SUPPLEMENTARY MATERIAL: Detecting Abrupt Changes in
the Presence of Local Fluctuations and Autocorrelated Noise

A Proof of Proposition 1

The initial condition for ¢ (u) follows immediately from its definition.
Then, for t € {2,...,n}, we need to condition the problem separately on whether or not
we have a changepoint. If we consider no change in the mean of the signal, then we can we

can re-arrange the cost at time ¢ based on the cost at time ¢ — 1 in the following way:

Similarly, when we have a change:
Qi(uld # 0) = min {Qm(U) + A —u—0)"+ v((yt — 1) = O(ye—1 — U)>2 + ﬁ}
= muin {Qt—l(u) + 7((% — ) = d(Ye—1 — U))2 + 5}

where the second equality comes from minimising over §.

Lastly, to obtain the whole cost at time ¢ we take the minimum of these two functions:

Qu(p) = min {Qu(uld, = 0, Qu(uld, # 0)}
= min {@H(u) +min{A(e — w)?, B+ (9 — ) — Sy u>)2} .



B Proof of Proposition 2

From the result obtained in Appendix A, simple, albeit tedious, algebraic manipulation
enables us to re-write the recursions for Q;(u|d; # 0) and Q:(u|d; = 0) in terms of the
infimal convolution operator. Let z; =y — dy;_1.

For Q;(u|d; # 0), we can rearrange

2
7((% — ) — (Y11 — U)) = (2 — p + gu)?
= (z — p)® +7°u® + 2yduz, — 2ydup
= (2 — )’ + 90" + 2yduz + yd(u — p)* = you’ —yop’

2 2
= o= 9901 = ) (u= 2 )+ o ) =g

Hence, we have

Qulplé #0) = m[ ~01-0) (u-12) +w<u—u>2]

”Y

Zt— (1—)u)*+ 5

- INF@t_l,w(quj (2~ (1 o) +5=QF ().

where

Qi-1(u) = Qir () — ve(1 — ¢) (u— & )

Similar, for Q;(u|0; = 0), we can rearrange

Ap —u)? + 7((% — 1) — (Y1 — u))2

2 2
= (Y9 + N (u—p)* —yo(1 - ¢) (u— 1it¢) +7¢1?¢+7(zt—u)2—7¢u2-



Hence

Y SR
Quuld = 0) = INFo_inin() + 725 (2= (1= 0In) = @7 (w),

where Q;_; is defined above.

0
If ¢ < 0 then y¢ < 0 and the infimal convolution INFq, , ,s(4) is not defined. In this

case we make a transformation of variable & = —u and ¢ = —¢ so that

7<(yt — 1) = ¢y — U)>2 = (2 — p+ ou)? = v(z — p + o)’

~ ~ 2 ~ 2 ~
= yolit = ) =16(1 ~ 9) (u—f) 6 e = 6,

by the same manipulation as given at the start of this section.

Thus using that Q;_1(u) = Q;—1(@) we obtain

Qu(uld: #0) = min [Qu(—a) —76(1 - 9) (a— - ) +7<5(ﬂ—u)2]

+ 7&(Zt—(1—<5)u)2+5

1 —
v N
= INFg,_,5n) + = (2= (1 =) + 5= Q7 (w).
—¢
where ,
~ ~ ~ (- z
Quea) = Quea(—) =01 =) (7 - =)
Similarly, using the same transformation @ = —u and ¢ = —¢ we also derive

Qululd =0) = INFg, | sn() + (2= (1= Ohu) = @)

where Qt—l is defined above.



C Proof of Theorem 1

An important property of the convolution is its stability for quadratics: the infimal trans-
formation of a quadratic is a quadratic. Indeed, one can easily prove that the quadratic

q:p—> ap? + by + c with (a,b,c) € RT x R? is transformed into

aw o, bw b’

INF, ., : p— -
o R T Tt e 4(a+ w)

We can also show that ¢ and INF,,, have the same minimum and argminimum. Moreover,
INF, ., < g, resulting in a flattening of the quadratics.

The proof is based on the following lemmas.

Lemma 1 For any lower-bounded function @ : R — R, we define the proxy operator

R—-R
6 +— min {argmin (Q(u) + w(u — 6’)2>} :

ueR

~

Uy, -

The function 1, is non-decreasing on R.

Notice that we use a minimum in the definition of #,, only to get a single-valued function
(we could have done another choice). Indeed, taking Q = min(qy, go) with ¢;(0) = (6 + 1)?
and ¢2(0) = (0 — 1)2, we have @, (0) = argmin(Q(u) + u*) = {—3, 3} and we need to make
a choice (here the smallest value) to get Zesvell—deﬁned function.

Proof: We consider 6,60, € R such that 6, < 6, and define @; = 4,(01), s = U, (0s).

Using the definition of u; and @y we can write
Q1) + w(ly — 601)* < Q(G2) + w(is — 61)*,

Q(ﬁz) + W(ﬁg — 92)2 < Q(fljl) + W(ﬂl — 92)2 .



Summing the two inequalities, the ) terms cancel out and we get
(itg — 1) (6 — 0y) > 0,

which shows that 4, < 45 and the result is proven. O
In our stochastic models the function @ is described by a list of functions @ = (¢i, ..., ¢s)
with Q|D_ = ¢; where D; = [d;,d;+1[C R is an interval and {D;},—; s a partition of the

real line. To compute the convolution, we define the functions

3 ¢(u), if we D,
QZ(U“) =

The infimal convolution of this kind of functions can be analytically described.

