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Introduction

Deteriorations of global environmental conditions induced growing interest in environmental efficiency and productivity1 studies [START_REF] Sueyoshi | A literature study for DEA applied to energy and environment[END_REF][START_REF] Zhou | A survey of data envelopment analysis in energy and environmental studies[END_REF]. Sustainable strategies that allow to reduce impacts of production processes on the natural environment, are major concerns for private and public sectors. Indeed, they attempt to be both environmental responsible and technically efficient. It follows that, managerial efforts to promote high quality inputs and/or innovative technology are performed. These production adaptation strategies allow to support environmental efficiency.

Traditional eco-efficiency literature relies on the assumption that no polluting and polluting outputs can only be reduced simultaneously by a proportional factor; i.e. weak (or ray) disposal axiom [START_REF] Shephard | Theory of Cost and Production Functions[END_REF]. This modelling of pollution-generating processes in production theory is due to Färe, Grosskopf, Lovell and Pasurka (1989). Weak Disposal (WD) approach is widely applied to numerous topics in the literature: Manello (2017), [START_REF] Falavigna | Judicial productivity, delay and efficiency: A Directional Distance Function (DDF) approach[END_REF], [START_REF] Azad | Measuring environmental efficiency of agricultural water use: A Luenberger environmental indicator[END_REF], [START_REF] Bilsel | Hospital efficiency with risk adjusted mortality as undesirable output: the Turkish case[END_REF], [START_REF] Park | A note on efficiency and productivity growth in the Korean Banking Industry, 1992-2002[END_REF] or Picazo-Tadeo et al. (2005). Some recent papers assuming WD models are also proposed in the literature; see for instance [START_REF] Pham | Weak disposability in nonparametric production analysis: A new taxonomy of reference technology sets[END_REF]. Innovative approaches arose due to the limits of the WD models (Lauwers and Van Huylenbroeck, 2003;[START_REF] Coelli | Environmental efficiency measurement and the materials balance condition[END_REF][START_REF] Lauwers | Justifying the incorporation of the materials balance principleinto frontier-based eco-efficiency models[END_REF][START_REF] Rödseth | Axioms of a Polluting Technology: A Materials BalanceApproach[END_REF][START_REF] Murty | On Modeling Pollution-Generating Technologies[END_REF]. In the same vein, a general class of Pollution-generating Technologies (PgT) has been defined in [START_REF] Abad | On the Axiomatic of Pollution-generating Technologies: a Non-Parametric Approach[END_REF]. These authors propose to model PgT using an innovative B-disposal assumption 2 .

This paper aims to define innovative eco-efficiency and -productivity measures on convex and non convex environmental production processes. Equivalence conditions for the additive and multiplicative green efficiency and productivity indices are introduced. In addition, this paper shows that the new environmental efficiency and productivity measures allow to define global eco-efficiency and -productivity analysis. Indeed, green efficiency and productivity indicators are defined through various managerial adaptation strategies.

Environmental productivity advance (or deterioration) is appraised through different sources [START_REF] Chung | Productivity and undesirable outputs: A directional distance function approach[END_REF][START_REF] Sena | Total factor productivity and the spillover hypothesis: some new evidence[END_REF]; Azad and Ancev 2014; Picazo-Tadeo et al., 2014; [START_REF] Kapelko | Measurement of input-specific productivity growth with an application to the construction industry in Spain and Portugal[END_REF][START_REF] Shen | Aggregate green productivity growth in OECD's countries[END_REF]. Knowing the main drivers of green productivity change is of particular interest for researchers [START_REF] Tyteca | On the Measurement of the Environmental Performance of Firms -a Litterature Review and a Productive Efficiency Perspective[END_REF][START_REF] Aiken | Adjusting the measurement of US manufacturing productivity for air pollution emissions control[END_REF]; [START_REF] Mahlberg | Radial and non-radial decompositions of Luenberger productivity indicator with an illustrative application[END_REF]. This paper introduces innovative eco-productivity decomposition. The components of green productivity variation are defined through convex or non convex environmental production processes.The convexity assumption of the production technology is not required to define the sources of environmental productivity change. This result brings on theoretical [START_REF] Dasgupta | The Economics of Non-Convex Ecosystems: Introduction[END_REF][START_REF] Tschirhart | Biology as a Source of Non-convexities in Ecological Production Functions[END_REF] and empirical implications [START_REF] De Borger | Cost efficiency of Belgian Local Governments: A comparative analysis of FDH, DEA and econometric approaches[END_REF]. Therefore, a global framework to analyse impacts of green investments and/or environmental policies on the components of green productivity variation is defined.

The remainder of this paper unfolds as follows. Section 2 introduces technology assumptions and definition. In addition, it defines environmental distance functions on pollution-generating production process. Section 3 introduces multiplicative and additive eco-productivity measures. Section 4 proposes a decomposition of the environmental Malmquist and Luenberger productivity indicators. Section 5 introduces new implementation process of eco-efficiency and -productivity indices. These environmental efficiency and productivity indicators are defined on convex and non convex non-parametric PgT. Finally, section 6 discusses and concludes.

Environmental technology and distance functions

In this section, we define the properties of the environmental production process. In addition, innovative additive and multiplicative eco-efficiency measures are introduced. Equivalence conditions between additive and multiplicative environmental efficiency indices are displayed.

Technology assumptions and definition

First, we define the notations used in this paper. Let x t ∈ R n + denotes inputs used to produce no-polluting (desirable) and polluting (undesirable) outputs,

y t = (y np t , y p t ) ∈ R m + where [m] = [m np ] + [m p ] and [m] = card(y t ).
In addition, assume that B ⊂ [m] is the subset indexing polluting outputs of the technology3 . The production possibility set is defined as follows:

T t = (x t , y np t , y p t ) ∈ R n+m + : x t can produce (y np t , y p t ) (2.1)
The production technology, T t , can be similarly characterized by the output set,

P t : R n + -→ 2 R m + , or the input correspondence, L t : R m + -→ 2 R n + : P t (x t ) = (y np t , y p t ) ∈ R m + : (x t , y np t , y p t ) ∈ T t (2.2)
and

L t (y np t , y p t ) = x t ∈ R n + : (x t , y np t , y p t ) ∈ T t . (2.3) 
Therefore we have necessarily:

x t ∈ L t (y np t , y p t ) ⇔ (x t , y np t , y p t ) ∈ T t ⇔ (y np t , y p t ) ∈ P t (x t ) (2.4)
Throughout this paper, we assume that the production set satisfies the following usual axioms [START_REF] Hackman | Production Economics: Integrating the Microeconomic and Engineering Perspectives[END_REF][START_REF] Jacobsen | Production Correspondences[END_REF][START_REF] Mcfadden | Cost, Revenue and Profit Functions[END_REF]:

P1: For all x t ∈ R n + , 0 ∈ P t (x t
) and (y np t , y p t ) / ∈ P t (0), if (y np t , y p t ) ≥ 0 and (y np t , y p t ) = 0. P2: P t (x t ) is bounded above for all, x t ∈ R n + .

