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Nomenclature

Symbols

a Distance from pylorus to the 1st fold (m)

b The contraction starts away from the pylorus (m)
c Concentration (mol/m?)

Co Initial concentration (mol/m?3)

D Diffusion coefficient (m?/s)

f Frequency (cycles/min)

hy Height of circular folds (m)

1 Unit tensor (-)

L Length of the duodenum (m)

M Molecular weight (g/mol)

n The index of the circular folds (-)
p Fluid pressure (Pa)

P Function of position (m)

1,z 0 Cylindrical coordinates (m, m, °)

rl, r-direction position of lumen wall of Systems 1 and 2,
respectively (m)

s Radius of circular folds (m)

R Radius (m)

Ro Radius of System 1 (m)

Ry Radius of System 2 (m)

t Time (s)

T Cycle (s)

u Fluid velocity (m/s)

1% Volume (m?)

Vg Volume ratio of glucose (-)

wy Width of circular folds (m)

Y Mass fraction (-)

229 Distance between two adjacent folds (m)

Greek letters

Enhancement ratio (-)

Function of time (-)

Depth (m)

Ratio of amplitude to radius (%)
Wavelength (m)

Fluid viscosity (Pa-s)

Ratio of height to width of a fold (-)
Density (kg/m?)

Mixing level (%)

Distribution density of circular folds (folds/m)

ERDINE P @ R

Superscripts
I System 1 (with folds)
11 System 2 (without folds)

Subscripts

Characteristic

Circular folds

Glucose

Index of species

Index of mesh element
Mixture

Water

The ideally mixed state
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1. Introduction

Food provides the body with essential nutrients and energy so
that normal human physiological activities can be maintained. Effi-
cient digestion and absorption processes are critical for human
health. After being ingested, food is further digested by the stom-
ach and then enters the small intestine where the chyme is mixed
and reacts with intestinal fluids that include enzymes, bile and
pancreatic juices. Carbohydrates, proteins and fats are converted
into absorbable nutrient molecules in the intestine. Driven by
intestinal motility, the nutrients are then transferred to the wall
of the intestine and eventually absorbed (Hall, 2016; Marieb and
Keller, 2018).

It should be noted that both digestion and absorption in
humans essentially take place in the small intestine. The small
intestine has been a focus of research for many years because of
its importance in the digestive process (Bayliss and Starling,
1899). However, our understanding of the digestion and absorp-
tion process in this organ is far from complete due to the high com-
plexity of the system. In addition to complex motility, the structure
of the intestinal wall demonstrates hirarchical and multiscale fea-
tures (Marieb and Keller, 2018; Martini et al., 2012). The duode-
num, for example, is a 25-cm-long cylindrical tube with a
diameter of 4 cm (Martini et al., 2012). Plicae circularis (i.e., circu-
lar folds) - submucosa protrudes with a maximum height of about
8 mm - are distributed along the inner wall of the tube (Standring,
2008). The surface of the circular folds is covered with finger-like
bumps, referred to as villi. The height of a villus is only around
1 mm. In addition, micrometer-scale microvilli form a brush border
on the villi surface. The microvilli secrete specific enzymes to
enable the digestion of carbohydrates and proteins (Hall, 2016).

It has been widely accepted that this multiscale structure can
drastically increase the absorption area (Martini et al., 2012). Nev-
ertheless, whether these structures can contribute to digestion and
absorption, other than to increasing the area, has not yet been rig-
orously investigated. From the chemical engineering perspective,
nutrient molecules need to overcome mass transfer resistance in
the lumen (i.e., cavity within the tube) before their arrival at the
villi surface where the absorption takes place. The intestinal wall
movement drives fluid convection and mixing in the lumen, effec-
tively reducing mass transfer resistance and, hence, positively con-
tributing to digestion and absorption. It will be interesting and
meaningful to investigate whether the structure of the intestinal
inner wall can lead to mixing intensification. If the answer is yes,
then how much intensification can be achieved? This study was
motivated by this scientific question, with the aim of quantita-
tively revealing the role of circular folds in mixing intensification.

Many experimental and simulation efforts have been devoted to
the study of the small intestine. Intestinal motility causes chyme to
mix with intestinal secretions, and the measurement of motion
patterns began as of 1899 and perhaps even earlier. Researchers
at the time used a graphic method and discovered a number of
intestinal movements (Bayliss and Starling, 1899). The two major
ones are segmentation movement (i.e.,, mixing contraction) and
peristalsis (i.e., propulsive contraction). The 3rd type is pendular
movement (i.e., longitudinal contraction) (Lentle and Janssen,
2011), which is not well-known. The segmentation, as opposed
to peristalsis, was observed to be the main form of movement dur-
ing the post-prandial period since residence time values should be
longer than the time needed to achieve acceptable mixing
(Husebye, 1999; Lentle and de Loubens, 2015; Sarna et al., 1983).
The real-time motion of the intestinal tract can be illustrated using
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spatiotemporal maps (Lentle and de Loubens, 2015). Tremendous
efforts have been made as well to characterize the physical and
chemical properties of the gastrointestinal contents and intestinal
structures. Extensive measurements have been made of the length
and width of the intestine, the viscosity of the chyme, the ampli-
tude and frequency of the contraction wave, etc. These valuable
data provide a solid base for the further study of the gastrointesti-
nal tract (Bornhorst et al., 2013; de Loubens et al., 2013; Lentle
et al., 2013). However, these costly in vivo studies are always sub-
ject to ethical constraints and require the sacrifice of animals. It is
extremly challenging, if not impossible, to produce live experimen-
tal subjects that have specifically-designed intestinal structures. In
this regard, in vitro models (i.e., experimental prototypes) are
promising alternatives and have received increasing attention in
recent years. These efforts include near-real in vitro digestive sys-
tems for rats and humans developed by Chen et al. (Chen et al,,
2016; Deng et al., 2014; Wu et al., 2017a, 2017b; Zhang et al.,
2018), and a dynamic duodenal model developed by Gouseti
et al. (Gouseti et al., 2014, 2019). However, considering detailed
hierarchical structure on the organ surface in such in vitro investi-
gations is still a very challenging task. Moreover, collecting com-
prehensive real-time process data is always limited by the
capability of existing experimental techniques.

