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Introduction

Mixed Multi-Nomial Logit (or Mixed Logit for short) models are highly ßexible discrete choice
models that have been developed to allow for unobserved heterogeneity in taste parameters and to
generate unrestricted substitution patterns.1 Basically, they have the form of a standard MultiNomial Logit (MNL) model, where choices are explained by projecting consumer preferences onto
a set of attributes describing the available options. However, in contrast to MNL models whose
parameters do not vary across individuals, their parameters are allowed to vary randomly in the
population according to a given distribution. Though Mixed Logit models have been known for
quite a long time, they have been more extensively used in empirical work over the last decade
only, thanks to the advent of simulation techniques and to faster computers which have eased the
burden of estimation (due to high dimensional integrals appearing in choice probabilities). They
have been proved an attractive tool for addressing economic questions such as the measurement
of market power, the identiÞcation of the nature of competition, the simulation of the impact of
a new product introduction or a new pricing strategy (see Dubé et al. 2002).
Applications of Mixed Logit models can be distinguished according to the type of data used
for estimation. In economics, most applications rely on data that are either aggregated at the
market level (at least to some extent) or collected through stated choice experiments. Market
level data can mainly be found in the recent empirical industrial organization literature, including
Berry et al. (1995) for the automobile industry, Nevo (2001) for the ready-to-eat cereal industry,
Davis (2006) for movie theatres, to name a few. In many respects, the methodology required to
estimate Mixed Logit models on aggregate data is quite diﬀerent from the one that has to be
implemented in the case of individual data (for an overview, see Nevo 2000). The latter being
the focus of the paper, market level data are not discussed further on in what follows.
Stated choice data are individual data generated through experimental designs. Preferences
are recovered by constructing hypothetical choice situations, where each situation consists of more
than two options from which a respondent is asked to choose. Examples of papers using stated
choice data to estimate a Mixed Logit model are Brownstone and Train (1998) on alternativefuel vehicles, Revelt and Train (1998) on appliance eﬃciency level, or Rigby and Burton (2005)
on genetically modiÞed food. A major advantage of these data is that they contain suﬃcient
variations in the attributes of the options over experiments and/or respondents to guarantee the
identiÞcation of the underlying preference parameters. A well-known shortcoming however is
that they are based on choice situations that are hypothetical, the respondent facing none of the
constraints he would face in a real-life situation.2
1 McFadden

and Train (2000) show, under some mild regularity conditions, that any discrete choice model

derived from random utility maximisation has choice probabilities that can be approximated arbitrarily closely
by a Mixed Logit model.
2 Constructing stated preference experiments from choices made by respondents in real preference settings can
nevertheless enhance their realism (see Hensher and Greene 2003, Train and Wilson 2008, and references therein).
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Individual data, or more precisely household data, gathered from the observation of real
choice situations have also been considered in applications of Mixed Logit models: many in
marketing (Allenby et al. 1998, Allenby and Lenk 1995, and Allenby and Rossi 1999 on ketchup,
tuna and detergents), and some in economics (Bonnet and Simioni 2001 on camembert, Bjørner
et al. 2004 on toilet paper, paper towels and detergents, or Athey and Imbens 2007 on yogurt).
Such revealed choice (or survey) data provide information on the choices made by individuals in
actual situations, such as the choice of a brand in a store under a budget constraint for example.
However, the richness of the information they provide, in terms of variability, is generally lower
than in stated choice data. In particular, revealed choice data raise a number of issues related
both to the set of options faced by an individual at the time of his choice and to the variations
in the attributes of the options. A good illustration of these issues can be given by considering
the case of a scanner-based consumer survey.
Typically, a consumer scanner dataset provides, for each purchased product, information
on the unit price and some characteristics of the chosen brand. However, it does not give any
information on the brands that were on the shelves at the same time but that were not purchased.
In other words, the consumer’s choice set is unknown. It may also vary over time, as new brands
may emerge while others may be removed from the market, and it may vary across stores, as
some brands may be found almost everywhere while others may only be available in one chain of
supermarkets (store or retailer brands). To get round that Þrst issue, most papers suppose that
the set of brands faced by an individual at the time of his choice is composed of all the brands that
were purchased (and registered in the data) in the same week in the same chain of stores. This
is for instance the assumption retained in the three applications mentioned above. These papers
slightly diﬀer in the estimation strategy though. Bonnet and Simioni (2001) estimate the model
for each store separately, hence constraining the choice set to be identical for all individuals in a
given week and, therefore, to vary merely over weeks. In contrast, Athey and Imbens (2007) and
Bjørner et al. (2004) estimate the model on the purchases pooled over both weeks and stores, in
order to obtain a choice set that varies not only across time but also across individuals (through
stores).
A second issue is related to the fact that there are many product characteristics that never
change, though the price usually does (due to promotions or store pricing strategy for instance)
and that it might be the case for some other particular attributes (generally considered in the
marketing literature, such as “is on promotion”, “is featured in advertising”, etc.). For a given
option indeed, neither the brand nor the information mentioned on the package or label vary
through time and stores. In many consumer data, the only variations in the choice set that we
can expect to observe are therefore variations from one week to another and/or from one store
to another either in the price of each brand, or in the number of distinct brands constituting the
choice set, that is the set of brands purchased in the same week in the same store by the sampled
individuals, or both.
3

