ontext. In thelast se
tion, we 
on
lude and give some perspe
tives for future resear
h.2 The problem2.1 FarmersConsider a group of farmers i = 1, ...N , situated above the same groundwater resour
e,
G(t), with t 
ontinuous time. Agri
ultural produ
tion, yi(·) depends on two inputs: fer-tilizer, γi(t), and irrigation water, gi(t), whi
h ea
h farmer pumps in the groundwaterresour
e. Let ρ be the dis
ount rate, and T the 
onsidered time horizon. Before tax andsubsidy, the i's agent pay-o� fun
tion is given by:

Bi =

∫ T

0
e−ρt[piyi(gi(t), γi(t))− cg,i(G(t), gi(t))− cγ,i(γi(t))]dt (1)3



where pi the pri
e of the agri
ultural produ
tion, cg(·) are pumping and distribution 
ostsof irrigation water and cγ(·) are 
osts of fertilizer use. Pri
es are assumed to be 
onstantand farmers are pri
e-takers. There is no 
on
eptual di�
ulty in extending our model to anoligopolisti
 setting where the farmers 
ompete with an homogenous produ
t à la Cournot.Also, we may 
onsider the 
ase of organi
 produ
ers, where pri
es may in
rease with, e.g.the water quality, the level of used fertilizer. Note, however, that the 
omputation ofequilibrium in su
h 
ir
umstan
es be
omes more tedious.We assume that agri
ultural produ
tion is in
reasing with inputs but at de
reasingreturns to s
ale; irrigation water and fertilizers are 
omplementary goods:
∂yi

∂gi
≥ 0,

∂yi

∂γi
≥ 0,

∂2yi

∂g2i
≤ 0,

∂2yi

∂γ2i
≤ 0,

∂2yi

∂gi∂γi
≥ 0.We further assume that 
osts are in
reasing with both inputs but de
reasing with thegroundwater sto
k (the higher the water table, the lower the pumping 
osts).

∂cg,i

∂gi
≥ 0,

∂cγ,i

∂γi
≥ 0,

∂cg,i

∂G
≤ 0.Farmers are subje
t to publi
 poli
ies of the Water Agen
y: a tax,τ , on the use ofpolluting fertilizer and a tax, φ on individual water withdrawals.4 Considering these publi
poli
ies, the i's agent pro�ts are thus given by:

πi =

∫ T

0
e−ρt[piyi(gi(t), γi(t)) − cg,i(G(t), gi(t)) − cγ,i(γi(t)) − τγi(t) − φgi(t)]dt. (2)2.2 Water quantity and water qualityThe groundwater sto
k, G(t), evolves a

ording to the following equation of motion:

Ġ = −
∑

i

gi(t) + r, Gi(0) = G0 given. (3)The water volume in
reases with the mean re
harge rate, r, and de
reases with total waterwithdrawals, ∑i gi(t). G0 is the initial water volume.The quality of groundwater, Q(t), depends on total fertilizer use, the regenerative
apa
ity of the resour
e and the environment and the total water volume5
Q̇ = −(δ + θ)

∑

i

γi(t) + uG(t), Qi(0) = Q0 given. (4)4We do not impose any sign on these instruments. If after optimisation they are negative, subsidiesshould be set up rather than taxes.5It would be more realisti
 to have an evolution of the form
Q̇ = −

(δ + θ)
∑

i
γi(t)

G(t)
, Qi(0) = Q0 given.However, solving for this would be of formidable di�
ulty.We suppose that having the above formulationprovides a good approximation of quality motion. 4