In order to better capture the intestinal flow behavior and the
mixing of gastrointestinal content, numerical simulation has
played an increasingly important role in the study of the gastroin-
testinal tract in recent years. Through simulation, intestinal motil-
ity can be flexibly implemented, and local changes in the
properties of intestinal contents, such as viscosity and density,
can be characterized. For example, Sinnott et al. (2012, 2017) used
the smoothed particle hydrodynamics (SPH) method and the fluid-
solid coupling method to study the transport of matter in the duo-
denum or colon. They reported that both the content viscosity and
the degree of occlusion of the cavity play an important role in the
transport of intestinal contents. In 2014, de Loubens et al. investi-
gated the mixing process in the proximal duodenum of rat under
longitudinal contraction. The results showed that longitudinal con-
traction had a more significant effect on mixing in the near-wall
region than in the central region of the intestinal cavity. Fullard
et al. (2014, 2015) compared systems with different fluid proper-
ties and found that the mixing effect of segmental contraction
was more significant for fluid with a higher viscosity, whereas lon-
gitudinal contraction promoted species transport in the near-wall
region only. In addition to the investigation of intestinal motility
and chyme properties, the transport of bacteria in the intestine
has also been studied by numerical simulations (Ishikawa et al.,
2011), where the effects of peristalsis on the distribution of anaer-
obic and aerobic bacteria in the presence of oxygen and nutrients
were analyzed.

Without exception, the simulation efforts mentioned above
depicted the intestine as a smooth tube, which is far from mimick-
ing its complex hierarchical structure. It remains unclear whether
the hierarchical structure of the intestinal inner surface can con-
tribute to mixing intensification or not. Rather than simulating
the whole duodenum, some researchers instead focused on a small
section of it, which allowed them to study part of the detailed
structure. Lim et al. (2015) used a Lattice Boltzmann Method
(LBM) to simulate fluid flow and absorption for a very small section
of the duodenum that contains only five villi. The same system was
further investigated by Hua et al. (2020) using a CFD model, where
the distribution of absorption flux along the villi surface can be
quantified. They found that mass transfer and, hence, absorption
can be enhanced due to the villi movement. In 2020, Zhang et al.
investigated a relatively larger system, i.e., a rat duodenum, with
consideration of the villi structure. Mass transfer and absorption
under the pendular movement were simulated and analyzed by a

CFD model. The success of this work verified that it’s feasible to
model the intestinal wall movement by the moving mesh method.
These preliminary efforts demonstrate the role of the intestinal
inner surface structure in promoting mass transfer in the lumen.
However, compared to the rat system, the human duodenum is
much larger and features large circular folds in addition to small
villi and microvilli. New numerical models need to be developed
for the human intestinal system.

In this study, a multiphysics model was developed to simulate
mixing in a virtual human duodenum under the segmentation con-
traction, which was implemented and solved using Ansys Fluent. A
unique feature of the model is that it takes account of the circular
folds on the intestinal inner surface, whose movement takes place
through a moving mesh method. It should be pointed out that the
objective of this work is not to simulate the digestion process in a
real small intestine, which has a very complex structure. Instead,
the role of the circular folds in promoting mass transfer in the
lumen will be explored. It is an essential first step towards a com-
prehensive understanding of the role of the special multiscale
structure of the inner intestinal wall in the process of digestion.
After the methodology section, comparisons between the system
with and without circular folds are presented, quantitatively
demonstrating the role of folds in mixing intensification. At the
same time, parametric analyses have been conducted that include
the study of the geometry of the folds and the amplitude, fre-
quency and wavelength of contractions. The insights obtained from
the simulation and analysis allow us to understand the digestion
process in the human body. At the same time, they offer guidance
for the improved design of bio-inspired soft elastic reactors (Liu
et al.,, 2018a,b), whose mixing efficiency must be improved for
potential industrial applications (Delaplace et al., 2018, 2020; Li
et al., 2019; Xiao et al.,, 2018; Zhang et al., 2019; Zou et al., 2020).

2. Modeling and analysis methods
2.1. Geometrical construction

The duodenum can be represented as a tube with a pre-
specified length (L (m)) and diameter (2R, (m)) (see Fig. 1(a)). Since
the system is axial symmetric, a 2D axisymmetric model was
developed (see the cross-sectional view in Fig. 1(a)). The circum-
ferential gradient was neglected. According to the anatomy data,
the distance from the pylorus to the location of the first fold is a
(m). The folds are uniformly distributed throughout the remaining
part of the duodenum with a distribution density  (folds/m).
Truncated sinusoidal waves are used to represent the shape of
the folds. Each fold has a height of hy (m) and a width of wy (m)
(Fig. 1(a)). A ratio ¢ is defined to characterize the fold geometry:

c_ Ny
S=w (1)

The distance between two adjacent folds can be calculated as:
2zp = 1 w, (2)
0= W

Moreover, truncated circles with a radius of r; (m) are used to
smoothly connect adjacent folds. The radius can be calculated as:

2
_Zo-wy | (Tl
"= nhy <Wf> o G)

The derivation steps of this radius are given in detail in the
Appendix A.

The above-described system is constructed on the basis of the
physiological data of a real human duodenum. In the following
text, this system is denoted as “System 1”, or “tube with folds”.
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Axis

Fig. 1. Comparison of the two systems under investigation: (a) System 1: a duodenum with circular folds; and (b) System 2: a duodenum without circular folds.

In order to clearly identify the role of folds in the mixing process, a
smooth tube was also designed. This system is denoted as “System
2", or “tube without folds” (see Fig. 1(b)). For a fair comparison, it
was chosen to maintain constant the length and the volume of the

two systems. Since the volume of System 1 is [} mR*dz, and the vol-

ume of system 2 is simply nRé)ZL, the radius of System 2 has to
satisfy:

L
L @

where R is the radius of the non-smooth duodenum, which is a
function of the axial position z. As shown in Fig. 1(a), R(2)|,_, = Ro.

2.2. Governing equations

After digestion by the stomach, the chyme enters the duode-
num for further digestion and absorption. It is an extremely chal-
lenging task to model solid-liquid-gas three-phase flow coupled
with reactions and mass transfer in an evolving geometry with
complicated boundary structures. As a first step toward a compre-
hensive understanding of digestion, this study focuses only on sim-
ulating the mixing of dissolved glucose in water.

Momentum transfer. In the small intestine, the flow can be
considered as the laminar flow (Lentle and de Loubens, 2015;
Lentle and Janssen, 2011). For the mixing study in our case,
the fluid is water with dissolved glucose, which is an incom-
pressible fluid. The Navier-Stokes equation is adopted to describe
the fluid flow.

op _
SV (pu)=0 (5)

%(pu) +V-(puu)=-Vp+V- (,u(Vu + (Vu)T) - %,u(v -u)l)
(6)

where p is the fluid density (kg/m>); u is the velocity vector (m/s); p
is the fluid pressure (Pa); u is the Newtonian fluid viscosity, (Pa-s);
and I is the unit tensor.

