Fragmentation/Heterogeneity

More problem features

The picture now emphasises the cost functions Restricting the cost functions we allow can also lead to tractability A class of functions that has been widely studied in OR is the submodular functions…
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Examples of submodular functions
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Examples of submodular functions Binary submodular functions over any finite domain can be expressed as a sum of "Generalized Interval" functions (they correspond to Monge matrices)

x y z 0 0 0 0 0 1 0 The SAC closure is not unique Shift(f BC ,(B,v),1) Shift(f BC ,(B,w),1) Shift(f B , ∅,1) Virtual Arc Consistency solves (locally-defined) submodular VCSP If P ∈ VCSP(Γ sub ) and P is VAC, then Bool(P) is arc consistent, max-closed. Hence, Bool(P) has a solution. This solution has cost c 0 in P and is thus necessarily optimal.
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Thus OSAC solves SFM since Project and UnaryProject preserve submodularity. We can project 1 from c M to c 1 (a) by reducing the cost of the light blue edge from 0 to -1.

Flow shown is a min-cost max-flow with x 1 =a.

Fuzzy

  n variables X i with domains d i a set of e cost functions, each having a  scope (list of variables) cost functions map assignments to costs It only remains to specify what the possible costs are, and how to combine them Definition of a valuation structure a set S of costs a total order < minimum and maximum elements: we denote these by 0 and ∞ an aggregation operator ⊕ which is commutative, associative, monotonic, and such that ∀α, α⊕0=α Examples of valuation structures If S = {0, ∞}, then VCSP ≡ CSP If S = {0, 1, 2, …, ∞}, and ⊕ is addition, then VCSP generalizes MAX-CSP If S = [0,1], and ⊕ is max, then VCSP ≡ Fuzzy CSP If S = {0, 1, …., k}, and ⊕ is bounded addition +k where α +k β = min{k, α+β}, then VCSP ≡ Weighted CSP

  Valued constraint languagesA set of cost functions is called a valued constraint language VCSP(Γ) represents the set of VCSP instances whose cost functions belong to the valued constraint language Γ For some choices of Γ, VCSP(Γ) is tractable We will consider some examples where the valuation structure contains non-negative real values and infinity, and aggregation is standard addition

  all linear functions (of any arity) the binary function φ cut where φ cut (a,b)=1 if (a,b)=(0,1) (0 otherwise) the rank function of a matroid the Euclidean distance function between two points (x 1 , x 2 ), (x 3 , x 4 ) in the plane φ(x,y)=(x-y) r if x ≥ y (∞ otherwise) for r ≥ 1 (compare "Simple Temporal CSPs with strictly monotone preferences" Khatib et al, IJCAI 2001) submodular ) is O(n 3 d 3 ) See Cohen et al "A maximal tractable class of soft constraints", JAIR 2004

  If the cost functions all have one of these eight multimorphisms, then the problem is tractable: See Cohen et al "The complexity of soft constraint satisfaction", AIJ 2006 If the cost functions all have one of these eight multimorphisms, then the problem is tractable: See Cohen et al "The complexity of soft constraint satisfaction", AIJ 2006 the sub-tree = best solution found so far Each node is a VCSP subproblem (defined by current conditioning) says that the network is "explicit" enough at a local level Filtering algorithm: transforms a network in an equivalent network that satisfies the property (closure) CSP: pol. time, confluent, incremental Equivalence-preserving transformations (EPT) An EPT transforms VCSP instance P1 into another VCSP instance P2 with the same objective function. Examples of EPTs: -Propagation of inconsistencies (∞ costs) -UnaryProject -Project/Extend INCREMENTALITY!

Finding

  the best order of integer EPT application is NP-hard (Cooper, Schiex 2004) Directional Arc Consistency for all i<j, ∀a ∈ d i ∃b ∈ d j such that c ij (a,b) = c j (b) = 0. Solves tree-structured VCSPs FDAC (Full Directional AC) = Directional AC + Soft AC FDAC can be established in O(end 3 ) time (or in O(ed 2 ) time if + k is +) Sets and Systems 2003) Shift(f BC ,(C,v),-1)

  node consistent and ∀i, ∃a∈d i such that c i (a) = 0 and for all cost functions c ij , ∃b ∈ d j such that c ij (a, b) = c j (b) =0 EDAC = Existential AC + FDAC EDAC can be established in O(ed 2 max{nd,k}) time Virtual Arc Consistency (VAC) (Cooper et al, 2008) If P is a VCSP instance then Bool(P) is the CSP instance whose allowed tuples are the zero-cost tuples in P-c 0 If Bool(P) has a solution, then P has a solution of cost c 0 (but usually Bool(P) has no solution) Definition: P is VAC if Bool(P) is AC.

  a) can be pruned because there are two other variables y,z such that (x,a) cannot be extended to any of their valuesf z ⊕ f xy ⊕ f xz ⊕ f yz (f y ⊕f z ⊕f xy ⊕f xz ⊕f yz )For very hard-to-solve instances, maintaining VAC provides a significant speed-up (closed RLFAP graph11/13).For many problems, maintaining a simpler form of soft arc consistency (e.g. EDAC) is faster.Unary costs c i (a) and EAC value inform value and variable ordering heuristicsNetwork representing "min number of variables with same value"

  

  

  

  

  

  

  

  

  

  

Benefits of a general approach

The dichotomy theorem immediately implies earlier results for SAT, MAX-SAT, Weighted Min-Ones and Weighted Max-Ones Bibliography For general background on tractable structures, see the chapter on "Tractable Structures" by Dechter, in the Handbook of Constraint Programming, Elsevier, 2006. Project(M,i,a,α)