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Outline

1 Parametric inference for discretely observed di�usion processes

2 Application to Epidemics

Inferen
e for epidemi
 data using diffusion pro
esses with small diffusion 
oeffi
ent
Romain Guy1,2, Catherine Laredo1,2 and Elisabeta Vergu1

1Mathématiques et Informatique Appliquées , INRA, Jouy-en-Josas, Fran
e
2Laboratoire de Probabilités et Modélisation Aléatoire, Université Paris Diderot, Paris, Fran
e

Introdu
tion & Main goal
Epidemi
 data : often partially observed & temporally aggregated → parametri
 inferen
e throughlikelihood-based approa
hes rarely straightforward, whatever the mathemati
al representation used.These last years : development of methods based on data augmentation, able to deal with di�erentpatterns of missingness, but they do not provide systemati
 solutions (limitations due to the amount ofaugmented data & 
omputation times [CF08℄.In this 
ontext : di�usion pro
esses provide a good approximation of epidemi
 dynami
s and, due totheir analyti
al power, allow shedding new light on inferen
e problems of epidemi
 data.We 
onsidered a simpli�ed framework with dis
rete observations on a �xed time interval and low andhigh frequen
y data. Our main goal is to provide good estimators of epidemi
-related parameters.

Context
Epidemi
sNotations
N : population size (supposed large), m : initial number of infe
tives
λ : transmission rate, µ : re
overy rate
S(t), I(t) : numbers of sus
eptibles, infe
teds; s(t) =

S(t)
N , i(t) =

I(t)
N

n : number of observations (generally small)
AssumptionsHomogenous mixing in a 
losed populationDis
rete observations of both S and I on a �xed interval [0, T ], with sampling interval ∆ (T = n∆) (if
∆ → 0, it goes with slow rate)

Simple SIR-like mathemati
al models for epidemi
s and related inferen
eresultsODE model (x(t) = (s(t), i(t)), x(0) = (N−m
N , m

N ))

At ea
h time point, x(t) is solution of: 
ds
dt = −λsi

di
dt = λsi− µiObservations : n, at time points tk = k∆: Xtk = x(tk) + ǫk with ǫk ∼

iid
N
(

0,

(
σ2

1 0

0 σ2
2

)).Asymptoti
s : n →∞Least Square Estimator (LSE) : √n

((
λ̂LSE − λ0
µ̂LSE − µ0

))
−→
n→∞ N

(
0,

(
σ2

1 0

0 σ2
2

))
Markov pure jump pro
ess (Xt = (S(t), I(t)), X0 = (N −m,m))

Exponential holding times and possible transitions : (S, I)
λ
NSI−→ (S−1, I +1) and (S, I)

µI−→ (S, I−1).Observations: the whole sample pathAsymptoti
s : N →∞Maximum Likelihood Estimator (MLE) : λ̂MLE = N
N −m− S(T )∫ T

0 S(t)I(t)dt
, µ̂MLE =

N − S(T )− I(T ))∫ T
0 I(t)dt

,
√

N

((
λ̂MLE − λ0
µ̂MLE − µ0

))
−→

N→∞
N
(

0,

(
V ar(λ0) 0

0 V ar(µ0)

)), with V ar(λ0) and V ar(µ0) expli
it.
Di�usion pro
ess (Xǫ

t = (st, it), X
ǫ
0 = (N−m

N , m
N ))In [EK86℄: 

dst = −λstitdt + 1√
N

√
λstit dB1(t)

dit = (λstit − µit)dt− 1√
N

√
λstit dB1(t) + 1√

N

√
µit dB2(t)

(1)

with B1, B2 two independent Brownian motionsObservations : n, Xǫ
tk
, at tk = k∆, on a �xed interval [0, T ] (T = n∆)Asymptoti
s : let ǫ = 1√

N
, ǫ → 0, where ∆ �xed or ∆ goes to zero slowly.