δ is a parameter measuring the natural pollution de
ay rate and θ a de
ay rate 
ontrollableby the Water Agen
y. The 
ost of this e�ort is given by ctheta(theta), an in
reasingfun
tion, satisfying ctheta(0) = 0. To �x ideas, the Water Agen
y may for example favourthe use of plants 
ontaining nitrogen-�xing symbioti
 ba
teria6. Q0 is the initial qualityof the groundwater sto
k, whi
h is observable by the Water Agen
y. Water quality thusdeteriorates be
ause of fertilizer use, but at a rate whi
h depends on the natural de
ay ofpollutants and the nitrate �xing 
apa
ity of additional plants. The water volume availableindu
es a dilution e�e
t wi
h mitiages overall pollution.2.3 Water Agen
yThe Water Agen
y is 
on
erned with both, water quantity and water quality. The Agen
ywishes to rea
h a given quantity or a given quality level at time T .
Q(T ) ≥ αQQ0 (5)
G(T ) ≥ αGG0. (6)where αQ and αG are given non-negative parameters. For example, some water should besafeguarded for urban or industrial uses. In addition, a minimum quality level 
ould bene
essary to use this water outside the agri
ultural se
tor, e.g. for drinking. The Agen
ymay levy taxes, τ and φ, and limit pollution, θ, whi
h 
omes at a 
ost cθ(θ). As statedbefore, for the sake of realism, we suppose that the tax and subsidy rates, as well as the
leaning e�ort, are 
onstant over the 
onsidered time period, from 0 to T 7. The WaterAgen
y is subje
t to a budget 
onstraint. The budget at time T should be in equilibrium,

Y (T ) = 0, given Y0 the initial budget:
0 = Y (0) +

∫ T

0
e−ρt[−cθ(θ) + τ

∑

i

γi(t) + φ
∑

i

gi(t)]dt. (7)The above isoperimetri
 
onstraint 
an be rewritten in the form of a state equation, thatis,
Ẏ = e−ρt[−cθ(θ) + τ

∑

i

γi(t) + φ
∑

i

gi(t)] with Y (0) = Y0 and Y (T ) = 0. (8)6This is the 
on
ept of green manure: white mustard (Sinapis alba), vet
hes (Vi
ia), pha
elia or rapeseed(Brassi
a napus) for example are able to �x nitrogen in the �eld. They are set up after the main harvest, inautomn and destroyed in winter. Fren
h farmers for example have been eligible to a damage payment, theIndemnité 
ompensatoire de 
ouverture des sols (Code de l'environnement LII1.1.3.3) for the introdu
tionof these nitrogen �xing plants. This subsidy amounted to 60 euros/ha in 2003 and 30 euros/ha in 2006.7We 
an seasily let the 
leaning e�ort vary over time.
5



3 A Sta
kelberg game3.1 The game model3.1.1 The follower's problemEa
h farmer 
hoses the amount of inputs, gi(t) and γi(t), that maximises pro�ts, πi(G0),given the 
onstraints he observes:
(ĝi, γ̂i) = arg maxgi(t),γi(t) (2) subje
t to (3). (9)Farmers are partially myopi
: they do 
onsider the impa
t of their de
isions on waterquantity but do not 
onsider the impa
ts on water quality. Indeed, the height of thewater table (and therefore the water sto
k) is supposed to be more easily observable tothe farmer than the water quality.8 In addition, total water quantity dire
tly a�e
ts thefarmer's pumping 
osts, cg,i(G(t), gi(t)). Farmers take into a

ount water quality onlyindire
tly through the taxes they have to pay, if τ > 0 . Likewise, water quantity is
onsidered indire
tly, through the taxes they have to pay, if φ > 0.3.1.2 The leader's problemThe Water Agen
y 
hoses a set of 
onstant poli
ies (τ̂ ,φ̂,θ̂) that allows to rea
h the quantityand quality targets G(T ) ≥ αGG0 and Q(T ) ≥ αQQ0,9. She 
onsiders the dynami
s ofquantity and quality, the budget 
onstraint and the farmer's rea
tion to the publi
 poli
ies:Choose (τ̂ , φ̂, θ̂) subje
t to (3), (4), (5), (6), (7) and (9). (10)A solution to (10) de�nes an open loop Sta
kelberg equilibrium. The leader announ
esa set of publi
 poli
ies. The follower takes them into a

