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Abstract

We explore the link between cyclical and smooth resource exploitation. We define an impulse
control framework which can generate both cyclical solutions and steady state solutions. For the
cyclical solution, we establish a link with the discrete time model by Dawid and Kopel [1|. For
the steady state solution, we explore the relation to Clark’s [2| continuous control model. Our
model can admit convex and concave profit functions and allows the integration of different stock
dependent cost functions. We show that the strict convexity of the profit function is only a special
case of a more general condition, related to submodularity, that ensures the existence of optimal
cyclical policies.

Key words: optimal control, impulse control, renewable resource economics, submodularity
JEL classification: C61, Q2.

1. Introduction

There are two opposing types of harvesting policies for renewable resources such as a fishery or
a forest. The first is a continuous harvesting policy. In a continuous time model, at each point of
time, some portion of the population is harvested. Thus the size of the population never changes
abruptly although the time derivative of the population may be discontinuous. Numerous examples
of such policies have been given by Clark [2],[3] for fisheries. The Faustmann harvesting policy
for a balanced forest also belongs to this type: only the trees having reached the optimal felling
age are cut. At the other extreme of the spectrum an impulse policy consists in harvesting some
significant part of the population at discrete points of time while leaving the population to evolve
in its natural environment between any two consecutive harvest dates. An example is Faustmann’s
optimal cutting policy of a single, even-aged, forest stand.

At an aggregate level, optimal impulse policies are quite rare for two main reasons. The first
being that renewable resources are generally scattered all over the world with specific characteristics
so that synchronized impulse harvesting of so many sources is unlikely. The second reason is that an

UWe are grateful to Olli Tahvonen and Franz Wirl for helpful comments. We also thank the participants of the
EAERE 2007 and SURED 2008 conferences for interesting discussions.
*Corresponding author.
Email address: tidball@supagro.inra.fr (Mabel Tidball)
Preprint submitted to Elsevier December 13, 2008



aggregate impulse policy would induce hikes in the price path, thus opening the door for arbitrage
opportunities when stockpiling costs are high. The arbitrage possibility stems from the very fact
that stockpiling costs are nil for the resources left unexploited. As a result, the price hikes may be
arbitraged by moderately changing the harvest date at a low opportunity cost. However at a micro
level such impulse policies may be optimal, or profit maximizing strategies.

Termansen [4| proposed to convert Clark’s standard continuous control model (with one state
variable) into an impulse control model by simply changing the decision variable: instead of the
harvest rate, the control is the harvest amount and the harvest times. Using numerical solutions
with a large but finite time horizon, she showed that this impulse control model may generate
different types of extreme harvesting regimes: those similar to Faustmann-like rotations and those
similar to a steady state solution (see also Touza-Montero and Termansen [5] and Tahvonen [6],
who investigates a similar question in an age-structured forestry model). However, Termansen only
explored the link between the optimal cyclical behavior and the Clark-like solutions in the specific
case where harvest costs are independent of stock levels.

Our main objective is to discuss these relationships more systematically. We revisit Termansen’s
impulse control model with infinite time horizon and solve it completely in a very general case, with
general population growth and stock-dependent cost functions. We characterize the optimal solution
by reducing it to two coupled optimization problems with two variables each. This allows us to
formulate conditions under which optimal harvesting behavior is cyclical or smooth.

The literature confirms that cycles in deterministic models' may occur for various reasons. In
discrete time models, Dawid and Kopel [1, 7] showed that strictly convex gain functions may lead
to optimal cyclical solutions, in the absence of stock effects. Liski et al. [8] demonstrated the oc-
currence of cycles in a model with increasing returns to scale and lacking adjustment costs, equally
in the absence of stock effects. Finally, in early applications in fisheries economics, Hannesson |9]
suggested the pertinence of so-called pulse-fishing solutions? and explained their existence by in-
creasing returns to scale and the presence of age classes in the population. But also in continuous
time models, small modifications of the standard assumptions may lead to cyclical solutions. Lewis
and Schmalensee [10, 11] found that cycles can be optimal in presence of increasing returns to scale,
stock effects and modest re-entry costs. Wirl [12] showed that cycles are possible in a model with
two state variables and stock effects (see Clark, Clarke and Munro [13].3), by simply introducing a
quadratic (instead of linear) cost function.

Like Wirl, and in contrast to most other models with optimal cyclical harvesting policies (see
for example Dawid and Kopel [1], Liski et al. [8], Lewis and Schmalensee [10, 11]), we suppose the
harvest cost functions to be stock-dependent, such as the costs proposed by Clark [2].

We show that the conditions for the existence of cyclical solutions involve a close combination
of the growth function and the cost function, thereby emphasizing that the convexity of the cost
function, or its dependence on the stock level, are not the only issues worth considering. We then
discuss how a Clark-like steady-state solution emerges as a limit of small and frequent harvest
operations in our model. We also show that we can reproduce and generalize Dawid and Kopel’s
results, although the latter were obtained with a discrete-time model (whereas time is continuous
in our model) and without stock effects.

'"We do not consider stochastic models in the following.

?Pulse fishing and chattering strategies imply very small jumps in the state variable.

3In this model the harvest-gain function is concave, which, according to Wirl, renders cyclical solutions more
difficult to occur.
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The article is structured as follows. We present the impulse control problem in section 2, we
characterize the type of solution in section 3 and the optimal cycle in section 4. We then establish
the link to Clark’s continuous control solution and to Dawid and Kopel’s discrete control model in
section 5. The last section is devoted to the conclusion.

2. The impulse control model

2.1. The Model

The resource dynamics
We consider a renewable resource, for which dynamics, in the absence of any harvest, is given
by:
@(t) = Fzt)), t=0, (1)

where x(t) is the size of the population at any time ¢ and F, stationary through time, is the growth
rate function. The function F' is assumed to satisfy the following conditions.

Assumption 1. There exist real numbers zg,, and z, such that 0 < z; < 24, < +o0o. The
function F' : (0,24,) — R is positive over the interval (0,z5) and negative over the interval
(s, Tsup), with F'(0) = F(zs) = 0, where lim,|o F(x) = F(0). The function F' is measurable and
bounded above. Tt is assumed that the differential equation (1) admits a unique solution for every
initial stock xg € (0, Zup).

The quantity xg,, is the supremum of the carrying capacity of the environment. The long-run
maximum sustainable level is x4, the level to which the population is converging for any g such
that 0 < 29 < Tsup-

The harvesting process

We are interested in the optimal economic exploitation of this resource by a discrete harvest
process, i.e. within the framework of impulse control models.

