
HAL Id: hal-02926295
https://hal.inrae.fr/hal-02926295v1

Submitted on 2 Dec 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Parsimonious discretization for characterizing
multi-exponential decay in magnetic resonance

J.-M. Bonny, Amidou Traore, Mustapha Bouhrara, Richard Spencer, Guilhem Pagès

To cite this version:
J.-M. Bonny, Amidou Traore, Mustapha Bouhrara, Richard Spencer, Guilhem Pagès. Parsimonious discretiza-
tion for characterizing multi-exponential decay in magnetic resonance. NMR in Biomedicine, 2020, 33 (12),
⟨10.1002/nbm.4366⟩. ⟨hal-02926295⟩

https://hal.inrae.fr/hal-02926295v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Parsimonious discretization for characterizing multi-exponential 
decay in magnetic resonance

Jean-Marie Bonny1,2, Amidou Traore1,2, Mustapha Bouhrara3, Richard G. Spencer3, 
Guilhem Pages1,2

1INRAE, UR QuaPA, Saint-Genès-Champanelle, France

2AgroResonance, INRAE, 2018, Nuclear Magnetic Resonance Facility for Agronomy, Food and 
Health, Saint-Genès-Champanelle, France

3NIH/National Institute on Aging - Baltimore, Maryland, USA

Abstract

We address the problem of analyzing noise-corrupted magnetic resonance transverse decay signals 

as a superposition of underlying independently decaying mono-exponentials of positive amplitude. 

First, we indicate the manner in which this is an ill-conditioned inverse problem, rendering the 

analysis unstable with respect to noise. Second, we define an approach to this analysis, stabilized 

solely by the nonnegativity constraint without regularization. This is made possible by appropriate 

discretization, which is coarser than that often used in practice. Thirdly, we indicate further 

stabilization by inspecting the plateaus of cumulative distributions. We demonstrate our approach 

through analysis of simulated myelin water fraction measurements, and compare the accuracy 

with more conventional approaches. Finally, we apply our method to brain imaging data obtained 

from a human subject, showing that our approach leads to maps of the myelin water fraction 

which are much more stable with respect to increasing noise than those obtained with conventional 

approaches.
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1 | INTRODUCTION

1.1 | Formulation of the inverse problem

Free induction decays,1–4 refocused echo trains5–7 and diffusion-weighted signals8–11 are 

all examples of MR signals that represent a superposition of monoexponentially-decaying 

component signals. Multi-exponential analysis to define component amplitudes and decay 

time constants is then applied with the goal of identifying important structural or functional 

tissue characteristics.
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Without lack of generality, we take the observed NMR signal, s(t), to be a decaying function 

of time. The most general model for this is a continuous distribution of exponentials

s(t) = ∫
Ř

a(R)exp( − Rt)dR t ∈ ť , (1)

where a is the desired distribution of decay rates R within a specified domain Ř of 

permitted values and ť  is the domain of sampling times. Here and in the following, we 

are considering signal behavior within a voxel or region of interest, and ignoring spatial 

localization. The goal of the experiment is to determine a(R) in order to provide a physical–

chemical characterization of the sample. For example, determination of a(T2) can enable 

the quantification of macromolecular components by identifying relaxation time components 

defined by ranges of T2 values, taken in this case to be T2 = 1/R.

Equation 1 is a particular instance of a more general inverse problem12 arising in many 

experimental settings13:

s(t) = (Ka)(t) = ∫
Ř

a(R)K(t, R)dR, (2)

known as the Fredholm equation of the first kind, with the kernel function K in effect 

providing a transformation from the rate domain Ř to the sampling time domain ť . It is well 

known that, given K, the forward transformation of obtaining s(t) from a(R) is a smoothing 

operation, while the inversion of the Fredholm equation of the first kind, that is, the problem 

of determining the distribution a(R) from the observed signal s(t), amplifies noise and is 

highly unstable in the sense that even small amounts of variability in s(t) can result in large 

variations in the derived a(R).14

With ť  and Ř both restricted to ℝ+, Equation 1 is a special case of the Laplace 

transform (LT) with the kernel function restricted to real-valued exponentials, describing 

a mapping between function spaces of real-valued functions a LT s. The more general LT 

permits complex exponentials, resulting in a transformation from the domain of real-valued 

functions to the domain of complex-valued functions. This mirrors the manner in which the 

Fourier transform is a special case of the LT, with the former restricted to purely imaginary 

exponentials. These special cases can have very different properties from the general case. 