While the number of papers involving the estimation of a Mixed Logit model is constantly
increasing, identiÞcation issues have largely been overlooked in the literature. On the theoretical
side, no formal proof or rule of identiÞcation has been given until very recently. Walker (2002)
and Walker et al. (2007) establish rules that can be applied before estimation, looking at the
covariance matrix of utility diﬀerences, and using a new equality condition, in addition to the
standard order and rank conditions, to determine theoretical identiÞcation. Bajari et al. (2007)
are the Þrst to provide a theoretical proof showing that the random coeﬃcients in a Mixed Logit
model are nonparametrically identiÞed. Their result however requires all characteristics to be
continuous: the characteristics only need to vary locally but cannot be discrete. Furthermore,
the set of alternatives they consider varies across all observations (as in stated choice data), and
they do not show how their result would be aﬀected if that assumption was released.
On the empirical side, several papers by Walker (2002), Hensher and Greene (2003), Walker
et al. (2007), Chiou and Walker (2007), and Cherchi and Ortúzar (2008) focus on identiÞcation
“in practice”, arguing that even when a model is shown to be theoretically identiÞed (through a
mathematical result), it may not be empirically identiÞed. All agree that empirical identiÞcation
of Mixed Logit models relies on the richness of the data in terms of variations in the explanatory
variables, and that care must be taken about asking more from the data than they can actually
provide. In most revealed choice data yet, variations are by construction much less important
than in stated choice data, where choice situations are voluntarily designed to diﬀer one another
as much as possible (Sándor and Wedel 2002), considering various sets of options and various
combinations of attributes for diﬀerent situations and diﬀerent individuals. Whether variations
found in typical survey data are suﬃcient to empirically identify a Mixed Logit model is the
point that we want to address in this paper.
From a methodological point of view, our paper is entirely based on Monte Carlo simulations
and, in that respect, is closely connected to those by Chiou and Walker (2007), and especially
Cherchi and Ortúzar (2008).3 Chiou and Walker (2007) use both actual and synthetic datasets
to show how simulation methods can mask identiÞcation problems in the estimation of discrete
choice models such as Mixed Logits, which may then appear as identiÞed even though they are
theoretically unidentiÞed. Cherchi and Ortúzar (2008) investigate the eﬀect of data information
richness on empirical identiÞcation of Mixed (binomial) Logit models. Focusing on continuous
characteristics and choice sets varying over all observations, they Þnd that the richness of the
data does matter and, in particular, that identiÞcation problems arise when the characteristic
associated to the random parameter has a low variability between alternatives. They also show
that observing more than one choice per individual (panel data) makes empirical identiÞcation
easier and strongly reduces the eﬀect of sample size.
3 See

also Andrews and Currim (2005) who conduct an extensive simulation experiment to investigate how

scanner data preparation strategies (data pruning and entity aggregation) can impact Mixed Logit estimates of
price and promotion responses.
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In the present paper, Monte Carlo experiments are used to answer another set of questions,
though some are similar, all related to variations that may be observed (or not) in the choice
set from one consumer to another and/or from one period to another: can we identify a Mixed
(multinomial) Logit model when the choices recorded in the data are made by individuals all
facing a same set of alternatives or do we need this set to be diﬀerent across periods and/or, to
some extent, across individuals? Basically, each experiment considers a set of ten alternatives all
diﬀerentiated by two characteristics: one is represented by a continuous variable, taking diﬀerent
values for diﬀerent options (a price for example), and the other by a discrete (binary) variable,
equal to one for a subset of options and to zero for the complement (organic or not, sugar-free or
not, etc.). For a given option, the binary attribute is designed in all experiments to be the same
for all consumers in all choice situations; in contrast, the continuous attribute may or may not,
depending on the experiment, diﬀer across individuals, choice situations, or both. Similarly, the
number of alternatives in the choice set is also allowed to vary (or not) across consumers and/or
choice situations. The impact of these variations, in the continuous variable and in the number
of options, on empirical identiÞcation is then investigated.
The paper is organised as follows. Mixed Logit models, together with the main identiÞcation
issues related to their estimation by simulation methods, are presented in section 2. Section 3
describes the Monte Carlo design. Section 4 reports the results and discusses their implications
for real consumer data. Section 5 concludes.

2

Mixed Logit Models

Denote Jit the choice set faced by consumer i = 1, ..., N in choice situation t = 1, ..., T . A choice
situation here can refer to a time period, a market, the combination of the two, or a situation in
a stated choice experiment. Let xijt be the vector of characteristics, price included, observable
by the econometrician and describing the alternative j ∈ Jit . Each choice set contains an outside
(or no purchase) option, denoted j = 0 by convention and whose observed attributes are all
set to zero. Assuming linearity in its arguments, the utility that individual i obtains from the
consumption of one unit of j in period t can be written as
uijt = β 0i xijt + εijt ,

(2.1)

where β i is the vector gathering together the tastes of consumer i for each observed characteristic,
and εijt an error term representing his unobserved (by the econometrician) idiosyncratic taste for
alternative j in choice situation t, which is assumed to be zero mean and independent from the
attributes of j. The tastes for the observed characteristics are supposed to vary in the population
in the following way
β i = β + Σν i ,
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(2.2)

where β is the vector of average tastes in the population, ν i the vector of unobserved tastes of
consumer i, and Σ a diagonal matrix of parameters, denoted σ and interpreted as deviations
from average tastes.4
DeÞne yijt an indicator variable equal to 1 if individual i chooses alternative j at time t and
to 0 otherwise. Each consumer being supposed to choose the option that maximises his utility
and further assuming that ties occur with zero probability, the choice criterion is
yijt

= 1 if uijt > uikt

∀j 6= k,

= 0 otherwise.
Response probabilities are then obtained by summing the choices implied by the individual utility
model on the distribution in the population of interest of the consumers’ unobserved tastes, ν i
and εijt . Suppose that ν i and εijt are independent, that εijt is i.i.d. with a type I extreme
value distribution, and that the elements of ν i are independently and normally distributed with
zero mean and unit variance. Under the additional assumption that consumer’s heterogeneity
enters the utility function only through the additive error term εijt , that is ν i = 0, the model
reduces to the standard MNL model. Although the MNL model is very attractive because of
its extreme tractability, it restricts substitution patterns in an unreasonable fashion. Indeed, it
is well-known that the MNL model satisÞes the Independence of Irrelevant Alternatives (IIA)
property, which states that the ratio of choice probabilities for any pair of options is independent
from the existence and characteristics of all other options. In other words, introducing a new
alternative or modifying the attributes of an existing alternative will change the probabilities of
all other options proportionately, keeping the ratios of choice probabilities unchanged.
Consider the hypothetical situation where ν i would be diﬀerent from zero but observed. In
this case, the above model would simply reduce to the MNL formulation with choice probabilities
given by
Λ(yijt = 1 | xijt , ν i ; θ) =

0

1+

P

exp(β xijt + ν 0i Σxijt )

k∈Jit ,k6=0 exp(β

0

xikt + ν 0i Σxikt )

