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MANAGING CORRELATED STOCK EXTERNALITIES : WATER TAXES WITH A
PINCH OF SALT

SOPHIE LEGRAS

Université de Montpellier 1, INRA LAMETA
ANU, Crawford School of Economics and Government

Abstract. In this paper we address the design of dynamic taxation schemes
in the presence of multiple interacting stocks. After addressing a general
model, we focus the analysis on the context of irrigation-induced salin-
ity. We study various taxes, based either on a collective performance mea-
sure (groundwater stock) or on an individual performance measure (irri-
gation water, rootzone salt stock) or a mix of both. We show the interest
for mixed tax schemes to induce agents to follow the optimal input use
and stock accumulation paths. Keywords : Irrigation-induced salinity,
taxation schemes, multiple state variables, differential game.

1. INTRODUCTION

A number of the most stringent environmental issues are dynamic by nature as they
involve the accumulation of pollution or the depletion of resources. Examples include
acid rains, climate change, ozone depletion, groundwater depletion or biodiversity loss.
Most economic analyses address the case of a unique stock. A stream of literature has
developed around the issue of designing efficient policy instruments in such inherently
dynamic contexts. Ko et al. [14] adapt the standard Pigovian tax to a dynamic setting
and compare flexible, but difficult to implement, taxes with inflexible, time independent,
ones. Karp and Livernois [13] analyse a linear Markov perfect tax rule to induce a monop-
oly to exploit a non-renewable resource optimally. Hence the resource stock is introduced
as a basis for taxation. Benchekroun and van Long [1] adapt this tax to the context of a
polluting oligopoly. Both studies show how mixed tax schemes, based on individual and
collective performance measures, are efficient in managing a dynamic externalities.

Fewer papers recognize that in some settings it is more appropriate to consider multiple
interrelated stocks. This is quite straightforward in the case of predator-prey interactions
[17]. Forest ecosystems are also illustrative of complex interactions between multiple
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2 WATER TAXES WITH A PINCH OF SALT

species. Crépin [6] and Borgland et al. [2] study the case of boreal forests by describing
the interactions arising between various stocks, moose, caduceus and conifers in the case
of [6]. Bond and Farzin [3] develop a multiple nutrient stocks model to highlight the dif-
ferentiatied impacts of various decisions - fertilizer input, tillage - on the soil treated as a
portfolio of nitrogen pools. Farzin and Tahvonen [9] and more recently, Caplan and Silva
[5] or Yang [22], have pointed out the need to model climate change more accurately by
describing multiple interacting stocks. Caplan and Silva [5] analyze pollution rights mar-
kets to manage carbon, a global pollutant, and smog, a local pollutant, emitted jointly by
a set of firms. They show how a system combining a global market and regional markets
is Pareto efficient. Yang [22] focuses on negatively correlated externalities in the same
context, stemming from the observation that primary energy consumption generates a
global externality, global warming, and a local externality, SO2 emission, that alleviates
global warming and in this sense is at the same time harmful to local air quality and
beneficial at the global level through its cooling effect. Yang [22] shows how the negative
relationship between the global and the local externalities impacts on the design of policy
instruments, as it raises the need for a subsidy for local externalities when accounting for
the global issue.

Our aim in this paper is to address the design of mixed taxation schemes, in the vein of
Benchekroun and van Long [1], when a global stock and multiple individual stocks in-
teract. In this regard, the questions we pose in this paper is whether an efficient taxation
scheme to manage interacting stocks should be based on individual performance (input
use, individual stock), collective performance (global stock) or a mix of both.

We base our study on the analysis of a particularly stringent environmental issue that
affects irrigation districts of most semiarid areas of the world, namely irrigation-induced
salinity. In these regions, the development of irrigation has induced various environ-
mental damage, known as the twin menace of irrigation, salinization and waterlogging.
These phenomena, which may occur naturally, are worsened by inappropriate irriga-
tion practices. The extent of the problem is worldwide and increasing. The World Bank
reports that 24 per cent of irrigated areas are severely affected and that around 10 mil-
lions hectares of arable land are put out of production each year [19]. The extent of this
environmental issue is such that it questions the sustainability of irrigation itself. Un-
til now, management strategies that have been developed include the building of ad hoc
infrastructures (large-scale drainage projects), farm-level initiatives (information and in-
citations to adopt better irrigation practices) or community-based voluntary programs,
which have not proven efficient in the implementation phase. In order to address the in-
centive gaps existing in the context of irrigation, between the scarcity value of water and
its current management value [18] and between the individual and social valuation of
the aquifer as a stock of water, responsible for salinity and waterlogging [20], we analyze
various types of water taxes and extend Legras and Lifran’s [15] analysis to a two-stocks
issue. In this context, individual performance is associated to the level of irrigation water,
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and the individual stock of rootzone salts, and collective performance corresponds to the
accumulation of groundwater.

The contributions of this paper are twofold. First, we extend the analysis of dynamic
taxation scheme design to the case of two interacting stocks. Second, we provide a de-
tailed model of irrigation-induced salinity, that captures the interactions between water
and salt.

The paper is organized as follows. In section 2, we analyze a general model of interrelated
stocks, and highlight some properties of various tax schemes. In section 3, we derive the
social optimal and individual paths of irrigation water use and rootzone and groundwa-
ter stocks’ accumulation. In section 4 we derive the optimal tax parameters. Finally, we
collect some concluding remarkts in Section 5.

2. A GENERAL MODEL OF INTERRELATED STOCKS

Suppose the existence of a benevolent policymaker, whose program is to maximise total
benefits, accounting for the existence of two sources of damage, a global stock X and
multiple local stocks, Qi, for i ∈ {1..n}. Let Bi(ui, Qi, X) be agent i’s benefit function, ui

his control variable, with ∂Bi/∂Qi < 0 and ∂Bi/∂X < 01. Social damage is denoted by
D(X) and r is the discount rate. The socially optimal maximisation program is :

max
{ui}≥0

∫ ∞

0

(∑
i

Bi(ui, Qi, X)−D(X)

)
e−rt.dt , subject to :

Ẋ = F (
∑

i

ui, X),(1)

Q̇i = Gi(ui, Qi, X),∀i.(2)

This model is based on the one developped by Yang [22]. The main difference is that it is
the collective stock that impacts on the individual ones rather than the opposite. Hence in
the present framework ∂Gi/∂X 6= 0 and ∂F/∂Qi = 0, illustrating a type of feedback loop
between the collective stock, an aggregation of individual decisions, and the individual
stocks.