Mass transfer. The mass fractions of glucose and water are cal-
culated by the species transport equation shown below:

DoY)+ V- (puty = -V J, ”)

Ji=-pDinVY; (8)

where Y; is the mass fraction of species i; J; is the diffusive flux of
species i (kg/(m?s)); and D, is the mass diffusion coefficient for
species i in the binary mixture (m?/s). In this study, the dissolved
species i is glucose. The mixture density is location and time depen-
dent and can be calculated based on the volume weighted mixing
law:

p="0g-pg+(1-12g)-p, 9)
Ce - Mg

Vg =—=>—= 10

g Pe (10)

where v, is the volume ratio of the glucose; p, is the glucose den-
sity (kg/m?); p,, is the water density (kg/m?); ¢, is the concentration
of glucose (mol/m>); and M, is the molecular weight of glucose
(g/mol).
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2.3. Boundary and initial conditions

The boundary and initial conditions adopted in the simulations
are shown in Fig. 2.

In this study, the aim was to reveal the role of circular folds in
mixing. In reality, the chyme requires a certain residence time for
mixing and absorption in the duodenum. Thus, a closed system
without mass exchange with the up-stream stomach and the
down-stream jejunum has been adopted. Nutrient absorption
through the intestinal inner wall was not considered. Non-slip
and no-flux boundary conditions are applied to all boundaries
except the central axis (see Fig. 2). The glucose solution was intro-
duced into the system through DEFINE_INIT UDF. The shaded ellip-
tic region was filled with glucose solution of a specific initial
concentration, cp. The remaining space was filled with water only.
For an axisymmetric system, only half of the cross-section of the
duodenum needs to be simulated.

The geometry of the duodenum evolves over time, and segmen-
tation is the main form of intestinal motility responsible for mix-
ing. The segmentation contraction divides the intestine into a
number of sections, i.e, a wave-like movement. As shown in
Fig. 3(a), when one set of contractions relaxes, a new set of contrac-
tions begins. Contraction and relaxation occur sequentially and
alternatively at the same location (Hall, 2016). In order to conserve
the mass, the expansion part and the contraction part of the wave
have the same amplitude (Sherwood, 2011). Taking the part of the
wave indicated by the blue arrow in Fig. 3(a), for example, contrac-
tion occurs from 0 to T/4, followed by relaxation from T/4 to 3T/4,
where T is the cycle period. In the final stage of this cycle (i.e., from
3T/4 to T), it contracts again. The dashed red rectangle in Fig. 3(a)
indicates a repeating unit of the sinusoidal wave. If the wavelength
is 0.07 m (as in Wright et al., 2016), then there are three repeating
units in the base case. Fig. 3(b) illustrates the relaxation area and
contraction position, which will be used in the remaining text.

Mathematically, the contraction wave is represented by a sinu-
soidal wave. For the smooth tube (i.e., System 2 in Fig. 3(b)), the
displacement of the lumen wall can be written as:

P(z) = -5 - sin <2n(z—b)) a1

7
d=¢"Re (12)

where the amplitude and length of the wave are 6 (m) and 4 (m),
respectively (see Fig. 3). The contraction starts at b (m) from the
pylorus. &* gives the ratio between the wave amplitude and the tube
radius. R, (m) is the characteristic radius of the lumen, which is R/0
in the base case. In order for the geometry to evolve over time, the
following term is introduced:

I'(t) = sin(27ft) (13)

where f is the frequency of segmentation (cycles/min). The position
of the lumen wall is then:

' = Ry + P(z) - T(t) (14)

For System 1 in Fig. 3(a), the segmentation movement takes the
circular folds into account. The position deviation from a smooth
tube due to the folds can be written as:

0, when z € [0,q]

\/rf2 —(z—=(a+2(n—1)zo + (n - 1)Wf))2 — 17,

F(z) = ¢ when ze (a+ (2n—3)z + (n — 1)wy,a+ (2n — 1)z + (n — T)wy] N(a, L]
(V172 = 20% = 17) — hy - sin (ﬁ (z—(a+@2n—1)zo+ (n— 1)wf))),
when z € (a+ (2n—1)zo + (n — 1)wy,a+ (2n — 1)zo +wy]N(a,L]

(15)

where n is the index of the circular folds. Detailed derivation of Eq.

(15) has been given in Appendix B. The shape of the folds is

assumed to be unchanged during the segmentation movement

(Marieb and Keller, 2018; Martini et al., 2012). The evolution of

the lumen wall position can be written as:

' =Ry + F(z) + P(z) - T(t) (16)

Egs. (16) and (14) are the boundary conditions in the moving
mesh model for the lumen walls of System 1 and System 2, respec-
tively (see Fig. 2). The locations of all other boundaries remain
unchanged during the simulation.

2.4. Quantification of mixing performance

The Reynolds number is calculated to describe the flow regime:
_ 2Rcucp,
u

where u,. is the characteristic velocity, i.e., the volume-averaged
velocity in the intestinal lumen (m/s):

Re (17)

_ JIujav

we="ay (18)
p. is the volume-averaged density:
_Jpdv

To find out the dominant mechanism of mass transfer, the Pec-
let number is quantified as:

(a) r! Non-slip wall No flux
Non-slip wall ————\AnAA VANV Nowsslip wall
No flux No flux
d==0, dr=0 B d==0, dr=0
Axis
(b) rl! Non-slip wall  No flux .
Non-slip wall Non-slip wall
No flux No flux
d==0, dr=0 d==0, dr=0
Axis

Fig. 2. Initial and boundary conditions for two systems: (a) System 1; and (b) System 2. The black, blue and red fonts refer to momentum transfer, mass transfer and moving
mesh, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Illustration of one cycle of the segmentation movement: (a) System 1; and (b) System 2.
Pe — 2R.uc (20) sure-velocity coupling algorithm. In order to obtain a stable
D moving mesh calculation, automatic remeshing was adopted. The

An ideally mixed state is a state when the glucose molecules are
homogeneously distributed in the lumen. This means that the glu-
cose concentration becomes a constant, c,, (mol/m?), which is the
average volume concentration:

Z]['V:1 (Vj,r)

where ¢;; and V;, are the concentration and volume of the j‘h vol-
ume element, respectively. The total volume is divided into N mesh
elements. A mixing level of each mesh element can be defined
based on the concentration deviation from the average concentra-
tion C...

Gt
j— CX )
Xj,t ) ¢t

Co—Coo

(21)

t=0

for ¢j; <c.
(22)

for ¢j; > ¢

Note that at different locations, the concentration may be
higher or lower than the average concentration.