For the general LT, inversion may be carried out by complex integration through the so-

called Bromwich integral; this approach is not available for real-valued functions.15

There have been an enormous number of MR papers addressing the problems of parameter 

estimation from multi-exponential decay (to illustrate, a PubMed search on 4 April 2020 

for “biexponential” OR “triexponential” OR “multiexponential” and “NMR” OR “MRI” 

returned 904 hits). In spite of this, there are relatively few reviews comparing the available 

approaches for obtaining the desired distribution a(R) from measured data s(t)16–18; the 

choice of methods is largely a matter of computing resources and all methods are 

fundamentally limited by the ill-posed nature of the problem (see Istratov and Vyvenko16).
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1.2 | Discretization of the problem

For calculations, a discretized form of Equation 1 is required as

s(t) = ∑i = 1
m aiexp −Rit = ∑i = 1

m aiexp − t
T2, i

t ∈ ť . (3)

The acquisition domain ť  is defined between two values [t1, tn] based on experimental 

limitations and known or assumed sample characteristics related to the expected range of 

T2 values. The minimum sampling time t1 > 0 is determined by the duration of pulse 

sequence elements such as excitation and refocusing pulses, and spatial encoding gradients. 

In addition, sample considerations regarding the smallest values of T2 that are of practical 

interest also serve to determine t1. The maximum sampling time tn is similarly determined 

by sample characteristics, with the additional consideration that as the longest T2 component 

approaches near-complete decay, the signal is dominated by noise.

The parameter estimation problem defined in Equation 3 is generally approached, broadly, 

in two somewhat different ways in the MR literature. The first is the case in which the 

number m of exponential components is a priori known or assumed but both the relaxation 

times T2,i and amplitudes fi = f(T2,i) must be estimated. The most widely used approach 

to this is through by minimizing a least squares difference criterion between measured and 

modeled values of s(t) using various optimization algorithms19,20; this is the nonlinear least 

squares (NLLS) approach. However, this is restricted to two, or at most three, exponential 

components due to the redundancy of exponential representations. Moreover, it requires 

initial guesses of the 2m unknowns that are sufficiently accurate to ensure convergence 

towards the global minimum. In fact, such initial guesses may be obtained through 

application of methods based on linear prediction21 or Laplace-Padé approximation,22 or 

through global optimization algorithms that perform one of several types of searches for 

optimal initial guesses. Note that the quality of least squares solutions depends not only on 

convergence but also on the properties of the noise, which should be centered, normally 

distributed, and uncorrelated with parameter values for optimal estimation. These conditions 

may not be met throughout the sampling domain ť .

An alternative strategy for analysis of Equation 3 may be implemented when the number of 

decaying components is unknown, or is thought to be larger than two or three. This consists 

of discretizing the T 2̌ domain, with an exponentially decaying component potentially 

occurring at each value of T2,i. This approach bypasses the need to explicitly define the 

number of components and, since the decaying signal is a linear combination of signals 

with predefined time constants, converts the problem to a linear formulation with the only 

unknowns being the amplitudes of the components associated with each of these decay 

components. The linear system may then be defined according to m possible values of T2 in 

the T 2̌ domain, ranging from T2,1 to T2,m, with data taken over n time points in the sampling 

domain ť . Then the linear formulation appears as

Ef = s, (4)
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where f is the column vector of m unknown amplitudes, E is a matrix of size n × m defined 

by Eij = exp −
ti

T2j
 and s is the column vector composed of the n sampled signal values. 

There may be approximately m = 100 candidate values of T2,i and approximately n = 1000 

sampling times, so that this linear system is necessarily large. It is well known that the 

condition number of a LT matrix E of this size is extremely large, so that simple inversion 

of Equation 4 via QR decomposition or the pseudoinverse will yield entirely unreliable 

results. This corresponds to the fact that the NLLS approach defined above can realistically 

be implemented only for two or three components.