The Hamiltonian writes as follows :

Hso =
n∑

i=1

Bi(ui, Qi, X)−D(X) + λsoF (
∑

i

ui, X) +
n∑

i=1

µso
i Gi(ui, Qi, X),

1To come back to the standard case where the agents are not affected by the stocks, simply set ∂Bi/∂Qi =
∂Bi/∂X = 0.
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where λso and µso
i are the costate variables associated with the collective and individual

stocks, so that the first order conditions are given by equations (3)-(5) :

∂H

∂ui
=

∂Bi

∂ui
+ λso ∂F

∂ui
+ µso

i

∂Gi

∂ui
= 0,(3)

−∂H

∂X
= λ̇so − rλso = −

[
n∑

i=1

∂Bi

∂X
−D′(X) + λso ∂F

∂X
+

n∑
i=1

µso
i

∂Gi

∂X

]
,(4)

− ∂H

∂Qi
= µ̇i

so − rµso
i = −

[
∂Bi

∂Qi
+ µso

i

∂G

∂Qi

]
,∀i.(5)

Equation (3) can be rearranged to obtain expressions of the co-state variables :

λso =
−∂Bi

∂ui
− µso

i
∂Gi
∂ui

∂F
∂ui

and µso
i =

−∂Bi
∂ui

− λso ∂F
∂ui

∂Gi
∂ui

.

Then equations (4) and (5) become2 :[
λ̇so

λso
− (r − ∂F

∂X
)

]
1

∂F
∂ui

=
∑

i
∂Bi
∂X −D′(X) +

∑
i µi

∂Gi
∂X

∂Bi
∂ui

+ µso
i

∂Gi
∂ui

,(6)

[
µ̇i

so

µso
i

− (r − ∂Gi

∂Qi
)
]

1
∂Gi
∂ui

=
∂Bi
∂Qi

∂Bi
∂ui

+ λso ∂F
∂ui

.(7)

The RHS of equations (6) and (7) present the ratio between the marginal desutilities from
the stocks and the marginal utilities from irrigating, in other words a marginal rate of
substitution. The numerator of the RHS of equation (6), for instance, includes the sum of
direct individual damage from the global stock,

∑
i

∂Bi
∂X < 0, the social damage from the

global stock, −D′(X) < 0, and the indirect impact of the global stock on the local stocks,∑
i µ

so
i

∂G
∂X . The latter illustrates the interaction between the stocks, that can be positive or

negative. Hence if the stocks are positively correlated, ∂Gi
∂X > 0; as µso

i < 0 the indirect
impact of the global stock through the local stock acts as a damage. However, if the stocks
are negatively correlated, this indirect impact is a benefit, as increasing the global stock
tends to decrease the local one. Note that in equation (7) there is no interaction term, as it
is the global stock that impacts on the local ones. The denominators of the RHS present
the marginal utilities from using irrigation water, which is the marginal production plus
a negative term accounting for the impact of increasing input use on the other stock.

The LHS of equations (6) and (7) are constituted of a dynamic term and of the marginal
individual contribution to the (individual or collective) stock pollution. The dynamic
term comprises the time path of the costate variables, for instance µ̇i

so/µso
i and an envi-

ronmental discount rate, r−∂Gi/∂Qi, where ∂Gi/∂Qi is the natural stock dissipation rate.

Now, consider the case of individual agents following open-loop strategies. The individ-
ual maximisation program is :

2Assuming strict negativity of the co-state variables.
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max
ui≥0

∫ ∞

0
Bi(ui, Qi, X)e−rt.dt , subject to equations (1) and (2).

The conditions driving the accumulation paths are :[
λ̇ol

λol
− (r − ∂F

∂X
)

]
1

∂F
∂ui

=
∂Bi
∂X + µol

i
∂Gi
∂X

∂Bi
∂ui

+ µol
i

∂Gi
∂ui

,(8)

[
µ̇i

ol

µol
i

− (r − ∂Gi

∂Qi
)
]

1
∂Gi
∂ui

=
∂Bi
∂Qi

∂Bi
∂ui

+ λol ∂F
∂ui

.(9)

Comparing with the social optimum case, equations (8) and (9) highlight multiple sources
of inefficiency. First, from equation (8), it appears that the social damage is not accounted
for. Furthermore, individual agents account only for their individual damage, without
taking into consideration the impact of a rising of the stock on the other agents. Also, in
equation (8), µi isn’t valued at the same level as in equation (6). Consequently, none of
the stocks is accumulated optimally.

Suppose that the policymaker wishes to induce the agents to act optimally by imple-
menting a taxation scheme. He consider various taxation bases : individual input use,
individual stock, global stock :

τ(ui, Qi, X) = ui(τ1 + τ2X) + τ3X + τ4Qi.

Then individual decisions are modified in such a way as to lead to the following condi-
tions on stock accumulation :[

λ̇τ

λτ
− (r − ∂F

∂X
)

]
1

∂F
∂ui

=
∂Bi
∂X + µτ

i
∂Gi
∂X − (τ2ui + τ3)

∂Bi
∂ui

+ µτ
i

∂Gi
∂ui

− (τ1 + τ2X)
,(10)

[
µ̇i

τ

µτ
i

− (r − ∂Gi

∂Qi
)
]

1
∂Gi
∂ui

=
∂Bi
∂Qi

− τ4

∂Bi
∂ui

+ λτ ∂F
∂ui

− (τ1 + τ2X)
.(11)

Tax parameters (τ1, τ2, τ3,τ4 ) don’t have the same impact on the optimal paths. τ1 only
appears in the expressions of marginal benefits from input use, τ3 in the expression of
marginal disutility from global stock accumulation and τ4 in the expression of marginal
disutility from local stock accumulation. τ2 plays a particular role as it is the interaction
term, attached to both input use and the global stock.