ount in his optimisation pro
ess.In our 
ase, the follower 
onsiders only: τ̂ and φ̂, but ignores θ̂ whi
h only a�e
ts waterquality. The leader then 
omputes the optimal value of τ̂ , φ̂ , and θ̂ given the rea
tion of thefollower and her own 
onstraints. It is well known that open-loop Sta
kelberg equilibriumis in general time in
onsistent. That is, if given the 
hoi
e, then the leader may reoptimizeat an intermediate date and 
hange her de
isions for the remaining time period. In our 
asehowever, it seems reasonable to assume that the Water Agen
y announ
es and 
ommitsto her publi
 poli
y, probably by legislating, over the short time horizon we 
onsider, forexample a year. Any 
hanges 
an be implemented in the following period.8We 
ould also 
onsider the 
ase where farmers are 
ompletely myopi
, i.e. do not 
onsider the dynami
sof water quality and quantity.9Note that this is a problem of 
ost e�e
tiveness and not of optimizing total surplus.

6



3.2 The solution of the game3.2.1 The follower's rea
tionThe i's follower's 
urrent-value Hamiltonian is:
Hi = piyi(gi(t), γi(t))− cg,i(G(t), gi(t))− cγ,i(γi(t))− τγi(t)− φgi(t)

+λi(t)[−
∑

i

gi(t) + r] (11)where λi is the 
urrent-value adjoint state variable for ea
h follower. Assuming an interiorsolution, the ne
essary 
onditions are:
∂Hi

∂gi
= 0 ⇒ pi

∂yi

∂gi
−

∂cg,i

∂gi
− φ− λi = 0 (12)

∂Hi

∂γi
= 0 ⇒ pi

∂yi

∂γi
−

∂cγ,i

∂γi
− τ = 0 (13)

λ̇i = ρλi −
∂Hi

∂G
⇒ λ̇i = ρλi +

∂cg,i

∂G
(14)We also have the transversality 
ondition

λi(T ) = 0 (15)and the equation of motion for the resour
e sto
k:
Ġ = −

∑

i

gi(t) + r, G(0) = G0. (16)Equations (12) and (13) are the usual optimality 
onditions that state that, at the opti-mum, marginal revenus from produ
tion equal marginal 
osts. In equation (12), marginalrevenues are due to the use of one additional unit of water. Marginal 
osts are given bymarginal 
osts of pumping and distributing irrigation water, by the taxes paid per unit ofwater pumped and by the marginal shadow pri
e of using water today, instead of tomor-row. In equation (13), marginal revenues due to the use of one additional unit of fertilizerare equal to marginal 
osts of buying fertilizers and the taxes paid per unit of fertilizer.Finally, equation (14) des
ribes how the shadow pri
e evolves, taking into a

ount thesto
k e�e
t on 
osts and on subsidies. The optimal rea
tion of the i's follower is of theform:
˜gi(t) = fg(γi(t), G(t), λi(t), τ, φ) (17)
˜γi(t) = fγ(gi(t), G(t), λi(t), τ, φ). (18)The optimal rea
tion 
an be plotted into the leader's problem to solve the Sta
kelberggame. However, it is not always possible to 
ompute this optimal response analyti
ally.We therefore propose in the following another more general way to sovle the problem.7



3.2.2 The leader's de
isionThe leader's 
urrent value Hamiltonian is given by:
Hl = κ(t)Q̇+ µ(t)Ġ+ ν(t)Ẏ

+
∑

i

ωi(t)
∂Hi

∂gi(t)
+

∑

i

ξi(t)
∂Hi

∂γi(t)
+

∑

i

ζi(t)

(

ρλi −
∂Hi

∂G(t)

) (19)We have the following end-time 
onditions:
Q(T ) ≥ αQQ0, G(T ) ≥ αGG0, Y (T ) = 0. (20)The "usual" ne
essary 
onditions are:

κ̇ = ρκ−
∂Hl

∂Q
⇒ κ̇ = ρκ (21)

µ̇ = ρµ−
∂Hl

∂G
⇒ µ̇ = ρµ+ κu− ν[

∂Ẏ (G, ...)