Inferen
e for di�usion pro
esses with small di�usion
oe�
ient
Existing results for small ǫ[GC90℄ : unidimensional di�usion pro
esses in low frequen
y and high frequen
y with σ(β, x) = 1 and
ǫ
√

n bounded.[SU03℄ : multidimensional di�usion pro
ess in high frequen
y with 1
ǫ
√

n
bounded, and 1

ǫn → 0.[GS09℄ : multidimensional di�usion pro
ess in high frequen
y with 1
ǫnρ bounded where ρ > 0.

Framework: di�usion on Rp

dXǫ
t = b(α,Xǫ

t )dt + ǫσ(β,Xǫ
t )dBt, X0 = x0 ∈ Rp (2)Epidemi
s : α = β

Σ(β, x) = tσ(β, x)σ(β, x), p× p invertible matrix.
xα deterministi
 solution of dxα(t)

dt = b(α, xα(t)), x(0) = x0 ∈ Rp

Φα the invertible matrix solution of dΦα
dt (t, t0) = ∂b

∂x(α, xα(t))Φα(t, t0), Φα(t0, t0) = Ip.Observations: n, Xǫ
t at times tk = k∆ on a �xed interval [0, T ] (T = n∆).Main idea : using Taylor's sto
hasti
 formula [Aze82℄, de�ne the Gaussian pro
ess :

Y ǫ
t = xα(t) + ǫ

∫ t

0
σ(β, xα(s))dBs.Likelihood of the Gaussian ve
tors (Y ǫ

tk
)k∈{1,..,n} de�ne a 
ontrast pro
ess for (Xtk)k∈{1,..,n}:

U∆,ǫ(α, β)) =

n∑
k=1

log
[
det
(
Σ(β,Xtk−1

)
)]

+
1

ǫ2∆

n∑
k=1

tNk(α)Σ−1(β,Xtk−1
)Nk(α)

with Nk(α) = Xtk − xα(tk)− Φα(tk, tk−1)
[
Xtk−1

− xα(tk−1)
]
.

(α̂ǫ,∆, β̂ǫ,∆) = argmin
(α,β)∈Θ

U∆,ǫ (α, β)

(3)

Inferen
e resultsFor high frequen
y data (∆ → 0 ∼ n →∞ )Under 
lassi
al regularity and identi�ability assumptions and ǫ
√

n → 0(
ǫ−1(ᾰǫ,∆ − α0)√

n(β̆ǫ,∆ − β0)

)
−→

n→∞,ǫ→0
N

(
0,

(
I−1
b (α0, β0) 0

0 I−1
σ (α0, β0)

))
.
Ib(α0, β0) optimal and Iσ(α0, β0) the same as in [GS09℄.Consequen
e : for (1) better to estimate (λ, µ) with the drift estimator.

For low frequen
y data (∆ and n �xed), β non identi�ableKnown β
α̂ǫ,∆(β0) = argmin

α∈Θa

U∆,ǫ (α, β0) : ǫ−1
(
α̂ǫ,∆(β0)− α0

) −→
ǫ→0

N (0, I−1
∆ (α0, β0))

I∆(α0, β0) −→
∆→0

Ib(α0, β0)Unknown βFor epidemi
s α = β : 
onsider U∆,ǫ(α, α) and the above result holdsGeneral Case : 
onditional least square-like 
ontrast pro
ess:
Ũǫ,∆

(
α, (Xtk)k∈{1,..,n}

)
=

1

ǫ2

n∑
k=1

tNk(X,α)Nk(X,α) (4)
α̃ǫ,∆ = argmin

α∈Θa

Ũǫ,∆ (α) : ǫ−1
(
α̃ǫ,∆ − α0

) −→
ǫ→0

N (0, J−1
∆ (α0, β0)).