Finally, consider the case of individual agents following feedback strategies. Assuming
the existence of a MPNE, the Hamiltonian is :

Hfb = Bi(ui, Qi, X) + λfbF (ui, {uj(Qj , X)}j 6=i, X) + µfb
i Gi(ui, Qi, X).
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Then the same type of conditions are derived as in the previous cases describing the co-
state variables time paths : λ̇fb

λfb
− (r − ∂F

∂X
+
∑
j 6=i

∂F

∂uj

∂uj

∂X
)

 1
∂F
∂ui

=
∂Bi
∂X + µfb

i
∂Gi
∂X

∂Bi
∂ui

+ µfb
i

∂Gi
∂ui

(12)

 ˙
µfb

i

µfb
i

− (r +
∂Gi

∂Qi
)

 1
∂Gi
∂ui

=
∂Bi
∂Qi

∂Bi
∂ui

+ λfb ∂F
∂ui

.(13)

In the LHS of equation (12), the summation term illustrates the difference between open-
loop and feedback decisions; indeed in the latter case, agents account for the impact of
their decisions on the others’ decisions. The direction of this impact depends on the sign
of two terms. First, ∂F/∂uj > 0 in the case of stock accumulation. Second, the sign of
∂uj/∂X depends on the complement - substitute nature of agents’ strategies [4]. If they
are strategic complements, ∂uj/∂X > 0, then the resulting environmental discount rate
perceived by i is increased. Consequently, agents j increase their contribution faced to an
increase of groundwater, and i is induced to reduce his contribution to the stock. When
∂uj/∂X < 0, agents j lower their contributions as groundwater accumulates : i is in-
duced to contribute more to the accumulation of the stock.

Note that the consideration of individual local stocks simplifies the setting; indeed if the
local stocks were managed by numerous agents, another layer of strategic interaction
would exist.

Applying a tax τ(ui, Qi, X) = ui(τ1 + τ2X) + τ3X + τ4Qi has the same effect as in the
open-loop case. However the derivation of the optimal tax parameters needs to account
for the altered ’environmental discount rate’.

The remainder of this paper presents irrigation-induced salinity as an illustrative exam-
ple of a setting combining interacting individual and collective stock pollution.

3. STOCK ACCUMULATION AND IRRIGATION DECISIONS IN THE CONTEXT OF

IRRIGATION-INDUCED SALINITY

In this section we illustrate the case of positively correlated externalities in the context
of irrigation-induced salinity. We focus on the case of one catchment, understood as the
recharge area of a specific aquifer. Above this aquifer, n agents divert water from a river
to undertake irrigation. In doing so, they generate a certain amount of water percolating
down to the aquifer, and a certain amount of water available for uptake by plants in
the rootzone. Each water reservoir (river, root-zone, watertable) is also characterized by
its salt content. To highlight the main mechanisms associated with irrigation-induced
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salinity, we focus on the collective stock of groundwater and on the individual root-zone
salt stocks3.

3.1. The model.

3.1.1. Watertable dynamics. We keep a simple description of watertable dynamics that ac-
counts for the main mechanisms at stake. This allows us to focus on the impact of agents’
decision on the state of the watertable :

(14) Ẋ =
n∑

i=1

Pi − (δ + γ)X,

where X is the stock of groundwater, Pi is the water percolating from farm i, δ is a dis-
charge fraction and γ is a capillary rise parameter4.

3.1.2. Rootzone salts dynamics. We associate each agent with an individual salt stock.

The first source of salinity in the context of irrigation is poor quality irrigation water. De-
noting SW the salt concentration of irrigation water, the first inflow of salt is SW ui. The
second source of salts for the rootzone is the capillary rise from the watertable. Ground-
water is an important tank of salts, bringing salts to the rootzone by capillary rise which
constitutes the second source of salts for the rootzone. Denoting SG the salt concentration
in groundwater, γi an individual capillary rise factor, this inflow is : γiS

GX .

Percolation represents an outflow of salts from the rootzone, to the watertable. Denoting
SR the salt concentration in the rootzone, then the amount of percolated salts is SRPi,
where Pi is the quantity of water percolating. Water remaining the the rootzone, avail-
able for uptake by plants, and water percolating are function of the quantity of applied
water and the efficiency of the technology in use, β : Ri = βui and Pi = (1− β)ui.

Taking these mechanisms into account, an equation describing the dynamics of the quan-
tity of salt in the root zone at location i can be formulated as follows, with Qi, the quantity
of salts for farm i, and SR = Qi/Ri :

(15) Q̇i = SW ui + γSGX − 1− β

β
Qi

The quantity of groundwater X , is a variable common to all the farmers, so is the concen-
tration of salt SG. Furthermore, SW and SG are treated as exogenous variables. However,
water remaining in the rootzone and percolating water are individual variables, as they
depend on individual choices, regarding the quantity of water applied and the irrigation
technology.

3.1.3. Different types of damages. Irrigation-induced salinity is a complex environmental
issue, as it combines problems associated with both the quantity and the quality of water,
at two levels, the surface system and the underground system. In this paper, we consider

3Hence we don’t account for the interactions that exist between the river and the aquifer explicitely.
40 ≤ δ ≤ 1 and 0 ≤ γ ≤ 1.
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three main sources of damage : soil salinity and waterlogging are treated as individual
damage, affecting directly the agents’ production function, while the discharge of salty
water is treated as a social damage, which individual irrigators do not account for.

Rootzone salinity. The primary effect of a saline water in the rootzone is the inability of
the plant to compete for water with ions in the soil solution, a phenomenon known as
physiological drought. The higher the salinity the less water available to plants. This has
negative consequences in terms of crop yields. Crop yield response functions to salinity
usually highlight thresholds within which the loss of production is linear in the salt con-
tent [16]. Assuming that irrigation salinity already affects the study area, we consider the
following individual damage term : dQi.

