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We consider the management of a mono-specific even-aged forest at the stand level. Optimal silviculture based
on timber income and sequestered carbon income in an no risk case and a risky case are compared. In this study,
using calculus of variations we discuss the validity of using a risk adjusted discount rate (a rate of natural risk
added to the discount rate) or using a carbon adjusted discount rate (a rate of natural risk subtracted to the
carbon discount rate) without risk to mimic the natural risk case in term of optimal thinnings. Except for very
high risk rate values in the risky case, the optimal trajectory for carbon sequestration is very different from that

obtained for the timber criterion. We show that without risk or with risk case but moderate risk rate, the optimal
cutting age for sequestered carbon will be the senescence age. For higher risk rate the optimal cutting age for
sequestered carbon may be more comparable to optimal timber cutting age.

1. Introduction

Until very recently, silviculture was mainly based on timber pro-
duction. But the increasing concentration of carbon dioxide in the at-
mosphere has become a concern. Forests are seen as an opportunity to
absorb significant amounts of carbon Forest management taking into
account carbon stocks is therefore desirable: the quantities of carbon
stored depend on the silviculture and in particular on cutting and
thinning. As with timber production, the presence of risk, such as storm
risk, can potentially modify silviculture based on sequestered carbon
criteria.

For timber production in the absence of risk, (Faustmann, 1849)
proposed a formalism based on the expected discounted income, which
allows to determine the optimal rotation period. Many authors have
been studying ((Schreuder, 1971), (Clark, 1976), (Haight et al., 1992))
the determination of optimal thinning and cutting age at the stand
level. The impact of a destructive event risk (in this case the fire risk) on
the optimal forest rotation was studied in (Reed, 1984). More recently
concerning natural risk, (Staupendahl and Mohring, 2011) studied the
impact of risk on the expected value of a forest stand for various hazard
rate functions, (Loisel, 2011) examined the impact of density dependent
growth on optimal cutting age, (Price, 2011) focused on the validity of
using the rate of physical risk, added to the discount rate as a new
adjusted discount rate. Impact of storm risk on optimal thinnings and
cutting age are analyzed in (Loisel, 2014). The combined impact of
storm risk and price uncertainty has been studied in (Rakotoarison and
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Loisel, 2017). (Mollmann and Mohring, 2017) used the concept of ex-
pected losses in order to determine the optimal rotation. Using em-
pirical material, (Deegen and Matolepszy, 2015) highlighted the com-
plexity of forest management under storm risk.

Concerning the carbon sequestration, using a Hartman framework
(Hartman, 1976) many authors ((Plantinga and Birdsey, 1994), (Creedy
and Wurzbacher, 2001), (Gutrich and Howarth, 2007), (Liski et al.,
2001)) considered the joint timber production and carbon sequestra-
tion, they analyzed the influence of carbon sequestration incomes on
the optimal cutting age: it is optimal to increase the cutting age. In some
circumstances, with carbon taxes (Van Kooten et al., 1995) or high
carbon prices, (Price and Willis, 2011) showed that it may become
optimal never to harvest forest stand. (Susaeta et al., 2014) analyzed
influence of carbon price fluctuations on optimal cutting age.
(Kaipainen et al., 2004) analyzed the influence of elongation of rotation
length on carbon stock. (Assmuth and Tahvonen, 2018) studied optimal
harvesting in even and uneven-aged forest. There is a lack of studies
relatives to the C sequestration analysis and the prediction of the
modification induced by natural risk on optimal thinnings and cutting
age. In the present work, we model the impact of natural risk on op-
timal silviculture for carbon sequestration at the stand level. With
Faustmann value based on the joint production of timber and carbon
sequestration, the corresponding analysis will be subject to fluctuating
economic environment (Susaeta et al., 2014), to avoid this influence we
then choose to consider a criterion not impacted by carbon price i.e. the
Faustmann value based on carbon sequestration alone. In our
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presentation we study the dependency of optimal forest management,
in order to maximize forest sequestration, with respect to economic or
risk parameter. In order to be as accurate as possible, our study is based
on a forest growth model. Moreover in our presentation, from obtaining
analytical expression of the criteria to optimize, we compare strategies
that maximize carbon sequestration to those that maximize the timber
income. The study presented is done at the stand level. The optimized
strategies are set by dates and amplitudes for respacing and thinnings
and of course the cutting age.