,

(2.3)

where θ = vec(β, diag(Σ)) is the vector of parameters to be estimated, Λ(yijt = 1 | xijt , ν i ; θ) is
the probability that alternative j is chosen by individual i at time t conditional on xijt , ν i and
θ, and the utility derived from the consumption of the outside alternative is normalised to zero.
Since ν i is not observed, the probability unconditional on ν i is
Z
P (yijt = 1 | xijt ; θ) = Λ(yijt = 1 | xijt , ν i ; θ)f (ν i )dν i ,

(2.4)

ν

where f(ν i ) is the joint density function of ν i , which by assumption is the product of standard
univariate normal densities. Given that each component of ν i adds a dimension to the integral
and that there may be as many components as there are characteristics, it is not possible to
compute (2.4) by integrating out over ν i analytically.
4 Tastes

for characteristics are thus orthogonal one another. This assumption is made to keep the analysis as

simple as possible, and correlations could have been considered using a nondiagonal Σ matrix.
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Simulation techniques that enable the approximation of high dimensional integrals have to be
used. The most common consists in replacing the choice probability by the following unbiased,
smooth and tractable simulator
S
1X
Pe(yijt = 1 | xijt ; θ) =
Λ(yijt = 1 | xijt , ν is ; θ),
S s=1

(2.5)

where ν is denotes the s-th draw from the distribution of ν i . Halton draws are generally preferred
to pseudo-random draws as they are known to be more eﬃcient (see Train 1999). Besides, as
recommended by McFadden and Train (2000), these draws must be kept Þxed during the iterative
process that adjust θ. The simulated log-likelihood function can then be written as
e
L(θ)
=

N X
T X
X

i=1 t=1 j∈Jit

yijt ln Pe(yijt = 1 | xijt ; θ).

(2.6)

Unfortunately, a particular feature of (simulated) log-likelihood functions for Mixed Logit models
is that they are not as well-behaved as those for standard MNL models: they are not globally
concave and exhibit biases when too low numbers of draws are used in the simulator (Chiou and
Walker 2007). The main identiÞcation issues pointed out in the literature are often related to
that feature.
As pointed out by Walker (2002), most statistical software packages do not report when a
model is not identiÞed, because of poor optimisation routine, bad starting values, or too few
draws used to simulate probabilities. Results from the estimation of unidentiÞed models are thus
unknowingly reported in the literature and used in applications and textbooks (see the couple of
examples given in Walker 2002). Yet, there are clues of identiÞcation problems: large standard
errors indicating a near singular hessian, instability in parameter (and standard error) estimates
when diﬀerent starting values are used in the optimisation process or when the number of draws
considered in the simulator is increased. According to Chiou and Walker (2007), the number
of draws revealing the identiÞcation issue depends on the data, model, and type of draws, and
there is no general “rule of thumb” to determine what would constitute a high or low number of
draws. These authors distinguish between two types of identiÞcation problems: (1) theoretical
unidentiÞcation, when the model cannot be correctly estimated in principle (regardless the data
at hand), usually because it counts too many parameters, and (2) empirical unidentiÞcation,
when the data cannot support the model even if the model is estimable in principle. In the
Þrst situation, they show that low numbers of draws can mask identiÞcation issues, which means
that a model that is not theoretically identiÞed can appear to result in identiÞed estimates at
low numbers of draws.5 Regarding the second situation, they show that when the number of
draws is used to estimate an unidentiÞed model is large enough, the ßatness of the likelihood
5 The

fact that identiÞcation problems only appear with a suﬃcient number of draws is conÞrmed by Cherchi

and Ortúzar (2008): for alternatives showing a low variability in their characteristics, estimates are unstable and,
depending on the initial seed used to generate the data, the model cannot be estimated unless very frew draws
are used.
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function is revealed and results either in exploding parameter estimates or in a singular hessian;
conversely, when insuﬃcient draws are used, the simulated likelihood function exhibits local
concavity, thereby masking identiÞcation issues and producing misleading results.
The present paper is part of this literature. Focusing on empirical identiÞcation, it builds on
Monte Carlo results to provide guidelines about the features the data need to have, in terms of
variations in the choice set, to be able to support the estimation of a Mixed Logit model.

3

Monte Carlo Design

A series of 48 experiments is conducted. All experiments enter the following framework: 1000
Monte Carlo replications, 2000 simulated individuals per replication, 5 choice situations per
individual, at most 10 options per choice situation, options are diﬀerentiated by 2 characteristics
and 100 Halton draws are used to approximate choice probabilities;6 they diﬀer one another by
the nature of the variables random coeﬃcients are applied to and the type of variations observed
in the choice set.
SpeciÞcally, in all experiments, ten alternatives, including an outside option, are constructed
from two attributes, represented by a continuous variable (a price in logarithm for instance) and
a discrete (binary) variable. These variables are drawn independently, respectively from a normal
distribution with zero mean and unit variance,7 and from a uniform distribution rounded to the
nearest integer in order to equal either 0 or 1 (values taken by both characteristics are set to
zero for the outside option). As the resulting variables are common to all experiments, they are
drawn only once. Below, we Þrst describe the aspects of the design that vary between but not
within experiments and then those that vary with each Monte Carlo replication.
Choice sets are deÞned at the beginning of each experiment and are maintained Þxed all
along. Two distinct sources of variations in the choice set are investigated: (a) variations in the
continuous characteristic of the alternatives, and (b) variations in the number of alternatives.8
Combined, they lead to four choice set conÞgurations that, for convenience, we denote (a, b),
where a and b equal one if the corresponding source of variations is found in the choice set and
zero otherwise. As variations can occur both across choice situations (data with repeated choices)
and across individuals (stated choice data and, to some extent, survey data where individuals
belong to diﬀerent markets, stores, etc.), the four conÞgurations may be observed in those two
dimensions. Let t(a, b) and i(a, b) indicate that the variations implied by conÞguration (a, b) are
observed in the choice situation and individual dimensions, respectively. Then, it is possible to
deÞne 16 diﬀerent choice sets, which can be represented in a table with variations across choice
situations in rows and variations across individuals in columns (see table 3 below).
6 These

common values were chosen on the basis of preliminary results detailed in the next section.
from a normal distribution with non-zero mean does not aﬀect the results.
8 We do not consider variations in the discrete characteristic, given that the usual information it provides on a
7 Drawing