In four seminal papers,12,23–25 Bertero et al considered the problem of LT inversion 

incorporating limits to the support of the unknown distribution. It was shown that greater 

resolution of exponential components is achievable through decreasing the ratio γ = T2,m/

T2,1.12 This motivates a strategy of first performing an inversion of Equation 4 over a wide 

range to define the support of f, and then using this restricted interval for a subsequent 

inversion.16 Even over this restricted range, the derived solutions are neither unique nor 

stable.26 Nonuniqueness means that several solutions for f are able to fit a noisy decay curve 

with virtually the same level of residual error (see figure 2 in Istratov and Vyvenko16), while 

instability means that derived solutions vary widely for different noise realizations; these 

problems persist even for high SNR signals.

Our goal in the present work is to describe an approach to the optimal interplay of 

nonnegativity constraints, regularization and discretization to improve the determination of 

the vector of unknown amplitudes in Equation 4.

1.3 | Strategies to reduce instability

A nonnegativity constraint consists in imposing the positivity on the amplitudes, as negative 

amplitudes are physically meaningless in the case under consideration. The imposition 

of this constraint greatly reduces the possible space of solutions, serving to improve 

the stability of Equation 4. The solution is often obtained through use of the iterative 

nonnegative least squares (NNLS) algorithm developed by Lawson and Hanson27 or one 

of its variants28,29; this converges to a unique solution with positive amplitudes at each 

relaxation time T2,i. A price to pay for imposing nonnegativity constraints is the requirement 

for use of an iterative algorithm for obtaining a solution30 (see below for definition of the 

parameter δ which defines this resolution).

A second approach to stabilization is through regularization, such as one of the many 

variants of Tikhonov regularization.28,31 For this, a specific penalty function, or constraint, 

must be defined based on prior knowledge or assumption regarding the properties of the 

desired solution; common choices are to penalize solution norm, total variation, or curvature. 

Having selected this, an optimal degree of regularization, defined by a parameter μ which 

scales the constraint, is calculated according to one of the several available methods.32,33 

One popular strategy consists in iteratively updating μ to determine the value that results in 

a misfit of the data to the model by an a priori-defined factor relative to the unregularized 

fit.34 Overall, the choice involved in a regularization strategy strongly affects the obtained 
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distributions, defined as the vector f in Equation 4, introducing a degree of subjectivity into 

the derived solution.

Lastly, discretization of T 2̌ has a large effect on stability and should ideally be performed 

in an optimal manner. Intuitively, fine discretization is desirable insofar as it more closely 

mimics the ideal continuous form of the problem, Equation 1. However, there are theoretical 

limits to the degree to which finer discretization can improve the resolution of the 

components comprising a; this limit is determined by the eigenvalue spectrum of the 

transformation a → s defined in Equation 2 and comes about physically through the loss 

of information induced by the integral operator in Equation 2 and corruption of the signal 

by noise. To illustrate the limits on discretization, let us consider a set of points T2,i in 

geometric progression25,35 starting from T2,1 and with T2,i+1 = δ · T2,i, so that T2,i+1 = 

δi · T2,1. With no further considerations, the maximum resolution available with such a 

discretization is defined by δ, giving the proportional spacing between two consecutive 

points. In the unbounded case (ie, T 2̌ = ℝ+), the minimum δl (ie, maximum resolution) for 

obtaining stable solutions depends only on SNR12 and can be algebraically expressed as

δl = exp π2

acosh πSNR2 . (5)

This resolution limit is shown in Figure 1, and indicates the slow increase in possible 

resolution with increasing SNR. Perhaps most importantly, it indicates a much larger δl 

value than is used for discretization in typical studies, indicating possible overoptimism on 

the part of investigators with respect to the value of finer discretization. However, there 

are at least two caveats to this assertion. First, even if two components of the underlying 

distribution are readily resolved, there may be value in a more precise knowledge of their 

centers. This is a somewhat different issue than resolution. Second, the limit defined in 

Equation 5 is for the worst case scenario, in which the support of the T2 distribution is 

unknown so that the entire range of (0, infinity) must be considered. In practice, one has a 

great deal of prior knowledge regarding the plausible T2 values represented in the sample, so 

that this value of δl can be decreased.