Accordingly, we define an impulse exploitation policy IP := {(¢;,[;),i = 1,2,...} as a sequence
of harvesting dates ¢; and instantaneous harvests I;, one for each date. The sequence of dates may
be empty, finite or infinite. It is such that 0 < ¢y, and ¢t; <t;41,¢=1,2,... and lim; 1 t; = +00.
By convention, we shall assume that if the sequence is finite with n > 0 values, then t; = 400 for
all © > n.

The sequence of harvests must satisfy:

IZZO and .Z‘Z‘—IZ'ZO, (2)
where

T, = lime(t) ,  with 27 = z¢ given if t; = 0, (3)
tTt;

and such that the following constraints hold:

z(t) = F(xz(t)) for t; <t < tiyq with x(t;) =oz; — I;, i=1,2,... (4)

4Impulse control policies in infinite horizon consist in an unbounded sequence of decisions. For the discussion of
impulse control models, see for example Léonard and Long [14], Seierstaed and Sydsaeter [15].
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z(t) = F(x(t)) for 0 < t < t; with 2(0) =z if t; > 0. (5)

In other words: z; is the size of the population just before the harvesting date ¢;, and x; — I; its size
just after that same date. If t; = 0, the population x; is supposed to be inherited from the past,
and denoted by xg. Harvests can not be negative nor exceed total population size. The conditions
(2) (5) define the set of feasible IPs, denoted by Fy,.

The harvester’s profits

Monetary profits generated by any harvest depend upon the size of the catch and the size of the
population at the catching time. We assume that the profit function is stationary through time so
that whatever t;, I; and z;, the current profits at time ¢; amount to m(x;, I;). The profit function
is assumed to have the following standard properties.

Assumption 2. The function 7(x,I) is defined on the domain D := {(z,I),z € (0,2syp), I €
[0,2]}. It is of class C, positive and bounded, and such that m(x,0) = 0, Vo € (0,24,). The
derivative wy(z,I) := (0r/01)(x,I) admits a limit when I | 0 for all z € (0, zsyp)-

Profits are discounted using a constant instantaneous interest rate, denoted by r, r > 0.
The manager’s objective is to choose some policy maximizing the sum of the discounted profits,
that is, to solve the problem (P):

oo

(P) sup II(IP) := Ze Yo, 1)
PeF,, Pt

It is assumed here that the function IT is well defined over the whole set F, .5

2.2. The Dynamic Programming Principle

We use the Dynamic Programming approach to solve our problem. The following theorem
insures the existence of a unique value for the problem.

Theorem 1. The value function

v(z) = sup II(IP) (6)
IPEF,

18 the unique solution of the following variational equation:

v(z) = sup e " [m(o(t,2), ¢t x) —y) +o(y)] (7)

y€[0,xs5up)
t>0

where ¢(t, ) is the trajectory of the system at time t, solution of the dynamics (1) with x(0) = x.

For this standard proof of dynamic programming see Davis [16, Theorem (54.19), page 236].

®Observe that we formulate our problem with a “sup” and not a “max” hecause we are interested in the possibility
that the maximum is not reached inside the set F,.



3. Reduction to Cyclical Policies

In this section we investigate the impulse control model and propose an approach for character-
izing its solutions. Our approach is to determine the structure of solutions under the quite general
assumptions of the previous section. The price to pay for this generality is that our results do not
guarantee the uniqueness of solutions, which must be examined on a case-by-case basis.

Our line of argument will be the following. First of all, the Dynamic Programming principle
implies that, under any optimal policy for Problem (P), if the stock reaches some level already
attained in the past, the action chosen in the past (to harvest or not to harvest) should still
be optimal. This mere fact combined with the positive growth of the stock’s natural dynamics
tends to select policies that are cyclical in the sense that they let the stock grow to some level,
harvest it down so some other level, and repeat. However, it may still be that under the optimal
policy, the stock never reaches twice the same level. We show that when the gain function has a
certain submodularity property, such trajectories can not be optimal. Optimal policies are therefore
essentially cyclical. Moreover, joining the optimal cycle must be done with at most one harvest.

The optimization problem is then reduced to finding: a) what is the optimal cycle; b) what is
the optimal way to reach the optimal cycle from a given initial stock. Finding the optimal cycle is
a relatively simple optimization problem which we call the “Auxiliary Problem”. But the solution
to this problem may correspond to degenerate cycles, which we interpret as continuous harvesting
policies a la Clark. We show in the next section that the submodularity assumption is again the
key to determine whether the optimal cycle is a true cycle or a degenerate one.

We proceed now with the definitions and the precise statements of these principles.

3.1. Cyclical Policies and the Auziliary Problem

Cyclical policies. A cyclical policy has two components: a cycle which is characterized by two values
z and T with z < Z, or equivalently by an interval [z, Z|; and a transitory part which describes how
the trajectory evolves from the initial stock to the cycle. The transitory part consists in, at most,
one harvest, such that the remaining population is less than z. We first concentrate on the cycle.

Hence, a cycle has two main parameters, which are such that 0 < 2 < Z < x,.5 When in its
cyclical part, a policy acts as follows: a) let the population grow to z; b) harvest until z; and
repeat. Such a policy applies only to initial populations zg < Z. In other words, the transitory part
can be dispensed with only for such an initial population.

Gain under a cyclical policy. We will denote by G(z,Z,xz¢) the value of discounted profits in a
policy without the transitory part, applied to an initial population of xy. The complete definition
of the function G involves several cases, corresponding to the limit cases for z and z.

It is convenient to define the function 7(x,y) as the time necessary for the dynamics to go from
value z to y, z < y. It turns out that for all 0 < 2 <y < xs:

T(z,y) = /: F(lu) du. (8)

Since, by Assumption 1, F(xs) = 0, the integral defining 7(z,y) is singular when y = x,. The limit
when y — x5 may therefore be finite or infinite, depending on the function F. Another feature

8Since Z represents the population level until which the resource grows before harvesting, there is no point in
considering T > x5 since the population cannot grow to such a level.
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of Assumption 1 is that F(0) = 0. Consequently, if £(0) = 0, a solution to the dynamics (1) is
x(t) = 0 for all t > 0. This implies the convention that 7(0,y) = +oc if y > 0, and 7(0,0) = 0.7
The value of the total profit function G can be expressed as:

) fo<z<z<uag
671”7'(900,:?)

(9)

The convention is that: if z = 0, the term exp(—r7(z,Z)) should be replaced by 0. Likewise,
exp(—r7(z,z)) and exp(—r7(xp,z)) are 0 if z = x5 and lim,_,, 7(z,y) = +o0.