P3: P t (x t ) is closed for all, x t ∈ R n + . P4: If v t ≥ x t ⇒ P t (x t ) ⊆ P t (v t ). P5: P t (x t ) is a convex set, ∀x t ∈ R n
+ . In addition to the properties P1 -P4, we assume that the outputs satisfy the Bdisposal assumption (Abad and Briec, 2019):

P6: For all y ∅ , y B ∈ P t (x t ), y ≤ ∅ y ∅ and y ≤ B y B implies y ∈ P t (x t ).

y np y p P t (x t )
Figure 1: Non convex environmental production set (P1 -P4 and P6) Axioms P1 -P4 and P6 define a general class of environmental output set with traditional strong disposable inputs and B-disposable outputs (polluting and no-polluting; see Figure 1). These properties are fairly weak and do not impose any convexity assumption.

Environmental efficiency measures

Let us introduce the following convex cone:

C B t = {y t ∈ R m : y t,j ≤ 0 if j ∈ B
and y t,j ≥ 0 else } . The environmental efficiency measures can be defined through the schemes below (Figure 2). Definition 2.1 Let P t (x t ), be an environmental output set that satisfies properties P1 -P4 and P6. For any (x t , y t ) ∈ R n+m + , such that y t = (y np t , y p t ) ∈ P t (x t ), the environmental efficiency measures belong to the following subsets: 2, the schemes S 1 , S 2 and S 3 underscore any production adaptation strategies in environmental efficiency analysis.

i. S 1 = (y -R m + ) ∩ (y + C B t ), ii. S 3 = (y + R m + ) ∩ (y + C B t ) and iii. S 2 = (y + C B t ) \ {S 1 , S 3 }. In Figure
y np y p -C B t P t (x t ) S 3 = (y + R m + ) ∩ (y + C B t ) y t • S 2 = (y + C B t ) \ {S 1 , S 3 } S 1 = (y -R m + ) ∩ (y + C B t )
Figure 2: Environmental efficiency analysis (P 1 -P 4 and P 6)

Multiplicative distance function

Shephard (1953) introduces distance functions that are the inverse of the Debreu-Farrell measures of technical efficiency [START_REF] Debreu | The coefficient of ressource utilisation[END_REF][START_REF] Farrell | The measurement of technical efficiency[END_REF]. These distance functions can be defined in the input or the output oriented cases. The hyperbolic distance function [START_REF] Färe | Hyperbolic Graph Efficiency Measures[END_REF] allows to extend Shephard distance functions to the graph of the production technology. Distance (or gauge) functions fully characterise the production process. Therefore, they have become standard tools to define multiplicative measures of technical efficiency.

The following definition introduces environmental multiplicative distance function [START_REF] Abad | Les Enseignements de la Micro-économie de la Production face aux Enjeux Environnementaux: Etude des Productions Jointes[END_REF]. Definition 2.2 Let P t (x t ) be an environmental production set that satisfies properties P1 -P4 and P 6. For any (x t , y t ) ∈ R n+m + , such that y t = (y np t , y p t ) ∈ R m + , the environmental multiplicative efficiency measure, ψ β t : R n+m + -→ R + ∪ ∞, is defined as follows: , with β p = 0 and β np = 1.

ψ β t (x t , y t ) =      sup λ λ ≥ 1 : x t ,
ii.

ψ β t (x t , y t ) ≡ 1 D p t (x t , y t )
, with β p = -1 and β np = 0.

iii.

ψ β t (x t , y t ) ≡ 1 H o t (x t , y t )
, with β p = -1 and β np = 1.

-C B t y np The environmental multiplicative distance function in proposition 2.3 is illustrated in Figure 3. Distance between points y t and y ⋆ | S 3 depicts the desirable output Shepard distance function [START_REF] Färe | Environmental performance: an index number approach[END_REF]. The gap between points y t and y ⋆ | S 1 shows the undesirable output Shepard distance function [START_REF] Färe | Environmental performance: an index number approach[END_REF]. Finally, distance between points y t and y ⋆ | S 2 displays the hyperbolic output efficiency measure [START_REF] Färe | Multilateral productivity comparisons when some outputs are undesirable: A non parametric approach[END_REF]).

y p P t (x t ) y t • • y ⋆ | S 3 • y ⋆ | S 2 • y ⋆ | S 1

Additive distance function

The directional distance function allows for simultaneous input and output variation in the direction of a pre-assigned vector g t = (h t , k t ) ∈ R n+m + compatible with the technology [START_REF] Chambers | Benefit and Distance Functions[END_REF][START_REF] Chambers | Profit, Directional Distance Functions, and Nerlovian Efficiency[END_REF]. The special case g t = (x t , y t ) is known as the Farrell proportional directional distance function [START_REF] Briec | A Graph-Type Extension of Farrell Technical Efficiency Measure[END_REF] and is a generalization of the Debreu-Farrell efficiency measure 4 .

Let us define the environmental additive distance function [START_REF] Abad | Les Enseignements de la Micro-économie de la Production face aux Enjeux Environnementaux: Etude des Productions Jointes[END_REF].

Definition 2.4 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P6. For any (x t , y t ) ∈ R n+m + , such that y t = (y np t , y p t ) ∈ R m + , the environmental additive efficiency measure, ξ 0,σ : R n+m 

+ × 0 × [0, 1] m np × [-1, 0] m p -→ R ∪ ∞, is defined as follows : ξ 0,σ t (x t , y t ) =        sup δ δ ≥ 0 : x t ,
where σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p .
The next results introduce equivalence conditions for the environmental additive efficiency measure (2.6), the environmental directional distance function [START_REF] Chung | Productivity and undesirable outputs: A directional distance function approach[END_REF] 

) = (1, 0). ii. ξ 0,σ t (x t , y t ) ≡ -→ D p t (x t , y t ; 0, y p t ), with σ = (σ np , σ p ) = (0, -1). iii. ξ 0,σ t (x t , y t ) ≡ -→ D t (x t , y t ; 0, y np t , -y p t ), with σ = (σ np , σ p ) = (1, -1). 
- The environmental additive distance function in proposition 2.5 is illustrated in Figure 4. Distance between points y t and y ⋆ | S3 depicts the sub-vector desirable output directional distance function [START_REF] Picazo-Tadeo | An intertemporal approach to measuring environmental performance with directional distance functions: Greenhouse gas emissions in the European Union[END_REF]. The gap between points y t and y ⋆ | S1 shows the sub-vector undesirable output directional distance function [START_REF] Picazo-Tadeo | An intertemporal approach to measuring environmental performance with directional distance functions: Greenhouse gas emissions in the European Union[END_REF]. The distance between points y t and y ⋆ | S2 represents the environmental directional distance function [START_REF] Chung | Productivity and undesirable outputs: A directional distance function approach[END_REF]. Notify that Figure 4 just illustrates the cases (i.-iii.) quoted above. However, the additive environmental distance function (2.6) is defined for any

C B t y np y p y t • • y ⋆ | S 3 P t (x t ) • y ⋆ | S1 • y ⋆ | S2
(σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p .