Lemma 2 The infimal convolution of a function g given by

7(u) = q(u), if w € [my,myl,

+oo, if u ¢ [my,myl,
with any function q continuously differentiable (C) on [my, ms)] is given by

min (q(u) + w(u — 9)2) ,if 0 € [my,m3],

u€[my,mo]
INF2(0) = 9§ q(mi) + w(m, — 0)2, if 0<mi, (9)
q(mz) + w(ms — 0)?, if 0>ms,
with [m}, m3] = [55¢' (my) +ma, 554 (ma) + mo].

Proof: Using Lemma 1 we know that the proxy operator u,, with () = 7 is a non-decreasing
function in #. Thus, there exist m}, mj € R such that for all 8 € [m}, m}], the argminimum
of g, : u — q(u) + w(u — 0)? belongs to the interval [m, msy] and § = ¢ on this interval.

As ¢ is C*, the stationary points of g, are solutions of the equation %q/ (u) +u=10. At
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point my (resp. msy) we have the argminimum mj with mj = 5-¢/(m;) + m; (resp. m} =

1

554 (ma2) +ms). If we have 6 < mj, then the argminimum of g, is less than m; and then

attained at u = my (as g(u) = +oo if u < my) and we get INF;,(0) = q(my) +w(my — 0)>.

With the same reasoning in case 6 > mj the lemma is proven. 0

Using these two lemmas, we can prove the following proposition.

Proposition 7 The infimal convolution of the functional cost Q = (qi,...,qs) is given by

INFo . = (INF, w, ..., INF, ).

Proof: With previously introduced notations we have Q(6) = Erllin {73,(6)}. Then

INFg ., () = min ( mins{qi(e)} +w(u — 0)2> = min ( mins{@-(ﬁ) + w(u — 0)2}>

u€R =1,..., u€R =1,...,

. e 92
_iff,l..r.l,s{rq?el@ (@(0) +w(u—0) )} :
which gives us INFg,(6) = .glin {INF5, ,(0)} for all § € R. INFg,, can be described by
a list (INFg, , w,INF . INF ) with v(i) € {1,...,s}. The function ¢ — v(i) is

61/(2)7(‘)7 o Eu(r) W

increasing due to Lemma 1 (and v(r) = s). O

In order to prove Theorem 1 we only need to show that we can remove the overline sign in
(INFg, (1) INF%(QW, e INF%TW) without consequences. We assume that () is continuously
differentiable (C) except at the points d; for i = 2, ..., s. The left and right derivatives at
point # are respectively designated by Q' (0) and ', (f). With these assumptions we can

prove the following result.

Lemma 3 If at points 6 = d; we have Q' (d;) > Q'.(d;) then d; is never an argminimum

for the convolution.



Proof: We study the stationary points of Q,, : u — Q(u) + w(u — ). The necessary
condition for optimality @, (u) < Q. (u + €) for all € leads to the inequalities

1
(}’ << — + u.
9 ,(u)—l—u (9 +(u) u

In case Q' (u) > @', (u) there exists no such ¢ satisfying the two inequalities so that this u
can not be used in any minimization of (), and u,, never takes this value. O
With this result the d; never appear as an argminimum for the convolution and using

Lemma 2, we get (INFg INF - INFg, o) = (INF INF INF in

du(1)wW) qu(Q)v‘-’J’ o qu (1)@ qu(2),Wr " qu(r)v"-’)

Proposition 7.

By looking at updates in Propositions 1 and 2, it remains to prove that at any time step,
no slope discontinuity at = d in Q, = @ satisfies the inequality Q" (d) < Q'Jr (d). We prove
this result by recursion: at the initialisation step, there is no such breakpoint in the cost
function and all the min operators involved can not produce them. We eventually have to
prove that the infimal transformation in Lemma 2 can not introduce these discontinuities.

Around mj in (9) we have:

diNFo o) — 4 0 (@(0) + 20(Sg = 1)(@u(6) = 6), i 6z mi.
L INFy.L(0) =
w0 —2w(mi —0), if 0 <mj,

with the function 6 — 4,,(6) being the argminimum of the infimal convolution (see Lemma

1). By direct computation with d,(m}) = my and mj = 5-¢'(mq)+m; we get INF/Q’wf(mik) =

q(my) = INF,Q’er(m’{). This result achieves the proof of Theorem 1.



D Algorithm for INFq,,,

Algorithm 2 shows how we can now calculate INFq, ., in a linear-in-piece O(s) time complex-
ity. In this algorithm we have input ¢ = INFg!, where ¢! is the i'" piece-wise quadratic from
Q; with 7 € {1,...,s}. Algorithm 2 computes the intervals, DOM. such that {DOM% i =
1,...,s*} is the partition of the real line for INFq, ,,, with Q. storing the associated quadrat-
ics for each interval in this partition. In Algorithm 2 we use the list-operator Last(l) to
designate the last element of the list [; index Last(l), delete Last(l) to get the associated

index of the last element or to delete this element.