product does not vary (brand name, quality label, sugar- or fat-free, etc.).
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In the four choice sets appearing in the Þrst row, t(0, 0), there is no variation across choice
situations: the characteristics and the number of alternatives faced by a given individual are
identical from one period to another. Hence, each consumer faces a single and same choice set
in all choice situations, and chooses the same option since his preferences are not supposed to
change through time; this is equivalent to a setting where consumers are observed only once
(cross-section framework). In the Þrst of these Þrst-row choice sets, in column i(0, 0), there is
no individual variation either: it can be seen as a “universal” conÞguration where the same ten
options are proposed to all consumers in all choice situations. The second choice set, in column
i(1, 0), still consists of ten alternatives for all consumers but, except the outside option, their
continuous attribute now diﬀer across individuals (but not across periods). In other words, all
individuals are confronted with ten options, but there are not two of them who face the same
ten; think of the same ten yogurts diﬀerently priced for each consumer. In the third choice set,
in column i(0, 1), there is no variation in the characteristics of the alternatives, but the number
of alternatives diﬀers from one consumer to another; it does not vary through time. For each
individual, we randomly draw a subset of options to be faced (from two to ten elements, the
outside and Þrst inside options being always included) from the Þrst (universal) conÞguration;
on average, consumers face six alternatives per choice situation, with a standard deviation of
1.4. Finally, the fourth choice set, in column i (1, 1), is identical to the third except that the
continuous attribute also varies across individuals (as in the second choice set).
The last three rows of the table introduce variations across choice situations in addition to
variations across consumers: the continuous characteristic in row t(1, 0), the number of options
in row t(0, 1), and both in row t(1, 1), vary from one period to another; an individual may then
choose diﬀerent alternatives in diﬀerent choice situations (panel framework). For example, the
four choice sets in column i(0, 0) do not allow any variation across consumers; in this setting,
variations are only observed from one choice situation to another, in the continuous attribute
in rows t(1, 0) and t(1, 1), or in the number of options in rows t(0, 1) and t(1, 1). At the other
extremity, conÞgurations in column i(1, 1) allow individual variations in both the continuous
characteristic and the number of alternatives. The choice set in row t(1, 0) adds variations across
choice situations in the continuous attribute; in row t(0, 1), the continuous attribute does not
vary across periods, but the number of options does; eventually, row t(1, 1) denotes a choice set
where the two types of variations are present in both individual and choice situation dimensions.
As we mentioned above, although all consumers face the same number of choice situations in all
experiments, conÞgurations in the Þrst row are equivalent to a cross-section framework whereas
those in the last three correspond to a balanced panel framework. These two data structures
are distinguished in order to see to what extent observing more than one choice per individual
is helpful to recover preference parameters.

9

Table 1 presents some simple descriptive statistics on the alternatives in the diﬀerent choice
set conÞgurations. In table 1a, the binary variable indicating whether the discrete characteristic
is exhibited or not by an option equals one for six options out of ten; this variable is common to
all individuals and all choice situations. Similarly, in the Þrst column, the continuous variable of
a given alternative does not vary either (it takes only one value), but it does more and more when
shifting to the right of the table, varying Þrst with t (5 values), then with i (2000 values), and
Þnally with both t and i (10000 values). In column (2), the mean (standard deviation) of the Þve
values drawn per option ranges from −0.366 (0.564) for option 2 to 0.719 (1.961) for option 5.
Of course, the variable being drawn from a standard normal distribution, its mean and standard
deviation tend towards zero and one, respectively, as the number of values it takes increases (see
columns (3) and (4)). The magnitude of the simulated standard deviations is fairly comparable
to what can be found in real consumer data. For instance, on average, price standard deviations
are equal to 0.9 and 1.0, depending on the chain of supermarkets, in Bonnet and Simioni (2001),
and to 0.7, 1.1 and 0.4 in Bjørner et al. (2004), depending on the product. The probability of
belonging to the choice set is shown for each alternative in table 1b. It equals one for the Þrst
two options regardless the conÞguration, and for the eight others in the Þrst column. In the last
three columns, these eight other options are included in the choice set with a probability either
ranging from 0.2 to 0.8 (second column), or all approaching 0.5 (third and fourth columns). For
comparison purposes, the probability reported in Athey and Imbens (2007) ranges from 0.11 to
0.88.
[ Table 1 about here ]
The continuous/discrete nature of the characteristic whose coeﬃcient is set to be randomly
distributed is another source of distinction between experiments (and contrasts with Cherchi
and Ortúzar 2008, who only consider continuous characteristics). Three model speciÞcations are
considered: taste heterogeneity is placed on the continuous attribute only (β 1 ), on the discrete
attribute only (β 2 ), and on both. The last speciÞcation in particular may help verify a suggestion
that sometimes can be found in the literature saying, without any further justiÞcation, that it
is conventional wisdom to keep one taste nonrandom for identiÞcation (for example, see Chiou
and Walker 2007).
A sample of 2000 consumers is generated by drawing values of unobservables in the relevant
distributions. Draws are speciÞc to individuals and do not vary over time. The unobserved tastes
for the observed characteristics, ν, are drawn from a standard univariate normal distribution with
zero mean and unit variance, and the unobserved tastes for the alternatives, ε, from a type I
extreme value distribution, drawing a vector, η, from the uniform distribution and applying the
transformation ε = − ln(− ln(η)). Given these unobservables, we compute the utility that each

consumer gets from each option using (2.1), setting β = (−0.2, 0.5)0 and all diagonal elements
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of Σ to 0.3,9 and we assign to each individual the option that gives him the highest satisfaction.
The Monte Carlo draw-speciÞc dataset is then complete and can be used to estimate the Mixed
Logit model. Operations from the draw of unobservables to the estimation are repeated 1000
times in each experiment.10