Environmental efficiency measures: equivalence conditions

The next result defines equivalence condition for the additive and multiplicative environmental efficiency measures.

Proposition 2.6 Let (x t , y t ) ∈ R n+m ++ , for any σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p , we have: ξ 0,σ t ln(x t ), ln(y t ) ≡ ln ψ β t (x t , y t ) (2.7)
such that β np = σ np ln(y np t ) and β p = σ p ln(y p t ).

Proof of Proposition 2.6:

For any σ = (σ np , σ p ) ∈ [0, 1] m np ×[-1, 0] m p , the environmental additive distance function (2.6) is defined as follows, ξ 0,σ t (x t , y t ) = sup δ δ ≥ 0 : x t , (1 + δσ np )y np t , (1 + δσ p )y p t ∈ P t (x t ) .
Therefore,

ξ 0,σ t ln(x t ), ln(y t ) = sup δ δ ≥ 0 : ln(x t ), (1 + δσ np )ln(y np t ), (1 + δσ p )ln(y p t ) ∈ P t ln(x t ) .
Following the definition of the environmental multiplicative efficiency measure (2.5), ln ψ β t (x t , y t ) = sup λ λ > 0 : ln(x t ), ln(λ β p y p t ), ln(λ β np y np t ) ∈ P t ln(x t ) = sup λ λ > 0 : (ln(x t ), ln(y p t ) + β p ln(λ), ln(y np t ) + β np ln(λ)) ∈ P t ln(x t ) .

Hence, ξ 0,σ t ln(x t ), ln(y t ) ≡ ln ψ β t (x t , y t ) with β np = σ np ln(y np t ) and β p = σ p ln(y p t ).✷

The aforementioned statement introduces connection for the additive and multiplicative green efficiency analysis. Hence, the following corollary defines equivalence conditions for the environmental additive efficiency measure, the desirable and undesirable output Shephard distance functions, and the hyperbolic output efficiency measure [START_REF] Färe | Environmental performance: an index number approach[END_REF][START_REF] Färe | Multilateral productivity comparisons when some outputs are undesirable: A non parametric approach[END_REF].

Corollary 2.7 For any (x t , y t ) ∈ R n+m ++ , such that σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p , we have: i. ξ 0,[ln(y np t )] -1 ,0 t ln(x t ), ln(y t ) ≡ -ln D np t (x t , y t ) . ii. ξ 0,0,-[ln(y p t )] -1 t ln(x t ), ln(y t ) ≡ -ln D p t (x t , y t ) . iii. ξ 0,[ln(y np t )] -1 ,-[ln(y p t )] -1 t ln(x t ), ln(y t ) ≡ -ln H o t (x t , y t ) .
3 Environmental Malmquist and Luenberger productivity measures

In this section, additive and multiplicative eco-productivity indicators are defined through the new environmental efficiency distance functions (2.5) and (2.6).

Environmental Malmquist productivity index

The Environmental Malmquist (EM) productivity index inherits the basic structure of the output Malmquist index [START_REF] Färe | Productivity Developments in Swedish Hospitals: A Malmquist Output Index Approach[END_REF]. Following the multiplicative environmental efficiency measure (2.6), the EM productivity measure is defined below. 

EM β t,t+1 (x t,t+1 , y t,t+1 )= ψ β t (x t , y t ) ψ β t (x t+1 , y t+1 ) × ψ β t+1 (x t , y t ) ψ β t+1 (x t+1 , y t+1 ) 1/2 , (3.1 
)

such that β p = {-1, 0} and β np = {0, 1}.
Notice that the cross-time multiplicative efficiency measure in (3.1) is defined as,

ψ β l (x s , y s ) =      sup λ λ : x s , λ β p y p s , λ β np y np s ∈ P l (x l ) if x s , λ β p y p s , λ β np y np s ∈ P l (x l ) +∞ else (3.2)
where β p = {-1, 0} and β np = {0, 1} and, s, l = t, t + 1 with s = l. This inter-temporal distance function allows to evaluate the efficiency of the production unit of period (s) with respect to the environmental production set of period (l).

To avoid arbitrary choice of a base time period, the global EM productivity measure is defined as a geometric mean of EM indices over periods (t, t + 1). When the value of the global EM index is greater (respectively lesser) than unity, then it shows environmental productivity improvement (respectively deterioration) between the periods (t) and (t + 1). It follows that, the decision units carry out managerial efforts (innovative environmental production processes, new green investments, innovative staff members skills etc.) according to the selected environmental production adaptation scheme.

The following proposition defines equivalence conditions for the EM index, the no polluting and polluting Malmquist and, the hyperbolic Malmquist productivity measures. ), with β p = 0 and β np = 1.

ii. EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M p t,t+1 (x t,t+1 , y t,t+1 ), with β p = -1 and β np = 0.

iii. EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M h t,t+1 (x t,t+1 , y t,t+1 ), with β p = -1 and β np = 1.

Where,

M np t,t+1 (x t,t+1 , y t,t+1 )= D np t (x t+1 , y t+1 ) D np t (x t , y t ) × D np t+1 (x t+1 , y t+1 ) D np t+1 (x t , y t ) 1/2 , (3.3) 
M p t,t+1 (x t,t+1 , y t,t+1 )= D p t (x t+1 , y t+1 ) D p t (x t , y t ) × D p t+1 (x t+1 , y t+1 ) D p t+1 (x t , y t ) 1/2 (3.4)
and

M h t,t+1 (x t,t+1 , y t,t+1 )= H o t (x t+1 , y t+1 ) H o t (x t , y t ) × H o t+1 (x t+1 , y t+1 ) H o t+1 (x t , y t ) 1/2 . (3.5)
The next result shows that the global EM productivity index can be defined through the environmental additive efficiency measure.

Proposition 3.3 Let (x t , y t ) ∈ R n+m
++ , for any β p = {-1, 0} and β np = {0, 1}, the global EM productivity measure is defined below: 

EM β t,
where σ = (σ np , σ p ) = β np [ln(y np t )] -1 , β p [ln(y p t )] -1 .
The corollary below displays equivalence conditions for the global EM productivity measure and the no polluting, polluting and hyperbolic productivity indices. Notify that this version of the global EM productivity measure substitutes environmental additive distance functions for the multiplicative eco-efficiency measures in the Malmquist index. This result is similar to the widely applied Malmquist-Luenberger methodology [START_REF] Chung | Productivity and undesirable outputs: A directional distance function approach[END_REF].