In Section 2, we first consider the reference case without the natural
risk, which will be used for comparison. Based on a growth model we
express under which sufficient conditions it is possible to predict the
behavior of the cutting age with respect to physical or economic
parameters. Secondly, based on the growth model, on the risk and tree
damage models in case of natural risk, we analyze the impact of the
natural destructive event on the behavior of cutting age. In Section 3,
we successively analyze the optimal criterion and corresponding op-
timal trajectory without and with natural risk. We discuss the validity
of using a risk adjusted discount rate (a rate of natural risk added to the
discount rate) or using a carbon adjusted discount rate (a rate of natural
risk subtracted to the carbon discount rate) without risk to mimic the
natural risk case in terms of optimal thinnings.

2. The optimization based on timber production
2.1. The forest growth

We consider a forest stand. The design of the chosen model is de-

scribe in Appendix A. To resume, the forest growth is described by the
evolution of the basal area B is, for each initial condition B, given by:
dB(t)
e (GOUORRIO W
where the RDI (Reineke Density Index) r satisfies r(t) = AB(t) < 1, the
harvesting control e satisfies and the evolution of the tree height H(t) is
a given function independent of the silviculture, the increase of basal
area of the forest stand at its peak of density I(t).

We assume that I(t), t > 0and g(r), 0 < r < 1 satisfy the following
properties:

(Hy): I(.) is a positive, decreasing function of time t.

(H»): g(.) is a positive, increasing, concave function of r such that g
(r) = rforallr, g(0) = 0and g(1) = 1.

(Hs): H(.) is a increasing function and %(.) is a decreasing function
of time t.

To finish the model description, the average tree height H(t) is in-
dependent of the silviculture (thinning e(.)), hence independent of B.

We now consider specific trajectories which make a rule in opti-
mization:

(i) E°By), starting from the initial basal area By at initial time sa-
tisfying r(0) = ABy < 1, reaching B; with r; = AB; < 1, we apply
minimum cutting e(t) = 0 until reaching the value r; for the RDI, then
we apply the control e (t) = g(r)I(t). Let denote °(B,) is the time
needed to reach from the RDI r(0) to 1, from e(t) = O fort < t°(B;) Eq.
(1) may be rewritten: ) — AI(f)dr. Hence integrating this equation

gr()
between the initial time and t°(B;) we obtain the following relation:

rn dx {0
-/:«)) g(0) A-/(: [(u)du %)

Hence control may be summarized: By = grI1; > ). We
denote B°(t; B;) the corresponding basal area starting from initial basal
area By at initial time.

(ii) E (to, By), starting from the initial condition satisfying r(t,) = AB
(to) = 1 we apply maximum cutting e(t) = €. We denote B(t; ty, By) the
corresponding basal area.

We also consider auxiliary problem which consist in seeking the
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maximum values reached by the basal area B. We obtain the following
Lemma:

Lemma 2.1. Assume (Hs). The basal area B(.) satisfies B(t) < B°(t;1)
for all t € [0, T].

Proof: From Eq. (1) we deduce: dl;—g[)Sg(AB(t))I (t) and
dB(t)

< I(t)dt. By integration between the initial time and time

8(AB(1)
of1). B(®) dx ¢ _ B2 dx . L
t<t (A). e gD < Jo Twdu = o 39 which  implies
BY(51) _dx -
by pam = 0. From the positivity of g we deduce the result. []

We are focusing here, on the setting in the timber market of a forest
stand whose evolution is given the basal area Eq. (1) and tree-height H
(.). The timber incomes depend only on the basal area B and the height
H: pov(B, H) where p, is the timber price (net of thinning costs) and v
(B, H) is the volume assumed to be proportional to the basal area B and
height H: v(B,H) = coBH.

2.2. Optimal silviculture without natural risk

Let § the discount rate. We are assuming that a thinning of basal
area e(t) occurs at each time t and the remaining trees would have been
cut at age T. The criterion which we suggest to maximize is the sum of
the thinning incomes per unit of time xpocoe()H(t) that would have
occurred during the interval [0, T] and the final income xpocoB(T)H(T)
corresponding to the final cut at age T. The optimization problem, re-
lating to the thinnings e(.), on the interval [0, T], is therefore written:

(#):  max Wy(T) = fT Pocoe(H ()e~%tdt + pycoB(T)H (T)e~*T
e()es 0
where & = {e(.)|0 < e(t) < & for all t} and basal area B following evo-
lution given by Eq. (1) with initial conditions By and fulfilling the
constraint: r(t) = AB(t) < 1.
By replacing e(t) by g(AB(t))I(t) — %, the optimization problem
(2) can be rewritten in terms of trajectory B(t):