Waterlogging. Several authors [12] stress that salinity usually happens in conjunction
with waterlogging, and that these phenomena have an impact of crop yield both jointly
and in isolation. In this study, we consider that the interactions between these two mech-
anisms are accommodated by the stock dynamics; hence we formulate the following ’iso-
lated’ damage from waterlogging : f X2

2 .

Salty discharge. Increased discharge of salty water into the surface system results from
increased inflows to the groundwater stock. They have consequences on a range of fac-
tors, ecological but also linked to human activities. They enter the policy maker’s utility
function, as a function of the salt content of the discharge : D (δSGX)2

2 .

3.1.4. Benefit function. We analyze profit-maximizer agents, who use water for irrigation
purposes and are affected by soil salinity and waterlogging. They maximize their utility
by respect to the use of input (irrigation water) only. In other words, we do not consider
irrigation technology as a decision variable. Each technology is associated with an effi-
ciency β. It impacts on the definition of water remaining in the root zone and percolating.
The agents are assumed price-takers with respect to the price of water pe and the price of
their production p. Their utility function is defined as follows :

Bi(ui, Qi, X) = p(a + bui − c
u2

i

2
− dQi − f

X2

2
)− peui.

3.2. Comparison of socially optimal and individual programs. Suppose the existence
of a policy maker who wishes to attain an optimal management of a catchment affected
by irrigation-induced salinity. He accounts for both on-site and off-site impacts. His
maximisation program is as follows :

max
ui≥0

∫ ∞

0

(
n∑

i=1

Bi(ui, Qi, X)−D(SGδX)

)
e−rt.dt subject to :

(14) Ẋ =
n∑

i=1

Pi − (δ + γ)X,
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(15) Q̇i = SW Ui + γSGX − 1− β

β
Qi,∀i.

In this section, we compare the resulting irrigation and stock paths with the ones obtained
when analyzing the case of individual agents. We carry out the analysis of individual
agents’ decision making process in the context of a n-player non-cooperative dynamic
game. In this paper we only consider one informational structure, the open-loop one.
This corresponds to a situation where the agents’ decisions at t depend on t and on the
initial levels of the stocks. Resulting Open-Loop Nash Equilibria (OLNE) correspond to
an infinite period of commitment [8], as the agents commit themselves to a particular
water input path, and do not respond to observed variations of the state variable. In the
context of irrigation-induced salinity, this would mean that agents do not have access
to sufficient information about the groundwater level, which is the case in numerous
unmonitored catchments. The individual program is :

max
ui≥0

∫ ∞

0
Bi(ui, Qi, X)e−rt.dt subject to equations (14) and (15).

Comparisons between the socially optimum and individual paths are summed up in
Propositions 1, 2 and 3.

Proposition 1. There exists an equilibrium to each program (policy maker, open loop agents) with
the saddle point property.

Proof. The resolution process follows Dockner [7] who provides an analysis of the local
stability of two state variables optimal control problems. Indeed, we consider homoge-
neous agents, and thus homogeneous salt stocks, the regulator de facto accounts for two
state variables. Consequently γi = γ/n, ∀i. We are seeking to verify if the sufficient and
necessary conditions for a unique equilibrium with the saddle point property hold. We
provide the full derivation for the social optimum case5; refer to Appendix 2 for the open
loop case.

The Hamiltonian writes as follows :

Hso =
n∑

i=1

Bi(ui, Qi, X)−D(δSGX)

+ λso[
n∑

i=1

(1− β)ui − (δ + γ)X] +
∑

i

µso
i [SW ui + γiS

GX −Qi
1− β

β
],

5Refer to Appendix 1 for an analysis of the non-negativity constraint on input use.
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where λso and µso
i are the costate variables associated with groundwater and salinity6.

Equations (16) to (18) constitute the first-order conditions to the socially optimum pro-
gram :

∂Hso

∂ui
= p

∂F

∂ui
− pe + λso(1− β) + µso

i SW ,(16)

˙λso − rλso = −∂Hso

∂X
= X(npf + DδSG)− µso

i γSG + λso(δ + γ),(17)

˙µso
i − rµso

i = −∂Hso

∂Qi
= −p

∂F

∂Qi
+ µso

i

1− β

β
.(18)

Rearrange equations (16)-(17)-(18) to obtain equation (16.a)-(17.a)-(18.a). Equation (16.a)
exhibits the standard equality of marginal benefits and costs associated with using one
more unit of irrigation water :

(16.a) p(b− cui) = pe − λso(1− β)− µiSW .

The marginal costs consist of the direct cost of buying water, the indirect cost of an addi-
tional unit of water percolating and the indirect cost of salty water brought by irrigation
and remaining in the rootzone.

(17.a) ˙λso = (r + δ + γ)λso + (DδSG + npf)X − µso
i γSG.

Equation (17.a) simply illustrates that the costate variable associated with the watertable
dynamics must increase at the rate of (r + δ + γ) and taking account of the downstream
damage (in terms of discharge of salty water in the surface system) and of the salts
brought upwards by capillary rise.

(18.a) ˙µso
i = (r +

1− β

β
)µso

i + dp.

In equation (18.a), the costate variable associated with the salt accumulation in the root-
zone increases at the rate (r + 1−β

β ) and taking account of the damage on production due
to salts in the rootzone. From equation (16.a), we get :

ui = [λso(1− β) + µso
i sW + pb− pe]/pc.

Replace ui by this expression in equations (14) and (15) and add equations (17.a) and
(18.a) to form the Modified Hamiltonian Dynamic System (MHDS) :


Ẋ
˙λso

Q̇i

˙µso

 =


−δ − γ n(1−β)2

pc 0 nSW

pc (1− β)
DδSG + npf r + δ + γ 0 −γSG

γiS
G SW

pc (1− β) β−1
β

sW2

pc

0 0 0 r + 1−β
β

 .