Corollary 3.4 For any (x t , y t ) ∈ R n+m ++ , such that β p = {-1, 0} and β np = {0, 1}, we have: i. EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M np t,t+1 (x t,t+1 , y t,t+1 ), with σ = (σ np , σ p ) = [ln(y np t )] -1 , 0 .
ii. EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M p t,t+1 (x t,t+1 , y t,t+1 ), with σ = (σ np , σ p ) = 0, -[ln(y p t )] -1 .

iii. EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M h t,t+1 (x t,t+1 , y t,t+1 ),

with σ = (σ np , σ p ) = [ln(y np t )] -1 , -[ln(y p t )] -1 .

Environmental Luenberger productivity indicator

The Environmental Luenberger (EL) productivity measure takes the form of the output Luenberger productivity indicator [START_REF] Chambers | A New Look at Exact Input, Output and Productivity Measurement[END_REF]. The EL productivity measure is defined as the arithmetic mean of difference-based environmental Luenberger productivity indicators over periods (t) and (t + 1). Following the additive environmental efficiency index (2.6), the EL productivity measure is defined as follows.

Definition 3.5 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m + , with y t,t+1 = (y np t,t+1 , y p t,t+1 ) ∈ R m + , the global Environmental Luenberger productivity indicator is defined as:

EL σ t,t+1 (x t,t+1 , y t,t+1 ) = 1 2 ξ 0,σ t (x t , y t ) -ξ 0,σ t (x t+1 , y t+1 ) + ξ 0,σ t+1 (x t , y t ) -ξ 0,σ t+1 (x t+1 , y t+1 ) , (3.7 
)

where σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p .
The inter-temporal additive distance function in (3.7) is defined as,

ξ 0,σ l (x s , y s ) =        sup δ δ : x s , (1 + δσ np )y np s , (1 + δσ p )y p s ∈ P l (x l ) if x s , (1 + δσ np )y np s , (1 + δσ p )y p s ∈ P l (x l ), +∞ else (3.8) 
such that s, l = t, t + 1 and s = l. The cross-time efficiency measure (3.8) estimates the environmental performance of the observation of period (s) with respect to the production process of period (l).

The global EL productivity measure is defined as an arithmetic mean of environmental Luenberger productivity indicators over periods (t) and (t + 1). This structure allows to avoid arbitrary selection of base period. The global EL indicator displays environmental productivity advance (respectively decrease) if it takes positive (respectively negative) value. In such a case, decision units implement positive managerial adaptation through the followed environmental strategy.

The next result introduces equivalence conditions for the global EL productivity measure (3.7) and the no polluting, polluting and environmental Luenberger indicators.

Proposition 3.6 Let (x t , y t ) ∈ R n+m +
, such that y t = (y np t , y p t ) ∈ R m + , the following equivalence conditions hold: i. EL σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ L np t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (1, 0).

ii. EL σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ L p t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (0, -1).

iii. EL σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ eL t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (1, -1).

Such that, L np t,t+1 (x t,t+1 , y t,t+1 ) = 

(σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p .
The following proposition introduces equivalence condition for the global EL indicator and the global EM productivity measure. ) , such that β p = 0 and β np = 1.

ii. EL σ t,t+1 ln(x t,t+1 ), ln(y t,t+1 ) ≡ ln M p t,t+1 (x t,t+1 , y t,t+1 ) , such that β p = -1 and β np = 0.

iii. EL σ t,t+1 ln(x t,t+1 ), ln(y t,t+1 ) ≡ ln M h t,t+1 (x t,t+1 , y t,t+1 ) , such that β p = -1 and β np = 1.

Decomposition of environmental productivity change

In this section, we define the main drivers of green productivity change. The sources of environmental productivity variation are defined through the new additive and multiplicative eco-productivity measures.

Environmental Malmquist productivity index

Multiplicative decomposition of the global EM productivity measure (3.1) is defined as follows.

Definition 4.1 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P 6. For any periods (t, t + 1) and for any (x t,t+1 , y Environmental efficiency variation between periods (t) and (t + 1) is defined below:

EMEV β t,t+1 (x t,t+1 , y t,t+1 ) = ψ β t (x t , y t ) ψ β t+1 (x t+1 , y t+1 ) . (4.6)
EMEV β t,t+1 > 1 allows to define environmental efficiency improvement over periods (t, t + 1). The green efficiency change through the production adaptation strategies S 1 and S 3 is described in Figure 6.

The following proposition introduces equivalence conditions for the global EM efficiency variation (4.6) and the no polluting, polluting and hyperbolic Malmquist efficiency change. The combination of the environmental technical change and green efficiency variation displays informations about the conditions of environmental productivity change. The next table outlines these conditions. 

EM EV β t,t+1 > 1 EM EV β t,t+1 < 1 EM T C β t,t+1 > 1 i. EM T C β t,t+1 > EM EV β t,t+1 -1 then EM β t,t+1 > 1, EM β t,t+1 > 1 ii. EM T C β t,t+1 < EM EV β t,t+1 -1 then EM β t,t+1 < 1, EM T C β t,t+1 < 1 i. EM T C β t,t+1 -1 < EM EV β t,t+1 then EM β t,t+1 > 1, EM β t,t+1 < 1, ii. EM T C β t,t+1 -1 > EM EV β t,t+1 then EM β t,t+1 < 1,
Where σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p and: i. ELT C σ t,t+1
shows environmental technical change between the periods (t) and (t + 1).

ii. ELEV σ t,t+1 denotes environmental efficiency variation over the periods (t) and (t+1).

The green technical change between periods (t) and (t + 1) is defined below,

ELT C σ t,t+1 (x t,t+1 , y t,t+1 ) = 1 2 ξ 0,σ t+1 (x t+1 , y t+1 ) -ξ 0,σ t (x t , y t ) + ξ 0,σ t+1 (x t , y t ) -ξ 0,σ t (x t+1 , y t+1 ) . (4.11)
When ELT C σ t,t+1 > 0 then, environmental technological progress occurs over periods (t, t + 1). Equivalence conditions for the global EL technical change (4.11) and the no polluting, polluting and environmental Luenberger technological variation is defined in the result below. Proposition 4.5 For any (x t , y t ) ∈ R n+m + , with y t = (y np t , y p t ) ∈ R m + , the following equivalence conditions hold: i. ELT C σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ LT C np t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (1, 0).

ii. ELT C σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ LT C p t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (0, -1).

iii. ELT C σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ eLT C t,t+1 (x t,t+1 , y t,t+1 ), such that σ = (σ np , σ p ) = (1, -1). Where,

LT C np t,t+1 (x t,t+1 , y t,t+1 ) = 1 2 -→ D np t+1 (x t+1 , y t+1 ; y np t+1 , 0) - -→ D np t (x t , y t ; y np t , 0) + -→ D np t+1 (x t , y t ; y np t , 0) - -→ D np t (x t+1 , y t+1 ; y np t+1 , 0) , (4.12) 
LT C p t,t+1 (x t,t+1 , y t,t+1 ) = The environmental efficiency change over periods (t, t + 1) is defined as follows, ELEV σ t,t+1 (x t,t+1 , y t,t+1 ) = ξ 0,σ t (x t , y t )ξ 0,σ t+1 (x t+1 , y t+1 ) (

If ELEV σ t,t+1 is greater (respectively lesser) than zero it shows green efficiency advance (respectively deterioration) between periods (t) and (t + 1).