Glz,2,20) = (&% ~ DT~ -

ii) For x = &, Assumption 2 allows to define G by continuity as:

Flz)

G(x,x,z9) = 7(x,0) e (@) (10)

For the cases x = T, the value G is not that of a well-defined impulse control policy, but that of
some continuous harvesting policy, which can be seen as a degenerate impulse policy.

Finally, by using the fact that 7(z,y) defined in (8) is also defined for y < z, expressions (9)
and (10) provide values for the function G when xy > z as well. Of course, these situations do not
correspond to an implementable harvesting policy, and the function loses its economic meaning. In
subsection 3.3 we will study the transitory part of a cyclical policy for which the case x¢g > T has
an economic meaning.

The auziliary problem
Having defined the function G(z,z,zg) for all 0 < z < Z < x5 and all 0 < zg < x4, we now
define the auxiliary problem (AP):
(AP) : max G(z, T, x0).

z, T; 0<z<r<zs

Under Assumption 2 it turns out that G is lower semi-continuous as a function of (z,z). The
problem (AP) has therefore always a solution. For the purpose of the discussion to come, it is
important to distinguish the case where the solution is such that x = Z, from the case where z # Z.
We call the first situation a “diagonal solution”, and the second one a “non-diagonal solution”.

3.2. Submodularity and Optimal Trajectories

In this paragraph, we introduce a submodularity assumption on the profit function 7. Appen-
dices A.1 and A.2 provide results on the consequences of this assumption on the shape of optimal
trajectories for Problem (P). Consider the following assumption.

Assumption 3. The function 7 is such that:
mw(a,a —c¢)+m(b,b—d) < w(a,a—d)+m(bb—rc) (11)

for every d < c < b < a.

"This convention does not mean that lim, o 7(x,y) = +oo in every situation.
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Assumption 3 means that the profit generated by a big harvest in a large population, 7 (a,a—d),
augmented by the profit resulting from a small harvest in a medium sized population, 7(b,b — ¢),
is greater than the sum of profits generated by two medium sized harvests, the first in a large
population, m(a,a — ¢), and the second in a medium sized population, 7(b,b — d). At the limit, for
¢ = b, one big harvest, 7(a,a — d), is better than two medium harvests, 7(a,a — ¢) and = (c,c — d),
reducing the population to the same level after the harvests, i.e. d. Assumption 3 implies two
essential consequences. First, it is more rewarding to harvest a large part of the stock, rather
than two smaller parts. Second, at the optimal stock level, regular harvesting policies are more
worthwhile than irregular policies, with overlapping stocks.

In some situations, we shall refer to a “strict” Assumption 3, meaning that:

m(a,a —c¢) +m(b,b—d) < m(a,a—d)+m(bb—rc) (12)

for every d < ¢ < b < a.
The following properties are well-known or easy to check.

Lemma 1. Assume that 7 satisfies Assumption 3. Then:
i) Let g(x,y) = w(z,x —y) be defined for 0 <y <z < g, Then g is submodular.®

i1) If ™ has second-order derivatives, then

Ter + 7w = 0.
iii) If Assumption 2 holds as well, then the following inequality holds for all z <y < x:
m(x,x —y) +7(y,y — 2) < w(x,x—2). (13)
i) If m(x,I) = R(I), then R is convex. Conversely, if R is convezr, Assumption 3 holds.

These properties are linked to several economic assumptions: Initiating the harvesting process
is costly (Lemma 1 4i7)). Hence, cycles are optimal if resource managers can take advantage of
some form of economies of scale. This is the case, for instance, if the revenue function is convex,
which is one sub-condition of Assumption 3 (Lemma 1 iv)) in the case of stock-independent costs.
In addition, when 7 is linear in I, harvests and resource stocks are complementary (Lemma 1
i1)) and hence, any additional harvest, and resulting profits, can only be obtained by waiting and
letting the resource recover, which comes at a cost. Note that condition (13), with strict inequality,
is classically required to insure the existence of optimal impulse control policies (see for instance
Davis [16]).

In contrast to usual assumptions on the strict convexity of the profit function, Assumption 3
is more general as it covers the case of objective functions with multiple variables. It applies to
convex-concave profit functions and is independent of any particular form of the dynamics F(+).

8A function g(z,y) is submodular if for all a,b, ¢, d such that max(c,d) < min(a, b):

g(min(a,b), min(c, d)) + g(max(a,b), max(c,d)) < g(min(a,d), max(c,d)) + g(min(a,b), max(c,d)) .



3.3. Equivalence between (P) and (AP)

Now we are going to show the principal relation between problems (P) and (AP). The results of
this section are partly based on the property that solutions to Problem (AP) turn out not to depend
on xg, as stated in Lemma 8, see Appendix A.3. Consequently, we can talk of solutions (z*, z*) to
the auxiliary problem (AP) independently of xy. We then make the following assumption:

Assumption 4. The problem (AP) has a unique solution, denoted with (z*,z*), which is such
that z* < z*.

The transitory problem

Under Assumption 4, let us define the following optimization problem (TP), which formalizes
the “Transitory Problem”. The transitory part of a cyclical policy consists in a) letting grow the
stock until some value x; b) harvesting from x down to y for y < Z*; ¢) applying the cycle with
the harvesting interval [z*, Z*] from then on. The question is how to choose the quantities = and
y. The answer is given by the solutions of the following optimization problem:

(TP):  max ¢ [x(e,x —y) + Gl", 2", y)] -

\Ys
0<y<z<zs
zo<w; y<z*

The following theorem characterizes the solutions to the problem (P).

Theorem 2. Assume that Assumptions 1 4 hold. Let (x*(x),y"(zo)) solve the maximization prob-
lem (TP). Then the value function of (P) is:

G(z*, %, x0) if xo<z*
v(xo) = )
e~ T @) [ (a* (20), 2% (wo) — y*(20)) + G(z*, 7, y* (20))] if ws > w027
(14)
Moreover there exists a solution of (P) which is cyclical and given by:

tlzT(l‘o,i‘*), tz‘:tl—l—(i—l)T(g*,i‘*), 1> 1, .Z'Z‘:.i‘*, Ii:f*—g*, t=1,2,...,
if zo < ¥, and
t1 = 7(x0,2%(20)), ta=7(y"(0),7"), ti=ta+(i—2)7(2",7"), i>2,

x1 =a%(xg), L1 =x%(x0) —y*(x0), m=2z", Li=x"—2" i=2,...,
if xg > TF.

The proof of this result is given in Appendix A.3. The theorem states that any optimal cyclical
policy has a cycle part with an harvesting interval [z*,Z*]. It also describes the nature of the
transitory part of optimal cyclical policies. In the case zo < x*, there is no transitory part, and
the cycle is joined from the start. In the case x¢g > Z*. The transitory part consists in letting the
stock grow until 2*(z), harvest it down to y*(xo), then join the cycle. The typical form of optimal
trajectories is illustrated in Figure 1.