T dB
max W)= [ o [g(AB(r))I(r) — ]H(r)e*&
dt + p,coB(T)H (T)e%T
where %3, is the whole set of curves:
Gy = {B(.) e BC([0,T]) | B(0)
= B2 + 8B O £ PO < (B0 & 4B < 1}

where BC' stands for the space of bounded derivative functions defined
on the interval [0,T]. By an integration by part we reformulate the
program:

T
max f F(B(t), t)e®dt + p,BoH (0)
B()e%B, 0
where
% (B, 1) = p,[g(AB)I ()H (¢) — 8BH (1) + BH'(1)]

The derivative of &(B,t) with respect to B is proportional to:
Ag'(AB)I()H (t) + H'(t) — SH (1) 3)

Remark 2.1. In our study, due to the fact that the expression of the
control variable can be substituted in the criterion, the control problem
can be reduced to a calculus of variation problem. This substitution
permits an easier study than the initial control problem. But it is not
always possible and requires that the number of variables is not greater
than the number of variables in the control.

On BC, the first order optimality condition given by the Euler-
Lagrange Equation, applies (Blot and Cartigny, 1995). We suppose that
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B(.) stands for an interior solution and then B(.) has to satisfy:
9Lo(B,t)
3B

[AgABIOH® =

= 0 hence:

SH(t) — H' (1),

Let the function 8y(.) defined by: oy (t) = 6 — %(r) forany t > 0.
Hence defines the time-dependent singular solution B}\ fort € [t,i] such
that Ag(DI) = 6yt < AgOI®) and AB(t) €]0,1] by:
AB (1) = g! [iﬁ—g;] The corresponding singular control is:
é(0) = gAB I — B,
B < Bi(t) (respectively B > Bi()) with t <t< ¥, M‘;iif”) is positive
(respectively negative). We make the following assumptions:

For t <t (respectively t>f) or for

’ 1

(H,): Ag'()I(T) + 2-(T) < 6 < 1im[40%(:)

H

With (H3) and this assumption §y(t) starts from a negative value at
initial time, then increases and becomes sufficiently positive for large
time value to ensure that the singular arc B; is not empty. Depending of
the position of the cutting age T with respect to ¢t and position of B(ty)
with respect to Bi(1), the optimal solution differs. We assume
0<t<T<i,e(t)<efort<t<Tand (Hs). Two cases may occur:

(i) CaseB°(t,B;) < By(t)and it exists t'such thatB°(t!,B;) =
By (tYwitht < ' < T:

Depending on the position of & (') with respect to & two subcases
must be explored:

(ia) subcasee; (t) < e:

Following the same reasoning that in (Sethi and Thompson, 2000),
we deduce that the optimal solution By* is characterized by:

O (4 2 1
B§(t)={BA(t’B1) .lf()1<t<t
Bi (1) if t'<t<T

(ib) subcasee; (t) > e:

Let t, > t' > the time such that & (f,) = &. Starting from the curve
B°(.,B;) the optimal solution reaches the singular arc. A transition
trajectory between B%(,,B;) and the singular arc is needed. To show it,
we noticed that the optimization problem on [0, T] can be decomposed
in two subproblems respectively on [0,t.] and on [t,, T]. We deduce that
the optimal trajectory is obtained by applying the maximum available
control e = ¢ at the end of the first period and reaches the singular arc
at time t,. Let t; the time which permits to reach the singular arc at time
t. with the control e = € so the optimal trajectory is given by:

B°(t; B)) ifo<t<yg
Bi(t)=B(t;t) = {B(t:t,B°(4;B)) if n<t<t,
B if t,<t<T

(i) CaseB°(t,B,) > B, (1), soB°(t,B,) > B, (t)for allt > t:

As in the previous case a transition trajectory between B°(., B;) and
the singular arc is needed. In this case we decomposed in two sub-
problems respectively on [0, ¢] and on [¢, T] introducing a new control
B(t). Hence the optimal trajectory is obtained by applying the max-
imum available control e = & at the end of the first period and at the
beginning of the second period. Let ¢/ the time which permits to reach
the singular arc at time ¢ with the control e = &. The optimal trajectory
is similar than in the previous case but with unknown switching time t;*
such that ¢! < ¢} < t, to each t;! it corresponds if it exists the time t,! at
which i.e. B(t}; 4!, B(t}; Br)) = By (t)), otherwise t,* = T. To each t;' we
associates the corresponding trajectory B (5 t}). The optimal switching
time ;" is given by: = arg tl&l;a})ith(_;lll)(T). We deduce the optimal