The next statement defines equivalence conditions for the global EL efficiency variation (4.15) and the no polluting, polluting and environmental Luenberger efficiency change.

Proposition 4.6 Let (x t , y t ) ∈ R n+m + , such that y t = (y np t , y p t ) ∈ R m + , the next equivalence conditions hold: i. ELEV σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ LEV np t,t+1 (x t,t+1 , y t,t+1 ), where σ = (σ np , σ p ) = (1, 0).

ii. ELEV σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ LEV p t,t+1 (x t,t+1 , y t,t+1 ), where σ = (σ np , σ p ) = (0, -1).

iii. ELEV σ t,t+1 (x t,t+1 , y t,t+1 ) ≡ eLEV t,t+1 (x t,t+1 , y t,t+1 ), where σ = (σ np , σ p ) = (1, - 

) ∈ R n+m ++ , such that σ = (σ np , σ p ) ∈ [0, 1] m np × [-1
, 0] m p , equivalence condition for the decomposition of the global EL indicator and the decomposition of the global EM productivity measure is defined as: ELT C σ t,t+1 ln(x t,t+1 ), ln(y t,t+1 ) + ELEV σ t,t+1 ln(x t,t+1 ), ln(y t,t+1 ) ≡ ln EMT C β t,t+1 (x t,t+1 , y t,t+1 ) × EMEV β t,t+1 (x t,t+1 , y t,t+1 ) ,

where β np = σ np ln(y np t ) and β p = σ p ln(y p t ).

Notify that the aforementioned result introduces connection for the additive and multiplicative sources of eco-productivity change. The conditions of environmental technological variation and green efficiency change provide informations about the global environmental productivity variation. The table below summarizes the conditions of green productivity change. 

ELEV σ t,t+1 > 0 ELEV σ t,t+1 < 0 ELT C σ t,t+1 > 0 i. |ELT C σ t,t+1 | > |ELEV σ t,t+1 | then EL σ t,t+1 > 0, EL σ t,t+1 > 0 ii. |ELT C σ t,t+1 | < |ELEV σ t,t+1 | then EL σ t,t+1 < 0, ELT C σ t,t+1 < 0 i. |ELT C σ t,t+1 | < |ELEV σ t,t+1 | then EL σ t,t+1 > 0, EL σ t,t+1 < 0, ii. |ELT C σ t,t+1 | > |ELEV σ t,t+1 | then EL σ t,t+1 < 0,

Environmental productivity measures on non-parametric technologies

In this section, we focus on convex and non-convex non-parametric environmental production processes [START_REF] Abad | On the Axiomatic of Pollution-generating Technologies: a Non-Parametric Approach[END_REF]. The new green efficiency measures are defined through the Data Envelopment Analysis (DEA) model [START_REF] Banker | Some Models for Estimating Technical and Scale Efficiency in Data Envelopment Analysis[END_REF] and the Free Disposal Hull (FDH) non-convex production model [START_REF] Tulkens | On FDH Efficiency Analysis: some Methodological Issues and Applications to retail Banking, Courts and Urban Transit[END_REF].

Non-parametric convex and non-convex environmental technologies

Let us consider the following notation : (x t , y t ) = (x, y) et (x t+1 , y t+1 ) = (x, ŷ). In addition, assume that A = {(x z , y z ) : z ∈ Z} is a set of Decision Making Units (DMUs), such that Z is an index set of natural number. For any (x 0 , y 0 ) ∈ A, non-parametric convex environmental output set of period (t) is defined as follows: P {∅,B},DEA t For any z ∈ Z, let us introduce the following individual production possibility set:

(x 0 ) = P ∅,DEA t (x 0 ) ∩ P B,DEA t (x 0 ) = P DEA t (x 0 ) -R m + ∩ P DEA t (x 0 ) -C B t ∩ R m + .
I ∅ (x z , y z ) = (x, y) ∈ R n+m + : x i ≥ x z,i , i = 1, ..., n y j ≤ y z,j , j = 1, ..., m (5.2) 
and

I B (x z , y z ) = (x, y) ∈ R n+m + : x i ≥ x z,i , i = 1, ..., n y j ≤ y z,j , j / ∈ B y j ≥ y z,j , j ∈ B . (5.3) 
FDH non-convex environmental output set of period (t) is defined as follows (Figures 789):

P {∅,B},DEA nc (x) = y : (x, y) ∈ ∪ z∈Z I ∅ (x z , y z ) ∩ ∪ z∈Z I B (x z , y z ) .
(5.4)

Notify that the aforementioned non-parametric convex and non-convex environmental technologies are defined as an intersection of sub-technologies. For given values of input and no polluting output, these environmental production processes display upper and lower bounds on polluting output.

Non-parametric convex and non convex environmental productivity measures

For any (x z , y z ) ∈ A, additive and multiplicative eco-productivity measures are defined below for convex and non convex environmental production set.

y np y p 0 • • • • • R m + ∪ z∈Z I ∅ (xz, yz)
Figure 7: Non convex union of (5.2)

y np y p 0 • • • • • R m + ∪ z∈Z I B (xz, yz)
Figure 8: Non convex union of (5.3)

y np y p 0 • • • • • R m + P {∅,B},DEA nc (x)
Figure 9: FDH non-convex environmental production set (P 1 -P 4 and P 6)

Environmental multiplicative efficiency measure

The next statement introduces non-parametric environmental multiplicative distance function.

Proposition 5.1 Let P t (x t ) be an environmental production set that satisfies properties P1 -P6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m

+

, where y t,t+1 = (y np t,t+1 , y p t,t+1 ) ∈ R m + , the non-parametric environmental multiplicative efficiency measure is the solution of the following mathematical program:

ψ β,DEA t (x 0 , y np 0 , y p 0 ) = sup λ s.t. x 0,i ≥ z∈Z θ z x z,i , i = 1, ..., n x 0,i ≥ z∈Z µ z x z,i , i = 1, ..., n λ β p y p 0,j ≥ z∈Z θ z y z,j , j ∈ B λ β np y np 0,j ≤ z∈Z θ z y z,j , j / ∈ B λ β p y p 0,j ≤ z∈Z µ z y z,j , j ∈ B λ β np y np 0,j ≤ z∈Z µ z y z,j , j / ∈ B z∈Z θ z = z∈Z µ z = 1, θ, µ ≥ 0 (5.5)
with β p = {-1, 0} and β np = {0, 1} and (x t , y t ) = (x, y).