Algorithm 2: INFq,, pruning

[y

[

10

11

12

13

14

15

16

17

18

19

Input: List of ordered quadratics (q!,q2,...,¢7 1, ¢)
begin Initialization: (), means ”"Remaining quadratics” and LB ”Left Bound”
Q.+ < (q1); LB + (—00)
end
for i =2 to s do
J < index Last(Q.)
i+ g2 (ps) — ¢l (ps) = 0 with ¢i () < gl (p) for p > p; close to p;
while p; < Last(LB) do
delete Last(Q,); delete Last(LB)
j < index Last(Q)
i+ gz (pi) — ¢l (i) = 0 with ¢4 () < ¢l(p) for p > p; close to p;
end
Qu + (Qu,¢0); LB «+ (LB, )
end
s* = #LB (the number of element in LB)
fori=11t0s"—1do
poM’ =|LB(i), LB(i + 1)]

end
poM?$ =|LB(s*),+oo]

Return Q, and (DoM., ..., DOM?")




E Proofs for Section 5

By definition of the random-walk model for 7., in Equation (2) and the auto-regressive

model for €., in Equation (3) we have that the covariance matrices have entries

[XaRr)ij = - ¢2 Cb‘l i [Srwliy = o min{i, j}.
It is straightforward to find that their inverses have entries

1/0? ifi=j5=1orn,
(1+¢*) /0% ifi=j+#1orn,

[Zarlis =
e —ofo? iffi—jl=1,
L 0 otherwise,
and
(1/02 iti=j=n,
Sl = 2/07 ifi=j#n,
) T

~1/0? if]i—j| =1,

0 otherwise,

\

The unpenalised cost conditional on the set of changepoints is
" 2
C(T1:m) = min {(1 - ¢2)’Y(?Jl - M1)2 + Z [/\(Mt — -1 — 5t)2 + ’Y((?Jt — ) — A(Yr—1 — Mt—l)) } }

= min {(1 — )y Z [ — 1)’ + ’Y((yt — i) — A(Ye1 — Htl))Q] }

=2
where the minimisation is over py.,, and ., consistent with the set of changepoints; and
we have made a change of variables such that 7, — 7,1 = p; — ;1 — 6; for i =2,... nin

the second equality.

10



This change of variables is not unique, and we get the same value for any choice of 7;
Thus we trivially have that

C(Tltm>

mln{(1—¢) Yy — ) +Z{ — flt-1) +v<(yt—ut)—¢(yt_1—ut 1))2}+Vﬁ}

where the minimisation is now also over 7;, and the minimum is attained with 7; = 0
By our definition of the matrix X

Pim = X

T0:m

... we have that if A = (

1,07, ) We can write
A + 71.,. Thus by re-writing the sums, e.g

D M = o1} + M = i, Spayiin,
t=2

as A = 1/07, gives that

C(Tl:m) = AH%lln [(yl:n - XTOZmA - ﬁl:n)ngéQ]l:n X‘I‘Q;ynA - 771:11) + ﬁ{nzg\}vﬁl n] (1())
Proof of Proposition 4. To simplify notation we will write 7 for 7;.,, y for y;., and X
for X,,.,,. Re-writing right-hand side of (10) gives

dz

min [(y — XA =) Spp(y = XA =) + 7" Sgui]
min [{7 = (Sag + Zrw) ' Tarl
+y - XA)T {E/Ié

= mAin[ {Z

— XA (Sag + Zp) {7 — Cag + Srw) ' Sary — XA)}
AR(Zan + Srw) ' Ear ) (v — XA)]

AR ZAR + ERW 12AR} XA)}

Finally using the Woodbury matrix identity, for symmetric invertible matrices A and
B,(A+B)'=A"1"— A (A '+ B7')"'A7'. Thus we have

[

Z)AR EAR + ZRW 1ZAR} EAR + ZRW>_1 .

11



The result follows immediately. ([l
Proof of Corollary 1.
As before write y for y;., and X for X, ; further let Xy = X,,. The value of A that

T0:d?

minimises the right-hand side of (8) is
A = {XT(Zar + Zrw) X} IXT(Sar + Sew) .

To further simplify notation let A = (Xar + Srw) ! and let ® be such that A = d7
with ® invertible; and let ¥ be a matrix such that ¥ = WU, Then the reduction in cost

over fitting no change is

Cy — C(roa) = 37 (AX(XTAX)—IXTA — AX(XTAX) X A)y

— yToTop T (AX(XTAX)—leA — AX(XTAXy) " XT A> 1oy = yToT Bdy,

for the matrix B = &~ (AX(XTAX)—leA - AXO(XOTAXOA)—lXOT) &1, By standard
properties of linear models, as our model includes an intercept term this quadratic form is
invariant to adding a constant to all entries of y. Thus as our model assumes no change
we can, without loss of generality assume the mean of y is the zero vector.