4

Simulation results

Before turning to simulation results, let us brießy explain how were determined the values that
are common to all experiments. During the whole process, we concentrated on the choice set
characterized by the largest variations, t(1, 1) and i(1, 1), where both the number of alternatives
and the continuous characteristic of each alternative vary across choice situations and across
individuals. We started by performing a benchmark experiment based on 1000 Monte Carlo
replications, 500 individuals, 5 choice situations, 5 alternatives (outside option included), and
100 Halton draws. Table 2, column (1), reports the estimates and Root Mean Square Errors
(RMSE) obtained from the estimation of three Mixed Logit models, which diﬀer one another
only in the attribute taste heterogeneity is applied to.
[ Table 2 about here ]
As can be seen, the results in this Þrst setting strongly depend on the model speciÞcation:
when a random parameter is placed on the continuous attribute only (β 1 random and β 2 Þxed
in table 2a), estimates cannot be distinguished from the true values; in contrast, when a random
parameter is placed on the discrete characteristic (β 2 random, regardless whether β 1 is Þxed in
table 2b or random in table 2c), the estimates of the random coeﬃcient standard deviation, σ2 ,
are biased by almost 50% upward, with RMSE that are much larger than those found for any
other estimate.11 Some features of the benchmark experiment were then modiÞed in order to
see whether it was possible to reduce the biases. In what follows, we focus on the case where
β 2 is random and β 1 Þxed (results are very similar with β 1 random). Results are presented in
the remaining columns of table 2b. In column (2) for instance, the experiment is identical to
the benchmark in all respects except that 5000 Monte Carlo replications are now performed.
9 Cherchi

and Ortúzar (2008) show that identiÞcation issues do not depend on the values taken by the elements

in Σ, but only on the richness of the associated data.
1 0 The Gauss 6.0 language subroutine used both to generate Monte Carlo samples and to estimate the Mixed
Logit model is available from the author upon request. The simulated log-likelihood function is maximised using
the maxlik (version 5.0) routine. In order to reduce optimisation time, we programmed the simulated gradient
vector and used the product of simulated scores to approximate the simulated hessian matrix.
1 1 Using diﬀerent seeds in the process generating the characteristics and the Monte Carlo samples, or diﬀerent
starting values in the optimisation routine does not alter the estimates in any signiÞcant way. Conversely, enabling
variations of the choice set in both the continuous and discrete attributes improves the estimates in the last two
speciÞcations; the estimate of σ 2 in the second speciÞcation, for example, becomes 0.373 with a RMSE equal to
0.293.
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Estimates show that the increase in the number of replications does not change anything (else
than computation time). Note that Chiou and Walker (2007) and Andrews and Currim (2005)
use synthetic data generated from much less Monte Carlo draws (one and ten, respectively).
In our setting, it was impossible using such small numbers of replications to obtain estimates
that were robust to diﬀerent seeds when β 2 was random, even for very large sample sizes (up
to 100000 individuals); considering more individuals and/or more than one replication for such
sample sizes was computationally untractable.
The next experiments were performed multiplying by two, with respect to the benchmark,
the number of individuals on the one hand, and the number of options included in the choice set
on the other hand. In both cases, results improve in a similar way, with estimates for σ2 that are
now biased 25% and 33% upward (see columns (3) and (4), respectively). They further improve
when the two changes are made simultaneously, as can be seen in column (5). Again multiplying
the number of individuals generated in (5) by two, we obtain estimates in column (6) that are
reasonably close to true values, with biases for σ 2 that are lower than 10%. The RMSE values
for this parameter remain large however, especially when compared to those obtained for σ1 .
Unfortunately, we could not get better ones. We could have considered more individuals and/or
more alternatives, but it would have been very time expensive.12 Eventually, we estimated the
model with 50 and 200 Halton draws to test for the robustness of the estimates in (6) to the
number of draws used in the approximation of the integral in (2.4). Results reported in the
last two columns of table 2b are found to be fairly stable, even though RMSE slightly increase
with the number of Halton draws. As a consequence, all the estimates that follow are based on
the common settings deÞned in column (6): 1000 Monte Carlo replications, 2000 individuals, 5
choice situations, 10 options, and 100 Halton draws.
Simulation results for our 48 experiments of interest are reported in table 3. Similarly to
table 2, estimates and RMSE are shown under three Mixed Logit speciÞcations: β 1 random and
β 2 Þxed in table 3a, β 1 Þxed and β 2 random in table 3b, and β 1 and β 2 random in table 3c. As
mentioned in section 3, cells in each part of table 3 represent diﬀerent types of choice sets, the
features of which may vary either across individuals, or across choice situations, or both. Before
going into details, it is possible to draw a Þrst overall lesson from those results: variations in the
choice set only matter when a random parameter is applied to the discrete characteristic; when
β 1 is random and β 2 Þxed (table 3a), each of the 16 table cells indeed shows parameters that are
all identiÞed. Although variations in the continuous attributes strongly reduce the RMSE for σ1
(by about two-third), the estimation of this particular speciÞcation does not seem to require the
choice set to vary over individuals or choice situations. In that respect, table 3a is not further
informative and detailed comments below therefore focus on tables 3b and 3c.
1 2 As

an indication, more than two days were necessary using a Dual Core processor (2.66GHz, 3.93 GB RAM)

to obtain the estimates reported in column (6) of table 2b.
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[ Table 3 about here ]
Results in cell [t(0, 0), i(0, 0)] of tables 3b and 3c show that the mean and variance of the
random parameter applied to the discrete characteristic are biased when there is no variation in
the choice set. Although both estimates get closer to true values when the continuous attribute
varies over choice situations (cell [t(1, 0), i(0, 0)]), individuals (cell [t(0, 0), i(1, 0)]), or both (cell
[t(1, 0), i(1, 0)]), they remain severely biased (by almost 50% for σ2 ).13 Conversely, no bias can be
found when the number of alternatives faced from one observation to another varies suﬃciently:
the biases decrease when that number varies across periods (cells [t(·, 1), i(·, 0)]), and they almost
fully disappear when it varies across individuals (cells [t(·, ·), i(·, 1)]).14 In other words, when a
random coeﬃcient is applied to a binary variable describing a set of products and when, for
each product, the value taken by the variable is the same for all observations (individuals and
weeks), which is typically the case for most qualitative informations displayed on packages, its
related parameters (mean and variance) are identiÞed only if the number of options in the choice
set varies across a suﬃcient number of consumers and/or choice situations. In the context of
table 3c, this result also means that there is no ground to the idea that consistent estimation of
a Mixed Logit model would require at least one parameter to be Þxed. All coeﬃcients can be
speciÞed as random: as far as there is enough variations in the number of options composing
the choice set, their mean and variance can be identiÞed. Eventually, another lesson that can
be drawn from this table is that estimating a Mixed Logit model with a randomly distributed
taste for the discrete attribute is possible on cross-section data (see the Þrst row) if the number
of alternatives varies across individuals; if it does not, then panel data (as in the three remaining
rows) are needed, with the number of alternatives included in the common choice set varying
across as many choice situations as possible.
Actually, it is unlikely that the 16 conÞgurations examined in table 3 all provide a complete
and accurate description of any real dataset, but some can be thought of as more relevant than
others. For instance, individual variations contained in the conÞgurations listed in the last three
columns are common in typical stated choice data, which are collected through procedures that
generate as much variation as possible between individuals. Such conÞgurations are not realistic
in revealed choice data, especially when thinking of a brand choice in a supermarket. Variations
of the choice set from one consumer to another would indeed be an extreme situation as in most
cases they may only occur between broad groups of people who buy in diﬀerent stores. Revealed
choice data would thus rather correspond to some combinations between conÞgurations in the
1 3 Interestingly,