From these considerations, it may be reasonable to use a discretization finer than 

that defined by Equation 5, but coarser than that conventionally used in practice; we 

will designate this as a parsimonious (or moderate) discretization. This would serve to 

improve the condition number of the parameter extraction process as compared with finer 

discretization, while permitting more accurate peak localization than indicated by Equation 

5. Ideally, such an approach, along with nonnegativity constraints, would obviate the need to 

incorporate regularization into the analysis.

Thus, as an alternative to the conventional regularized NNLS analysis, we study the 

accuracy and stability of moderately discretized NNLS without regularization (ie, the 

parsimonious discretization method [PDM]). We further extend this to evaluate cumulative, 

rather than point, densities, which may have certain advantages of stability when inspecting 

the plateau(s) of the cumulative distributions.
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2 | MATERIALS AND METHODS

2.1 | Models and simulations

Continuum distributions were simulated as a weighted sum of Gaussians defined as:

f T2 = ∑i = 1
nG αi

2πσi
exp − T2 − μi

2

2σi2
, (6)

where αi, μi and σi are normalized component amplitude ∑i = 1
nG αi = 1  and corresponding 

mean and standard deviation (SD) of the relaxation times within this component, 

respectively. This defines a continuous density function, for which f(T2) indicates the 

relative amplitude of the relaxation time component T2 in the signal.

According to Equation 1, the time domain signal was then generated by

s(TE) = ∫
0

+∞
f T2 exp − TE

T2
dT2 (7)

and discretized over a linearly spaced set of TE values,25,35 TEi = i. ΔTE. Gaussian-

distributed noise of SD εn was added to these simulated decay curves to generate p = 

10 000 noisy datasets for each defined SNR, defined as the ratio of signal intensity at TE = 

0 divided by the noise SD. SNR was varied from 50 to 1000 in the simulations quantifying 

myelin water fraction (MWF). The decaying signal was sampled until its value decreased 

to 0.1 × εn for all simulations. This strategy provides a balance between the advantages of 

working with a large set of sampled data while limiting the influence of data that is primarily 

noise.

2.2 | NNLS inversion

NNLS was performed with the algorithm proposed by Lawson and Hanson27 using 

MATLAB software (Natick, MA, USA). A geometric progression of T2 values from a 

starting value of T2,1 and defined by T2,i+1 = δ · T2,i was used in all cases. The ratio of 

the upper to lower limit of the defined support of T2 was defined as γ =
T2, m
T2, 1

. As shown 

by Bertero et al,12 γ is of central importance in the analysis, indicating in effect the degree 

of prior knowledge of the support of T2. The degree of discretization was obtained by 

changing the number m of T2 values within a given support. Thus, each discretization is 

fully described by indicating γ and m, and the resulting density δ =
T2, i + 1

T2, i
.

The result of NNLS analysis consists of a real-valued vector x of length m, with each 

element i defining the value of the probability density function at the i-th T2 value in the 

discretization, f(T2,i). This vector minimizes the least-squares misfit ‖Ex − S‖2, where x ⪰ 0, 

with the notation indicating that all elements of x are greater than or equal to zero, and E is 

the kernel matrix of size n × m described below (see Equation 4).
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Tikhonov regularization was implemented by minimizing the function ‖Ex − S‖2+μ‖x‖2, with 

the regularization parameter μ set through the discrepancy principle34 as described above. μ 
was iteratively selected so that the chi-squared (χ2) value obtained from the regularized fit 

was between 102% and 102.5% of the χ2 from the nonregularized fit.

Each discrete cumulative value cxi at T2,i was calculated from all NNLS outputs according 

to

cxi = ∑j = 1
i xj

∑j = 1
m xj

. (8)

Datasets and corresponding T2 probability and cumulative probability distributions were 

obtained over 10 000 noise realizations of the underlying model with NNLS analysis.

2.3 | Single Gaussian simulations

A single Gaussian distribution was first simulated for comparing cumulative and density 

representations without incorporation of a regularization term. The discretization was fixed 

according to T2,1 = 1 ms and T2,m = 50 ms (ie, γ = 50), with m = 30 (δ = 1.14). The 

decaying signal was sampled with ΔTE = 1 ms.