X

λso

Qi

µso

+


n(1− β)pb−pe

pc

0
SW pb−pe

pc

dp



6It is assumed that the conditions for an interior solution hold, so that the non negativity constraint on ui

doesn’t bing. Refer to Appendix 5 for an analysis of non negativity conditions.
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Let J stand for the matrix with typical elements ∂u/∂v with u, v ∈ {X, Qi, λ, µi} and C

for the constants matrix. Define K as follows :

K =

∣∣∣∣∣∣∣
∂Ẋ

∂X

∂Ẋ

∂λ
∂λ̇

∂X

∂λ̇

∂λ

∣∣∣∣∣∣∣+
∣∣∣∣∣∣∣∣
∂Q̇i

∂Qi

∂Q̇i

∂µi
∂µ̇i

∂Qi

∂µ̇i

∂µi

∣∣∣∣∣∣∣∣+ 2

∣∣∣∣∣∣∣∣
∂Ẋ

∂Qi

∂Ẋ

∂µi

∂λ̇

∂Qi

∂λ̇

∂µi
.

∣∣∣∣∣∣∣∣
The conditions K < 0 and 0 < detJ < (K

2 )2 are necessary and sufficient to ensure the
saddlepoint property [7].

Let zso
1 = 1−β

β (r + 1−β
β ) > 0 and zso

2 = (δ + γ)(r + δ + γ) + n
pc(1− β)2(DδSG + npf) > 0.

Then K = −zso
1 − zso

2 < 0, which ensures that the first condition is met. Also, detJ =
zso
1 zso

2 > 0. Then (K
2 )2 − detJ = 1

4(zso
1 + zso

2 )2 − zso
1 zso

2 = 1
4(zso

1 − zso
2 )2 > 0. Hence the

second condition is met. �

Proposition 2. The steady state groundwater and rootzone salt stocks are higher in the open loop
case than in the socially optimum case.

Proof. The value of the steady state variables is obtained after recognizing that at the
steady state, the following relation holds : Z∞ = −J−1.C where Z∞ stands for the matrix
with typical elements v∞, v ∈ {X, Qi, λ, µi}. Computations with the Maple software give
the following steady state values of the groundwater (respectively rootzone salt) stocks
and input use paths, for m = {so, ol} :

Xm
∞ =

1
zm
2

[M1 + µ∞Mm
2 ]

n(1− β)
pc

,(19)

Qm
∞ =

β

1− β

[
γiS

GXm
∞ + SW um

∞
]
,(20)

um
∞ =

1
pc

[pb− pe + µm
∞SW + λm

∞(1− β)].(21)

Refer to Appendix 3 for the values of the parameters. Then zso
2 > zol

2 and M so
2 > Mol

2

imply Xso
∞ < Xol

∞. It is also straightforward to note that |λol
∞| < |λso

∞|. Also, from equation
(21), we know that uol

∞ > uso
∞, consequently Qol

∞ > Qso
∞. �

The steady state value of the costate variable associated with individual salt stock, µ∞, is
negative, and has the same value in the open loop and social optimum cases. It depends
on the extent of individual damage and on an environmental discount rate, r+ (1−β)

β . It is
the sum of the usual discount rate and of the discharge rate associated with the stock of
salt. A higher discount rate induces a lower value of |µ∞| : when the future counts less,
or when the natural discharge capacity is high, the stock’s shadow price decreases. The
contrary happens when the individual damage term increases.

The steady state groundwater stock is related to the extent of damage due to its accu-
mulation. The higher the damage, the smaller the steady state groundwater stock. The
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steady state salt stock accounts for the various types of damages.

Proposition 3. Open loop agents induce a higher accumulation of groundwater than what is
socially optimum, which indirectly leads to a higher accumulation of the root-zone salts.

Proof. To derive the stock and input paths, the resolution method is a follows. We find
the eigenvalues of matrix J, and choose the negative ones wj , j ∈ {1, 2} to ensure stability.
Then we compute the associated eigenvectors wjv, v ∈ {X, Qi, λ, µi}. The solutions are of
the following form [3]:

ϕ(v, v∞, v0, t) = v∞ + c1w1ve
w1t + c2w2ve

w2t with v ∈ {X, Qi, λ, µi} .

The groundwater, rootzone salinity and water input paths are, for m = {so, ol} :

Xm(t) = Xm
∞ + (X0 −Xm

∞)ewm
1 t,(22)

Qm
i (t) = Qm

∞ + (Q0 −Qm
∞)ewm

2 t +
X0 −Xm

∞
wm

1X

(ewm
1 t − ewm

2 t),(23)

um(t) = λm(t)
1− β

pc
+ µ∞

SW

pc
+

pb− pe

pc
.(24)

Refer to Appendix 4 for the values of the parameters. �

Assuming that the initial groundwater stock is below the steady state, so that the issue at
stake is an accumulation problem, the groundwater stock path is monotonic, and increas-
ing from X0 to Xm

∞ at the rate wm
1 . Then, as wso

1 < wol
1 , it follows that open-loop agents

not only accumulate more groundwater, they also accumulate faster than what is socially
optimal.

The salt stock’s behavior depends on two phenomena. The first part of the RHS of equa-
tion (23), Qm

∞ + (Q0 − Qm
∞)ewm

2 t , is an autonomously increasing part, in the sense that it
is not directly affected by the collective groundwater stock. The second part of the RHS
shows the correlation between the individual and the collective stocks. The sign of the
interaction depends on three terms. First, X0 −Xm

∞ < 0 in cases of accumulation. Then,
ewm

1 t−ewm
2 t > 0, as the exponential function is monotonously increasing, and because the

following applies :

wm
1 > wm

2 ⇒ 1− β > −βwm
1 ⇒ 1− β > −βr/2 , as wm

1 < r/2.

Third, the sign of w1X is a priori undetermined. It can be shown that its numerator is
positive, however its denominator is more difficult to assess. It comprises two terms,
n(1−β)γSG and Sw(wm

1 + δ +γ); the term wm
1 + δ +γ illustrates a tradeoff between dissi-

pating and accumulating features of the groundwater stock, the greater the accumulation
rate, the lower wm

1 + δ + γ, hence the greater w1X .

After investigating these benchmark cases, in the next section we address the design
of taxes to attain the optimal solution. We consider various taxes, basing either on the
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amount of irrigation input, the groundwater stock, or both. We also consider two defini-
tions of optimality : the policy maker may want irrigators to behave optimally along the
whole paths, or only to reach the optimal steady state.