We can now state the following relation between problems (P) and (AP), the proof of which is

provided in Appendix A .4.
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stock |
x* (o)

o

time

Figure 1: Shape of the optimal trajectory, for o > Z* (case (A)), and xo < Z* (case (B))

Theorem 3. Let Assumptions 1-3 hold. Then:
i) If Assumption 4 holds as well, then (P) has a solution which is cyclical.

1) If (P) has a solution, then (P) has a solution which is cyclical, and there ezxists a solution to
problem (AP) when 0 < z < & < xs.

ii1) If the solution of (AP) is on the boundary x = & = z*, then (P) has no solution.

We have therefore shown that there exists a cyclical solution to our problem (P) if, and only
if, the solution to the auxiliary problem (AP) is non-diagonal. In other words, the existence or not
of cyclical solutions to (P) hinges on the fact that Assumption 4 holds or not. This question is
addressed in the next section.

4. Optimal Cycles

We investigate now the problem of locating the solutions to Problem (AP). We have seen that
solutions always exist, but they may be located in the interior, or on any of the boundaries x = 0,
T = x4 or the diagonal x = Z.

It turns out that ensuring the uniqueness of the solution is not an easy task, even with restrictive
yet standard assumptions, as we argue in section 4.4. We therefore limit our discussion to conditions
related to the submodularity Assumption 3. We begin in section 4.1 with necessary conditions for
the existence of interior solutions and their interpretation. We study the case of strictly submodular
functions in section 4.2, and the case of functions both submodular and supermodular in section
4.3.



4.1. Interior solutions
Necessary conditions for interior solutions to exist are provided by the first order conditions of
the auxiliary problem, which we provide as:

Lemma 2. If (z,z) is a solution to the auziliary problem (AP) with 0 < x < T < x4 (interior
solution), then the first order conditions are given by:

r e_TT(gvf) o
T = F(&) P W(ﬂ?,aﬁ - Q) ) (15)
T 1 o
Ty + 71 = FE) 1 _er@d m(Z, T —z) . (16)
By rearranging these conditions, we obtain the equivalent:
F(z) e~ 7T(2,T) o
T , = 1_ o (@) 7T(33, xr — Q) ) (17)
dm F(z
—— = Ty 47 = 7 @) (18)

dz F(:E)e—TT(Lf) ’

The first condition states that, at the optimum, the marginal gain from harvesting the resource,
weighted with the growth potential at the new resource stock as compared to the interest rate,
should equal the value of the remaining resource,’ outcome of a maximized rotational harvest
stream. The second condition states that the marginal gain derived from the stock effect is equal to
the marginal gain from harvesting augmented by a correcting factor, which depends on the growth
differential at the lower and upper limit of the rotational cycles, the latter being discounted over
time. More precisely, the greater this growth differential, the greater the marginal gain due to the
resource stock.

4.2. Strict submodularity of the gain function
In this section, we show that Assumption 3 in the strict sense, together with some technical
assumptions, is sufficient to exclude diagonal solutions to Problem (AP).

Proposition 4. Assume that all mazima x,, of the function x — G(x,x,x9) are such that 0 <
T < Ts. If the function m has second-order derivatives and satisfies Assumption 3 in the strict
sense (12), then all solutions to Problem (AP) are non-diagonal.

The proof is deferred to Appendix A.5.

4.3. Exact modularity

We now turn to the case where Assumption 3 holds with equality in Equation (11), which
amounts to require that the function 7 (x,z —y) be both sub- and supermodular. Using Lemma 1,
it is not difficult to see that if m admits second-order derivatives, and given that w(xz,0) = 0, then
it must be of the form:

w@o-a) = [ @ ds (19)

9Which is called the site value in the forest economics literature.
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for some integrable function ~(-). We shall prove that, under moderate conditions, the problem
(AP) does not admit non-diagonal solutions for such cost functions.
Going back to the definitions of Section 3.1, we have (see (10)):

1
Ga(z) = G(z,z,m0) = ;v(az)F(a:)e*”(f”W) ,
where the choice of xg has no impact on the solution of the optimization problem, as we have seen.

Proposition 5. Assume that the function Gg(-) is of class C', and is increasing, then decreasing
for xz € (0,z5), with an unique mazimum at x,,. Assume that the growth function F(-) is such that
the integral in (8) diverges when x | 0. Assume finally that G does not have a mazimum at x = 0.
Then the solution of Problem (AP) is unique and given by £ =T = Xp,.

The proof is deferred to Appendix A.6.

4.4. An example of multiple interior solutions to Problem (AP)

A case where Problem (AP) has two distinct interior solutions is constructed as follows. The
standard logistic function F'(z) = x(1 — ) is chosen as the growth function. It is concave. The
gain function is chosen as 7(z,I) = a(z) x I, with, for some constant A > 0,

. x 2
alz) = 1 + mln{lOO,A X (x 3)} .
It can be easily verified that 7 satisfies Assumption 3, since the function a is strictly increasing. Fi-
nally, set » = 0.01. Numerical investigation then reveals that the function G(z, Z, z¢) corresponding
to this data has two local maxima: one with z < 2/3 and one with > 2/3. The local optimality of
the first one results from the combination of a large growth rate with a small gain per cycle. Cycles
are short for this solution. The second local optimum results from the combination of a smaller
growth rate with a larger gain at each harvest. The two local maxima can be given the same value
by setting the constant A to approximately 1.23.

5. Links between Impulse Control Models and Other Control Models

5.1. Comparison with Clark’s Model

We may now establish a first link between our general impulse control model and the continuous
control model, as proposed by Clark [2].
Consider a solution of problem (AP) on the boundary z = Z. The maximization problem
becomes:
max G(z,z,x9),
0<z<z, ( 0)

where G is given by (10). The first order condition for this problem is:
71.(2,0)F(z) + m(z,0)[F(x) —7] = 0. (20)

This condition coincides with the well-known marginal productivity rule of resource exploitation
when 77(z,0) is the instantaneous profit function (see for example Clark [2] or Clark and Munro
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[3]). A solution to Equation (20) determines the steady state of the following Clark-like singular
optimal control problem:

©P) /0 T ey (a(1),0) h(t) dt

&= F(x)—h,

for zy given and 0 < h(t) < hpax for all ¢. This means that the conditions of a Clark-like steady
state solution can also be triggered by the impulse control model that we propose.

5.2. Comparison with Dawid and Kopel’s model
In this section, we show that Dawid and Kopel’s model 1] can be embedded within ours, through

a judicious choice of the dynamics, the cost function and the discount rate. Then, we explain the
correspondence between the results of [1| and ours.