trajectory: By (f) = B ).
2.3. The natural risk case

In case of natural risk, the chosen cutting age may not be reached. If
a natural event occurs before a tipping age t;, the event may have no
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impact due, for example if a storm occurs before a time ¢; due to the
small tree-height the storm has no impact (Schmidt et al., 2010). Let =
the spending time between the beginning of the stand and the first
event of the stand after t;, either by destructive event or by logging at
time T. The distribution of the time 7 is: F.(t) = F
t—-t)=1- e MW for t; < t < T. We consider an adaptation of
the scenario of (Reed, 1984) to the natural risk case taking into account
the tipping age:

- if an event occurs at age 7 < t;, the event has no impact, the stand
continues to grow.

- if an event occurs at age v with t; < ¢ < T, the proportion of
damaged trees 6, is non neglectable, a clearcutting and a regeneration
of the stand is made at age 7.

- if no event occurs before age T, a clearcutting and a regeneration of
the stand is made at age T.

With this scenario, the real cutting age is random. In order to take it
into account in the evaluation fo the silviculture it is suitable to use the
Faustmann Approach. Let A = § + A, a(t) = E(1 — 6,), we shows in
Appendix B that, for fixed cutting T, maximizing the Faustmann value
Jy, is equivalent to maximize W(T) which is a modified criterion of W,
on [0, T] taking into account the stochastic incomes due to natural risk:

2. _ QL 5
(2 max W(T) = jﬂ' Docoe(t)H (£)e=dds

+ ‘/t'LT [poe(®) + Ala(Dpy — (1 — a(t))e,)B(£)]coH (£)e~A+ALdt
+ pycoB(T)H (T)e AT+4L

dB(t)
dt

Replacing e(t) by g(AB(t))I(t) —
deduce that (#) is equivalent to:

and integrating by part we

max [ %BO.0e %+ [ LB, 0t + pyByH (0)
B()e®@py YO0 i
where: Z)(B,t) = Zo(B,t) — A1 — a(t))(po — c,)BH().

As in the no-risk case, the control problem is reduced to a calculus of
variation problem. The Euler Lagrange conditions give two singular
Equations:

Ag'(AB)I(t) SH()—H'(t) for t<t<t (ft<t)
H(t)=
Ag'(AB()I () (5 + 101 for L <t<T
H(t)=

- oz(t))(l
)
®)
- H'(¥)

We deduce the existence for t > t; of a second singular arc B,
defined for t € [ ¢, 7] with similar condition than for the definition of ¢
and f. Assuming ¢, < po, due the increasing of 8y, the decreasing of I
and the concavity of g we deduce that ¢ < t, f < , this second singular

8Ly (B,t)
oB

arc is lower than the first singular arc and is positive for t <

and for B < B,(t), t <t < . Weassume ¢ < t; and T < i. Depending on
the position of threshold t; with respect to t* and the position of B, with
respect to By (t!) or B,(;) the optimal solution differs: the optimal so-
lution may not reach the first singular arc B; but reach the second
singular arc B, or reach successively the first and the second singular.

If t; < t', the optimal trajectory is obtained by replacing B, by B..

Ift;, > t' and a(t;) = 1, the optimal trajectory is obtained by re-
placing B, by By, which is defined by:

By if t<t<y

Bu(t) = A
B, (1)

if t, <t<T (O]

Otherwise, if a(ty) < 1. As with no risk, two cases may occur:
(i) CaseB°(t,B;) < By(t)and it exists t'such thatB°(tL,B,) =
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By (tYwitht < 11 < T:

(ia) subcasee;, (tY) < e:

Following the same reasoning that with no risk, we let ¢ the time
which permits to reach the second singular arc at time t; with the
control e = ¢ i.e. By(t;) = B(t; t2,B1 (t2)). We assume ¢! < t? < t;. To
each time t;? such that t? < t? < t;, we correspond if it exists the time t2
at whichi.e. B(t?;t%, B, (t?)) = By (t?), otherwise t,> = T. For each t* we
consider the trajectory B (-;t7) deduce the optimal trajectory based on
the following trajectories:

B°(t; B)) if o<t<t!
5o Bi(0) if f<t<t?
8= B, Bi(t)) if #<t<¢}
B,(t) ift2<t<T

The optimal switching time > is given by:

tlz*(T) = ag zm%x W§(.;[lz)(T)~
1p<ip<uy,

(ib) subcasee; (t') > e:

Using the same reasoning than in the previous we consider the
trajectories B (1,67 for each t? > t? (assumed =t) with corre-
sponding t,%

B°(t; By) if 0<t<y
Bt t, B° (3B if u<t<t
Bttty = Bl if tb<t<t
B2, Bi(i?)y  if P <t<e}
B, (1) ft2<t<T
The optimal switching times t** is given by:

t?* = arg max Wg, ., 2 (T).
i g!zzfttzﬁtL B iy (1)

(ii) CaseB°(t,B,) > B, (1), soB°(t,B,) > B, (t)for allt > t:
We consider the trajectories B (4}, 7y for each t', t* with corre-
sponding t,}, t,> and assume t! < ¢2 < t2. The optimal switching times

t* is given by: ?* = arg max W ity (D).
ip<ip<ty St

Hence more generally, due the fact that the second singular arc is
lower than the first singular arc, cuttings are the same or are made
earlier in the case with risk. It is a self insurance strategy used by the
forest manager.

2.4. Numerical application

We propose a numerical application to help visualize the main
findings or implications of the previous results. For this numerical si-
mulation, we consider a beech forest at the stand level. Table 1 presents
the function values used to solve the problem in the benchmark case.

To complete: T = 100 year, t; = 61 year, § = 0.02 year™ !,
A = 0.015 year™ .

We deduce the expressions of B°(t, B,), B, and B,:

Table 1
selected functions and parameters.
Function Parameters
RdI AB <1 A = 3/160 m™2 (i.e.

B; = 53.33 m?)

Height H() = Hp. (1 — e™P+ 9 Hy = 40 m,
ps = 0.0121 year™!
H'(t) = ps. Ho. e P *
Increase I(t) = py + ps. H'(®) p2 = 0.15 m?year™?,
ps = 2.056 m
Density-dependence ~ g(B) = 1 — e P B p1 = 0.4158 m~?
Salvage proportion at) = [ps + (t — t). ps = 0.2, ps = 0.01 year™*

DPelli =,
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ilog(l + ePr-(P2-t+p3.HO) | (eP1-Bo — 1)) for t < 1O,
B°(t,By) = { D1

B, for t>1°

A 1 1 H'(5)
Bi(t) = ——1 d—
' by Og(PlI([)( H(t) ))

By(t) = —ilog[;[ci +20 - oc(t))(l - ﬂ) - H—(’)])
p P

 \ I @ o)  HQ®

Hence, t = 32.625 years, B°(¢,B;) = 11.82 m? and B, (t) = 29.45m?
so we are in the case (i). Moreover t' = 34.125 years and
& (tY) = 2. 19m?year~". Depending on whether &, (¢!) is smaller or larger
than & the optimal trajectory differs. Thus if ¢ = 2. 2m?year~! the op-
timal trajectory is of type (ia) and given in Fig. 1 for the no-risk case
and Fig. 2 for the risk case. At the opposite if & = 1. 25m?year! the
optimal trajectory is of type (ib) with t; = 33.45 years et t, = 38 years
and given in Fig. 3 for the no-risk case and Fig. 4 for the risk case.

2.5. Impact of natural risk on optimal cutting age

Now, we consider the optimization of the Faustmann Value with
respect to the cutting age with the previous optimal silviculture.

Proposition 2.1. For sufficiently low risk rate A, if [ tLT[R(B(T),T) - R
BM®,) + ( — t)LBM),T) — LoB®,D)]e %t > 0 (with R
(B,t) = (po — ¢,)(1 — a(t))BH(1)) then the optimal cutting age with risk
is shorter than optimal cutting age without risk.

The proof is given in Appendix C. For sufficiently decreasing ex-
pected proportion survival tree a and not too high value of T — t;, the
condition in Proposition 2.1 is satisfied and the optimal cutting age T is
shortened in case of risk. This conclusion is in accordance with the
empirical results of the literature.

3. The optimization problem based on sequestered carbon

We assume that there exists a carbon market, hence increasing
(resp. decreasing) of sequestered carbon is valuated positively (resp.
negatively).

3.1. Without natural risk

Denote the individual sequestered carbon c¢(B,H) = kBH for a basal
area B and tree height H where k is a conversion coefficient in tCO,m 3.
The exported wood is divided in wood energy and timber with the
corresponding proportion xg and xr. The respective carbon flux can be
specified.