4. DESIGNING OPTIMAL WATER TAXES

In this section, we assess the potential of various dynamic taxes to induce the agents to
take optimal decisions. We consider the following general scheme :

(25) τ(Ui, X) = τ1ui + τ2uiX + τ3X.

Such a formulation encompasses the various types of dynamic taxes that have been anal-
ysed in the literature; τ2 = τ3 = 0 is a time-independant water tax, τ1 = τ2 = 0 is a linear
state-dependent ambient tax [11] and τ3 = 0 is a stock dependant tax [1]. We focus on two
potential tax bases, the amount of irrigation water ui and the groundwater stock. Implicit
in this formulation is the consideration that individual salt stocks are not realistically ob-
servable by the regulator, or only at a prohibitive cost.

Through an analysis of the general scheme, we highlight the differentiated impacts of the
parameters τ1, τ2 and τ3 on the accumulation paths and the steady state values. Then we
compute the optimal parameters, when optimality is required at the steady state only, or
along the whole time horizon.

4.1. The general taxation scheme. Consider an agent, following an open loop strategy,
subject to a taxation scheme as described in equation (25). His maximisation problem is :

max
ui

Bi(ui, Qi, X)− τ(ui, X) subject to equations (14) and (15).

Proposition 4. The introduction of taxes based on the individual use of water and/or the level of
groundwater does not alter the saddle point property of the equilibrium.

Proof. Using the same notations as in the previous section, the MHDS writes as Z∞ =
JτZ + Cτ with7 :

Jτ =


A(τ2) B 0 C

D(τ2) E(τ2) 0 F (τ2)
G(τ2) H I J ′

0 0 0 K ′

 and Cτ t =


L(τ1)

M(τ1, τ2, τ3)
N(τ1)

P


The necessary and sufficient conditions to ensure the saddle point property are K < 0
and (K/2)2−detJ > 0, K being defined as in the previous sections. Define :

zτ
1 t = −IK ′ > 0,

zτ
2 = −A(τ2)E(τ2) + D(τ2)B > 0

7Refer to Appendix 5 for the detailed MHDS.
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Then K = −zτ
1 − zτ

2 < 0 and (K/2)2 − det(Jτ ) = zτ
1zτ

2 > 0. Both conditions are satisfied,
ensuring the saddle point property. �

Proposition 5. Each tax parameter, associated to individual input use (τ1), collective ground-
water stock (τ3) or a mix of both (τ2), impacts on the steady state values of the stocsk and input
choice. However, only τ2 affects the groundwater stock accumulation rate, thus indirectly the
rootzone salt stock’s speed of accumulation.

Proof. Applying the same method as in the previous cases, we derive the following steady-
state values of the variables :

Xτ
∞ =

1
zτ
2

[M τ
1 (τ1, τ3) + M τ

2 µ∞],

Qτ
∞ =

β

β − 1
[
Xτ
∞γSG + SW uτ

∞
]
,

uτ
∞ =

1
pc

[
pb− pe − τ1 − τ2 + µ∞SW + λτ

∞(1− β)
]
,

λτ
∞ =

−1
zτ
2

[M τ
3 (τ1, τ2, τ3)− µ∞M τ

4 (τ2)],

µτ
∞ = µol

∞ = µso
∞.

Furthermore, the paths are of the same form as in the previous case :

Xτ (t) = Xτ
∞ + (X0 −Xτ

∞)ewτ
1 t,

λτ (t) = λτ
∞ + (X0 −Xτ

∞)
wτ

12

wτ
11

ewτ
1 t,

Qτ
i (t) = Qτ

∞ + (Q0 −Qτ
∞)ewτ

2 t +
X0 −Xτ

∞
wτ

11

(ewτ
1 t − ewτ

2 t),

uτ
i (t) = λτ (t)

1− β

pc
−Xτ (t)

τ2

pc
+ µ∞

SW

pc
+

pb− pe − τ1

pc
.

�

To assess the impact of the various tax parameters on the steady state values, we derive
the following expressions : ∂M τ

1 /∂τ1 < 0 ∂M τ
1 /∂τ3 < 0. As zt

2 > 0 and ∂zt
2/∂τ2 > 0, the

steady state groundwater stock is clearly negatively affected by the individual, collective
and mixed tax parameters. However the impact on the associated co-state variable is not
analytically tractable. Indeed, the following relationships apply :

∂M τ
3

∂τ1
> 0 ,

∂M τ
3

∂τ2
< 0 ,

∂M τ
3

∂τ3
< 0 and

∂M τ
4

∂τ2
undet.

The eigenvalues, which dictate the speed of accumulation, are :

wτ
1 = [A(τ2) + E(τ2)]/2−

√
(A(τ2)− E(τ2))2 + 4D(τ2)B/2 < 0 and wτ

2 = I < 0

It is straightforward to notice that none of the taxes under study has an impact on the
value of wτ

2 . However, τ2 does appear in wτ
1 . The first order derivative of wτ

1 with respect
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to the relevant tax parameter are as follows :

∂wτ
1

∂τ2
= 1/2[(1− β)(1− n)− 1/2

M τ ′
6 (τ2)√

M τ
6 (τ2)

] < 0,

with M τ
6 (τ2) = τ2

2

(n− 1)2(1− β)2

2pc
+ τ2(n + 1)(1− β)(r + 2δ + 2γ) + CTE.

These derivations confirm the insights from the general case study, that is that the mixed
tax parameter τ2 has a special status in the sense that it impacts on both the steady state
values and the accumulation rate. Next we provide the full derivation of the optimal tax
parameters, and make use of this property of τ2 to induce the agents to follow the optimal
path along the whole time horizon. In a first step, we assume that the regulator requires
the agents to comply with the optimal level of groundwater at the steady state. In this
regard, it constitutes an application of Xepapadeas’ [21] definition of an efficient scheme8.
In a second step, we assume that the regulator requires a more standard definition of ef-
ficiency, which the is requirement that the agents comply with the optimal accumulation
path along the whole time horizon.