The overall mixing level at t for the whole system can then be
calculated as:

e Vi)
S (Vie)

which essentially offers a volume average of the mixing level values
in all volume elements. An enhancement ratio is defined as:

x(t) (23)

(24)

where the superscripts I and II represent system 1 (with folds) and
system 2 (without folds) respectively. This ratio quantifies the
enhancement of mixing level as a function of time due to the intro-
duction of the circular folds.

2.5. Simulation settings

The meshing and simulation were carried out using ANSYS Flu-
ent software. For transient calculations, PISO was used as the pres-

residual of velocity was set to 1 x 107, and the residual of mass
fraction was specified as 1 x 107%. The time step for System 1
was set to 0.005 s due to its relatively complicated geometry,
whereas the value was 0.01 s for System 2. Under these settings,
the convergence condition could be met between 5 and 10 itera-
tions in each time step. The local cell remeshing method was
adopted. The mesh was reconstructed at every time step when
cells marked for remeshing were detected. Cells were marked
based on skewness and size.

2.6. System specifications

The settings for the duodenum geometry and contraction move-
ment are based on the physiological data. The dissolved nutrient
for the mixing study in our case is glucose. The initial elliptic
region filled with glucose solution is specified by:

(z—-0.1075)* 12
2 + 2 S 1
0.035 0.014

The values used in the base case simulation are listed in Table 1.
The property values at the body temperature, i.e., 37 °C, were
adopted. The segmentation contraction occurs during digestion
(Barrett et al., 2016), but the continuous and rhythmic contractions
are generally maintained for a short time (Cannon, 1902). It is not
common to have more than seven consecutive contractions
(Macagno and Christensen, 1980). Since the frequency of intestinal
contractions used in this work is about 6-12 cycles per minute, the
simulation time was chosen as 1 min, i.e., 60 s, so that one set of
consecutive contractions can be simulated.

In addition to the base case, 22 additional cases were designed
for a parametric study. To facilitate comparison and discussion, all
of the cases are organized as a number of case sets, whose settings
are listed in Table 2. For example, case set 1 has four cases with the
same value of f (i.e., 6 cycles/min) but different &¢*. All other param-
eters not listed in Table 2 have the base case values given in Table 1.
Note that Set 1 to Set 8 actually have a total of 16 cases, and the
base case is one of them. Also, for Set 3, Set 6, Set 9 and Set 10, each
of them contains one base case. Moreover, for each case in Set 1 to
Set 9, two simulations are conducted: one for System 1 and the

(25)
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Table 1
Parameter values used in the base case simulation.
Parameters Notation Value References
Duodenum tube Length L 025 m (Martini et al., 2012)
Radius Ro 0.02 m (Martini et al., 2012)
Circular folds Height h¢ 0.005 m (Helander and Fandriks, 2014; Standring, 2008)
Width ' 0.003 m (Krag, 1966)
Distribution density 0] 200 folds/m (Martini et al., 2012)
Distance from pylorus to the 1st fold a 0.03 m (Standring, 2008)
Segmentation contraction Amplitude to radius ratio e* 25% (de Loubens et al., 2013; Fullard et al., 2015)
frequency f 10 cycles/min (Hall, 2016; Martini et al., 2012)
wavelength A 0.07 m (Wright et al., 2016)
Glucose Diffusion coefficient D 897 x 107 '°m?/s  (Zhang et al., 2020)
Density Pyq 1540 kg/m? https://en.wikipedia.org/wiki/Glucose
Molecular weight Mg 180.156 g/mol https://en.wikipedia.org/wiki/Glucose
Glucose solution Initial concentration Co 200 mol/m? (Leiper, 2015)
Viscosity U 0.6913 mPa-s https://wiki.anton-paar.com/en/water/
Density P Eq. (9) (Zuo et al., 2016)
Water Density Pw 993.3 kg/m? https://wiki.anton-paar.com/en/water/
Viscosity Ny 0.6913 mPa-s https://wiki.anton-paar.com/en/water/
Molecular weight Mw 18.01528 g/mol https://www.webqc.org/molecular-weight-of-water.html
Table 2
Settings for the parametric study.
Parameters Index of case set Value Notes
Segmentation contraction f (cycles/min) Set 1 6 & = 5%, 25%, 45%, 65%
Set 2 8
Set 3 10
Set 4 12
& Set 5 5% f (cycles/min) = 6, 8, 10, 12
Set 6 25%
Set 7 45%
Set 8 65%
J(cm) Set 9 3,5,7,9 Base case settings for others

Size of folds (hy, wy) (mm) Set 10

(3,3),(4,3),(5,3),(5,2),(5,4) Base case settings for others

other for System 2. In this way, the effects of fold geometry and
segmentation contraction on mixing can be systematically
investigated.

2.7. Mesh independence study

Mesh independence studies were conducted for System 1 and
System 2. Five different meshes were tested for each system (see
Fig. 4). Unstructured triangular mesh was used. The geometrical
parameters of System 1 are specified in Table 1. The radius of the
smooth tube in System 2 can be calculated using Eq. (4).

The distributions of velocity magnitude and concentration
along the central axis at the final moment of calculation (60 s)
are plotted in Fig. 5. Furthermore, in the same figure, the evolution
of mixing level throughout the process is also given. For System 1,
when the number of mesh elements reaches 110,028 and beyond,
differences between results under different meshes may be
neglected (see Fig. 5(a)). Thus, the 4th mesh in Fig. 4(a) was used
for System 1. For System 2, clear differences exist only for the mix-
ing level curves under different meshes with less than 102,602 ele-
ments (Fig. 5(b-3)). Thus, the 4th mesh in Fig. 4(b) was adopted for
the simulation of System 2.

3. Results and discussion
3.1. Base case analysis

The evolution of velocity fields with streamlines in one segmen-
tation movement cycle for both systems is plotted in Fig. 6 for

comparison. Taking System 1 as an example (Fig. 6(a-1)), for the
first half of the cycle (i.e., t = 0 to T/2), the wall begins to deform
from the initial state. The fluid reveals an overall rightward flow,
where the direction is indicated by the arrows on the streamline
and the thick red arrows (see Fig. 6(a-1) at t = 1.2 s). This phe-
nomenon is mainly due to the specific shape of the segmentation
wave implemented in this case, for which the contraction positions
are on the left side of the relaxation areas. The fluid near the con-
traction position is pushed towards the relaxation area. Since the
system is closed, a reflux is inevitable. As the wall continues to
deform, a clockwise vortex begins to form close to the end of the
duodenum at t = 1.3 s (see Fig. 6(a-1)). After that, the number
and size of vortices grow over time. The peak values are reached
at 1.5 s (i.e., T/4), when the duodenum reveals a maximum defor-
mation and eight big vortices can be observed.