Inside the forest:

— in the vegetation:

R kj(;T dBOH () st gy _ kB(T)H (T)e*"

dt
k j(’)T [g(ABO)I(H)H () + B()H'(T)]e*dt

— k([ e(®H (t)e™dt + B(T)H(T)e™")

Outside the forest:

- in the wood products from the exported trees:

ok
yp+5

Fy = X ( A " e(OH (t)e-tdt + B(T)H(T)e—éT)
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where v, is the discount carbon rate in energy.

- in energy from the exported trees: we assume that in the end all the
exported trees ends in energy. Proportion xg is converted directly in
wood energy and proportion xr is converted with discount carbon rate

Yp):

Fr = Cg (XE + ypyiaxT](‘/o‘T e(t)H(I)e_dtdt + B(T)H(T)e_”)

where Cg is the substitutability coefficient, Cx < k.

We may decide to choose to consider:

(i) only the carbon flux corresponding to the vegetation Fy, by
convention yy = + oo.

(ii) the carbon flux corresponding to the vegetation and the wood
products Fy + Fy, hence we let yyy such that

s
P— 5=FXT.

(iii) the previous fluxes and the flux corresponding the substitutable
energy then consider F, + Fy + Fg hence we let yywgr such that
vai+ szypisxT + %(XE + ypyide (with % <D.

Remark: The different products have different carbon discount rates
but in this case it is enough in this case to calculate an average carbon
discount rate as we did to build yywg. The only outstanding problem is
the variable composition over time but this has only a very marginal
impact on the final result.

We have the following relations: yywe < yyw < yv = + c.Inall
cases, the criterion to optimize can be expressed in the following form:

(2): r(n)a); k./(')T [g(AB@)I(t)H(t) + B()H'(t)]e%dt

- sk S e(H (e ddt + B(T)H (T)e™"y

with the corresponding y.
Hence by replacing e(t) by g(AB(t))I(t) — dljift)
parts, we deduce that problem () is equivalent to:

and integrating by

T
max ZE(B(1), e ddt — —L—kByH (0)
B()e%p, YO y+9

with £§(B,t) = %(g(AB)I(t)H(t) + BH'(t) + yBH(t)). The deriva-
tive of Z,°(B, t) with respect to B is proportional to:

[Ag’(AB)I()H (1) + H'(t) + yH (1)

is positive for all time t. Hence the optimal trajectory is the trajectory
which gives the higher value of basal area i.e. B°(; ).

3.2. Comparison with optimization based on timber production

The optimal trajectory for the carbon sequestration consists in
keeping standing timber as long as possible. Therefore optimal solution
for the carbon sequestration is slightly different with the optimal so-
lution for timber criterion By*.

3.3. The naturadl risk case

In case of natural risk, we assume that the damaged trees have a
higher discount carbon rate I'. With the same reasoning that for the
timber criterion (see Appendix D) we obtain a Faustmann criterion
proportional to:

(Z): max Wg(') (T)
B()e%B,
t] T
= fo b 2B, ettt + f[ ZEB®), e+ dy
L

where
é

C _ C _ r- 14 —
ZE@O= 25 B0~ 1~ a@)BH W

The derivative of the integrand with respect to B is proportional to:
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A ABI(OH @) + H®) + yH() for (<1
Ag'(AB)I(t)H (t) + H'(¢)
+ [y — g - ot(t))]H(t)

r+sé

for t, <t<T

Remark 3.1. As § < T, the first order condition weakly depends on the
economic discount rate §.

We deduce:

i) For t < t; and if/l<y£%(S
Hence, first there is no thinning before the tipping age t;. Second, if
A is lower than y so in this case the optimal trajectory will be the
same than in the no risk case: no thinning.

ii) For sufficiently high value of the risk rate A, y — /l%(l —a(t))
would be negative and a singular arc exists.

for t > t;, there is no singular arc.

3.4. Comparison with optimization based on timber production

Except for very high (and therefore usually unrealistic) risk rate
values, the optimal trajectory for carbon sequestration is identical to
that without risk and therefore very different from that obtained for the
timber criterion. With risk but sufficiently high risk rate, the optimal
trajectory for carbon sequestration is a little closer to the optimal tra-
jectory for timber production.

3.5. Optimal cutting age

without risk.

We consider the optimization of the Faustmann Value with respect
to the cutting age with the previous optimal silviculture, the Faustmann
Value is:

o LILE (e T-0dr
0 T —1

with L¢(8) = Z,°(B(;1),0). We deduce:

Lemma 3.1. If LoC satisfies:[ o"(LoS(T) — Lo®(0)e~%dt > 0 for all T,
then the Faustmann Value J,€ is increasing with respect to cutting age
T. Therefore the optimal cutting age will be the senescence age.