2.4 | Simulation analysis of MWF

Simulations mimicking the relaxation of myelin water offer a special case of the multi-

Gaussian model given in Equation 6. In this framework, the T2 distribution is obtained, 

with all values below a fixed value assigned to MWF and all greater values assigned to 

intra/extracellular water (IEW); we selected a cut-off value of 40 ms.36

Simulation parameters are based on measurements performed on the genu of the corpus 

callosum in human subjects,39 so that nG = 2. The component fraction α1 of the myelin pool 

was assigned values of α1 = 5%, 10% or 15%, centered on μ1 = 15 ms with SD σ1 = 3 ms, 

while IEW was assigned a relative fraction of α2 = 1 − α1, centered on μ2 = 70 ms with SD 

σ2 = 5 ms. The decaying signal was sampled with ΔTE = 10 ms across a range of SNR to 

reflect a conventional acquisition scheme. The values T2,1 = 10 ms and T2,m = 320 ms were 

fixed, encompassing the expected range of relaxation times (ie, γ = 32), with m varying and 

defining the density of discretization. We used linear interpolation to define F (T2) between 

the values of T2 spanning the MWF cut-off of 40 ms.

MWF simulations were first performed for studying discretization only. Hence, the objective 

function for minimization did not include a regularization term. Next, the utility of 

additional regularization was evaluated by comparing two approaches which differed in 

terms of discretization and regularization: a moderately discretized NNLS (m = 10, γ = 32) 

without regularization (PDM) and a densely discretized NNLS (m = 80, γ = 32) including 

L2 regularization.
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2.5 | Quantification of MWF by quantitative T2 MRI/real data

These approaches were also tested on T2 relaxation data obtained on a cognitively 

unimpaired 24-year-old male volunteer. Three-dimensional gradient and spin echo (GRASE) 

images were acquired with n = 32 echoes with TEi = i. ΔTE with ΔTE= 11.3 ms, repetition 

time = 1000 ms, echo planar imaging factor = 3, field of view = 278 mm × 200 mm × 30 

mm, acquisition matrix size = 185 × 133 × 10, acquisition voxel size = 1.5 mm × 1.5 mm 

× 3 mm, reconstructed to 1 mm × 1 mm × 3 mm using zero filling in k-space. The total 

acquisition time was 10 minutes. All experiments were performed on a 3 T whole body 

Philips MRI system (Achieva, Best, the Netherlands) using the internal quadrature body coil 

for transmission and an eight-channel phased-array head coil for reception.

The 32 multi-echo images were then denoised using the nonlocal estimation of multispectral 

magnitudes (NESMA) filter, which has been shown to improve MWF estimates from such 

GRASE imaging data.40 Gaussian noise was added to these filtered images and was the 

dominant determinant of SNR, allowing us to vary SNR across a defined range. The SD εn 

of the added noise ranged from 0.1 to 10, with, for example, εn = 10 leading to an overall 

SNR of ~110.

In line with the previous simulations, p = 100 MWF maps were first reconstructed in WM 

voxels by taking the value for cumulative distribution at T2 = 40 ms. Two inversion methods 

were investigated with the decomposition basis being fixed to T2,1 = 9 ms and T2,m = 300 

ms (γ = 33.3): m = 10 without regularization (PDM) and m = 80 with L2 regularization. 

Mean MWF maps were then computed on a pixel-by-pixel basis, and compared with the 

ones obtained without added noise.

To study the effect of noise on the MWF estimation in more detail, inversions were also 

performed on several pixels from different parts of the WM, with the analysis as described 

above performed with a larger p = 10 000.

3 | RESULTS

Figure 2 illustrates the markedly reduced variability of cxi, a cumulative sum which is an 

estimation of F, as compared with xi in describing f(T2). The example shown is for a single 

Gaussian pool with μ1 = 10 ms and σ1 = 3 ms. Similar results were obtained for a wide 

range of conditions exhibiting varying degrees of instability (data not shown).

Furthermore, these simulations permit inspection of how well the discrete cumulative 

distribution obtained by NNLS without regularization (ie, computed by Equation 8) 

approximates a continuous cumulative distribution function. This is especially important 

in the case of a coarse discretization, to confirm adequate sampling. We observed a good 

correspondence between the estimated discrete distributions and the underlying continuous 

ones, taking into account the fact that the T2 axes cannot coincide perfectly simply due to 

the mechanics of discretization.