During the shape recovery stage from T/4 to T/2, most vortices
gradually become smaller and eventually disappear. The original
relaxation areas experience contraction, which pushes the liquid
back to the original contraction areas that are new relaxation areas.
As a consequence, the flow direction is reversed, pointing toward
the left side in Fig. 6(a-1) at T/2.

For the next quarter of the cycle (from T/2 to 3T/4), the recov-
ered shape begins to deform again, but this time, toward the
opposite direction. The number and size of vortices in the lumen
increase again until the time of maximum deformation at 3T/4.
The final quarter of the cycle is the 2nd shape-recovery stage,
when most of the vortices become smaller and eventually disap-
pear. The overall flow direction reverses back again (see Fig. 6(a-
1) at T).
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as a function of time.

This cyclic process of deformation-recovery-deformation-recov
ery occurs in the following cycles of the segmentation movement.
The resulting back and forth flow, together with local vortices, pro-
motes axial and radial mixing of fluids in the lumen. As shown in
Fig. 6(a-1) and (b-1), both of the systems experience the same
deformation and recovery. The flow pattern and its evolution are
very similar. Vortices form and grow in the deformation stage,
whereas they gradually diminish and even disappear in the recov-
ery stage. At the end of the deformation stage (i.e., the state of

maximum deformation at T/4 and 3T/4), the most prominent vor-
tices can be identified. The duodenum recovers its original shape
at the end of the recovery stage (i.e., T/2 and T) when the velocity
of the fluid in the lumen reaches a peak value in one cycle.

The differences in flow fields between the two systems can be
seen in Fig. 6(a-1) and (b-1), where both of them have the same
color bar. Compared with the smooth tube, the system with circu-
lar folds provides: (1) greater velocity in the lumen; and (2) more
prominent vortices with a longer life cycle. The higher velocity of
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fluid in System 1 can be seen by comparing the color of the stream-
lines in both sets of subplots. This is mainly due to the reduction of
free-flowing space in System 1. Streamlines can be barely identi-
fied in the cavities between adjacent protrudes (see the folded
regions in Fig. 6(a-1)), indicating that the fluid cannot flow freely
in those cavities. Smaller free-flowing space leads to higher fluid
velocity. More vortices can be observed in System 1. In the first half
of one cycle (0 to T/2), the vortices last from 1.3 s to 1.9 s for Sys-
tem 1 (Fig. 6(a-1)), whereas vortices can only be observed from
1.4 s to 1.8 s (Fig. 6(b-1)) for System 2. In the segmentation move-
ment process, the diameter of the lumen channel changes along
the axial direction. For both systems, the contraction positions
offer the smallest diameter. In System 1, the protrusion of the folds
located at the contraction position make the channel even nar-
rower. The relaxation area between two adjacent contraction posi-
tions thus forms a relatively closed space, which is beneficial for
the formation and growth of vortices. Moreover, the protrudes dis-
tributed along the wall become obstacles for fluid flow, which also
contributes to vortex formation.

It can be observed that, for both systems, the strain rate near
the wall surface is greater than that in the lumen (see Fig. 6(a-2)
and (b-2)). It is also interesting to observe that low and high stain
rate zones are alternately and regularly distributed along the wall.
The high strain rate zone exists in the middle section of one com-
plete cycle of the segmentation wave, taking up about one half of
the wavelength. In other words, two adjacent high shear rate zones
are always separated by one low shear rate zone that spans
approximately half of the wavelength. A higher shear rate indicates
a higher velocity gradient, implying a faster mixing. It can thus be
assumed that the near-wall region will be better mixed than the
central lumen region. The other characteristic pattern can be
expected along the axial direction in the lumen. A relatively
well-mixed zone and a relatively poorly-mixed zone will be adja-
cent to each other, each taking up about half a wavelength.
Although the contraction positions change over time in one seg-
mentation cycle, the locations of the more well-mixed zones do
not change accordingly.

Comparing Fig. 6(a-2) and (b-2), it can be seen that the exis-
tence of circular folds provides higher shear rates, implying better
mixing performance. The shear stress experienced by a circular
fold is not uniformly distributed. The highest shear rate can be
identified at the tip of the fold (Fig. 6(a-3)). In System 1, noticeable
shear rates can be observed even in the central lumen area,
whereas that is not the case for System 2. At T/2 and T, the shear
rates in the central lumen demonstrate a strip pattern with a high
shear rate strip next to a low one. Introducing circular folds can
enhance the maximum shear rate at the wall by a factor of ~6.5
(Fig. 6(a-3) and (b-3)). Beyond promoting mixing, it is also worth-
while to point out that a higher shear rate indicates a stronger
shear stress, which will be especially useful for mechanical
breakup of the chyme, i.e., the partially digested food that passes
from the stomach into the duodenum. Fig. 6 implies that chyme
breakup in the duodenum with circular folds is not restricted to
the region close to the wall. This will be further investigated in a
future study.

The evolution of the glucose concentration in the 3D lumen for
both systems are plotted in Fig. 7 for comparison. The glucose solu-
tion is increasingly thoroughly mixed with water over time in the
intestinal lumen. It can be observed that mixing occurs mainly in
the radial direction rather than the axial direction. Within 10T,
the transport of glucose molecules in the axial direction does not
seem to be significant (see the area occupied by the glucose mole-
cules). Thus, segmentation movement is mainly for localized mix-
ing rather than axial transport of substances. Circular patterns of
concentration can be seen in Fig. 7 (see the subplots at 5T and
10T). This proves that local mixing is driven by vortices. Subplots

at 5T and 10T also show that a relatively better-mixed zone (indi-
cated as “Better”) is next to a relatively poorly-mixed zone (indi-
cated as “Worse”). The volume-average mixing level can be
obtained for the “better” and “worse” regions. At 10T in Fig. 7, they
are respectively 68.73% and 55.07% for system 1, and 61.60% and
40.81% for system 2. These observations are consistent with the
analyses on the velocity and shear rate fields.