The following proposition allows to define green multiplicative distance function on FDH non-convex environmental production set. Proposition 5.2 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P 6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m + , such that y t,t+1 = (y np t,t+1 , y p t,t+1 ) ∈ R m + , the non-parametric environmental multiplicative efficiency

Environmental additive efficiency measure

The next statement defines non-parametric environmental additive distance function.

Proposition 5.4 Let P t (x t ) be an environmental output set that satisfies properties P1 -P6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m

+

, where y t,t+1 = (y np t,t+1 , y p t,t+1 ) ∈ R m + , the non-parametric environmental additive efficiency measure is the solution of the following mathematical program:

ξ {0,σ},DEA t (x 0 , y 0 ) = max δ s.t. x 0,i ≥ z∈Z θ z x z,i , i = 1, ..., n x 0,i ≥ z∈Z µ z x z,i , i = 1, ..., n (1 + δσ p )y 0,j ≥ z∈Z θ z y z,j , j ∈ B (1 + δσ np )y 0,j ≤ z∈Z θ z y z,j , j / ∈ B (1 + δσ p )y 0,j ≤ z∈Z µ z y z,j , j ∈ B (1 + δσ np )y 0,j ≤ z∈Z µ z y z,j , j / ∈ B z∈Z θ z = z∈Z µ k = 1, θ, µ ≥ 0 (5.7) such that σ = (σ np , σ p ) ∈ [0, 1] m np × [-1
, 0] m p and (x t , y t ) = (x, y).

Environmental additive distance function on FDH non-convex environmental output set is defined in the result below. Proposition 5.5 Let P t (x t ) be an environmental production set that satisfies properties P1 -P4 and P 6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m + , with y t,t+1 = (y np t,t+1 , y p t,t+1 ) ∈ R m + , the non-parametric environmental additive efficiency measure is defined as follows:

ξ {0,σ},DEA tnc (x, y) =                                          1 σ np min z∈Z j / ∈B y z,j y j -1 , if 1 σ np min z∈Z j / ∈B y z,j y j -1 ≥ 1 σ p max z∈Z j∈B y z,j y j -1 . 1 σ p min z∈Z j∈B y z,j y j -1 , if 1 σ np min z∈Z j / ∈B y z,j y j -1 < 1 σ p max z∈Z j∈B y z,j y j -1 and 1 σ p min z∈Z j∈B y z,j y j -1 > 1 σ np min z∈Z j / ∈B y z,j y j -1 . 1 σ np min z∈Z j / ∈B y z,j y j -1 , if 1 σ np min z∈Z j / ∈B y z,j y j -1 < 1 σ p max z∈Z j∈B y z,j y j -1 and 1 σ p min z∈Z j∈B y z,j y j -1 ≤ 1 σ np min z∈Z j / ∈B y z,j y j - 1 . 
(5.8)

where (x t , y t ) = (x, y) and σ = (σ np , σ

p ) ∈]0, 1] m np × [-1, 0[ m p .
Proof of Proposition 5.5: Note that similar conditions are satisfied in the context of convex environmental production processes (see proposition 5.4).

Let σ = (σ np , σ p ) ∈ ]0, 1] m np × [-1, 0[ m p , ξ {0 
Knowing components of green productivity variation is a major concern to define environmental recommendations. This paper defines a procedure to decompose environmental additive and multiplicative productivity measures. Two main drivers of eco-productivity change are defined: environmental technological change and green efficiency variation. The combination of these sources of environmental productivity change displays informations about the conditions of eco-productivity variation. This result could be of particular interest for the production of empirical studies. In addition, the new environmental efficiency and productivity analysis does not require to assume the convexity of the production process. This result brings out some theoretical and empirical issues as in De Borger and Kerstens (1996), [START_REF] Dasgupta | The Economics of Non-Convex Ecosystems: Introduction[END_REF], [START_REF] Tschirhart | Biology as a Source of Non-convexities in Ecological Production Functions[END_REF] or [START_REF] Chavas | Efficiency under Uncertainty and Non-convexity: Evaluating the Role of Probabilities[END_REF].

Environmental efficiency and productivity measures are defined through convex and nonconvex non-parametric models. Hence, an extension of this paper could be the production of an empirical application. Such investigation is left for future research.
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 3 Figure 3: Environmental multiplicative distance function (P1 -P4 and P 6)

Figure 4 :

 4 Figure 4: Environmental additive distance function (P1 -P4 and P 6)

  There-fore, the following program holds:P {∅,B},DEA t (x 0 ) = y : x 0,i ≥ z∈Z θ z x z,i , i = 1, ..., n x 0,i ≥ z∈Z µ z x z,i , i = 1, ..., n y j ≥ z∈Z θ z y z,j , j ∈ B y j ≤ z∈Z θ z y z,j , j / ∈ B y j ≤ z∈Z µ z y z,j , j = 1, ..., m z∈Z θ z = z∈Z µ z = 1, θ, µ ≥ 0 .(5.1)

  For any (x t , y t ) ∈ R n+m

	Shephard distance functions (Färe et al., 2004), and hyperbolic output (H o t ) efficiency
	measure (Färe et al., 1989).	
	Proposition 2.3 +	, such that y t = (y np t , y p t ) ∈ R m + , we have:
	i. ψ β t (x t , y t ) ≡	1 t (x t , y t ) D np	
				λ β p y p t , λ β np y np t	∈ P t (x t )
			if x t , λ β p y p t , λ β np y np t	∈ P t (x t ), λ ≥ 1	(2.5)
		+∞	else
	with β p = {-1, 0} and β np = {0, 1}.	
	The following proposition displays equivalence conditions for the environmental multiplicative distance function (2.5), desirable (D np t ) and undesirable (D p t ) outputs

  and, the desirable and undesirable sub-vector directional distance functions (Picazo-Tadeo et al., 2014).

	Proposition 2.5 For any (x t , y t ) ∈ R n+m +	, such that y t = (y np t , y p t ) ∈ R m + , we have:
	i. ξ 0,σ t (x t , y t ) ≡	-→ D np t (x t , y t ; y np t , 0), with σ = (σ np , σ p

  Definition 3.1 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P 6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m

	+ + , the global Environmental Malmquist productivity index is defined , with y t,t+1 = t,t+1 ) ∈ R m t,t+1 , y p (y np
	as follows:

  Proposition 3.2 For any (x t , y t ) ∈ R n+m EM β t,t+1 (x t,t+1 , y t,t+1 ) ≡ M np t,t+1 (x t,t+1 , y t,t+1

+

, such that y t = (y np t , y p t ) ∈ R m + , we have:

i.