Now it is straightforward to show that B? = B and that B has rank d. Furthermore
as under our assumptions y is Gaussian with variance ¥, ®y has variance ®X®?. From
standard results for quadratic forms of Gaussian random variables, see for example Theorem

9.5 of Muller & Stewart (2006), the distribution of our quadratic form, y? ®T B®y is

d
§ : 2
CYZ'Z,L- ,
=1

where «; are the non-zero eigenvalues of ®TUTBU®, and each Z? are independent x?

distributed random variables.
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The result follows by first noting that as B is a projection its eigenvalues are 1 or 0.
Thus a; < at, where a™ is the largest eigenvalue of ®T W7 W, which by standard results

is also the largest eigenvalue of ®®T VYT = (Yag + Srw) 1. Thus

d d d
Yaz<y ot z-at3 2
i=1 i=1 =1

and the right-hand side has the same distribution as o' times a x? random variable. If
Y = Yar + Zrw then we further have that «; = 1 and hence the distribution is X?l-

To prove the consistency of m we need to show that the probability of
Co — C(led) < dﬁ

jointly for all d and 71.4 tends to 1. A standard argument (see the proof of Proposition 3.1

in Zheng et al. 2019), is to use a union bound:

. a n! o dp
d=1

2 n!

> 1= zn:ndexp {—d (Clog(n) _ ;Clog(”) - 1) }
d=1
> 1-iexp{_d<<0—2>log<n>—2 zmog<n>—1>}

with the second inequality using a tail bound for a x2 random variable (Lemma 1 in Laurent
& Massart 2000). The final expression will tend to 1 as n — oo as C' > 2. O
Proof of Proposition 5.

We use the notations A = (Xar+Xrw) !, U1 = u,,, and write cg = uOTAuo, Co1 = ugAul

and ¢; = ul Au;.
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The optimal cost is equal to y? Ay— (X7 Ay)T (XTAX)1XT Ay. If X is simply a column
of ones, X = ug then (XTAX)™! = %, and X7 Ay = ul Ay.

If X is the concatenation of uy and uq, X = (ug u;) we can compute

C C 1 c —C
XTax =1 " "] and (XTAX)'=—o |
Coq1  C1 € =1 | —co1 ¢
We also have ~
U, ul' A
Ol = 02y = XTAy.
U1 U{Ay
Finally
C(n) =y Ay — —2<U001U0 — 2Upco Uy + U1CoU1>-

Hence we can write the reduction in cost for fitting a change as

1 1
CD — C(Tl) = —(ClUg — 26071U0U1 —|—CDU12> — C_Ug

2
CoC1 — €y 0

1
_ 2 2 2772
_ 7___7Qm%—mm%%m+%m)

Simple algebraic rearrangement gives the result in (i).

For part (ii) note that Y1 , v; = uf v, using the definition of v gives

Similarly

1 & C 2
'UT(ZAR + ERW)U = {Cl — 2%00,1 + (E) CO} =1.

2
C1 — 0071/00 0 Co

Part (iii) is a standard result on the optimality of the weighted least squares estimator.

To show it we can directly solve the constrained optimisation problem of maximising (ufw)?

14



subject to ulw = 0 and w? (Xar + Zrw)w = 1. Using Lagrange multipliers we have that
for constants a and ¢

2(uf w)uy = aug + 26(Sar + Srw)w.

Defining &' = (uf'w)/d, and o/ = —a/(26), we get
w=8"(Zar + Srw) ug + o/ (Zar + Srw) o,

This means that w is a linear combination of the vectors (Xar + Zrw) ‘u; and (Zar +
Yrw) tug, with the constants uniquely defined by the constraints. However this is the form
that v as defined in part (i) takes, hence part (iii) of the proposition holds. O
Proof of Theorem 2

We will first consider the case where ¢ = 0. For each n introduce the following sets of
segmentations of the data:

. : 0 2(. 5 _ 0 _ .
Azm:{Tl:m.j_r{llnm’Tj—T”>(10gn) }, i=1,....m", m=1..., Muax;

B = {lem : i:rlr}.z}ﬁlo (]r{unm |75 — TZ-O|> < (logn)Q} cm=m"+1,... Mumax.
Thus A7, is the set of segmentations with m changepoints which do not contain a change
within a distance (logn)? of the ith actual changepoint; and B, is the set of segmentations
with m > m° changepoints and that have one changepoint within a distance of (logn)? of
each true changepoint. If a segmentation is in none of these sets then it must have the
correct number of chanepoints, and one changepoint within a distance (logn)? of each true
change. As there are fixed number of these sets, to prove our result we need to show that
Pr (1. € A},,) — 0 for each i and m; and Pr(7., € By,) — 0 for each m.

Let C(71.»,) denote the unpenalised cost for the segmentation 7., with, for example,

C(T1.m, Tﬁmo) the unpenalised cost from the segmentation that has the changepoints in the

15



union of 7., and Tf:mo. We first show that for any m = m®+1,... muyay, Pr(f1.: € BY) —
0. To do this consider a 7y.,, € B}, we will compare the cost of this segmentation with that
of the true segmentation. As adding changepoints can only reduce the unpenalised cost we

have the difference in penalised costs is
C(Tim) +mB = C(Typo) = m B > (m = m”)B — (C(TL0) = C(Trims o)) -

Furthermore, by the same argument used in Corollary 1, (C(77, o) — C(Tium, Tr,0))/ e 18
stochastically bounded by a x?, distribution.

As there are fewer than (2(logn)?)™ n™ "’ segmentations in B”, we have

Pr ( min  C(7pm) +mB < C(70, ) + moﬂ))

Tl:m EBFn

< (200gn)*)" ™" Pr(x2, > (m —m®)8/a)

= (2(logn)?)™ nm-m’ Pr(x2, > (m —m°)Clogn).