Ba
k to epidemi
s : 
omparison of estimators onsimulated data
Simulated data : epidemi
 traje
tories using the Markov jump pro
ess for di�erent values of N, (λ, µ)and a �xed m

N ratio.Comparison of di�erent estimators:
•Referen
e estimator : (λ̂MLE, µ̂MLE) analyti
ally 
omputed with the whole sample path
•Numeri
al 
omputation (via Matlab fmisear
h fun
tion) of : LSE, [GS09℄(α̂), α̂ǫ,∆ in the spe
ial 
ase

α = β, and α̃ǫ,∆, based on dis
retised data (1 observation/day) realisti
 number of observationsS
enarios Explored : N = {1000, 10000}, λ = {0.4, 2/3}, µ = 1/3, m
N = 1%, (ǫ << 1, ∆ = 1, T ∈

[35, 105])

Simulation results (on 100 runs)For N = 1000, m = 10, λ = 2/3, µ = 1/3, 1 observation/day, n = T = 40 days

Method λ̂ CI95 empiric CI95 theoretical µ̂ CI95 empiric CI95 theoretical
MLE(all data) 0.668 [0.662; 0.674] [0.622; 0.714] 0.335 [0.329; 0.341] [0.317; 0.354]

LSE 0.628 [0.607; 0.648] [0.618; 0.637] 0.312 [0.300; 0.324] [0.301; 0.323]
[GS09](α̂) 0.665 [0.664; 0.666] [0.316; 1.010] 0.335 [0.334; 0.336] [0.165; 0.504]

α̂ǫ,∆(α = β) 0.661 [0.656; 0.668] [0.316; 1.005] 0.340 [0.337; 0.343] [0.170; 0.511]
α̃ǫ,∆ 0.650 [0.647; 0.653] [0.371; 0.929] 0.329 [0.327; 0.331] [0; 0.660]For N = 10000, m = 100, λ = 0.4, µ = 1/3, 1 observation/day, n = T = 105 days

Method λ̂ CI95 empiric CI95 theoretical µ̂ CI95 empiric CI95 theoretical
MLE(all data) 0.399 [0.397; 0.401] [0.386; 0.413] 0.332 [0.332; 0.333] [0.328; 0.335]

LSE 0.381 [0.369; 0.393] [0.379; 0.383] 0.316 [0.306; 0.326] [0.312; 0.321]
[GS09](α̂) 0.389 [0.388; 0.390] [0.244; 0.536] 0.321 [0.320; 0.322] [0.201; 0.441]

α̂ǫ,∆(α = β) 0.389 [0.388; 0.390] [0.243; 0.536] 0.328 [0.326; 0.330] [0.207; 0.448]
α̃ǫ,∆ 0.396 [0.395; 0.397] [0.325; 0.466] 0.331 [0.330; 0.332] [0.279; 0.382]Green : Best pon
tual estimator ( 6= MLE)Blue: C.I. not 
ontaining the true value of the parameter

Perspe
tives
Considering other me
hanisti
 models for epidemi
 spread (SEIR...)Study of integrated and partially observed di�usion model (new infe
ted 
ases reported)A
knowledgments : Partial �nan
ial support for this resear
h was provided by INRA, Cemagref and Basse-Normandie, Bretagne, Pays de le Loire and Poitou-CharentesRegional Coun
ils under SANCRE proje
t, in the framework of "For and About Regional Development" programs.
Referen
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hemez and N. Ferguson. Likelihood-based estimation of 
ontinuous-time epidemi
 models from time-series data: appli
ation to measles transmissioninlondon. J. R. So
. Interfa
e, 2008.[EK86℄ S. N. Ethier and T. G. Kurtz. Markov Pro
esses Chara
terization and 
onvergen
e. Wiley Inters
ien
e, 1986.[GC90℄ V. Genon-Catalot. Maximum 
ontrast estimation for di�usion pro
esses from dis
rete observations. Statisti
s, 1990.[GS09℄ A. Gloter and M. Sorensen. Estimation for sto
hasti
 di�erential equations with a small di�usion 
oe�
ient. Sto
hasti
 Pro
esses and their Appli
ations, 2009.[SU03℄ M. Sorensen and M. U
hida. Small di�usion asymptoti
s for dis
retely sampled sto
hasti
 di�erential equations. Bernoulli, 2003.
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Settle the context

Classical SIR Epidemics S.D.E.

dst = −λst itdt + 1√
Npop

√
λst itdB1(t)

dit = (λst it − γit)dt − 1√
Npop

√
λst itdB1(t) + 1√

Npop

√
γitdB2(t)

Speci�city : Multidimensionnal process, small di�usion coe�cient, parameters (λ, γ)
both in drift and di�usion function, (few observations available)

Theoretical Context

dX εt = b(α,X εt )dt + εσ(β,X εt )dBt , X0 = x0 ∈ Rp

Discrete observation : X εt at times tk = k∆ on a �xed interval [0,T ] (T = n∆)

σ(β, x) ∈ Mp(R), b(α, x) ∈ Rp ,Σ(β, x) = σ(β, x) tσ(β, x) invertible.