  Note that the global EL indicator inherits the structure of the widely applied environmental additive productivity measures show in the aforementioned cases i.-iii. (Picazo-Tadeo et al., 2014; Azad and Ancev, 2014). However, the global EL indicator is defined for any

	1 2	-→ D np t (x t , y t ; y np t , 0) -+ -→ D np t+1 (x t , y t ; y np -→ D np t (x t+1 , y t+1 ; y np t+1 , 0) t , 0) --→ D np t+1 (x t+1 , y t+1 ; y np t+1 , 0) ,
		(3.9)
	L p t,t+1 (x t,t+1 , y t,t+1 ) = 1 2	-→ D p t (x t , y t ; 0, -y p t ) -+ -→ D p t+1 (x t , y t ; 0, -y p -→ D p t (x t+1 , y t+1 ; 0, -y p t+1 ) t ) --→ D p t+1 (x t+1 , y t+1 ; 0, -y p t+1 )
		(3.10)
	and	
	eL t,t+1 (x t,t+1 , y t,t+1 ) = 1 2	-→ D t (x t , y t ; y np t , -y p t ) -+ -→ D t+1 (x t , y t ; y np t , -y p -→ D t (x t+1 , y t+1 ; y np t+1 , -y p t+1 ) t ) --→ D t+1 (x t+1 , y t+1 ; y np t+1 , -y p t+1 ) .
		(3.11)

  The above statement introduces connection for the additive and multiplicative eco-productivity analysis. Hence, the next result defines equivalence conditions for the global EL productivity measure and the no polluting, polluting and hyperbolic Malmquist indices. For any (x t , y t ) ∈ R n+m ++ , where σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p , we have:

	equivalence condition for the global EL indicator and the global EM productivity measure
	is defined as:
	EL σ t,t+1 (lnx Corollary 3.8 i. EL σ t,t+1 ln(x t,t+1 ), ln(y t,t+1 ) ≡ ln M np t,t+1 (x t,t+1 , y t,t+1

Proposition 3.7 Let (x t , y t ) ∈ R n+m ++ , for any σ = (σ np , σ p ) ∈ [0, 1] m np × [-1, 0] m p , t , lnx t+1 , lny t , lny t+1 ) ≡ ln EM β t,t+1 (x t , y t , x t+1 , y t+1 ) ,

(3.12)

such that β np = σ np ln(y np t ) and β p = σ p ln(y p t ).

  t,t+1 ) ∈ R n+m For any (x t , y t ) ∈ R n+m

	y p		
	P t+1 (x t+1 )		
	Pt(xt)		
	y t •	EM T C	β t
	+ + , the global EM productivity index over periods (t, t+1) is decomposed -C B t , where y t,t+1 = t,t+1 ) ∈ R m t,t+1 , y p (y np as follows: y np
	EM β Figure 5: Environmental technological change of non convex output set (t, t + 1) Such that, MT C np t,t+1 (x t,t+1 , y t,t+1 )= D np t (x t , y t ) D np t+1 (x t+1 , y t+1 ) × D np t (x t+1 , y t+1 ) D np t+1 (x t , y t ) 1/2 , (4.3) t,t+1 (x The environmental technological variation over periods (t, t+1) is defined as follows, MT C p t,t+1 (x t,t+1 , y t,t+1 )= D p t (x t , y t ) D p t+1 (x t+1 , y t+1 ) × D p 1/2 t (x t+1 , y t+1 ) D p t+1 (x t , y t ) (4.4)
	EMT C β t,t+1 (x t,t+1 , y t,t+1 ) = If EMT C β and t,t+1 > 1 then, green technological advance arises between periods (t) and ψ β t+1 (x t+1 , y t+1 ) ψ β t (x t , y t ) × ψ β t+1 (x t , y t ) ψ β t (x t+1 , y t+1 ) 1/2 . (4.2) MT C h t,t+1 (x t,t+1 , y t,t+1 )= H o t (x t , y t ) H o t+1 (x t+1 , y t+1 ) × H o 1/2 t (x t+1 , y t+1 ) H o t+1 (x t , y t ) . (4.5)
	(t + 1). Following the eco-managerial scenarios S 1 and S 3 , the environmental technical
	change is illustrated in Figure 5.		
	Equivalence conditions for the global EM technical variation (4.2) and the no pol-
	luting, polluting and hyperbolic Malmquist technological change are appraised in the
	next result.		
	Proposition 4.2 +	, such that y t = (y np t , y p t ) ∈ R m + , the following
	conditions hold:		
	i. EMT C β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MT C np t,t+1 (x t,t+1 , y t,t+1 ), where β p = 0 and β np = 1.
	ii. EMT C β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MT C p t,t+1 (x t,t+1 , y t,t+1 ), where β 13

t,t+1 , y t,t+1 ) = EMT C β t,t+1 (x t,t+1 , y t,t+1 ) × EMEV β t,t+1 (x t,t+1 , y t,t+1 ). (4.1)

Such that β p = {-1, 0} and β np = {0, 1} and, where:

i. EMT C β t,t+1

shows environmental technical change between the periods (t) and (t+1).

ii. EMEV β t,t+1 displays environmental efficiency variation over the periods (t) and (t + 1). p = -1 and β np = 0.

iii. EMT C β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MT C h t,t+1 (x t,t+1 , y t,t+1 ), where β p = -1 and β np = 1.

  Proposition 4.3 Let (x t , y t ) ∈ R n+m

	y p			
	P t+1 (x t+1 )			
	Pt(xt)	y t+1 •		
		y t •		
	-C B t			
				y np
	Where,			
	MEV np t,t+1 (x t,t+1 , y t,t+1 ) =	D np t+1 (x t+1 , y t+1 ) D np t (x t , y t )	,	(4.7)
	MEV p t,t+1 (x t,t+1 , y t,t+1 ) =	D p t+1 (x t+1 , y t+1 ) D p t (x t , y t )	(4.8)
	and			
	MEV h t,t+1 (x t,t+1 , y t,t+1 ) =	H o t+1 (x t+1 , y t+1 ) H o t (x t , y t )	.	(4.9)
	+	, where y t = (y np t , y p t ) ∈ R m + , the conditions below
	can be defined:			
		14		

i. EMEV β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MEV np t,t+1 (x t,t+1 , y t,t+1 ), such that β p = 0 and β np = 1. Figure 6: Environmental efficiency change of non convex output set (t, t + 1)

ii. EMEV β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MEV p t,t+1 (x t,t+1 , y t,t+1 ), such that β p = -1 and β np = 0.

iii. EMEV β t,t+1 (x t,t+1 , y t,t+1 ) ≡ MEV h t,t+1 (x t,t+1 , y t,t+1 ), such that β p = -1 and β np = 1.