The mixing performance has been further analyzed. Distribu-
tions of localized mixing levels quantified by Eq. (23) are plotted
in Fig. 8, side by side with the corresponding glucose concentration
distributions at specific moments in time. These 2D hybrid plots
are used below to demonstrate the mixing process. The informa-
tion about localized mixing levels quantified here provides us with
the unique opportunity to precisely and quantitatively track the
spatial and temporal evolution of mixing. The mixing level plot
reveals new findings that cannot be easily identified from the con-
centration plot. As shown in Fig. 8(a) at 5T and 10T, it is surprising
to see that mixing levels reach appropriate values in the areas
located on the left side of the zones with a majority of glucose
molecules. It can be concluded that axial mixing actually takes
place under the segmentation movement in System 1 with circular
folds, although radial mixing is still dominant.

The mixing performance in System 1 is better since the distri-
bution of glucose is more homogeneous with a lower concentra-
tion gradient (see the comparison between the subplots at 10T in
Fig. 7), which can be further confirmed by the mixing level distri-
bution data in Fig. 8. The circular folds can also significantly
enhance the axial mixing (see the comparisons between the two
systems in Fig. 8 at 5T and 10T). More prominent and long-
lasting vortices together with higher strain rates provided by the
circular folds in the duodenum play a key role.

The Reynolds number and the Peclet number are further quan-
tified as a function of time for comparison. According to Eqs. (17)

and (20), the ratio between Re and Pe is a constant (i.e., ”;—f’), so that

one curve can represent both dimensionless numbers in a figure
with two different vertical axes, e.g., Fig. 9(a). Since the segmenta-
tion contraction is cyclic, the changes in Re and Pe within the first
cycle are plotted (Fig. 9(a)). For both systems, “W” shaped curves
can be observed, with maximum values reached at T/2 and T, and
minimum values reached at T/4 and 3T/4. This is consistent with
the analysis of fluid velocity in Fig. 6 since the flow and mixing
are driven by the movement of the intestinal wall whose velocity
magnitude shows the same pattern within one cycle (see the aver-
age velocity magnitude of the wall in Fig. 9(b)). Fig. 9(a) also shows
that the Reynolds number in the duodenum is less than 330, con-
firming the rationality of the laminar flow model. Moreover, the
Peclet number is much larger than 1, which indicates the dominant
role of convective mass transfer in mixing.

The system with circular folds provides larger values of Re and
Pe (see Fig. 9(a)), which further leads to enhanced mixing. The
overall mixing level at the end of 10T can be significantly increased
from 18.20% to 28.76% due to the introduction of circular folds
(Fig. 9(c)), which proves the mixing intensification effect of circular
folds in the duodenum. The enhancement ratio evolved over time
(see Fig. 9(d)). It was increased from 1 to a maximum value (i.e.,
3.09) at 22 s. After that, it was gradually decreased to 1.58 at 60 s.

3.2. Effects of different amplitudes and frequencies of segmentation on
mixing

In the human gastrointestinal tract, the contraction amplitude
and frequency of segmentation contraction vary with the property
of the food, digestion time, intestinal region, etc. (Takahashi, 2011).
The age of the people and their state of health also influence these
two parameters. For the intestine, the amplitude of the segmenta-
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tion contraction in many animals has been observed to be around
25% (de Loubens et al., 2013; Fullard et al., 2015). It is known that
the segmentation contraction is very weak and even absent
between two meals, but a vigorous motion occurs immediately
after a meal (Sherwood, 2011). Thus, amplitudes ranging from a
negligible deformation to those almost causing an occlusion of
the duodenum were specified for a parametric study. Specifically,
values of the amplitude ratio (¢*) under investigation were 5%,
25%, 45% and 65%. In the duodenum, segmentation usually occurs
at less than 12 cycles/min, and the maximum frequency is reached
only under extreme conditions (Hall, 2016). Frequency values of 6,
8,10 and 12 cycles/min were therefore chosen for a detailed study.
In this section, amplitude ratios varied first under a specific fre-
quency (i.e., Set 1 to Set 4 in Table 2, corresponding to four differ-
ent frequencies). The frequencies were then changed under a
specific amplitude ratio (i.e., Set 5 to Set 8 in Table 2, correspond-
ing to four different amplitude ratios).

The influence of amplitude ratios on mixing under a specific fre-
quency, 10 cycles/min (i.e., Set 3 in Table 2), and the influence of
frequencies on mixing under a specific amplitude ratio, 25% (i.e.,
Set 6 in Table 2), were selected for detailed analyses. For simula-

tions in Set 3, Fig. 10(a-1) and (b-1) show the velocity streamlines
at T/4, i.e., the time of maximum deformation. Taking System 1, for
example, when the amplitude ratio is 5%, nine vortices can be iden-
tified. With the increase in amplitude ratio, the fluid velocity in the
intestinal cavity becomes greater and the number of vortices
decreases accordingly. Meanwhile, the relaxation areas become
more noticeable. When the ratio reaches 65%, the velocity reaches
a maximum value. There are only three prominent vortices, each of
which occupies one whole relaxation area, which almost becomes
a closed space (see the subplot at ¢* = 65% in Fig. 10(a-1)). Fig. 10(a-
2) shows the corresponding shear rate distributions at T/2 when
the shape reverts to its original state for the first time. The low
and high strain rate zones are alternately and regularly distributed,
both along the wall and in the lumen. As the amplitude increases,
high shear rate zones become more prominent in terms of size and
intensity. When the amplitude ratio reaches 65%, just about the
entire lumen region exhibits noticeable shear rates, which implies
a thorough mixing process.

After 60 s of segmentation contraction (i.e., 10T), the distribu-
tion of glucose changes compared to the initial state, which is plot-
ted in Fig. 10(a-3) as well (see the subplot at t = 0). With an
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amplitude ratio of 5%, mixing is quite limited. The glucose block
only experiences a shape change with certain noticeable mixing
level values on its boundary alone (see Fig. 10(a-3) at &' = 5%).
Increasing the amplitude ratio intensifies both radial and axial
mixing. When the contraction amplitude reaches 65%, the high
speed and high strain rates lead to an almost thorough mixing.
The same trends can be observed for System 2. Comparisons
between subplots in Fig. 10(a) and (b) illustrate the mixing inten-
sification effect of circular folds. This intensification effect
increases for higher amplitude ratios.

Simulations in Set 6 compare cases under different frequencies
but the same amplitude ratio, i.e., 25%. Velocity streamlines, shear
rate distributions and the corresponding 2D hybrid plots are given
in Fig. 11.