∂G
] +

∑

i

ωi[
∂2cg,i

∂gi∂G
] +

∑

i

ζi[
∂2cg,i

∂G2
] (22)

ν̇ = ρν −
∂Hl

∂Y
⇒ ν̇ = ρν (23)Equations (21) and (23) tell us that the 
urrent-value shadow pri
e of the budget and ofwater quality are 
onstants. Equation (22) indi
ates that the evolution of the 
urrent-valueshadow pri
e for water quantity depends on the impa
t of water quantity on the followers'
ost fun
tions and on water quality.Following Do
kner et al. [3℄, there are also a series of "spe
ial 
onditions":

∫ T

0

∂Hl

∂τ
dt = 0 ⇒

∫ T

0
[ν(t)

∂Ẏ

∂τ
−

∑

i

ξi(t)]dt = 0 (24)
∫ T

0

∂Hl

∂φ
dt = 0 ⇒

∫ T

0
[ν(t)

∂Ẏ

∂φ
−

∑

i

ωi(t)]dt = 0 (25)
∫ T

0

∂Hl

∂θ
dt = 0 ⇒

∫ T

0
[κ(t)

∂Q̇

∂θ
+ ν(t)

∂Ẏ

∂θ
]dt = 0. (26)Equations (24) and (25) state that the impa
t of the tax poli
y (τ and φ respe
tively) onthe evolution of the budget should be balan
ed with the value that this 
onstraint imposeson the follower (the sum of the state ajoint variables), over the 
onsidered time period.Equation (26) says that the impa
t of the subsidy (θ) on the evolution of the budget, invalue terms, should be balan
ed with its impa
t on water quality, over the 
onsidered timeperiod. 8



4 A simple example4.1 AssumptionsWe illustrate in this se
tion the type of insight that 
an be obtained using our model. Tokeep things as simple as possible, we assume two identi
al players. The agri
ultural pro-du
tion fun
tion is linear in inputs and the produ
tion 
ost fun
tions are linear-quadrati
with respe
t to inputs.
yi = Agiγi, (27)

ci,g = Z − CG(t) + Egi +
Mg2i
2

, (28)
ci,γ = Lγi +

Kγ2i
2

. (29)The investment 
ost fun
tion is supposed to be linear:
cθ = Dθ. (30)We also need to verify: gi(t) ≥ 0 and G(t) ≥ 0.Further, we suppose that the planning horizon is su�
iently short, e.g. T 
orresponds toa �s
al year, or 12 months, and hen
e we set ρ = 0. Other parameter values are:

pi = 6, Ai = 0.8,M,K,Z = 1, C = 0.02, E = 0.2, L = 2,D = 1000, r = 0.05, u = −0.0001, δ = 0.8and for the sto
ks:
G0 = 100, αG = 0.95, hen
e with a binding 
onstraint: G12 = 95,

Q0 = 7, αQ ≈ 0, 79 su
h that, with a binding 
onstraint: Q12 = 5.5,

Y 0 = 1, and Y 12 = 0.4.2 ResultsFigure (1) represents water quantity and quality as they are 
hosen by the follower, withoutany poli
y intervention by the Water Agen
y. In our 
ase, the follower depletes the quantityto a level of G(T ) = 90 and drives quality down to Q(T ) = 4.79. Assume that water thenis polluted.By the end of the year, the Water Agen
y wishes to rea
h a water level of G(T ) = 95and wishes to have a better water quality, let's say Q(T ) = 5.5. After following theSta
kelberg game, we 
an de�ne the optimal instruments. Quite surprisingly, the optimalpoli
y-mix 
onsists in input subsidies, rather than taxes. The Water Agen
y should seta 
onstant subsidy on water withdrawals φ̂ = −0.15, a 
onstant subsidy on fertilizer use,
τ̂ = −0.96. The intervention on green manure is zero10.10This is not surprising as in our example, the 
ost of intervention is set to be extremely high.9