Simulation analyses allowed us to heuristically determine that cxi ≈ F Ṫ 2, i , where 

Ṫ 2, i =
T2, i + T2, i + 1

2 . This result also serves to demonstrate how the NNLS discrete outputs 
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(shown in Figure 2B) are related to the continuous density function f (see Appendix). 

The SD plots show that both cumulative and density discrete outputs exhibit their greatest 

variability near the peak of the density curve f. In other words, the NNLS amplitude 

estimates are very noisy due to instability, and therefore difficult to use on a pixel-by-pixel 

basis. In contrast, the calculated cdf values exhibit greater stability. On the other hand, 

the skewness assesses the extent to which the distribution of these cumulative values is 

symmetrical from either side of the mean. Here, there is only relatively weak asymmetry at 

the plateau as illustrated by the skewness calculated from the p cumulative values obtained 

at each T2,i by simulation. This figure also shows that the density values are seen to be 

distributed more asymmetrically compared with the cumulative ones.

Figure 3 shows bias and uncertainty in MWF estimation as a function of SNR, performed as 

above; note that these results involve only discretization with different values of m without 

regularization. The left-hand panel (A) shows that for each level of discretization, bias is 

fairly constant across a wide range of SNR, but increases substantially with increasing m. 

Note in the right-hand panel (B) that the finer discretization, as expected, exhibit greater 

SD than the coarser and parsimonious discretizations. Because the variance of derived 

solutions is markedly worse at low than at high SNR, the nonnegativity constraint is clearly 

insufficient. These results illustrate (i) why an additional regularization was introduced for 

reducing bias when fine discretization is used, and (ii) the need for high SNR data when 

attempting to reduce or eliminate the need for regularization.

Results incorporating Tikhonov regularization implemented as described above are shown 

in Figure 4. Here, the goal is to compare our proposed scheme PDM with the more 

conventional approach, which involves fine discretization with regularization. Comparison 

of the red curve in the right-hand panel (B) with the magenta curve in Figure 3B shows that 

instability is reduced by regularization, as expected. Of greatest interest is the observation 

of the left-hand panel (A) that bias is lower with a parsimonious basis (m = 10) without 

regularization, and across a wider SNR range, than with conventional discretization and 

regularization.

Further simulations of the type shown in Figure 4 were performed for a range of MWF 

values (Figure 5). The results for all three values of MWF investigated were qualitatively 

similar to those of Figure 4, with bias being lower with a parsimonious basis (m = 10) 

without regularization, and across a wider SNR range, than with conventional discretization 

and regularization. One point of difference is for the regime of very low SNR for the lowest 

MWF; this produces highly inaccurate parameter estimates. Note that the SD is virtually the 

same for both of the low- and high-resolution cases and for all three of the MWF values, 

since the red curve has finer discretization but is regularized, while the blue one has coarser 

regularization without regularization (PDM).

Figure 6 shows MWF maps obtained on a human subject. Panel (A) shows PDM, without 

regularization, while panel (B) shows the more conventional dense discretization with 

regularization. These results are very similar, showing that both methods are successful 

at high SNR. Panel (C), for comparison with panel (A), shows the results of MWF 

determination using PMD, averaged over 100 noise realizations with SNR severely 
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decreased by the addition of noise of SD εn = 1. The results are virtually indistinguishable 

from panel (A), indicating the lack of bias in this approach. Panel (D), for comparison 

with panel (B), shows the results of MWF determination using the conventional fine 

discretization with regularization analysis, averaged over noise realizations in the same way 

as described for panel (C). Clear bias is seen in comparisons with panel (B), particularly in 

the frontal white matter.

Mean and variance can be assessed more quantitatively by investigating results over a 

larger ensemble (p = 10 000) of noise realizations (Figure 7). This figure shows the mean 

and SD of MWF estimates for six representative pixels in the brain image. The mean of 

derived MWF values as a function of the SD of added noise is shown, starting from the 

best available SNR, and variance is shown as the SD of MWF estimates across that same 

range. While comparable in many voxels, MWF estimates obtained by the two methods with 

added noise of SD of 0.1 also differ in several voxels (eg, voxels e, d, f in the occipital 

white matter), indicating bias. In addition, the SD of MWF values resulting from addition of 

noise was generally greater for the conventional analysis. Thus, parsimonious discretization 

displays superior stability properties compared with the conventional analysis.