assuming that it is the discrete, and not the continuous, attribute that varies across individuals

and choice situations yields unbiased estimates for all parameters: in particular, the estimates for σ2 are 0.301
(0.189) and 0.313 (0.183) in the second and third speciÞcations, respectively.
1 4 In the Þrst cases, the biases do not completely vanish because of the small number of choice situations
considered in the simulations, and we expect them to tend toward zero as this number increases. For instance,
considering 10 choice situations instead of 5, the estimates for β 2 and σ 2 in cell [t(0, 1), i(0, 0)] of table 3b are
0.505 (0.021) and 0.304 (0.180), respectively.
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Þrst column and those in the three others. Hence, combining the Þrst and second columns would
represent data where all consumers in a given choice situation face the same set of products,
regardless the store they purchase in, but with prices varying from one store to another (think
of stores selling all producer brands, no retailer brand, and having a speciÞc pricing strategy);
the Þrst column combined with the third would correspond to data where individuals buying
in a given store only face a subset of all existing products, each sold at a single price (stores
selling all producer brands, their own retailer brands, and having the same pricing strategy for
common brands); and Þnally, combination of the Þrst and fourth columns would be identical
to the previous one but with common brand prices varying across stores. Given that for many
products the main producer brands can all be found in most stores, identiÞcation then strongly
relies on retailer brands, solely sold in the relevant stores, and on their importance in terms of
market shares.
If the datasets used in the three applications that served as illustrations in the introduction
had to be characterized by one of these combinations, the latter would probably be the best for
all. However, the way the models are estimated makes things diﬀerent. Remember that Bjørner
et al. (2004) and Athey and Imbens (2007) estimate their model on the purchases pooled over
stores; the choice set therefore varies in size across several broad groups of individuals (through
stores), and the combination of conÞgurations depicted in the Þrst and fourth columns remains
the most relevant to describe the estimating sample. It suggests that unbiased estimates could
have been obtained had they had cross-section data only. In Bonnet and Simioni (2001), the
model is estimated for each store separately, which implies that in a given choice situation
(a week) the choice set is identical for all individuals. The relevant conÞgurations to qualify
their samples are thus clearly those that are reported in the Þrst column and, conversely to the
two preceding papers, repeated observations (over 52 weeks) were therefore necessary to have
suﬃcient variations in the number of alternatives belonging to the choice set and identify the
model. Since consumers may not always buy a particular product in the same store, and since
stores may introduce new products or withdraw some others, such variations in the number of
options across choice situations can potentially be found quite often in consumer panel data. In
that respect, the choice set conÞgurations deÞned in the third and fourth rows of table 3 hence
appear as the most relevant in all three applications.

5

Conclusion

Over the last decade, the Mixed Logit model has become a popular tool for analyzing discrete
response. While the number of applications has rapidly grown, only a few papers have discussed
identiÞcation issues yet. From the empirical perspective, speciÞcally, all agree that identiÞcation
strongly relies on the richness of the data in terms of variations in the explanatory variables.
Although this statement is true for any model, it is considered as particularly relevant for Mixed
14

Logit models, which are highly demanding in that respect. As pointed out by Walker (2002),
the diﬃculty with these models, as well as with other discrete choice model formulations, is that
most statistical software packages are likely to report apparently sensible estimation results even
if they are not identiÞed. Results from the estimation of unidentiÞed models may therefore be
unknowingly reported in the literature.
Several types of data have been used in Mixed Logit applications. Apart from aggregated (at
the market level) data, individual data collected through experimental designs are those that are
usually found in the economic literature. Individual survey data, such as consumer scanner data,
have also been used, though in a smaller number of papers. By construction, variations observed
in survey (revealed choice) data are much less important than those found in experimental (stated
choice) data. For instance, variations that can typically be observed in most consumer survey
data are variations from one week to another and/or from one store to another in the price and in
the number of products constituting the consumer choice set. In this paper, we wonder whether
such limited variations are suﬃcient to enable the identiÞcation of Mixed Logit models.
We report simulation results obtained from a series of Monte Carlo experiments and provide
evidence on the variations that must be observed in the data, and more speciÞcally in the choice
set, to help identify such models. Each experiment considers ten options all diﬀerentiated by two
characteristics, one continuous (taking diﬀerent values for diﬀerent alternatives) and one binary
(equal to one for some options and to zero for the others). For a given alternative, the continuous
attribute is further allowed to take diﬀerent values for diﬀerent observations (choice situations,
individuals), depending on the experiment; in contrast, the binary characteristic is constrained
to be the same for all observations. Variations, across consumers and/or choice situations, in
the continuous attribute as well as in the number of options recorded in the choice set, and their
impact on Mixed Logit estimates are investigated. We show that these variations do not matter
when a random coeﬃcient is applied to the continuous characteristic only: all parameters are
identiÞed in each conÞguration, even in the extreme case where the choice set is the same for all
individuals in all choice situations, although the estimate of the random coeﬃcient variance is
much more precise when the continuous attribute varies. Conversely, when a random coeﬃcient is
applied to the discrete attribute, regardless the nature of the other coeﬃcient (Þxed or random),
the mean and variance of the random parameter are strongly biased if there is no variation in the
choice set, and remain so if the number of options in the choice set does not vary either across
enough consumers or across enough choice situations; if it does, all parameters are identiÞed and
there is no need to have at least one coeﬃcient Þxed.
Hence, variations in the number of alternatives across a suﬃcient number of choice situations
or stores are required to identify Mixed Logit models when a random coeﬃcient is applied to a
binary variable. In consumer survey data, retailer brands and the entry/exit of brands guarantee
the existence of some actual variations in those two dimensions. At this stage however, it seems
worthwhile to make a distinction between variations that are actually observed by consumers in
15