Proof: The derivative of J,© with respect to T is proportional (with
the same sign) to:

LE (M -1 =6 [ L§ 0Tt
_ T rcem _rcC 5(T—1)
=6 [ (@ (D) = L§ )T 0dt

Due to non neglectable value of v, Lo(t) will be increasing hence
will satisfy the condition in Lemma 3.1. We note that the condition
expressed in Lemma 3.1 authorizes a weak decreasing for old ages.

with natural risk.

For 1 < y%‘;, there is no singular arc hence the Faustmann Value is
given by:

(‘/(;tL Loc (Oetdt + ./[‘LT L/lc (t)e—AtMtLdt)eAT—/uL
b(T)
with L,°(®) = £.5B%t1),1). We deduce:

Lemma 3.2. If L, LS satisfy:f o*LS(T) -  LoS(®)
e ¥dt + [, (LD — L®e **dt > 0 for all T, then the
Faustmann Value Jo© is increasing with respect to cutting age T.
Therefore the optimal cutting age will be the senescence age.

Hence for moderate value of A, the optimal cutting age will be the
senescence age as in the no risk case.
At the opposite, for sufficiently high value A and moderate discount
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carbon rate y, y — A may be negative so L, may not satisfy the con-
dition of the Lemma 3.2 hence the optimal cutting age may be lower
than the senescence age: if A(1 — a(t)) > vy a singular arc is available
and as in the classical Faustmann problem an optimal cutting age may
exist.

3.6. Comparison with optimization based on timber production

Except for very high (and therefore usually unrealistic) risk rate
values, the optimal cutting age for carbon sequestration with or without
risk will be the senescence age and therefore very different from the
optimal cutting age for the timber criterion. With risk but sufficiently
high risk rate, the optimal cutting age for sequestered carbon may not
be deduced from the senescence age and is a little closer to optimal
timber cutting age.

4. Discussion

The work presented here has focused on timber revenues and
carbon sequestration separately. As such, it differs from work in the
literature that focused on joint production. In contrast to the latter, our
study provides a precise analysis of strategies to improve carbon se-
questration in forests.

In our study, due to the fact that the expression of the control
variable can be substituted in the criterion, the control problem can be
reduced to a Calculus of Variations problem. This substitution permits
an easier study than the initial control problem. Calculus of Variations
works fine for our problem but it may not be as useful for other optimal
rotation problems.

The results presented have been obtained by making simplifying
assumptions, which allowed us to determine the optimal strategies.
These simplifications concerned the price function, the diversity of
carbon discount rates and as we have expressed are justified as they
have no serious consequences.

Appendix A. The growth model

Forest Policy and Economics 120 (2020) 102269

An important point concerns the consideration of changing en-
vironmental conditions. In the Faustmann approach, it is assumed that
the environmental conditions are the same to each new rotation. To
take into account changing environmental conditions, it becomes ne-
cessary to work with a value function.

5. Conclusion

From analytical expression of the criteria to optimize, we compare
optimal strategies (in term of thinning and cutting age) that maximize
carbon sequestration to optimal strategies that maximize the timber
income. The study presented is done at the stand level. We show that
the optimal trajectory for the carbon sequestration consists in keeping
standing timber as long as possible. Therefore optimal solution for the
carbon sequestration is slightly different with the optimal solution for
timber criterion. With no natural risk or with risk but low risk rate, the
optimal cutting age for sequestered carbon will be the senescence age.
With natural risk but sufficiently high risk rate, the optimal trajectory
for carbon sequestration is a little closer to the optimal trajectory for
timber production.

To extend this study, we could consider risk averse forest managers,
which should substantially modify the optimal strategies for carbon
sequestration. Moreover to take into account changing environmental
conditions, we could consider a function value approach.
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We consider a forest stand. The tree number which this area can bear is limited. Let's note b the average tree basal area (at the height of 1.3
meters) of the forest, the maximum tree number n(b) that a forest stand can bear is given by the self-thinning relation (Reineke, 1933):
logny (b) = Cy — %log b,Co > 0,1 < q < 2 are constant values characteristic of the forest species and of its environment (ground fertility). Hence,
for a given averaged tree basal area b, beyond the tree number ny,(b), the trees die, the forest stand has to remain under this limit. Reineke (Reineke,

n

1933) defines the Relative Density Index RDI by: r = Pl Anb3: with A = e, By definition this ratio is always less than 1. We will now describe
the temporal evolution of the total basal area B = nb.