4 | DISCUSSION

Multi-exponential inversion based on the NNLS algorithm is widely used in MR 

relaxometry and related experiments. As expressed in Equation 3, the desired component 

coefficients fi = f(T2,i) can be defined on only a finite set of points,25 representing an 

approximation of the continuum of potential T2 components. Therefore, intuitively, it would 

appear that increased discretization in T2 would improve the accuracy of the inversion, 

and permit a more faithful representation of this continuum. However, in contrast to other 

settings in numerical analysis, finer discretization in fact produces a problem more similar to 

the underlying ill-posed Fredholm equation of the first kind, resulting in greater instability 

in the inversion. Although this effect has been discussed extensively in the mathematical 

literature on inverse problems, it does not seem to be well recognized in the MR literature. 

Rather, fine discretization is performed, potentially beyond the useful limit as defined in 

Equation 5 with the resulting instability managed through use of regularization schemes.

Here we propose an alternative procedure, in which we implement a coarser, that is 

parsimonious discretization to eliminate the need for regularization. This avoids the difficult 

and, to some extent, subjective task of selecting and optimizing a regularization approach. 

Indeed, we find that across a large range of SNR values, this regularization-free approach 

can lead to higher quality T2 distributions (Figures 4 and 5). These conclusions were 

confirmed using human brain imaging data. All of these results are in line with the seminal 

works of Bertero et al,12 who remarked that the problem with continuous data can be very 

well approximated by a problem with a small number of geometrically spaced T2,i.

Having decided upon a parsimonious discretization, there is still a choice to be made 

regarding T2,1 and T2,m. These can generally be chosen based on physical a priori 

knowledge of the system under study, with additional consideration of experimental 

limitations in recovering signal from very short T2 species. However, an appropriate 
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choice of T2,1 is dependent not only upon the shortest echo time available, but also on 

SNR considerations. Studies of the selection of initial sampling times and in fact optimal 

sampling times throughout the signal decay have appeared in the literature,41–43 but further 

discussion of this important topic is beyond the scope of the present work. We emphasize 

that while the limits defined by T2,1 and T2,m should be generous enough to capture the 

range of T2 values in the sample, in accord with previous work,12 the ratio γ =
T2, m
T2, 1

 should 

be kept as small as possible to maintain maximum accuracy.

Figures 4, 5 and 7 highlight that the stability of this inverse problem is highly SNR-

dependent as uncertainty generally decreases faster than linearly as a function of SNR. 

This indicates the need for optimal acquisition conditions as well as careful implementation 

of noise reduction in postprocessing. There are a number of effective filters for this 

purpose, including nonlinear multispectral filtering, which has been shown to improve MWF 

estimation without losing fine anatomical detail40,44

In this work, we have emphasized the stabilizing effect of using a moderate discretization in 

the T2 reconstruction domain. The density of discretization as defined by m is directly linked 

with the limit defined by Bertero et al (equation 512) and the value conventionally used 

with the densely discretized approach including regularization. The ultimate choice should 

be driven by a compromise between achieving sufficient resolution to adequately define the 

desired T2 distribution, and the desire to avoid regularization, or to at least minimize the bias 

associated with it.

Finally, we note that in practice, a NNLS inversion of decay data is sometimes first 

performed to define the number of components in a sample and to select reasonable starting 

values for subsequent NLLS analysis. To the extent that the PDM improves stability and 

decreases error in NNLS results, it stands to reason that it would improve the accuracy of 

this sequential procedure.

5 | CONCLUSION

The conventional use of a dense decomposition basis in NNLS analysis has resulted in 

nearly universal application of some type of regularization for analysis of multi-exponential 

decay in MR. However, we show through simulations of MWF estimation by T2 relaxometry 

that nonnegativity constraints alone, combined with parsimonious discretization of the 

reconstruction domain, may be more effective over a large range of SNR values than use of a 

dense discretization with regularization. Additional investigations are warranted to evaluate 

this parsimonious discretization approach for other distributions and experimental settings.
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APPENDIX A

By definition:
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dF T2
dT2

= f T2 . (A1)

Experimentally, it has been observed that cxi ≈ F Ṫ 2, i . We can then derive the cdf using 

finite differences:

cxi + 1 − cxi
Ṫ 2, i + 1 − Ṫ 2, i

= 2xi + 1
T2, i + 2 − T2, i

≈ f Ṫ 2, i + 1 + Ṫ 2, i
2

= f T2, i + 2T2, i + 1 + T2, i + 2
4 .