stores and variations that are observed by the econometrician in the data. Constructing choice
sets from the data may generate artiÞcial variations. Indeed, even without the introduction or
withdrawal of any product, a choice set constructed from the data may change from one period
to another, because some options chosen at least once in a given period may not be chosen at
all in another period. A possible reason for observing such a situation is purchase infrequency:
if consumers of a product do not buy it in every period, some available brands (at least those
having small market shares) may not be recorded in the data. Similarly, constructed choice sets
may diﬀer between stores, even in the absence of store-speciÞc brands, because a brand available
in two stores may be chosen in only one. This case may occur if the survey sampling schedule
under-represents consumers of a given store. In other words, the recorded choice set (observed
by the econometrician) may be a subset of the choice set faced by consumers, and may therefore
vary whereas the real choice set does not. The additional diﬃculty then is that usual maximum
likelihood estimates for many parametric discrete choice models, including Mixed Logit models,
are inconsistent when obtained using data on a subset of the options available to individuals.
But this goes beyond the scope of the present paper, and the interested reader can refer to Fox
(2007), for both a discussion of the issue and the presentation of an alternative and consistent
semiparametric estimator based on maximum score.
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Table 1a: Descriptive statistics on characteristics
Options

Continuous

Discrete

[t(0, ·), i(0, ·)]

[t(1, ·), i(0, ·)]

[t(0, ·), i(1, ·)]

[t(1, ·), i(1, ·)]

0

0.000 (0.000)

0.000 (0.000)

0.000 (0.000)

0.000 (0.000)

0

1

−0.091 (0.000)

0.309 (1.185)

−0.028 (0.964)

−0.001 (0.991)

0

2

0.668 (0.000)

−0.366 (0.564)

−0.036 (0.999)

−0.002 (1.008)

1

3

0.599 (0.000)

−0.089 (0.748)

−0.009 (0.980)

−0.017 (0.998)

1

4

−0.099 (0.000)

−0.082 (1.089)

−0.034 (0.993)

0.004 (0.993)

1

5

1.763 (0.000)

0.719 (1.961)

−0.006 (1.008)

−0.010 (1.004)

0

6

0.223 (0.000)

0.304 (0.815)

0.023 (0.967)

0.001 (0.996)

1

7

0.881 (0.000)

0.085 (0.756)

0.023 (0.988)

0.004 (1.000)

1

8

1.146 (0.000)

0.271 (0.890)

−0.039 (0.971)

0.001 (0.997)

1

9

−0.173 (0.000)

−0.236 (0.677)

0.007 (1.003)

0.003 (1.000)

0

All

0.546 (0.000)

0.102 (0.965)

−0.011 (0.996)

−0.002 (0.999)

Note: Standard deviations in parentheses.

Table 1b: Descriptive statistics on choice sets
Options

Probability of being included
[t(·, 0), i(·, 0)]

[t(·, 1), i(·, 0)]

[t(·, 0), i(·, 1)]

[t(·, 1), i(·, 1)]

0

1.000

1.000

1.000

1.000

1

1.000

1.000

1.000

1.000

2

1.000

0.400

0.507

0.502

3

1.000

0.400

0.516

0.507

4

1.000

0.800

0.519

0.500

5

1.000

0.600

0.504

0.494

6

1.000

0.400

0.484

0.493

7

1.000

0.800

0.519

0.500

8

1.000

0.800

0.485

0.486

9

1.000

0.200

0.478

0.494

Average number of options
10 (0.000)

6.400 (0.490)

6.013 (1.378)

Note: Standard deviations in parentheses.
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5.977 (1.400)

Table 2a: Monte Carlo θ estimates, β 1 random and β 2 fixed
θ0

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

β1

−0.2

−0.201 (0.035)

−0.202 (0.035)

−0.200 (0.024)

−0.199 (0.029)

−0.198 (0.020)

−0.199 (0.015)

−0.199 (0.015)

−0.199 (0.015)

β2

0.5

0.500 (0.046)

0.499 (0.045)

0.500 (0.031)

0.501 (0.042)

0.502 (0.031)

0.501 (0.022)

0.501 (0.022)

0.501 (0.022)

σ1

0.3

0.300 (0.146)

0.298 (0.146)

0.289 (0.114)

0.286 (0.100)

0.291 (0.069)

0.297 (0.047)

0.295 (0.047)

0.297 (0.046)

Table 2b: Monte Carlo θ estimates, β 1 fixed and β 2 random
θ0

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

β1

−0.2

−0.203 (0.031)

−0.203 (0.031)

−0.201 (0.021)

−0.201 (0.024)

−0.200 (0.017)

−0.200 (0.013)

−0.200 (0.013)

−0.200 (0.013)

β2

0.5

0.511 (0.052)

0.510 (0.052)

0.507 (0.036)

0.515 (0.057)

0.509 (0.039)

0.505 (0.027)

0.505 (0.026)

0.505 (0.027)

σ2

0.3

0.424 (0.362)

0.427 (0.369)

0.370 (0.298)

0.398 (0.327)

0.333 (0.255)

0.306 (0.212)

0.318 (0.203)

0.315 (0.215)

Table 2c: Monte Carlo θ estimates, β 1 and β 2 random
θ0

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

β1

−0.2

−0.204 (0.036)

−0.205 (0.037)

−0.202 (0.025)

−0.201 (0.029)

−0.199 (0.020)

−0.200 (0.015)

−0.200 (0.015)

−0.200 (0.015)

β2

0.5

0.512 (0.054)

0.511 (0.055)

0.508 (0.037)

0.517 (0.057)

0.511 (0.040)

0.505 (0.027)

0.505 (0.027)

0.505 (0.027)

σ1

0.3

0.317 (0.151)

0.312 (0.153)

0.299 (0.114)

0.290 (0.102)

0.294 (0.069)

0.298 (0.048)

0.296 (0.048)

0.299 (0.047)

σ2

0.3

0.458 (0.389)

0.461 (0.392)

0.389 (0.305)

0.420 (0.337)

0.354 (0.257)

0.325 (0.207)

0.326 (0.201)

0.315 (0.217)

Notes: Root Mean Square Errors in parentheses; (1) = Benchmark, (2) = (1) with 5000 Monte Carlo replications, (3) = (1) with 1000 individuals,
(4) = (1) with 10 alternatives, (5) = (1) with 1000 individuals and 10 alternatives, (6) = (1) with 2000 individuals and 10 alternatives,
(7) = (6) with 50 Halton draws, (8) = (6) with 200 Halton draws.