4.2. Optimal taxes parameters : steady state only.

Proposition 6. In order to induce the agents following open-loop strategies to reach the optimal
steady state, the regulator can either use a pure ambient tax or a time-independent input tax.

Proof. We solve the system
{
XSO
∞ = XT

∞ , QSO
∞ = QT

∞
}

with respect to different combina-
tions of the tax parameters, as shown in the following table.

Case Solve w.r.t. Opt. Par. Case Solve w.r.t. Opt. Par.
a τ1, τ2,τ3 τ3(τ1, τ2) e τ3 [τ1 = τ2 = 0] τ̂3

b τ1, τ2 [τ3 = 0] τ1(τ2) f τ2 [τ1 = τ3 = 0] τ̂2

c τ1, τ3 [τ2 = 0] τ3(τ1) g τ1 [τ2 = τ3 = 0] τ̂1

d τ2, τ3 [τ1 = 0] τ3(τ2)
TABLE 1. Optimal steady state tax rates

When any of the parameters associated with individual performance is equal to zero
(cases c and d), then the optimal tax takes the form of a pure ambient tax, with a tax
rate equal to τ̂3. Case a constitutes a case of over-information. Indeed, when the three
parameters are available, any choice of τ1 and τ2 and associated τ3(τ1, τ2) allows attaining
the optimal steady state (in particular when τ1 and τ2 are set equal to zero). When the
pure collective parameter τ3 is not available, the optimal tax is an input tax (cases b and
g). �

8A similar approach in the context of public good provision is provided by Fershtman and Nitzan [10].
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For the sake of readability we don’t include the analytical expressions of the taxes in this
paper9. However we provide some numerical illustrations in section 5.

4.3. Optimal taxes parameters : along the whole time horizon.

Proposition 7. To induce open agents to take optimal decisions along the whole time horizon,
the regulator needs to have recourse to a mixed tax, based on parameter τ2, and one of the purely
collective (τ3) or individual (τ1) ones.

Proof. We follow the methodology used by [1]. We seek to have uso(X) and τ∗(τ1, τ2, τ3)
satisfy the first order conditions of open loop agents subject to the general tax scheme10.
In other words, we want to induce open loop agents, subject to the optimal tax scheme
τ∗(τ1, τ2, τ3), to use the optimal reaction function uso(X). Remember the following so-
cially optimum first order condition on input use and collective stock co-state variable
path :

(16) p(b− cui) = pe − λso(1− β)− µiSW ,

(17) λso = λso
∞ + (X0 −Xso

∞)
wso

1λ

wso
1X

ewso
1 t = λso

∞ +
wso

1λ

wso
1X

[X −Xso
∞] .

Replace λso with its value taken from (17), and derive (16) with respect to time to obtain :

(26) pcu′(X)Ẋ = −τ2Ẋ + λ̇τ (1− β).

Knowing that :

λ̇τ = (r + δ + γ)λt + pfX + τ2ui + τ3 − µ∞γSG,

λτ = λτ
∞ +

wτ
1λ

wτ
1X

[X −Xτ
∞] ,

and rearranging (26), we obtain a first order polynom of X :

C1(τ2)X + C0(τ1, τ2, τ3) = 0 , ∀X ⇒ C1(τ2) = 0 and C0(τ1, τ2, τ3) = 0.

Solutions are obtained for the following combinations of parameters : {τ1, τ2} and {τ2, τ3}.
This confirms the needs for a stock-dependant mixed tax to induce optimality along the
whole time horizon. A standard input tax, or a pure ambient tax, is not sufficient to in-
duce the agents to irrigate in a optimal way, and consequently accumulate optimaly both
individual rootzone salt stocks, and the collective groundwater stock. �

5. NUMERICAL ILLUSTRATIONS

The values of the parameters in use in the simulations are as follows : δ = 0.01, γ =
0.0001, X0 = 0 , SG = 5EC, Bi(ui, Qi, X) = 0.05 + 1.95ui − 0.80

2 u2
i − 0.01Qi − 0.0001

2 X2,
β = 0.6, SW = 1.5EC, Q0 = 0, p = 5, pe = 1, r = 0.04 and n = 10. Figure 1 illustrates the
variation between individual and socially optimal decisions through its impact on indi-
vidual and collective stock accumumation. Figure 2 illustrates the differentiated impact

9They are available on request.
10Refer to Appendix 5.
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of various steady state taxes on the accumulation of the stocks.

FIGURE 1. Comparison social optimum and open loop paths - groundwa-
ter and rootzone salts stocks

FIGURE 2. Impact of various steady state taxes on groundwater/rootzone
stock path
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6. CONCLUDING REMARKS

This paper examined the problem of designing optimal water taxes for irrigators in the
context of irrigation-induced salinity, when a collective groundwater stock interacts with
individual rootzone salt stocks. In this regard, the context constitutes a special case of
correlated stock externalities, in which the stocks are positively correlated and it is the
collective stock that impacts on the individual stocks.

First we compared socially optimal decisions and decisions taken by agents following
open-loop strategies and showed that in the latter case, groundwater is accumulated
more, and more rapidly. This provides a rationale for policy intervention. Then we ad-
dressed the impact of a general taxation scheme, based on both individual performance
(individual stock, input use) and collective performance (groundwater stock). We high-
lighted some features of the taxation schemes, in particular the need for a mixed tax
parameter to induce the agents to optimally correct their accumulation rate. Finally, we
derived the optimal parameters in various understandings of optimality, at the steady
state only or along the whole time horizon. We showed that, if a pure ambient tax is
sufficient in the former case, it is necessary to have recourse to a mixed tax parameter to
ensure optimality of the accumulation paths.

The interaction between the stocks is quite particular in the setting of irrigation-induced
salinity. First, the correlation is positive, so that an increase in the level of groundwater
leads to an increase of rootzone salts. Second, in this paper we only considered that the
global stock impacts on the local ones. Indeed, in a more realistic, hence complex, model
of irrigation-induced salinity, it would be necessary to describe a stock of salt and a stock
of water for each reservoir at stake (river system, watertable, individual rootzones). Then
the individual salt stocks would impact on the global one. However, multiple state vari-
ables problems rapidly become not analytically tractable, hence our choice to focus on
the main sources of damage : rootzone salinity and groundwater level. Consequently,
the taxes’ impacts on the individual stocks is of the same order as their impacts on the
collective stock.