By a similar argument to that used in the proof of Corollary 1, this probability tends to 0
as required.
Now we consider 7., € AZ"m Again we will compare the cost of such a segmentation
with that of the true segmentation. Let 7°, denote the set of true changepoints excluding
0

T

C(Tim) + mB — C(17,0) — m°B > C(T1am, 7°5;) — C(7L,0) + (m —m°)3
= {C(Tlimv 7—91) - C(ﬁ:ma T?:mo) - moﬁ} + {C(Tlim’ 7—{):m0> - C(T{):mo) + mﬁ}

There are fewer than n™ segmentations in A7, ., and (C(Ty.m, 77, o) — C(77,,0))/c 18

7,m)

stochastically bounded by a 2, random variable. Thus by the same argument as above we

have that
Pr ( min - C(Tim, T0p0) — C(T2, o) +mf < 0) — 0.

T1;m€¢4?’m
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To show Pr(7y., € Aﬁm) — 0 we only need to show
Pr ( Hli;\l C(Tiam, T°5) — C(Trmy Topo) — mPB < 0) — 0.
T1:m € Zm ’

By the same argument as used in Proposition 5(i), C(T1:m, 7°;) — C(Tiim, To0) = (V1 Y1)

for some vector v = vy.,,. By standard properties of linear models, it is straightforward to
show that v has the following properties: (i) vZ¥*v = 1, where ¥F = YNrw + Zag is the
variance of the noise in the fitted model; (ii) v is orthogonal to the column-space of the X
matrix for the linear model (7) corresponding to the changepoints 7., 77, o; (iil) among
vectors v that satisfy (i) and (ii) it is the one that maximises the signal for a change at 7,
i.e. that maximises (> ;" v;)%

If we define v = (3_/°, v;)?, we can bound v by choosing any vector w = wy., that satis-
fies (ii) and then, after normalising using (i), property (iii) gives v > (3°7°, w;)?/(w'Eiw).
Let h = [(logn)?|. We choose such a w defined as w; = 1 for j =7 —h+1,...,7,
w; = —1for 7, +1,..., 7,4+ h, and w; = 0 otherwise. The column space of the X matrix in
property (ii) contains vectors whose jth entries are either identically 0 or identically 1 for
for j =7, —h+1,...,7 + h, and hence this vector satisfies property (ii).

Now using the fact that we run DeCAFS with ¢ = 0 and so Xar is the identity:
wI'Siw = w'Sarw + wT Spww < 2he, + h3c,/n, and v > h?/(2hc, + h3c,/n). Thus
there exists ¢; > 0 such that for large enough n, v'y;.,, is normally distributed with

IE(vTy1.,)| > c1logn and Var(vTy;.,) < a. So, for large enough n,

Pr( inin cmm,ﬁ))—cmm,rﬁmw—m%<0)

71:m€Azm
< 'Pr| Z < —{v/Cal 0 — ¢ logn}
n r a 102 nm Cc1 10gn

where Z is a standard normal random variable. Using standard tail bounds we get that

this probability tends to 0 as n — oo as required.
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The argument for the case where ¢ > 0 is similar. The differences are just in the
definition of the sets A7, and By, which are now

Al = {Tl:m : min |1 — 7 > 0} ; By = {Tl;m : max ( min |7; — TZ-O|> = O} :
J

j=1,...m i=1,...,m9 =1,...m

and the final part of the argument that shows
Pr ( mi}z‘l C(Tiam, 7)) — C(Trim, To0) — mPB < 0) — 0. (11)
T1:m€ ;Lm ’

For this last part we use a different vector w to bound the distribution of C(7y., 70) —
C(Tm, T, 0) = (v7y)%. Our choice of w has w,, = 1, w41 = —1 and w; = 0 otherwise.
We then have w'Siw = w!Sarw + w'Eppw = 2(1 — @)e, (1 — ¢*) + ¢;/n. Now as
¢ = exp{—cg/n} >1—cy/n we have w' S w < ¢;/n for some constant ¢;. Thus v > n/c;.
As this is O(n) it is straightforward to use the same tail bounds of a normal random variable
to show (11)
Proof of Proposition 6

If we fix n, and let X° be the covariance matrix of the generated data then in case (i),
[X°];; = Cov(¢(i/n),C(j,n)) = cymini,j/n if i # j and [Sol; = Var(((i/n)) = i + ¢;.
Whilst in case (ii),

[2%);; = Cov(¢(i/n),{(j,n)) = ) mini, j/n + & (exp{—c5/n})l 7.

In both cases we can write X0 = X%z + gy where X%z is the covariance matrix of an
AR(1) process with auto-correlation parameter, ¢° = exp{—cj}/n}, and marginal variance
@ and X2, is the covariance matrix of a random walk process with variance parameter
o /n.

We proceed by calculating a bound for the maximum eigenvalue of ¥713° where ¥ =

Yar + Zrw and X0 = X85 + X%, are respectively the covariance assumed by DeCAFS and

18



the covariance of the data. We then further bound this as we vary n for the given parameter
regimes for the two covariance matrices. We do this first for case (i) where ¢ = ¢° = 0,
then for the case where both autocorrelation parameters are non-zero.