Table 3a: Monte Carlo θ estimates, β 1 random and β 2 Þxed
θ0

i(0, 0)

i(1, 0)

i(0, 1)

i(1, 1)

t(0, 0)
β1

−0.2

−0.202 (0.027)

−0.200 (0.014)

−0.202 (0.032)

−0.200 (0.015)

β2

0.5

0.502 (0.029)

0.500 (0.023)

0.501 (0.029)

0.500 (0.022)

σ1

0.3

0.281 (0.144)

0.295 (0.042)

0.279 (0.151)

0.293 (0.054)

β1

−0.2

−0.199 (0.015)

−0.200 (0.014)

−0.199 (0.017)

−0.199 (0.015)

β2

0.5

0.500 (0.022)

0.501 (0.022)

0.500 (0.022)

0.500 (0.022)

σ1

0.3

0.297 (0.027)

0.300 (0.038)

0.298 (0.033)

0.297 (0.049)

β1

−0.2

−0.201 (0.024)

−0.200 (0.015)

−0.204 (0.032)

−0.200 (0.015)

β2

0.5

0.502 (0.026)

0.500 (0.022)

0.504 (0.030)

0.501 (0.022)

σ1

0.3

0.278 (0.147)

0.296 (0.049)

0.289 (0.152)

0.295 (0.052)

β1

−0.2

−0.200 (0.017)

−0.200 (0.014)

−0.199 (0.017)

−0.199 (0.015)

β2

0.5

0.501 (0.026)

0.501 (0.022)

0.500 (0.022)

0.501 (0.022)

σ1

0.3

0.298 (0.031)

0.297 (0.046)

0.296 (0.034)

0.297 (0.047)

t(1, 0)

t(0, 1)

t(1, 1)

Note: Root Mean Square Errors in parentheses.
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Table 3b: Monte Carlo θ estimates, β 1 Þxed and β 2 random
θ0

i(0, 0)

i(1, 0)

i(0, 1)

i(1, 1)

t(0, 0)
β1

−0.2

−0.194 (0.079)

−0.202 (0.011)

−0.200 (0.021)

−0.201 (0.012)

β2

0.5

1.958 (7.305)

0.621 (0.271)

0.504 (0.028)

0.504 (0.027)

σ2

0.3

3.541 (15.00)

0.707 (0.800)

0.314 (0.217)

0.308 (0.212)

β1

−0.2

−0.201 (0.012)

−0.202 (0.012)

−0.200 (0.013)

−0.200 (0.013)

β2

0.5

0.666 (0.526)

0.603 (0.202)

0.504 (0.028)

0.505 (0.028)

σ2

0.3

0.820 (1.204)

0.668 (0.677)

0.312 (0.213)

0.315 (0.216)

β1

−0.2

−0.201 (0.020)

−0.201 (0.012)

−0.201 (0.021)

−0.200 (0.013)

β2

0.5

0.528 (0.060)

0.526 (0.057)

0.505 (0.027)

0.504 (0.027)

σ2

0.3

0.436 (0.347)

0.416 (0.322)

0.311 (0.217)

0.311 (0.209)

β1

−0.2

−0.201 (0.013)

−0.201 (0.012)

−0.200 (0.013)

−0.200 (0.013)

β2

0.5

0.524 (0.054)

0.527 (0.060)

0.505 (0.027)

0.505 (0.027)

σ2

0.3

0.413 (0.324)

0.415 (0.332)

0.309 (0.213)

0.306 (0.212)

t(1, 0)

t(0, 1)

t(1, 1)

Note: Root Mean Square Errors in parentheses.
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Table 3c: Monte Carlo θ estimates, β 1 and β 2 random
θ0

i(0, 0)

i(1, 0)

i(0, 1)

i(1, 1)

t(0, 0)
β1

−0.2

−0.200 (0.052)

−0.202 (0.014)

−0.202 (0.033)

−0.200 (0.015)

β2

0.5

1.949 (5.469)

0.607 (0.218)

0.507 (0.034)

0.505 (0.029)

σ1

0.3

0.277 (0.142)

0.300 (0.042)

0.283 (0.151)

0.294 (0.054)

σ2

0.3

3.573 (11.03)

0.679 (0.699)

0.328 (0.217)

0.318 (0.213)

β1

−0.2

−0.201 (0.015)

−0.201 (0.014)

−0.199 (0.017)

−0.200 (0.015)

β2

0.5

0.648 (0.353)

0.594 (0.181)

0.505 (0.028)

0.505 (0.028)

σ1

0.3

0.305 (0.030)

0.304 (0.039)

0.299 (0.033)

0.298 (0.050)

σ2

0.3

0.800 (0.954)

0.640 (0.631)

0.325 (0.207)

0.329 (0.215)

β1

−0.2

−0.202 (0.025)

−0.201 (0.015)

−0.204 (0.033)

−0.200 (0.015)

β2

0.5

0.530 (0.061)

0.527 (0.059)

0.508 (0.033)

0.505 (0.027)

σ1

0.3

0.287 (0.143)

0.300 (0.051)

0.291 (0.149)

0.297 (0.054)

σ2

0.3

0.449 (0.343)

0.437 (0.326)

0.326 (0.210)

0.324 (0.205)

β1

−0.2

−0.200 (0.017)

−0.201 (0.014)

−0.200 (0.017)

−0.200 (0.015)

β2

0.5

0.528 (0.058)

0.527 (0.058)

0.505 (0.028)

0.505 (0.027)

σ1

0.3

0.299 (0.031)

0.301 (0.046)

0.298 (0.035)

0.298 (0.048)

σ2

0.3

0.461 (0.348)

0.434 (0.325)

0.322 (0.208)

0.325 (0.207)

t(1, 0)

t(0, 1)

t(1, 1)

Note: Root Mean Square Errors in parentheses.
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