Existing results : Maximum Contrast Estimators for high frequency data (linking ε and
n)

(Sørensen-Uchida Bernoulli 2003) 1

εn
→ 0, 1

ε
√
n
bounded

(Gloter Sørensen S.P.A. 2009) ∃ρ > 0, 1

εnρ
bounded, for a class of contrast processes

depending on ρ
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Main idea of our inference approach (extension of Genon-Catalot(90))

Taylor's stochastic expansion formula (Azencott (82),Wentzell-Freidlin(79))

X εt = xα(t) + εgα,β(t) + ε2Rεα,β(t)

where xα(t) is the deterministic solution
dxα(t)
dt

= b(α, xα(t)), x(0) = x0 ∈ Rp ,

dgα,β(t) =
∂b

∂x
(α, xα(t))gα,β(t)dt + σ(β, xα(t))dBt , gα,β(0) = 0Rp

and Rεα,β satis�es

sup
t∈[0,T ]

{‖εRεα,β(t)‖} −→
P,ε→0

0, E
h
‖Rεα,β(t + h)− Rεα,β(t)‖2

i
≤ Ch.

Main Idea

Compute the likelihood of the Gaussian process Y εt = xα(t) + εgα,β(t)

Derive a Contrast process for X εt from it.
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Properties of gα,β

Φα the Resolvent matrix of the linearized ODE

Let Φα be the invertible matrix solution of
dΦα
dt

(t, t0) = ∂b
∂x

(α, xα(t))Φα(t, t0),
with Φα(t0, t0) = Ip .

Properties of gα,β

gα,β is a Gaussian process for which we can obtain the analytic expression.

gα,β(tk) = Φα(tk , tk−1)gα,β(tk−1) +
√

∆Z
α,β
k

Z
α,β
k

are independent N
“
0, Sα,β

k

”
variables.

S
α,β
k

= 1

∆

Z tk

tk−1

Φα(tk , s)Σ(β, xα(s)) tΦα(tk , s)ds
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Likelihood of the Gaussian process and consequences of the approach

log-likelihood of the Gaussian process Y εt

L∆,ε (α, β) = ε2
nX

k=1

log
h
det
“
S
α,β
k

”i
+ 1

∆

nX
k=1

tNk(α)(Sα,β
k

)−1Nk(α)

with Nk(α) = Ytk − xα(tk)− Φα(tk , tk−1)
h
Ytk−1 − xα(tk−1)

i
.

De�ne MLE estimators

(α̂ε,∆, β̂ε,∆) = argmin
(α,β)∈Θ

U∆,ε (α, β)

Remark on low frequency data

∆ (and n) is �xed : no asymptotic result on β̂ε,∆
⇒ Adaptation needed
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Construct the contrast for low frequency data (∆ and n �xed)

Contrast process for the di�usion X εt (β unknown)

Ūε (α) =
���������
ε2

nX
k=1

log
h
det
“
S
α,β
k

”i
+ 1

∆

nX
k=1

tNk(α)����
(Sα,β

k
)−1Nk(α)

with Nk(α) = Xtk − xα(tk)− Φα(tk , tk−1)
h
Xtk−1 − xα(tk−1)

i
.

De�ne MCE estimator
ᾱε = argmin

(α)∈Θα

Ūε (α)
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∆
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∆
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Results for low frequency data (∆ and n �xed)

Contrast process for the di�usion X εt (β unknown)

Ūε
`
α, (Xtk )k∈{1,..,n}

´
=

1

∆

nX
k=1

tNk(α)Nk(α).

Results for low frequency data and β unknown

Under classical regularity assumptions on b and σ,
and identi�ability assumption : α 6= α′ ⇒ {∃k, 1 ≤ k ≤ n, xα(tk) 6= xα′ (tk)}.