Standard manipulations give that the maximum eigenvalues of 37X is also the max-
imum eigenvalue of ¥~1/2529%-1/2 where ¥~1/2 is a symmetric square root of ¥, If v is

an eigenvector of ¥ ~1/2%0%1/2 with eigenvalue p, then
VTR R0n 12y, = pvlw.

Writing w = ¥~1/2v, we have
w Y0 B
wlSw

from which we have that we can bound the maximum eigenvalue by

2

wT 3% wIX0ow + wl' L8 w

o AR RW
max — = max — T
w:w|=1 W Yw w:w|=1 W EARU) +w ERV\/UJ

750 750
w* YW W Xipw W

< max 4 max ¢, max ——rW_ %
wiw=1 WL ARW  wilw|=1 W Lgww

The first part of the Proposition follows by noting that X%, = (02 /cn)Xrw, and, if ¢ =

#° =0, X0g = (%/c,)Ear. Hence,

(12)

0 0
max ———"— = -, max T—:—n.
wilw|=1 Wl Y ArW Cy wilw|=1 W LW w Cp

T30 T0
W YAgW  C w YgyWw €

For the case where ¢° # 0 and ¢ # 0 we use a similar argument but, in addition, need

to bound max,|,=1 w! Lagw/w! Lagw. Now by similar arguments to above, we have that

this is just the largest eigenvalue of E;é/ QE%RZ;é/ 2, which in turn is

Ty—1
W YAgW
max —————.
w:lw|=1 wT(EOAR)_IU)
To simplify notation and exposition, fix n and let r = ¢°. Then
1

e (1 —exp{—2cy/n})

1
K,
B~ exp{~2c/n})

YaR = Ky, and(Zag) ' =
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where K4 is an n X n matrix with entries

(

1 ifir=7=1orn,
1+ ¢? ifi=j+#1orn,

Y S =t
. 0 otherwise,
and similarly for K. Clearly we have
T 0(1 — expf —0 T
Wizt wT(gA;u}lw - ZE1 - zxi—zzfﬁi w1 ZT?Z (13)
Let v, fori = 1,...,n be the eigenvectors of K,. Standard results, (see, e.g., ” Spectral

decomposition of Kac-Murdock-Szego Matrices”, a technical report by William F Trench
available at https://works.bepress.com/william_trench/133/), are that the eigenval-

ues are of the form 1 — 2r cos 8; + 12, for some angles 01, ..., 60,. Furthermore the entries of
(i)

satisfy

o

1 —2cos€iv(i) +U('i+)1 =0, forj=2,...,n

with (2cos6; —r)v 0 = ) and (2cosb; — r)w(z) = v()

Straightforward calculations then give
() — (1 1 2@ _ (2) (i)
Ko\ = (1 —=2¢cosb; + ¢*)v'" + ¢p(r — ¢) (v, e1 + v, en),

where e; and e, are the n-vectors of Os with a 1 in, respectively, the first and nth entries.
Now writing w = >_1 | d;v®, we have

w'Kow 30 di(1—2¢cos; + ¢°) + o(r — ¢)(wi + wy)
wTK,aw S d?(1 — 2rcosf; + 12) '

i=1"

For any w with |w| = 1 we trivially have that

Sor d2(1 = 2pcosb; + ¢?) (1 —2¢pcosf + ¢?) 1
< max = max
v d? (1 —2rcosb; +r?) 0 (1—2rcosf+r?)

|
&
o
+
&
o
—
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Now if we write p; = (1 — 2r cos6; + r?) for the ith eigenvalue of K., then

i dipi =1 YU dip; Y

n @\
w? (Zi:l divy ) n Q)
wrzﬂuaﬁ:(l zn— 1d2 = max o — Z(Ul )Z/Pi :

where we have first rewritten w and w; in terms of its expansion in the basis of the
eigenvectors of K,, and then used the fact that the maximum is achieved with d; o vli) /pi.

Using the fact that each v() is an eigenvector of K! with eigenvalue 1/p;,

(Z(é”)?/pi) =K = 5 frz-

i=1

By a similar argument for the term involving w? we have
w' Kyw (1-9¢) (1+9) (r—9¢)
< 2 0.
w1 wT Ky = max{ (1—7)2 (1+r)? } * max{¢ 1—r2 }

Now using ¢ = exp{—c4/n} and r = exp{—c)/n} we have this bound is (cs/c})* + (cy —
cy)/cy +O(1/n) if ¢y, > ¢} and 14 O(1/n) if ¢4 < . The result follows trivially by
combining this with (12) and (13).

F Additional Empirical Results

F.1 Parameter Estimation

We provide a simulation study to highlight the behavior of our estimators described in
Section 4 for parameters o, 0, and ¢. We simulate 2000 time-series of length 5000 for
cach couple (¢, w?) on a grid for ¢ € {0,0.05,0.1,...,0.8,0.85} and w? = o7 /0, € [0,2]
with a log scale of 40 elements. We consider the rand1 scenario with 1, 20 and 40 segments
and use K = 10 for our estimation. In Figure 10 we used the same color scale bounds

to highlight changes with different segment structures. The sign of the bias for o, and
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o, tend to depend on the number of changes and an underestimation of one variance is
correlated to an overestimation of the other one. The standard deviation of the random
walk variance increased with the ¢ parameter due to the unidentificability of case ¢ = 1.
The number of changes seems to have less impact on the estimation of the variance of the
AR(1) when compared to the variance of the random walk. Notice also that the observed
standard deviation for ¢ is often greater than 0.1 and an important deviation to the true
parameter of order 0.1 — 0.2 is not uncommon.