5.2.1. Growth function and time span associated to the growth
The model of Dawid and Kopel is in discrete time. The population dynamics has the form:

pp1 = flay) —ue = man[l, (1 + Nz — w

with z¢, uy > 0Vt > 0. We proceed by reproducing this behavior for our model. When no harvesting
takes place, we must have: #(t) = F(z(t)). Suppose:

Fz) = Az ifz<zs=1 and Fx)=1—-2z ifzx>1.

It can be verified that this function satisfies Assumption 1.0 Integrating the differential equation,
we find that the stock evolves according to the following function:

z(t) = @(t,z) = min(xge 1) .

In order to reproduce the dynamics of Dawid and Kopel’s discrete-time model, we fix a time duration
A, and set: x4 = ¢(A,x4). The dynamics are equivalent when f(x;) = ¢(A, ;) for all x4, which
is the case when:

1+ Nz = zet?,

We deduce how the marginal growth factor A must be defined in terms of Dawid and Kopel’s factor

1+ A
log(1+ A)

A

Let us compute the time span necessary for the dynamics to get from x to y in terms of the new
notation: for every x <y <1,

v v o1 1.y
= —du = —du = —log= .
7(@,9) /x F(u) " /gc A A%y

A =

"9The value of F(x) for x > 1 is arbitrarily chosen to that end.
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5.2.2. Discounted benefits

For the undiscounted gains 7w, the correspondence with Dawid and Kopel’s model is made by
setting m(x,I) = R(I). Note that for this particular form of the gain function, Condition (11) is
equivalent to the convexity of R, according to Lemma 1 iv).

Next, the correspondence for discounting rates in both models is established as follows. The
discrete-time discount factor being § and the continuous-time discount rate being r, we should have:
6t = e A that is: logd = —rA. Finally, Dawid and Kopel’s introduce a threshold quantity a

defined as:
B log ¢ _rA 7
“ = S log(l4+))  AA T A
5.2.8. The mazximization problem
We proceed with the definition of the function G which is the basis of the auxiliary problem
(AP). Two cases must be considered: diagonal or non-diagonal.

Non-Diagonal where z < Z. In this case,

R(Z —z)(%)% R(z —z)(%2)®
Cla.z.z) = 2T BEZ ) @)
1— (%)% 1-(3)
This expression holds even when £ = x;, =1 and z = 0.
Diagonal where z = Z. Given that n(x,I) = R(I), we have lim;_o7m(z,I) = R'(0), whence:
A r a
G(z,z,m0) = R(0) =2 (@) T = R(0) 20 gle, (22)
r x a
Dawid and Kopel define the elasticity of gains as the function:
R'(z)x
= ) 23
We have:
Lemma 3. The following results hold for all 0 < x <z < 1:
i) If a < 1, then:
oG, _
0 < ez—z2)—-1 < F(ac,x,xo) < ex—z)—a (24)
z
i) If a > 1, then:
G
eT—z)—a < ?(Lj,xo) < exz—z)—1. (25)
T
i) If a =1, then:
1 oG 1
(2, F20) = — F—z)—1) > 0. 26
G(g,x,xo) OT (2 € J,'()) T—x (6(.1‘ l) ) ( )
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Lemma 4. Ifa > 1, then
oG

The proof of these lemmas follows from standard calculations. The fact that € > 1 follows from
the convexity of R and the fact that R(0) = 0.
As a consequence of Lemmas 3 and 4, we have the following optimization results:

Lemma 5. The function G given by (21) and (22) has the following properties:

i) If a < 1, then there exists a unique (z, %), with 0 < x < T =1, solution to:

& ) 27
osg?%{glG(Lx’xO) (27)

i) If a > 1, then for all &,

_ o 2
aTgoglgglG(x,x,$o) 0 ( 8)
i) If a =1, then

v DIEE 29
arg  ax_ G(z,%;20) € [(0,1) (29)

5.2.4. Relations with the Results by Dawid and Kopel

As Dawid and Kopel, we can now show the following results. As long the elasticity of gains e,
averaged over the harvest of one period, is larger than the threshold a, the optimal policy is to wait
and defer harvesting. Inversely, when the average elasticity of gains € is smaller than a, immediate
harvesting is optimal (see [1, Lemma 5]). When a = 1, the decision maker is indifferent in choosing
between harvesting immediately or harvesting in the next period.

Other results of Dawid and Kopel address the question of whether immediate extinction is
optimal or not. These results are reproduced by our analysis as well.

6. Conclusion

We have proposed an impulse control framework for the management of renewable resources
which is general enough to include concave and convex gain functions, as well as stock dependent
cost functions. The optimal management of the resource is expressed as optimization problem (P),
the solution of which is shown to satisfy the dynamic programming principle. By introducing the
class of “cyclical policies”, we have reduced the solution of Problem (P) to the sequential solution
of two static optimization problems with two variables each, which we can solve. With the help
of the Auxiliary Problem, we can define the optimal cycle. With the Transitory Problem, we can
describe the evolution from the initial stock to the cycle.

Central to our solution framework is the submodularity condition, which is necessary for the
existence of cycles. This condition is more general than the strict convexity of the profit function,
as it also covers the case of objective functions with multiple variables. Thus, the existence of
economies of scale is only one possible condition for the occurrence of cycles, which depends on
the more complex interaction between discounted gains, (stock dependent) cost functions and the
population growth dynamics.
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We have shown that our impulse control model can generate cyclical solutions and “degenerate”
cyclical solutions which correspond to a smooth steady state solution. The economic and biological
consequences of these two types of equilibria might be very different, especially if threshold values
exist. For example, the cyclical solution may temporarily deplete the population underneath the
level that would be desirable for the maintenance of the food-chain. These consequences are not
taken into account in our model.

Our impulse control model can generate the steady state solution that Clark described for his
one state variable model with a concave growth function. We can also replicate the cyclical policies
described by Dawid and Kopel in a discrete time framework with a quasi-linear growth function.
This allows us to claim that our model is a “meta-model”. The link between these models can be
expressed through their responsiveness to the submodularity condition.

Recent bioeconomic models have strengthened the importance of uncertainty, for example linked
to whether conditions or to the availability of stocks. Further research could include such uncertainty
and also consider the manager’s risk aversion in a similar impulse control framework. Econometric
applications could help to check whether continuous or discrete representations of the harvest
decisions are more appropriate in practice, and how to specify growth and cost functions. Depending
on the functional forms chosen, the optimal harvesting policies can then be defined within the above
framework.
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A. Appendix

A.1. Submodularity and Trajectories

We prove here trajectory comparison results which are a consequence of the submodularity
Assumption 3. Before stating the results, we need some preliminary explanations.