Further research could include considering agents following feedback strategies, as pol-
icy instruments based on a measure of collective performance typically induce strategic
interactions between the agents. Such strategic interactions could alter the efficiency of
the taxation schemes analyzed here.
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Appendix 1 : Non negativity constraint of the optimal input use.

The condition for an interior solution is to have, ∀t, u(t) > 0. Remember we have the
following irrigation path :

uso
i = λ

1− β

pc
+ µ∞

SW

pc
+

pb− pe

pc
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As λso is a strictly decreasing function of time, so is uso(t). To ensure that ∀t, uso > 0 it is
sufficient to show that uso

∞ > 0.

uso
∞ =

1
pc

[pb− pe + µso
∞SW + λso(1− β)] =

N(uso
∞)

D(uso
∞)

,

D(uso
∞) = [rβ + 1− β]

[
pc(r + δ + γ)(δ + γ) + n2pf(1− β)2 + nDSGδ(1− β)2

]
> 0,

N(uso
∞) = (pb− pe)(r + δ + γ)(δ + γ)(rβ + 1− β)− dpβ(δ + γ)

[
nSGγ(1− β) + SW (r + δ + γ)

]
.

Consequently, uso
∞ > 0 if its numerator is positive, which amounts to :

pb− pe

dp
(r +

1− β

β
) >

nSGγ(1− β)
r + δ + γ

.

Appendix 2 : Open-loop case : derivation of the paths and non negativity constraint

The individual maximisation program is now :

max Bi(ui, Qi, X) subject to (14), (15) and ui ≥ 0.

Supposing we are in the conditions of an interior solution, the MHDS is :

(27)


Ẋ

λ̇

Q̇i

µ̇

 =


−δ − γ n(1−β)2

pc 0 SW

pc (1− β)
pf r + δ + γ 0 −γSG

γiS
G SW

pc (1− β) β−1
β

SW2

pc

0 0 0 r + 1−β
β

 .


X

λ

Qi

µ

+


n(1− β)pb−pe

pc

0
SW pb−pe

pc

dp


The resolution process is the same as in the previous case. Let z′1 = 1−β

β (r + 1−β
β ) > 0 and

z′2 = (δ + γ)(r + δ + γ) + n
pcfp(1− β)2 > 0. The rest of the demonstration follows.

To derive the conditions for the nonnegativity of the control variables, the same method-
ology as in the optimal case.

D(Uol
∞) = [rβ + 1− β]

[
pc(r + δ + γ)(δ + γ) + npf(1− β)2

]
> 0,

N(Uol
∞) = (pb− pe)(r + δ + γ)(δ + γ)(rβ + 1− β)

−dpβ
[
SGcγ(1− β)(δ + γ) + SW (f(n− 1)(1− β)2 + c(r + δ + γ)(δ + γ)

]
,

uol
∞ > 0 ⇒ pb− pe

dp
(r +

1− β

β
) > SW

[
1 +

f(n + 1)(1− β)2

c(r + δ + γ)(δ + γ)

]
+ SG

[
γ(1− β)
r + δ + γ

]
.

Appendix 3 : Steady state stocks parameters

M1 = (r + δ + γ)(pb− pe) > 0,

µ∞ = −dp/[r + (1− β)/β] < 0,
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M so
2 = SW (r + δ + γ) + γSG(1− β) > 0,

Mol
2 = SW (r + δ + γ) + γiS

G(1− β) > 0,

λso
∞ = [−Xso

∞(npf + DδSG) + µ∞γSG]/[r + δ + γ],

λol
∞ = [−Xol

∞pf + µ∞γiS
G]/[r + δ + γ],

zol
2 = (δ + γ)(r + δ + γ) +

n

pc
(1− β)2(pf).

Appendix 4 : Stock paths parameters

µm(t) = µm
∞

λm(t) = λm
∞ + (λ0 − λm

∞)ewm
1 t = λm

∞ + (X0 −Xm
∞)

wm
1λ

wm
1X

ewm
1 t

Dso = npf + DδSG, Dol = pf

w2 =
β − 1

β
< 0

wm
1 =

1
2
[r −

√
[r + 2(δ + γ)]2 + 4n(1− β)2Dm/pc] < 0

wm
1X =

n(1− β)(1−β
β + wm

1 )

n(1− β)γiSG + (wm
1 + δ + γ)SW

wm
1λ =

(wm
1 − w2)pcDm

SW (1− β)Dm − γiSGpc(r + δ + γ − wm
1 )

wm
1Q = 1 , wm

1µ = 0 , wm
2X = wm

2λ = wm
2µ = 0

wm
2Q = 1

Appendix 5 : general model with tax


Ẋ

λ̇

Q̇i

µ̇

 =


n(β−1)

pc τ2 − δ − γ n(1−β)2

pc 0 nSW

pc (1− β)

pf − τ2
2

pc r + δ + γ + τ2(1−β)
pc 0 −γSG + SW

pc τ2

γSG − SW

pc τ2
1−β
pc SW β−1

β
SW2

pc

0 0 0 r + 1−β
β

 .


X

λ

Qi

µ

+


n(1−β)(pb−pe−τ1)

pc

τ3 + τ2(pb−pe−τ1)
pc

SW (pb−pe−τ1)
pc

dp


zt
2 = τ2

[
(δ + γ)(1− β)/pc + n(1− β)2(r + δ + γ) + (δ + γ)(r + δ + γ) + n(1− β)2f/c

]
> 0
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M t
2 = Mol

2 , M t
1 =

n(1− β)
pc

[(r + δ + γ)(pb− pe − τ1)− (1− β)τ3]

M t
3 = −n(1− β)

pc
[τ2τ3 + pf(pb− pe − τ1)]− (δ + γ)[τ3 +

τ2(pb− pe − τ1)
pc

]

M t
4 =

n(1− β)
pc

[SW pf − γSGτ2] + (δ + γ)[
SW τ2

pc
− γSG]


