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Parametric inference for discretely observed diffusion processes

Settle the context

Classical SIR Epidemics S.D.E.

ds: = —Astiedt + \/’Jix/kstitdBl(t)
pop
dit = ()\stit = ’ylt)dt = \/%'\/ )\StitdBl(t) + \/%\/’}’itdBQ(t)
pop pop

Specificity : Multidimensionnal process, small diffusion coefficient, parameters (), )
both in drift and diffusion function, (few observations available)

Theoretical Context
o dX§ = b(a, X§)dt + ea(B, Xf)dBe, Xo = xo € RP
o Discrete observation : X{ at times t, = kA on a fixed interval [0, T] (T = nA)
e o(B,x) € Mp(R), b(ar, x) € RP, ¥ (3, x) = a(8, x) 'o(3, x) invertible.

Existing results : Maximum Contrast Estimators for high frequency data (linking € and

n)
(Sgrensen-Uchida Bernoulli 2003) i — 0, =L bounded
1

evn
(Gloter Sgrensen S.P.A. 2009) 3p > 0, bounded, for a class of contrast processes
depending on p

enP
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Parametric inference for discretely observed diffusion processes

Main idea of our inference approach (extension of Genon-Catalot(90))

Taylor's stochastic expansion formula (Azencott (82),Wentzell-Freidlin(79))
X{ = xa(t) + €ga,p(t) + ezfo’B(t)
where x.(t) is the deterministic solution % = b(a, xa(t)), x(0) = xp € RP,
dga,5(t) = %(m Xa(t))8a,p(t)dt + (B, Xa(t))dBt, ga,3(0) = Ore

and R;ﬁ satisfies

sup {||eRS 5(t — 0, E||RS 5(t+ h) — RS 5(t)|1?| < Ch.
e RS O} = 0, E[IRS (e + 1) = RS (0]

v

o Compute the likelihood of the Gaussian process Y = xa(t) + €ga,g(t)

o Derive a Contrast process for X{ from it.
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Parametric inference for discretely observed diffusion processes

Properties of g, 3

&, the Resolvent matrix of the linearized ODE

Let &, be the invertible matrix solution of
9Oa (£, t9) = 28(a, xa(£))Pal(t, to),
with & (to, to) = Ip.

| A

Properties of g,

® g, is a Gaussian process for which we can obtain the analytic expression.
® ga,5(tk) = Pa(te, tk—1)8a,s(tk-1) + VAZZ’
° Z;:”q are independent /\/'(0751‘(“‘9) variables.

a,B 1 tk t,
o 5= 1 / Bo(tr, $)Z(Bs xa(5)) Par (8, 5)ds

t_1
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Param. nference for discretely observed diffusion processes

Likelihood of the Gaussian process and consequences of the approach

log-likelihood of the Gaussian process Y

Lae(o,8) = 62Zlog [det (Sfﬂ)]
k=1
+ A>T N(a)(Sg7) T N (@)
k=1
with Ni(a) = Yy — xa(tk) — ®alty, th—1) [Yt,(_1 = Xa(tk—l)] .

Define MLE estimators

(&€,A7B€,A) = argmin UA,e (O‘MB)
(a,8)€0

Remark on low frequency data

A (and n) is fixed : no asymptotic result on /35,A
= Adaptation needed

Romain GUY?:2 with C. Laredo!'2 and E. Vergul



Parametric inference for discretely observed diffusion processes

Construct the contrast for low frequency data (A and n fixed)

Contrast process for the diffusion Xg (8 unknown)

U. () =

Define MCE estimator _
ae = argmin Ue (o)
(2)€EO
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Parametric inference for discretely observed diffusion processes

Construct the contrast for low frequency data (A and n fixed)

Contrast process for the diffusion Xg (8 unknown)

Uc(a) = W
=1

Define MCE estimator _
ae = argmin Ue (o)
(2)€O
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Parametric inference for discretely observed diffusion processes

Construct the contrast for low frequency data (A and n fixed)

Contrast process for the diffusion Xg (8 unknown)
b.(a) - w
=il
+ 2D Ni(e) Ni(e)
k=1

with Ni(a) = Xg — Xa(te) — Palti, tk—1) [th,l _Xa(tk—l)] |

Define MCE estimator

ae = argmin U, ()
(2)€O
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Parametric inference for discretely observed diffusion processes

Construct the contrast for low frequency data (A and n fixed)

Contrast process for the diffusion Xg (8 unknown)
b.(a) - w
=il
A M) N (@)
k=1

with Ni(a) = Xg — Xa(te) — Palti, tk—1) [th,l _Xa(tk—l)] |

Define MCE estimator

ae = argmin U, ()
(2)€O
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Param. nference for discretely observed diffusion processes

Results for low frequ data (A and n fixed)