Consider an impulse control policy IC' P which is such that there exists ¢ and j with ¢ < j and:
x; —1I; <x; — I; <x; < x4, that is, overlapping harvests. Denote with a = z;, b =z, c = z; — I;
and d = x; — I;. Let £ = j —i and 0t = t; — t;. Consider the following two modifications of the
reference policy ICP:

Policy A (copy a piece of trajectory from ¢ to b):
for k < 7, tf = 1, I]? = Iy;
_ i 1A A _ .
for k =7, 7=t I77 =b—c¢
for k > j, ti =t +0t, I = Iy
Policy B (remove the piece of trajectory from ¢ to b):
for k < i, tf = 1, I]f’ = Iy;
for k =1, tfztk, I,f:a—d;

for k > i, tg = lpqr — ot, I]f’ = I]H_g.

These policies can be visualized in Figure 2, which represents the evolution of the population under
each of the three policies. The triangle represents the rest of the trajectory, which is the same for all
three policies, except for a shift in time. The rectangle represents an arbitrary piece of trajectory,
which can possibly exit the range [b, c]."!

The result is:

Lemma 6. Consider an impulse control policy ICP which is such that there exists i and j with
1<jand: xj—1I; <x;—I; <xj <w;. Then:

i) If Assumption 3 holds in the strict sense (12), then one of policies A or B constructed above
yields strictly larger profits than ICP.

i1) If Assumption 3 holds with equality in (11) and if ICP is optimal, then policies A and B are
optimal as well.

PRrROOF. The discounted profits G' associated with the original policy ICP can be written as:
G = Vy + R; ﬂ(a,a—c) + R; Vi + Rj W(b,b—d) -+ Rj Vi
where R; and R; are the discounts:

R, = e i R; = 67”1,

"'The situation where b = ¢ is allowed, in which case the piece of trajectory may be empty. In that case, there is
a double harvest at the same instant in time.
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and where Vp, V1 and Vj are the current-value gains associated with the first part of the trajectory,
and the pieces of the trajectory, respectively, in the intervals (¢;,¢;) and (¢;, +00):

i—1 Jj—1
Vo = Zeﬂ"t’“ (g, Ix) i = Z e T(te—t) (g, Ix)
k=1 k=i+4+1
o
Va = Z e ") (g, 1)
k=j+1

The total discounted gains associated with policies A and B are:

Ga = VW + Rin(a,a—c) + R Vi + Rjn(bb—c) + Rj Vi + Rjpn(bjb—d) + Rj pVy
Gg = Vy + Ry n(a,a—d) + R; Vy,

with p = R;/R; = exp(—r(t; —t;)). Accordingly, modifications in profits implied by switching from
the original policy to either A or B are:

G-Ga = R, (n(b,b—d) —n(b,b—c)+ Vg— pr(b,b—d) — Vi — pVy)
G—-Gp = R; (m(a,a—c)—mn(a,a—d)+Vi+pr(bb—d)+pVqg—"Va) .

As a consequence, we have the following identity:

1 1
m(a,a —c¢) +m(b,b—d) —m(a,a —d) —w(b,b—c) = F(G_GA) + E(G_GB) .
g i
Under Assumption 3, the left-hand side is negative. If the inequality in (11) is strict, it is even
strictly negative. This implies that one at least of G4 or G is strictly larger than G.
If equality holds (11) and the policy ICP is assumed to be optimal, then G4 = Gp = G and
policies A and B are optimal as well.

Consequences of Lemma 6 on the optimality of policies can be stated as:

Corollary 6. Consider an impulse control policy ICP which is such that there exists i and j with
i<jgand: xj—1; <z —I; <x; < ;. If Assumption 3 holds in the strict sense (12), then ICP
cannot be optimal.

A.2. Dynamic Programming and Trajectories

In this appendix, we propose a technical result which is useful in a variety of situations. This
comparison of trajectories is similar to Lemma 6 but it is provided by the application of the Dynamic
Programming principle of Theorem 1.

Before stating the result, we need some preliminary explanations. Assume that a policy P is
such that z;41 > x;. Let 0t = 7(x; — I;, ;). Consider the following modifications of the reference
policy P:

Policy A (remove the harvesting at ¢;)

for k < i, ti =ty, I = I;

for k> i, td =t 1 —5t, I} = ).
17
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Figure 2: The original policy and its modifications A and B

Policy B (copy once the harvesting occurring at ;)

for k <i, tZ =, IP =1I;
for k>, t& =t 1 +6t, [P = I111.

Policy C (reproduce infinitely the harvesting occurring at ¢;)

for k < i, tkC:tk., I,?:Ik;
for k> i, t$ =t;+ (k—1i)t, IS = I,.

Assume now that the policy P is such that @41 € (z(t ), 2;], where by convention, t_; = 0 in
the case ¢ = 1. In that case, there exists a time 7' = t; — 7(x;41, ;) such that x(T) = x;41. As
above, let 6t = 7(xz; — I;, z;) and define the policies A, B and C exactly as above.

These policies are illustrated in Figure 3 a) in the first case, and b) in the second one.

We can now state the result:

Lemma 7. Consider an impulse control policy P which is such that either z; € (x(t]),xiy1] or
zip1 € (x(tf ), i) for some i. Then, the gain of policy P is smaller than that of policies A or C
constructed above.

PROOF. Assume first that policy P is such that z; € (z(t]), z;41], which implies @41 > ;. Let
Gp, G4, Gg and G¢ be the total profits for policies P, A, B and C. Denote with Vj the current-value
gains associated with the part of the trajectory before ¢; (which is common to all these policies)
and let G, =V + e "G, for policies 7 € {P, A, B, C}. It is easy to see that

Gp = m(xg,x — 1) + e TG
Gg = m(xg,x — 1) + e TGP
Go = m(xi,x; — I;) + e TMGo .
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Figure 3: The original policy ICP and its modifications A, B and C. The triangle represents the remainder of the
trajectory, which is common to ICP, A and B, up to a shift in time.

Consequently, we have the identity: Gp — Gp = e "(G4 — Gp). This implies that Gp <
maX(GA,éB). Next, if we have Gp < Gp, then we have Gg < m(xi,xy — I;) + e "tGp so
that:

5 m(zi, xi — 1)

R

This proves the statement.

Consider now the case x;11 € (a:(t;r_l),a:z] As argued above, the time T' = t; — 7(zj4+1, ;) is
such that x(T") = x;41. Let G; be the current-value gains of the different policies at time ¢t = T Tt
is clear that:

Gp = e*’”(ti*T)w(a:i, x; — I;) + e G
GB = eir(ti*T)W(.l‘i, x; —I;) + 677“&@13
Go = e_T(ti_T)w(a:i, x; —I;) + e G .