(A2)

This expression indicates that the discrete value 
2xi + 1

T2, i + 2 − T2, i
 is an estimate of the 

continuous density f for T2 =
T2, i + 2T2, i + 1 + T2, i + 2

4 , and was used to represent in concert 

the point-wise density function f derived from NNLS outputs and the underlying continuous 

density function (Figure 2).

Abbreviations used:

cdf cumulative density function

df density function

ILT inverse Laplace transform

LT Laplace transform

MRI magnetic resonance imaging

MWF myelin water fraction

NLLS nonlinear least squares

NMR nuclear magnetic resonance

NNLS nonnegative least squares

PDM parsimonious discretization method

SNR signal-to-noise ratio

TE echo time
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FIGURE 1. 

Theoretical resolution limit δ as a function of SNR for an infinite support, T 2̌ = ℝ+. Black, 

purple and red lines show the resolutions used in references,36–38 respectively
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FIGURE 2. 
Comparison of (A) cumulative and (B) density representations obtained by averaging 10 000 

solutions provided by NNLS without regularization (red crosses). Blue lines correspond to 

the theoretical single Gaussian distribution (μ1 = 10, σ1 = 3). The inversions were performed 

with SNR = 1000 and midrange resolution γ = 50, m = 30 (δ = 1.14)
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FIGURE 3. 
Illustration of the influence of the decomposition basis density on the accuracy of the 

estimates as a function of SNR (without regularization); 10 000 myelin-like model (MWF = 

10%) simulations were performed and the averaged (A) bias (ie, the difference between the 

estimated and input values) and (B) SD for (blue) low resolution γ = 32, m = 10 (δ = 1.47), 

(green) midrange resolution γ = 32, m = 30 (δ = 1.13) and (magenta) high resolution γ = 32, 

m = 80 (δ = 1.04) are plotted. Hence, the blue curve corresponds to PDM
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FIGURE 4. 
Comparison of the (blue) low resolution PDM, with γ = 32 and m = 10 (δ = 1.47), with 

the (red) dense discretization approach with regularization, with γ = 32 and m = 80 (δ = 

1.04). The average (A) bias and (B) SD over 10 000 simulations of the myelin-like model 

are plotted as a function of the data SNR
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FIGURE 5. 
Sensitivity of MWF estimates. The input MWF was set to (top) 5%, (middle) 10% and 

(bottom) 15%. The averaged bias (A, C, E) and SD (B, D, F) of the 10 000 simulations 

of the myelin-like model are plotted as a function of the data SNR. Blue: PDM, ie, low 

resolution discretization with γ = 32 and m = 10 (δ = 1.47); red: dense discretization with 

regularization, with γ = 32 and m = 80 (δ = 1.04)
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FIGURE 6. 
White matter MWF mapping of a human subject using NNLS analysis with (A, C) PDM, ie, 

low resolution γ = 33.3 and m = 10 (δ = 1.47), and (B, D) the dense discretization approach 

with regularization, ie, high resolution γ = 33.3 and m = 80 (δ = 1.04). For (A) and (B), 

no noise was added to the original high SNR (~790) filtered images, while for (C) and (D), 

additional noise (εn = 10) was added and the mean MWF was estimated over p = 100 noise 

realizations
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FIGURE 7. 
Analysis of individual voxels of the human brain imaging dataset. The average and SD of 

MWF estimates over 10 000 noise realizations are plotted as a function of the SD of added 

noise. MWF was calculated as described in the text, using a cut-off value of 40 ms. Voxels 

were chosen either in the (A-C) frontal or (D-F) occipital region within the (A, E) left, (C, 

D) middle and (B, F) right hemispheres. Analysis was performed with (blue) PDM, ie, low 

resolution discretization with γ = 33.3 and m = 10 (δ = 1.47), and (red) dense discretization 

with regularization, with γ = 33.3 and m = 80 (δ = 1.04)
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