In order to improve our parameter estimation, we tested a two-stage estimator by first
using our estimator, second running DeCAFS, and then using again our estimator on each
obtained segment of length greater than 50. The weighted mean (by segment length) of
the three parameters is presented in Figure 11 in a scenario with 40 segments. With this
approach, we slightly reduced all the standard deviations in particular for the random walk
variance with ¢ close to 1.

To see what might happen in case of a distorted parameter estimation, as mentioned
in the simulation study of Section 6, please refer to Figure 12. We can see there, how even
when misspecifying the model, in this case via fitting a pure AR(1) when there was some
drift in the signal, we find a distorted signal u estimation, however we are still able to

reconstruct the changepoint locations relatively well.

F.2 Additional well-log data segmentation

In Figure 13 we report some additional segmentations of the log-well data described in

Section 1.
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F.3 Comparison of DeCAFS with Trend Filtering

We now compare DeCAFS with Trend Filtering (Kim et al. 2009). Our comparison is for
the sinusoidal mean model from Figure 6, though to make it easier to see the differences
in fit we consider just the first n = 1000 data points. Furthermore we compare the model
with and without changepoints.

Figure 14 shows a comparison of the fit for a single data set for Trend Filtering with
different degrees of smoothness to DeCAFS. The left-hand column shows the case where
there are no abrupt changes in the mean, in this case Trend Filtering, particular of order
1 or 2 (fitting piecewise linear and piecewise quadratic functions respectively) can be seen
to much better estimate the smooth mean than DeCAFS.

However, when we introduce abrupt changes, Trend Filtering of order 1 and 2 smooths
over the abrupt change. This results in a poor estimate of the mean at time points close
to the change. By comparison DeCAFS is able to detect these changes (in this example
it fits the first two changes as abrupt changes, though does miss the final change and fits
this with the random walk component of model for the mean). Trend Filtering of order 0,
which fits a piecewise constant model, is better able to fit to the abrupt change, though has
to also fit the smoothly varying component of the mean through smaller abrupt changes.

In terms of ability to estimate the underlying mean function, the qualitative picture we
get from Figure 14 is borne out by a comparison of the mean square error of the fits over
100 replication, see Table 1. The smoother versions of Trend filtering perform best, by an
order of magnitude when there are no changes, but are less accurate when we introduce
the abrupt changes.

However, perhaps the starkest difference between Trend Filtering and DeCAFS comes
if we wish to detect the abrupt changes. Whilst such changes can be detected by DeCAFS,
this is not possible with the Trend Filtering. If the order of Trend Filtering is 1 or greater
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Trend Filter  Trend Filter Trend Filter DeCAFS
order 0 order 1 order 2
No Changepoints 0.16 0.04 0.03 0.28
Changepoints 0.20 0.25 0.28 0.19

Table 1: Mean Square Error for estimating the mean for the sinusoidal example with or

without changepoins.

it never fits an abrupt change; whereas if the order is 0 it overfits the number of changes

as they are used for both the abrupt changes and to fit the smoothly varying mean.

F.4 Comparison of DeCAFS and AR1Seg on a Ornstein-Uhlenbeck

process

We compare performances of both DeCAFS and AR1Seg from Chakar et al. (2017) on a
discrete Ornstein-Uhlenbeck process with abrupt changes. Let yi., = (y1,...,y,) € R" a

sequence of n realizations of the process:

©=m+e t=1,....n

where for t =2,...,n

fe = fr + 11

and ¢ ~ N(0,0?), f; is a piecewise constant signal we wish to infer the changes of
11

whether f; # f,_1, and finally 1, is a discrete Ornstein—Uhlenbeck process defined by:

Vp =V — Oy +oyny; with 5 N0, 02)-

11
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Differently from the RW process introduced in the main model in Equation 1 the OU
process is a mean reverting process, which rather then diverging as a pure Random Process
would do, it reverts to its original initial value. This is regulated by the parameter 6, where
it can be seen that for # = 0 we observe a pure Random Walk process.

We performed a small simulation study comparable to the previous ones, which is
summarised in Figure 15, where we report the average F1 scores of DeCAFS and AR1Seg
over 100 replicates of each experiment. Separate figures for precision and recall can be
found in Appendix G, Figure 22.

We denote how DeCAFS is relatively robust to this kind of model misspecification,
producing good changepoints estimates overall, especially for larger values of . As a
matter of fact, for # ~ 1 we have in fact a simple AR(1) noise with changes: in this

scenario AR1Seg matches DeCAFS performances.

F.5 DeCAFS penalty for the gene expression data.
F.5.1 Robustness to R(J)

For the analysis of the Gene Expression data in Bacilus subtilis as described in section 7
we learned the optimal penalty (maximising M (6) for a fixed R(d)) on the minus strand
and show the results on the plus strand in Figure 9.

In Figure 16 we represent for the plus strand and minus strand M () as a function of

B for various value of R(9).