For System 1, the vortices under different frequencies lead to
almost the same pattern, whereas the velocity magnitude
increases with the frequency (Fig. 11(a-1)). The same amplitude
and wavelength result in very similar vortex patterns. The increase
in frequency indicates a shorter contraction cycle, leading to an
increase in fluid velocity. The shear rate has a distribution similar
to that of the base case, and its intensity slightly increases with
the increase in frequency (Fig. 11(a-2)). As a result, both radial

and axial mixing can be enhanced by increasing the frequency
(Fig. 11(a-3)). It should also be noted that within a specified total
time of the mixing process (i.e., 60 s), a higher frequency means
more cycles of segmentation movement, which contributes posi-
tively to mixing as well. The same trends can be observed for Sys-
tem 2. However, once again, circular folds offer better mixing
performance ((a-3) vs. (b-3) in Fig. 11).

The final states in Fig. 11(a-3) and (b-3) are far from a thorough
mixing. It can be assumed that further increases in frequency
would lead to better mixing performance. However, the frequency
of 12 cycles/min is already a very high value, which occurs only
under extreme conditions (Hall, 2016). Considering physiological
limitations, amplitude has a greater influence on both radial and
axial mixing compared to frequency (see comparison between
Figs. 11 and 10).

In addition to the simulations in Set 3 and Set 6 discussed
above, six other sets were considered for a comprehensive study
(Table 2). Fig. 12(a) and (b) summarize and compare mixing perfor-
mance under a variety of amplitudes and frequency conditions for
systems with and without circular folds. Most Re and Pe curves
exhibit a “W” shape like the ones in the base case, except for the
cases with the maximum amplitude ratio (i.e., 65%) for System 1.
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This is because in System 1, the contraction amplitude ratio of 65%
makes the lumen very narrow near the contraction positions of the
intestinal lumen, thus producing a very high velocity at T/4 and
3T/4 (see Fig. 10(a-1)). Fig. 12(a) also shows that increasing either
amplitude or frequency can lead to an increase in Re and Pe and,
hence, an increase in the mixing level (Fig. 12(b)). These findings
can be qualitatively validated by the experimental results in Xiao
et al. (2018) and Delaplace et al. (2018), where the effects of fre-
quency and maximum penetration depth of the beater on mixing
in a soft elastic reactor (SER) have been analyzed. The same trend
was reported.

Moreover, even with the largest amplitude ratio of 65% and the
largest frequency of 12 cycles/min, the flow is still laminar in the
intestinal lumen (see the Re values in Fig. 12(a)). For System 1,
Pe is 6079 at f = 6 cycles/min and & = 5%. For System 2, Pe is
4277 at f=6 cycles/min and &* = 5%. The value is always much lar-
ger than 1, even for the case with the minimum amplitude and fre-
quency, indicating that the dominant mixing mechanism is
convection caused by wall movement rather than molecular diffu-
sion. Fig. 12(b) also shows that when the amplitude ratio is small
(e.g., 5%), the mixing level is very low, implying a digestion prob-
lem. For elderly or sick people, low-amplitude segmentation motil-
ity may be a key factor for their digestion and may lead to
absorption-related diseases.

When comparing the two systems, it was observed that the Re
and Pe values of System 1 are always greater than those of System
2 under the same amplitude and frequency. The enhancement ratio
values are greater than 1. At the same frequency, the maximum
enhancement ratio increases with the increase in amplitude. At

f =6 cycles/min and & = 65%, the maximum enhancement ratio
reached 6.18. These data clearly show the mixing intensification
effect provided by the circular folds. Without circular folds, higher
segmentation frequencies or amplitudes are needed to reach the
same mixing level, which requires more energy and is sometimes
not possible for the human digestive system.

The final mixing levels under different frequencies and ampli-
tudes at the end of the mixing process (i.e., 60 s) for both systems
are given in Fig. 13 as a surface plot. As expected, the surface of
System 1 is always greater than the surface of System 2. This 3D
surface plot can greatly facilitate mixing level prediction under
any combination of segmentation amplitude ratios and frequencies
as long as the values are within the investigated ranges.

3.3. Effects of different segmentation wavelengths on mixing

It is known that the contraction wave has a length of 7-10 cm
for each segment (Wright et al., 2016). Wavelength values of 3, 5,
7 and 9 cm were selected for further study (i.e., Set 9 in Table 2).
The velocity streamlines and the corresponding strain rates and
2D hybrid plots are given in Fig. 14.

Fig. 14 shows that increasing the wavelength leads to the reduc-
tion of the number of vortices and the high/low shear rate zones,
whereas each of them takes up more space. At the same time,
the velocity magnitude and intensity of strain rates in the lumen
are enhanced when the wavelength is increased. It can be seen in
Fig. 14(a-3) and (b-3) that mixing is restricted to local areas by
small vortices when the wavelength is small. Axial mixing can be
significantly improved by enlarging the wavelength.
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Consistent with the trends in velocity and shear rates, the Re
and Pe values gradually increase as the wavelength increases (see
Fig. 15(a)), resulting in a higher mixing level (see Fig. 15(b)). How-

ever, the maximum enhancement ratio decreases as the wave-
length increases (see Fig. 15(c)). System 1 always performs better
than System 2 in terms of mixing, regardless of the wavelength
numbers selected in this study.

3.4. Investigation of fold geometry

The results presented so far compare systems with and without
circular folds. Detailed analyses demonstrate that the existence of
folds is critical for adequate mixing and, hence, effective digestion.
Fold geometry varies among individuals. In this section, different
fold geometries are further investigated. The width of a fold is
about 2-4 mm, whereas a fold wider than 5 mm is considered to
be unusual (Krag, 1966). Since the presence of folds causes the
intestinal surface area to increase by a factor of 1.57 to 3, the
height of a fold is about 3 to 6 mm (Helander and Fandriks,
2014). In this study, the width of a fold, wy, is 2, 3 or 4 mm, and
the height, hy, is 3, 4 or 5 mm (i.e., Set 10 in Table 2).

It can be seen from Fig. 16 that velocity streamlines and shear
rates for systems with different folds are very similar, although
not exactly the same. Increasing height-to-width ratio (i.e., &) leads
to slight increases in both fluid velocity and the intensity of shear
rates. This may be because the presence of folds with a larger
height-to-width ratio reduces the free-flowing space in the intesti-
nal cavity. Higher velocity and shear rates contribute to a more
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homogeneous concentration distribution (see Fig. 16(c)). At the
same time, axial mixing is enhanced (see the mixing level
distributions).

It can be observed in Fig. 17 that a larger value of ¢ leads to
higher Re and Pe values and, hence, a higher mixing level. The
height-to-width ratio is thus a good variable to define fold geome-
try. These results imply that high and slim circular folds outper-
form short and fat ones in the mixing of chyme. A healthy fold is
not wider than 5 mm and its height is greater than 3 mm and
can even reach up to 8 mm in the jejunum. These features of the
human intestine are conducive to adequate mixing performance.