ᾱε = argmin
α∈Θa

Ūε (α) satis�es

ε−1 (ᾱε − α0) −→
ε→0

N (0, J−1∆ (α0, β0))

where J∆(α0, β0) do not converges toward Ib(α0, β0) as ∆→ 0(the Fisher
Information Matrix) .
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Additionnal information on β for low frequency data

In SIR-Epidemics α = (λ, γ) = β

Case of useful additionnal information

β = f (α)
Σ(β, x) = f (β)Σ0(x)

Return on the log-likelihood of the Gaussian process Y εt

L∆,ε (α, β) = ε2
nX

k=1

log
h
det
“
S
α,β
k

”i
+ 1

∆

nX
k=1

tNk(α)(Sα,β
k

)−1Nk(α)

with Nk(α) = Ytk − xα(tk)− Φα(tk , tk−1)
h
Ytk−1 − xα(tk−1)

i
.

De�ne MLE estimators

(α̂ε,∆, β̂ε,∆) = argmin
(α,β)∈Θ

U∆,ε (α, β)
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Additionnal information on β for low frequency data

In SIR-Epidemics α = (λ, γ) = β

Case of useful additionnal information

β = f (α)
Σ(β, x) = f (β)Σ0(x)

ff
S
α,β
k

= S̃α
k

Contrast process for the di�usion X εt (with information on β)

Ũε (α) =
��������
ε2

nX
k=1

log
h
det
“
S̃αk

”i
+ 1

∆

nX
k=1

tNk(α)(S̃αk )−1Nk(α)

with Nk(α) = Xtk − xα(tk)− Φα(tk , tk−1)
h
Xtk−1 − xα(tk−1)

i
.

De�ne MCE estimator
α̃ε = argmin

(α)∈Θa

Ũε (α)
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Results for low frequency data (∆ and n �xed)

Contrast with information on β

Ũε (α) =
1

∆

nX
k=1

tNk(α)(S̃αk )−1Nk(α)

Results

Under the same assumptions (regularity and identi�ability)
α̃ε = argmin

(α)∈Θa

Ũε (α) satis�es

ε−1 (α̃ε − α0) −→
ε→0

N (0, I−1∆ (α0, β0))

with I∆(α0, β0) −→
∆→0

Ib(α0, β0)
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Results for high frequency data (∆→ 0) (without linking ε and n)

Contrast process

Using ‖Sα0,β0
k

− Σ(β0,Xtk−1 )‖ −→
ε,∆→0

0, we consider :

Ǔ∆,ε(α, β)) = ε2
nX

k=1

log
h
det
“

Σ(β,Xtk−1 )
”i

+ 1

∆

nX
k=1

tNk(α)Σ−1(β,Xtk−1 )Nk(α)

Asymptotic Normality

Under classical regularity and identi�ability assumptions on b and σ
(α̌ε,∆, β̌ε,∆) = argmin

(α,β)∈Θ
Ǔ∆,ε (α, β) satis�es

„
ε−1( ˇαε,∆ − α0)√
n( ˇβε,∆ − β0)

«
−→

n→∞,ε→0

N

„
0,

„
I−1
b

(α0, β0) 0

0 I−1σ (α0, β0)

««
.
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Some generalities

Transmissible disease : a world of incomplete and aggregated data

Date of infection and recovery of an infected individual unknown

Total Number of new infected cases collected at regular time interval (days or
week)

Modelisation : the simpler, the better

S
λI/Npop→ I

γ→ R

Ethier & Kurtz di�usion approximation

dst = −λst itdt + 1√
Npop

√
λst itdB1(t)

dit = (λst it − γit)dt − 1√
Npop

√
λst itdB1(t) + 1√

Npop

√
γitdB2(t)
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Estimation over simulations

Simulations using Matlab

Simulations over 1000 runs of a scenario close to in�uenza (λ = 0.4 days−1,
γ = 1/3 days−1, T = 50)
Study of di�erent scenarios : Npop ∈ [100; 10000], ∆ ∈ [T/10; 1;T/100]
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