As a result, we have the same identity: Gp—Gp = e””‘st(éA — Gp), and the rest of the previous
reasoning applies.

A.3. Proof of Theorem 2

The proof is separated into two cases. If xg is “small enough”, the proof is provided by trajectory
comparison arguments. For the case of “large” x¢, the proof consists in embedding the optimization
problems (AP) and (TP) into a more general optimization problem, then solving this more general
problem. The solution turns out to be provided by (AP) and (TP), and satisfy the dynamic
programming equation.

Throughout the rest of this section, Assumptions 1 and 2 hold, so that the function G is well
defined, and Assumption 4 is assumed to hold as well, so that the optimal values for (AP), 2* and

z*, are well defined.
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Let w(-) be defined, as in (14), as:

G(z*, %, ) if x<z*
w(x) = (30)
e ) 1 (2 (2), 2% (x) -y (@) + Gla™, 7% y* (2)] if 2y 2227

where (z*(z),y*(x)) is any solution of the problem (TP) with initial population xg = x.
The following result will be useful for the proof. Consider problem (AP). Its solution does not
depend on the initial stock value xg:

Lemma 8. Assume that (z*,z*) solves (AP) for some value of x5 > xo > 0. Then it solves (AP)
for every value of xg.

PROOF. The result follows from the fact that for all xg, z1:

G(z,T,xy) = e~ TT(@0.1) G(z,Z,r1) .

Therefore the two functions are proportional, with a proportionality factor which is strictly positive
if 0 < 29 < x5 and 0 < 21 < xs. The problems (AP) for zyp and (AP) for 27 have therefore the
same solutions. If 21 = 0, or if 1 = z, and limyy,, 7(z,y) = 400, then G = 0 and any (z*,z")
maximizes it.

A.8.1. Proof for xo < T*
Lemma 9. If Assumptions 3 and /j hold, then the function w(xg) solves the dynamic programming
equation (7) for all xog < T*.

According to Theorem 1, the value function of problem (P) verifies:

viw) = max e (gt ), ¢t 7) —y) +v(y)] (31)
0<y<¢(t,x)

_ mx{mx (e, z — ) + o(y)] . (32)

max 0 a, )+ o) | (3)
v<i<zs

0<y<z
This breakdown is obtained by separating the case ¢ = 0 (expression (32)) from the case ¢ > 0,
and performing the change of variable ¢t = 7(z,z) in (33). This change of variable maps the time
interval ¢t € (0,400) to the interval on populations & € (x,z5) or T € (x, 4], depending on whether
7(z,y) diverges or not when x | 0.

We must show that the function w(z), defined in (30), is a solution of Equation (31).

By assumption, x < Z*. Replacing v(y) by its value in (31), the right-hand side can be written
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as:

M = max{ max [r(x,r —y)+ G(z*,z%,y)] , (34)
0<y<z

max e (2,2 - y) + Gz, 7", y)] (35)

_max e~ "T(@T) |:7T(3_3, T—y) (36)
P <y<s

+ e W) [x(a* (y), 2" (y) — ¥ (y) + Gla®, 7",y ()] } } :

We recognize in the term (35) the problem (TP). We prove first that this is the largest of the three.
Consider, for some y = yg, the value in brackets in (36). It corresponds to a policy P with two
harvests £ — yo and z*(yo) — y*(yo). Two cases may happen, according to which of z and z*(y)
is the largest.

Case © > x*(yo): in this case, these two harvests are overlapping (since y*(yo) < z* < 7o), in
which case Lemma 6 applies. The policy P is dominated by at least one of two modifications. If the
dominating policy is the one excluding the second harvest, then its value is present in (35) when y has
the value y*(yo). If the dominating policy is the one with an additional harvest, then it is obvious
(see for instance the proof of Lemma 7) that the policy with a cyclical harvesting with interval
[Z*,y] is even better. But this policy provides a gain equal to 7(z,z — y) + e "@T)G(y, 7*,y) <
m(Z, % —y)+e "WT)G(z*, 7%, y). Policy P is therefore again dominated by some policy represented
in (35).

Case T < x*(yp): in this case, Lemma 7 applies, and policy P is dominated by at least one of
two modifications. Either the dominating policy is the modification “A” without a second harvest:
its gain is one of the values in (35). Or the dominating policy is the one with a cyclical harvesting.
The reasoning above then applies and there is a value in (35) which dominates the value in (36).
We have shown that (36) is smaller than (35).

Next, we show that (34) is dominated by (35). Each y in (34) corresponds to some policy P, for
which the two first harvests are x — y and * — z. Since x is smaller than z*, we are once more
in the situation of Lemma 7. The policy P, is therefore dominated: either by the policy A which
consists in directly applying the cycle with interval [z*, Z*], or by the cyclical policy with interval
[y, z]. This one is in turn dominated by the cyclical policy A according to Assumption 4. In both
cases, Py is dominated by C. Since the gain associated with C'is present in (35) (with z = z* and
y = z*), the term in (34) is dominated by the term in (35).

At this stage, we have proved that (35) dominates the two other terms, so that:

M = max e @) (3,7 — y) + G(a*, T, y)] .
o<y<z*
It now remains to be proved that the maximum in the right-hand side is reached at £ = z* and
y = z*. Each value of the right-hand side is the gain of some policy P for which the two first
harvests are 1 = & and x9 = *. Whether T < Z* or & > Z*, the application of Lemma 7 implies
that P is dominated: either by policy “A” which has the value G(z*, z*, z), or by policy “C” which
has the value G(y, Z,x) < G(z*,Z*,z) by Assumption 4 and Lemma 8.
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The value of M is readily seen to be e 77@F) G (z*, 7, #*) = G(z*, 7", x) = w(z). The function
w solves the Bellman equation for x < z*.

I8

A.3.2. Proof for xqg > T*
Lemma 10. If Assumptions 3 and 4 hold, then the function w(xq) solves the dynamic programming
equation for all xs > xo > T*.