F.5.2 Model checking for Gene Expression Data

In Figure 17 we show various model checking plots for the residuals, Y; — ji;, and the AR-

residuals, (Y; — ;) — ¢(Yi—1 — f1;i—1. As shown in the qq-plots they are not Gaussian, but
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the distribution is roughly symmetric; the middle plots suggests that distribution of the
residuals does not vary substantially with the estimated signal (niu;) for the residuals, or
with the fitted values (ji; — ¢fi;_1) for the AR-residuals. Finally based on the acf plots
it is clear that there is some level of auto-correlation in the data and that our AR-model

capture part of it as the second coefficient is much smaller for the AR-residuals.
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Figure 11: For each cell 2000 time-series of length 5000 have been generated under our
model (1) — (3) with 40 changes (two first rows, same than the two last rows in Figure 10)
and with the 2-stage estimator (two last rows). As in previous Figure, we plot accuracy

and precision.
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-100-

Algorithm
— DeCAFS
— DeCAFS.est
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>
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Figure 12: An example of a sequence generated with o, = 4, 0, = 2, ¢ = 0.14, with
relative signal and changepoints estimates of DeCAFS with real parameter values compared
to DeCAFS with estimated ones. On this particular sequence, our estimator returns values
for initial parameters of 6, = 0, 7, = 4.6, gzg = 0.98, resulting in a distorted signal

estimation.
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Figure 13: Segmentations of well-log data: Optimal segmentation under square error loss
with the default, BIC, penalty (top); segmentation with the AR1-seg method of Chakar
et al. (2017) that models the data as piecewise constant mean with AR(1) noise (middle);
optimal segmentation for constant-mean model with WBS2 and the number of changes
detected by the steepest drop to low levels criteria of Fryzlewicz (2018a) (bottom). Each
plot shows the data (black line) the estimated mean (red line) and changepoint location

(vertical blue dashed lines).
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Figure 14: Comparison of segmentations for Trend Filtering and DeCAFS. Left-hand col-
umn is data with a sinusoidal mean; and the right-hand column in addition includes 3
changepoints. Columns, respectively from top, are for Trend Filtering with order 0 (the
fused Lasso), 1 (fitting piecewise linear) and 2 (fitting piecewise quadratic) and DeCAFS.
In each plot the true mean is the black line, the estimated mean is the red line, and the

data are shown by the grey dots. 31
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Figure 15: F1 score on different scenarios with an underlying OU process as we vary 6.

Data simulated fixing 0, = 1, 0,, = 1 and o = 1 over a change of size 10.
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Figure 17: Model checking plots on the residuals and AR-residuals of DeCAFS on the plus
strand using a penalty of 8log(n) (learnt on the minus strand). The top line correspond to
the residuals (Y;— ;) and the bottom line to the AR-residuals (Y;—ji;) — (Y1 —fii_1). The
right column show qqg-plots versus normal quantiles. In the middle column the residuals

are plotted as a function of the fitted values. In the right column are the acf plots.
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G Additional Simulation Results

In Figures 18 and 19 we summarize the results of the first simulation of Section 6 in
terms of Precision (the proportion of detected changes which are correct) and Recall (the
proportion of true changes that are detected). Similarly, Figure 20 shows Precision and
Recall for the simulation with an AR(2) noise, Figure 21 shows Precision and Recall for the
simulation with an underlying sinusoidal signal, and Figure 22 shows Precision and Recall
for the simulations where the local fluctations in the mean are from an Ornstein-Uhlenbeck
process.

As an extension on the simple AR(1) noise (Figure 6.1 A), we investigate a further case
of model misspecification. Differently to what already shown, we now assume independence
in the AR(1) noise across the various segments. Results for F1Score, Precision and Recall
across the 3 change scenarios are summarised in Figures 23. For values of ¢ < 0.5 DeCAFS
has comparable performances to the ones of the model where we have dependence across
segment. Throughout DeCAFS tends to perform similarly to or better than AR1Seg.

Figure 24 shows a comparison between LAVA and DeCAFS when the mean is sinusoidal

with abrupt jumps.
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Figure 18: Precision on the 4 different scenarios from the main simulation study of Section

6. Should be read in conjunction with Figure 6.1.
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Figure 21: Precision (a) and Recall (b) on different scenarios with an underlying sinusoidal

process. Should be read in conjunction with Figure 6.
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Figure 22: Precision (a) and Recall (b) on different scenarios with an underlying Ornstein-

Uhlenbeck process. Should be read in conjunction with Figure 15.
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Figure 23: F1 score (a), Precision (b) and Recall (c¢) on 3 different change scenarios with an

independent between-the-changes AR(1) noise as we vary ¢. Data simulated fixing o, = 2

over a change of size

10.
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Figure 24: On top: comparison of the F1 Score, in A1, Precision in A2 and Recall, in A3,
for DeCAFS est (in light green) and LAVA (red) and LAVA est (in orange) on the updown
scenario for a sinusoidal signal over a range of different amplitudes. On the bottom the first
250 observations of two realization of the experiment with an amplitude of 2, in B1 with no
changes, whilst in B2 with 20 changes. The continuous line over the data points represent
the relative signal estimations of DeCAFS est LAVA oracle, and LAVA est; the segments
their changepoint locations estimates. In B1, in particular, LAVA est and DeCAFS est

have an almost equal signal estimation.
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