Figure 1: Water quantity, G(t) and Water quality Q(t) 
hosen by the follower, withoutpoli
y intervention.To explain the fa
t that optimal poli
ies are input subsidies, rather than taxes, we mayanalyse the form of the optimal input variables g̃(t) and γ̃(t). We have:
γ̃i(t) =

piAi − L− τ

K
. (31)Optimal fertilizer use depends positively on output pri
es, pi and produ
tion e�
ien
y, Aiand negatively on fertlizer 
osts, L and K, and fertilizer taxes, τ . To redu
e fertilizer use,

τ should be positive, all other variables being equal. Yet, this is not the 
ase. In addition,water input depends positively on τ . It is given by the following equation:
g̃i(t) =

piAi(L+ τ) + λi(t)K +EK + φK

p2iA
2
i −MK

, (32)with
λ̃i(t) = −Ct+ λ0.Positive τ would in
rease water withdrawals, all other variables being equal. In our exam-ple, the optimal value of τ should allow g̃(t) to de
rease. But de
reasing water 
onsumptionalso de
reases produ
tion 
osts and the value of produ
tion, the other variable in g̃(t), et
.The 
hoi
e of the optimal poli
y instrument is hen
e not straightforward.Figures (2) and (3) show that after implementing the above optimal 
onstant poli
yinstruments, the quantity and quality targets are met. The follower now depletes less thegroundwater sto
k (red line below bla
k line in �gure (2)) and he pollutes less, that is10



Figure 2: Optimal water sto
k, G(t), before (bla
k, below) and after (red, above) poli
yintervention

Figure 3: Optimal water quality, Q(t), before (bla
k, below) and after (red, above) poli
yintervention 11



Figure 4: Optimal input use before poli
y intervention (bla
k, above) and after poli
yintervention (red, below). Left-hand side: water use, g(t). Right-hand side: fertilizer use,
γ(t).

Figure 5: Evolution of optimal budget,Y (t) initial and end values are given.
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quality is always higher (red line above bla
k line in �gure (3)).In line with previous results, �gure (4) shows that the follower uses less inputs overtime, after the poli
y intervention. The left-hand side shows the optimal evolution ofwater inputs, the right-hand side the optimal evolution of fertilizer inputs. Before poli
yintervention, water input use started at a level of g = 0.45, after poli
y intervention, itstarts at a level of g = 0.15. Likewise, fertilizer use started at a level of 0.45 before poli
yintervention, and g = 0.24 after poli
y intervention. Input-use over time is de
reasing.We 
an also 
ompute total gains for the followers, over the �s
al year (that is from t = 0to T = 12). In absen
e of the optimal poli
y instruments, both followers earn: πi = 19.21.After implementation of the optimal poli
y instruments, the followers earn πi = 16.37. Thesubsidy is thus not su�
ient to 
ompensate the forgone produ
tion earnings, as fertilizerand water use have to be redu
ed. Finally, we 
an 
on�rm that the Water Agen
y's budget
onstraint holds: it starts in Y 0 = 1 and ends in Y (T ) = 0 (see �gure (5)). The budget isin equilibrium.5 Con
luding remarksWe have 
onstru
ted a model of groundwater management in whi
h a group of farmersoverexploits a groundwater sto
k and 
auses ex
essive pollution, by using too mu
h irriga-tion water and fertilizer. We have shown that there exists a set of 
onstant poli
ies whi
hthe regulator 
an impose, in order to bring the water resour
e ba
k to a given quantiy andquality level. To �nd the optimal poli
y-mix, we have 
onstru
ted a linear-state open-loopSta
kelberg game, whi
h is equivalent to a feedba
k Sta
kelberg game. We have shownthat, in addition to the usual �rst order 
onditions, we need some spe
ial 
onditions toa

ount for the realism that the Water Agen
y 
an only impose 
onstant poli
ies.In further work, it would be interesting to 
ompare our solution to a so
ial optimalsolution in whi
h taxation is dynami
. We 
ould in parti
ular explain the link between the
onstant optimal poli
ies and the dynami
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