4. Conclusion

With the objective of understanding the function of the hierar-
chical structure of the inner intestinal surface in digestion and
absorption, this study specifically investigated the circular folds
on the inner surface of the duodenum and revealed quantitatively
the influence of this particular structure on mixing intensification
in the lumen. A specific 2D axisymmetric multiphysics model
was developed that was able to simulate coupled momentum
and mass transfer in a complex structured and dynamically evolv-
ing domain, i.e.,, a human duodenum with circular folds explicitly

modeled under segmentation contraction. In addition to tracking
the flow and the nutrient concentration fields, it was possible to
quantify a special mixing level field, together with the Reynolds
number and the Peclet number. The methods implemented
allowed us to understand the mixing process in a comprehensive
and precise way.

Simulation results show that the circular folds can effectively
intensify both radial and axial mixing under segmentation contrac-
tion. Compared to the system without circular folds, the system
with folds demonstrates the following features: in the lumen, more
prominent and long-lasting vortices can be identified; and higher
fluid velocity and higher shear rates can be observed. These fea-
tures lead to larger Re and Pe values and, hence, a higher mixing
efficiency. For the duodenum with circular folds, mixing can be
enhanced by increasing the frequency and/or amplitude of the seg-
mentation contraction. Modulating the amplitude is found to be
more effective. An enhancement ratio is defined to quantify the
enhancement of mixing due to the introduction of the circular
folds. This ratio evolves over time and demonstrates a maximum
value. At the same frequency of the segmentation contraction,
the maximum enhancement ratio increases with the increase in
amplitude. At f = 6 cycles/min and & = 65%, the maximum
enhancement ratio can reach 6.18. A thorough mixing with a mix-
ing level of 97.27% can be achieved at 60 s under f= 12 cycles/min
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and &* = 65%. While under the same conditions, the system without
circular folds can only offer a mixing level of 83.22%. The wave-
length of the segmentation should be not too small so that suffi-
cient axial mixing can be achieved. Moreover, tall and slim
circular folds outperform their short and fat counterparts in pro-
moting mixing in the lumen.

The findings in the current study offer new insights into the
function of the inner surface structure of the duodenum in terms
of digestion and absorption. They will hopefully be able help doc-
tors to understand and diagnose related diseases. Moreover, the
structural effect of circular folds can inspire the optimized design
of soft-elastic reactors that currently have smooth walls, and it is
assumed that their mixing performance will be improved for prac-
tical applications (Delaplace et al., 2018, 2020; Li et al., 2019; Xiao
et al., 2018; Zhang et al., 2019; Zou et al., 2020). Deshpande et al.
(2020) designed a miniature air suction system for chemical sen-
sors that could be used to detect toxic chemical gases. It will be
interesting to investigate whether implementing a soft elastic wall
for the air suction duct can improve the detection efficiency or not.

The multiscale structure of the inner intestinal wall with circu-
lar folds, villi and even microvilli should be addressed in future
studies. In addition to mixing, absorption should also be taken into

account. Furthermore, various enzymatic reactions will be mod-
eled for a more comprehensive simulation of the digestive process.
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Appendix A

The geometric details of the circular folds and the related calcu-
lations are given in this appendix. The folds are plotted as trun-
cated sinusoidal waves connected by truncated circles.
Mathematically, the section of the wave on the right side can be
written as:

. (T
r=—hs-sin (Wf (z— zo)>

In order to obtain a smooth connection between the fold and
the truncated circle, two shapes must share the same tangent line
(i.e., the red line in Fig. A1), and the intersection point is (zo,0).

The slope of the line at point (zo,0) (i.e., the derivative of the
fold function with respect to z at (zp,0)) can be expressed as:

(A1)
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Fig. A1. Representation of two folds connected by a truncated circle: geometrical
parameters.
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Thus, the equation of the tangent line is:

hf-wﬁf-zwfhf-wﬂf-zozo (A4)

The distance from the center of the circle (i.e., (0, —\/1F — z%))
to this tangent line is equal to the radius of the circle, which yields:

0+ (=i -2) + (~Iy - - 20)

(hy - Z)* +1

wy

=Ty (A5)

The radius of the circle can then be calculated as:

2
_ Zo- Wy 7t_hf
rf= T (Wf) +1 (AG)
Appendix B

Fig. B1 gives a cross-sectional view of the circular folds. The
equation of position deviation from a smooth tube due to the folds
is derived in this appendix. The z axis is shifted upwards by Ry in
order to facilitate the derivation of position deviation.

Three types of lines can be identified in Fig. B1, i.e., straight
lines, folds and truncated circles. Thus piece-wise functions can
be used to represent them.

When 0 < z < q, it is a straight line, whose deviation from the
smooth tube surface is 0:

F(z)=0
When a < z < a + zy, the equation for the arc segment can be
written as:

(B1)

@—a?+ (r+m)’ =17 (B2)

Rearranging this equation to yield r:

r=+\/r2—(z—ay —rs

Since the arc is one part of the upper half of the circle, r is then:

r=1\/r2—(@z-a’-rs

Thus, when a < z < a + zp, the position deviation can be calcu-
lated as:

Fz) = /12— (z—a)’ — 1y

(B3)
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Fig. B1. Cross-sectional view of the circular folds’ geometry.
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The arc intersects with the fold at the position

(a+2zo,\/17? — 20> —17). When a+ 2z <z < a+ 2z, +wy, the equa-
tion of the fold becomes:

F(z) = (y/r? — 20> — 17) — hy - sin (Wif z-(a +z0))) (B6)

Integrating Eqgs. (B1), (B5) and (B6) offers the function of the
first section of the curve, which includes the first fold (i.e., n = 1):

0,  when z€|[0,q
F(z) = 12— (z—aj’ —r;,  when z e (a,a+z)
(/177 =292 —15) — hy -sin (W—"] (z—(a +zo))), when z € (a+ 29,0 + 2o + Wy
(B7)

The function for the complete curve becomes:

0, when z € [0,q]

\/rfz —(z— (@+2(n-Nzo+ (n—1wy))* 1y,
F(z) = { when z € (a+(2n - 3)z0 + (n - Hwy,a+ (2n - Hzo + (n - Hwy]N(a,L]  (B8)

(V12 =20 —17) — hy - sin (Wif(z— (a+@2n—1)zp + (n - ])w,))),

when z € (a+ (2n—1)zg + (n — 1)wy,a + (2n — 1)zo + wy] ((a, L]

where n is the index of the circular folds.
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