Contrast process for the diffusion X¢ (8 unknown)

n

e (0 (e dken, mp) = 5 D Mia)Ni(e).
k=1

Results for low frequency data and 3 unknown

| \

Under classical regularity assumptions on b and o,
and identifiability assumption : « # o’ = {3k, 1<k <n, xa(ty) # Xxor(tx)}-

Qe = argmin U. () satisfies
aEBO,

! (@ — a0) — N(0, Jx (e, Bo))

where Ja (o, Bo) do not converges toward /p(co,Bo) as A — 0(the Fisher
Information Matrix) .
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Parametric inference for discretely observed diffusion processes

Additionnal information on 3 for low frequen

In SIR-Epidemics a = (\,v) = 3

Return on the log-likelihood of the Gaussian process Y
o [der (577)]
ezzlog det (S&P
k
k=1
n
A M@ (S ) T Nk (@)
k=1

with Ni(a) = Yy — xa(te) — Palt, tk—1) [Ytk,l = Xa(tk—l)] .

Define MLE estimators

LA,e (aa ﬁ)

(as,AvﬁAe,A) = argmin UA,E (Oé,ﬁ)
(a,8)€0©
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Parametric inference for discretely observed diffusion processes

Additionnal information on 3 for low frequen

In SIR-Epidemics a = (\,v) = 3

Case of useful additionnal information

B=f(a)

v

Return on the log-likelihood of the Gaussian process Y
o [der (577)]
ezzlog det (S&P
k
k=1
n
A M@ (S ) T Nk (@)
k=1

with Ni(a) = Yy — xa(te) — Palt, tk—1) [Ytk,l = Xa(tk—l)] .

Define MLE estimators

LA,e (aa ﬁ)

(as,AvﬁAe,A) = argmin UA,E (Oé,ﬁ)
(a,8)€0©
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Parametric inference for discretely observed diffusion processes

Additionnal information on 3 for low frequen

In SIR-Epidemics a = (\,v) = 3

Case of useful additionnal information

B =f(c)
(8, x) = f(B)xo(x)

v

Return on the log-likelihood of the Gaussian process Y
o [der (577)]
ezzlog det (S&P
k
k=1
n
A M@ (S T Nk(@)
k=1

with Ni(a) = Yy — xa(te) — Palt, tk—1) [Ytk,l = Xa(tk—l)] .

Define MLE estimators

LA,e (aa ﬁ)

(as,AvﬁAe,A) = argmin UA,E (Oé,ﬁ)
(a,8)€0©
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Parametric inference for discretely observed diffusion processes

Additionnal information on 3 for low frequen

In SIR-Epidemics oo = (A\,v) =8

Case of useful additionnal information

/3 =S f(a) a,B _ Za
(8, x) = F(8)o(x) } S =%

Contrast process for the diffusion X§ (with information on 3)

U (@) = &S 5;*]
=1
+ x> Ne(@)(5) T Nk(@)
k=1
with Ni(@) = Xe, — xa(te) — Pa(tes th_1) [xtk*1 _xa(tk,l)] 4

Define MCE estimator .
&e = argmin Uc (o)
(2)€®a
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Parametric inference for discretely observed diffusion processes

Results for low frequency data (A and n fixed)

Contrast with information on 3

n

v

Under the same assumptions (regularity and identifiability)
&e = argmin U, () satisfies
(2)€Ca

! (G — a0) — N0, Ix (a0, Bo))

with /a (a0, Bo) o Ip(c0, Bo)
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Parametric inference for discretely observed diffusion processes

Results for high frequency data (A — 0) (without linking € and n)

Contrast process

Using ||SE‘°’5° — (B0, Xe,_ )l e 0, we consider :

UA,e(av ﬁ))

622":/05 [det (Z(@ Xy_y ))]
k=1

+ x> Ne(@)Z (B, Xey ) Nic(e)
k=1

Asymptotic Normality

Under classical regularity and identifiability assumptions on b and o

(&e.n,Be.n) = argmin Ua . (o, B) satisfies
(or,8)€0

(eze ) a0 (5 i a)

Romain GUY1:2 with C. Laredo!'2 and E. Vergul




Application to Epidemics

Some generalities

Transmissible disease : a world of incomplete and aggregated data
o Date of infection and recovery of an infected individual unknown

o Total Number of new infected cases collected at regular time interval (days or
week)

v

Modelisation : the simpler, the better
M /Npop |~
S — | —=R )
Ethier & Kurtz diffusion approximation
dSt = 7)\Stltdt —+

\/7'\/ )\StltdBl(t)
diz (Aseiy — vig)dt — \/T NS¢ it
Pop

(5) + A= ViedBa(1)
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Application to Epi

Estimation over simulations

Simulations using Matlab

Simulations over 1000 runs of a scenario close to influenza (A = 0.4 daysfl,

v =1/3 days—1, T =50)
Study of different scenarios : Npop € [100;10000], A € [T/10;1; T/100]
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