The growth of the trees depends on the tree density r: the increase of basal area of the forest stand at its peak of density r = 1 is given by the
function I(t) at time t (Loisel and Dhote, 2011). For a lower density (r < 1), the increase of the basal area for the forest is reduced by a factor
dependent on this same density: g(r). Thus the effective increase at time t is equal to: g(r(¢))I(t) hence, for a cutting policy e(.), the evolution of the
basal area is given by:

dn()b(t) _

SR = ) ©) - (1)

with the initial basal area B, = ngbo, the constraints 0 < e(t) < & and r(t) = An (t)bg <1 for any t. A complete analysis of this model is given in
(Loisel and Dhote, 2011). We here consider the limit case ¢ = 2. In this case, the RDI is proportional to the total basal area: B = nb and r = AB.

Appendix B. Timber production with risk

Let 7; the time spent between the beginning of the stand and the first event of the stand after t;, either by event or by logging at time T for the ith
rotation. The net economic return % (thinning incomes, final income minus costs) actualized at final time  is given by:

poco( [ e@H et + (1 = BIB@H @) = e = BecycoB@H@ if 1, <7 <T
% =

poco(/o'T e()H (1)eST-dt + B(T)H(T)) - if g=T
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with costs ¢, per unit of volume of damaged trees.
As the event occurs independently of one another and randomly in time, we deduce the following expression for the Faustmann Value:

]/I — E[Z e—S(T1+r2+A.A+n‘)£yi:| — E[e—5r1 ({% + Z e—é(rzt.ﬁ—n)y]%_]

i=1 i=1

= E[e™(# + )]

Hence, the Faustmann Value is the expected value of the actualized sum at the initial time of the net economic return # and the Faustmann
Value. Moreover the Fautmann value is given by:

- Bl
AT ICEle
From E[e™ %] = [ LT e (t)dF (t — t) + e*T% (T)(1 — F(T — 1)), inverting the integral with respect to r and t we deduce:
5 W (T)coedT4L — c,a(T)
T b(T) ®)
with W (T)= L poe(DH ()edt

+ f] Bxpoe(t) + Aa(tpy — (1 = a(D)e,)B(O)]H (e 4+t
+ pyB(T)H (T)e AT+4n

and constants a(T), b(T): Aa(T) = AT~ + §and B(T) = AT~ — o(T).
Appendix C. Proof of Proposition 2.1

From expression of: W = [ (%% o(B(®), e~ %dt + [ o LB, e 2t we deduce:

Wr = % (B(T), T)e 4T+AL
Wiy = —(T — t)Wy + R(B(T), T)e AT+

Wi= = [ RBO.O + (= ) ZEO, 0l
In this case:
A(T) = [(bs — (T — t,)b)Ws — bBR(B(T), T)e~T — 6W]1c0

eS(T-1) _ 1
= (T - - f)%(B(T), T)e®" = R(B(T), T)(1 — ")

T
+ 6‘/; [R(BB®),t) + (t — 1) L% (B(1),1)]e%dt

=5 [ RB©.0 = RBT)T) + (= 1)ABO).0 ~ HBT), TH]e %t <0

Appendix D. Carbon sequestration with risk

The net carbon return # actualized at final time 7 is given by:

L7 klg(AB)I(OH (D) + BOH' (1)]e*@dt
= 550 ke(H (0@ 0dt + (1 — 6:)kB(n)H (1))

7 = ~ 7y k6:B@)H (%) fo<a<T
fOT k[g(ABU)I(H)H (t) + B()H' (1)]e®=Ddr
— Ly keBOH T 0dt + kKB(TH(T)y  if =T

Similarly for the timber case, we deduce the criterion:

c_ WC<T)eAT—/ltL
g b(T)

with:
wWe(T)= fO[L k[g(AB()I()H(t) + B()H'(t)]e~%dt
+ [ kIg(AB(O) (OH (6) + BIOH' (1) ]e-4+d
— sk [ e(H (e dt
= k(] e@H ©) + AaOBOH O]e-¥*4tdt + B(T)H (T)e4T+1)

r

— Tk T A0 = a@)BOH (et de
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dB(t)

Hence by replacing e(t) by g(AB(1))I(f) — =~ and integrating by parts we obtain:
c R ot T ¢ § I'—y —At+ 14
we = [ ZEBO,0edt+ [ | 28 BO),1) - k————L (1 = a(t)BOH () [e+4dt + ——kB(0)H (0)
0 [ y+oI'+9 y+90
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