PrOOF. Replacing v(y) by its value in (31), the right-hand side can be written as:

M= max{ max_[x(z0,20 — y) + Gla®, 7, y)] . (37)
0<y<z*
s |n(ooa0 ) 39

+ e T W) (2 (y), 2 () — 7 (y) + Gl 5,y )] |

max e 0 13,5~ y) + G’ 7)) (39)
o<y<z*

rzo<z<zs
z*<y<z

max e "7(@07) [ﬂ'(az, z—y) (40)

4 e O W) [ (2% (y), 2 (y) — v () + G(f,a?*,y*(y))]} } :

Following the reasoning in proof of Lemma 9, the terms (38) and (40) are respectively dominated
by (37) and (39). There remains:

M = max{ max [m(zg,x0 —y) + G(z*,Z%,y)] ,
0<y<z*
max e~ "7(@0:7) [m(z, 2 —y)+G(z", 7%, y)] }
moog<yzg_ii5
= max €7TT(IO@) [W(ZE, T — y) + G(g*u j*u y)] .

zg<zZ<zs
0<y<z*

This is the definition of Problem (TP). The solution is therefore (z*(xg),y*(x0)), which concludes
the proof.

A.J. Proof of Theorem 3

The statement ¢) of Theorem 3 is a direct consequence of Theorem 2.
For statement i), we need the following result, which is a corollary of Assumption 3 and
Lemma 6.

Lemma 11. If Assumption 8 holds, then for every solution to problem (P) which is not cyclical,
there exists a cyclical solution with the same value.
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PRroOF. It is first necessary to characterize what a non-cyclical solution may be. From the definition
of cyclical policies in Section 3.1, it can be seen by inspection (see also Figure 1) that the set of
possible values for the population z(t) is made of at most two intervals included in [0, z4], and
that every single value a) is either reached once only, b) or is reached an infinite number of times
according to a periodic sequence s1,$1 + T, 81 + 27,... for some T > 0, ¢) or is 0. A solution
which is not cyclical would therefore: i) either reach population values in more than three disjoint
intervals, 4i) or reach some value v # 0 a number of times which is neither 1 nor infinity, i) or
reach some value v # 0 according to a sequence of instants which is not periodic.

The first step is to exclude non-cyclical solutions to (P) which are such that x(s) = z(¢) for
some s < t. For such a policy (A), consider the smallest such ¢. Let (B) be the policy which consists
in performing the same harvests as (A) up to time ¢, next applying the optimal cyclical policy with
initial population xz(¢) but shifted in time by ¢ units. The values reached by policy (B) are reached
either once or an infinite number of times at periodic intervals. As a consequence of Theorem 1,
the value function of policy (B) is the same as (A). Therefore, a policy which is such that 4i) or 7i7)
can be replaced by a cyclical one.

The second step is to eliminate policies of type i). For such policies, there exists some i < j
and a sequence of values a > b > ¢ > d, such that for some i, x; = a, I; = a — ¢, and z; = b,
I; = b—d. According to Lemma 6, such a policy cannot be optimal if Assumption 3 strictly holds.
In the other case, the policy can be replaced with another policy with the same total profit but
with one less harvest. If this policy is not cyclical, an induction is applied to construct a cyclical
policy which produces the same profit as the original one.

According to this lemma, we know that we can restrict our attention to cyclical solutions of
(P). Such solutions are characterized by Theorem 2. Their cyclical part is given by an harvesting
interval [z*, z*] which is necessarily an interior solution of (AP).

Finally, statement 4ii) is a consequence of statement ¢i): if (P) had a solution, the solution of
(AP) would be a non-diagonal solution.

A.5. Proof of Proposition 4

PROOF. First, observe that the identity m(z,0) = 0 implies that for all z, 7,(z,0) = 0 and
Tez(2,0) = 0. Taking this into account and developing G in a neighborhood of the diagonal
x = & = x using a Taylor series, we obtain:

Fz)

Gz +h,x+ k,x0) & Glx,z,z0) + 6_”(3”0’3”)3(3:, h, k), (41)

where, introducing e = h — k,

r— F'(z)

r— F'(x)

o) mr(z,0) + 7pr(z,0)

Bz, h,k) = % mrr(z,0) — 71'1(37,0)} + h[

Any maximum x,, of the function G(x,z,xo) satisfies the fist-order condition B(z,, h,h) = 0 for
sufficiently small values of h. Therefore,

r—F'(zn)
0 = m T1(Tm, 0) + Ter(m, 0) .
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Consequently,

r—F'(zp)
F(m,)

(7TII + Wx[)(wmv 0) .

B(xpm, h, k) = m11(Tm, 0) — 1 (Tm,0)

NN N N e N

From Lemma 1 i), adapted to the strict inequality in (12), we know that (777 + mz1)(2m,0) > 0.
Therefore, for any small deviations h and € > 0 towards the interior of the domain, B(z,,h,h—¢) >
0, and we conclude that there are values of G(x, T, xg) which are larger than G(x,,, Zm,xo). The
solution to (AP) thus cannot be on the diagonal.

A.6. Proof of Proposition 5

First of all, we can rule out solutions of (AP) with z = 0, by assumption. We can also rule out
solutions with Z = x4 because, under the assumption, limg|o7(x,y) = +00, which implies in turn
that G(y,xs,zo) = 0.

Next, we rule out interior solutions. According to Lemma 2, specialized to integral gain func-
tions, an interior solution 0 < x < & < x5 should satisfy the system of equations:

r 6—7’7’@,53) z
W0) = Fo T [ 1 du (42)
_ r 1 [z
@) = FE T A de. (43)

Here, the constant xg is still arbitrary. It is easily seen that the system of equations (42) (43) is
equivalent to (44)—(45), where:

H@F(@)e 0D = (@)F(E)e 0 (44)
Y&)F(@) - r / ) du = A(@)F@) - r / () du (45)

Condition (44) is in turn equivalent to Gy(z) = G4(Z), while (45) can be written as p(z) = ¢(z),
with the definition:

It is convenient here to pick as xy the value x,, provided by the hypothesis. For this choice, we
have Gy(zy) = ¢(xm) = Y(xm)F (2m,)/r. We now prove that z < z,,, then p(x) < Gy4(z) and if
T > Ty, then @(z) > Gy(z). Indeed, differentiation of ¢ readily gives:

P(@) = Gylw) 7o)

The value of e "7@m:%) i positive and larger than 1 if z,, > x, and is smaller than 1 if z,, < x.
But according to the hypothesis, G/;,(z) > 0 if z,,, >  and G/(z) < 0 if z,,, < x. All these facts
finally imply that ¢/(x) < G/(z) for all . This in turn implies the property stated above.
But then for any z < Z such that G4(z) = G4(Z), the hypothesis implies < x,, < Z. Therefore,
we have:
o) > Gula) = Gul@) > ol7).
2



which excludes the possibility that ¢(z) = ¢(Z). We have therefore proved that no interior solution
exists.

There remain the solutions on the boundary x = Z. Again appealing to the hypothesis, the
maximum on this boundary, and therefore the global maximum, is £ = £ = z,,. This concludes
the proof.
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