Table 1 :

 1 EM β t,t+1 characterization4.2 Environmental Luenberger productivity indicatorAdditive decomposition of the global EL productivity measure (3.7) is defined in the next statement. Definition 4.4 Let P t (x t ) be an environmental output set that satisfies properties P1 -P4 and P 6. For any periods (t, t + 1) and for any (x t,t+1 , y t,t+1 ) ∈ R n+m

	+	, where

  . The following proposition introduces equivalence condition for the decomposition of the global EL indicator and the decomposition of the global EM productivity measure. Let (x t , y t

	With,			
	LEV np t,t+1 (x t,t+1 , y t,t+1 ) =	-→ D np t (x t , y t ; y np t , 0) -	-→ D np t+1 (x t+1 , y t+1 ; y np t+1 , 0),	(4.16)
	LEV p t,t+1 (x t,t+1 , y t,t+1 ) =	-→ D p t (x t , y t ; 0, -y p t ) -	-→ D p t+1 (x t+1 , y t+1 ; 0, -y p t+1 )	(4.17)
	and			
	eLEV t,t+1 (x t,t+1 , y t,t+1 ) =	-→ D t (x t , y t ; y np t , -y p t ) -	-→ D t+1 (x t+1 , y t+1 ; y np t+1 , -y p t ). (4.18)
	Proposition 4.7			

Table 2 :

 2 EL σ t,t+1 characterization

  ≥ x z , y np + σ np δy np ≤ y np z , y p + σ p δy p ≤ y p z ; max δ δ ≥ 0 : x ≥ x z , y np + σ np δy np ≤ y np z , y p + σ p δy p ≥ y p Notify that the sub-vectors no polluting and polluting non-parametric additive efficiency measure are respectively defined as ξ These results can be immediately deduced from the proof of Proposition 5.5.Equivalence conditions for the non-parametric additive eco-efficiency (respectively -productivity) measure and the multiplicative non-parametric environmental efficiency (respectively productivity) indicators are introduced below. Corollary 5.6 Let P {∅,B},DEA tnc (x t ) be a non-parametric environmental output set that satisfies properties P1 -P 4 and P 6. For any (x t , y t ) ∈ R n+m ++ , the next results hold:

	and								
	,σ},DEA tnc	(x, y) = min max δ δ ≥ 0 : x ≥ x z ,δ ≤	1 σ np min z∈Z j / ∈B	y z,j y j	-1 , δ ≤	1 σ p min z∈Z j∈B	y z,j y j	-1
								=	1 σ p min z∈Z j∈B	y z,j y j	-1 ,	z
	= min z∈Z -1 > -1 ≤ y z,j y j 1 σ np min max δ 1 σ np min z∈Z j / ∈B max δ z∈Z j / ∈B y z,j δ ≥ 0 : x ≥ x z , δ ≤ δ ≥ 1 σ np min z∈Z j / ∈B 1 σ p max y z,j y j z∈Z j∈B y z,j y j -1 . Hence, ξ t {0,σ},DEA nc (x, y) = -1 , y z,j y j -1 ; 1 σ p min z∈Z j∈B δ ≥ 0 : x ≥ x z , δ ≤ 1 σ np min z∈Z j / -1 , a similar reasoning holds. ✷ y j y z,j -1 , y j ∈B δ ≤ 1 σ p min z∈Z j∈B y z,j -1 {0,σ np ,0},DEA tnc (x, y) = 1 σ np min z∈Z j / ∈B y z,j y j y j where (x t , y t ) = (x, y). If when 1 σ p min z∈Z j∈B If 1 σ p min z∈Z j∈B y z,j y j 1 σ np min z∈Z j / ∈B y z,j y j -1 ≥ 1 σ p max z∈Z j∈B y z,j y j -1 then, max z∈Z j / ∈B y z,j y j -1 , δ ≥ 1 σ p max z∈Z j∈B y z,j y j -1 = 1 σ np min z∈Z j / ∈B y z,j y j -1 ξ {0,0,σ p },DEA tnc (x, y) = 1 σ p min z∈Z j∈B y z,j y j -1 . Efficiency Analysis Productivity Analysis and max δ δ ≥ 0 : x ≥ x z ,δ ≤ 1 σ np min z∈Z j / ∈B y z,j y j -1 , δ ≤ 1 σ p min z∈Z j∈B y z,j y j -1 = 1 σ np min z∈Z j / ∈B y z,j y j -1 . Therefore, 1 = σ np ln(y np t ) (i.) ξ {0,[ln(y np t )] -1 ,0},DEA tnc ln(xt), ln(yt) ≡ EL t,t+1 σ,DEA ln(x t,t+1 ), ln(y t,t+1 ) ≡ y z,j -1 . y j -1 and nc and -ln D np,DEA tnc (xt, yt) ln M t,t+1 np,DEA (x t,t+1 , y t,t+1 ) nc 0 = σ p ln(y p t ) 0 = σ np ln(y np t ) (ii.) ξ {0,0,-[ln(y p t )] -1 },DEA tnc ln(xt), ln(yt) ≡ EL t,t+1 σ,DEA ln(x t,t+1 ), ln(y t,t+1 ≡ nc and -ln D p,DEA tnc (xt, yt) ln M t,t+1 p,DEA (x t,t+1 , y t,t+1 ) nc -1 = σ p ln(y p t ) 1 = σ np ln(y np t ) (iii.) ξ {0,[ln(y np t )] -1 ,-[ln(y p t )] -1 },DEA tnc ln(xt), ln(yt) ≡ EL t,t+1 σ,DEA ln(x t,t+1 ), ln(y t,t+1 ) ≡ nc and -ln H o,DEA tnc (xt, yt) ln M t,t+1 h,DEA (x t,t+1 , y t,t+1 ) nc -1 = σ p ln(y p t )
		ξ	{0,σ},DEA tnc	(x, y) = min		1 σ np min z∈Z j / ∈B	y z,j y j	-1 ;	1 σ np min z∈Z j / ∈B	y z,j y j	-1
						=	1 σ np min z∈Z j / ∈B	y z,j y j	-1 .
	Contrarily, if	1 σ np min z∈Z j / ∈B	y z,j y j	-1 <	1 σ p max z∈Z j∈B	y z,j y j	-1 then,
	max								z∈Z j / ∈B	y z,j y j	-1 , δ ≥	1 σ p max z∈Z j∈B	y z,j y j	-1	= +∞

z∈Z max δ δ ≥ 0 : x δ δ ≥ 0 : x ≥ x z ,δ ≤ 1 σ np min δ δ ≥ 0 : x ≥ x z ,δ ≤ 1 σ np min

Throughout this paper we use similarly the terms environmental efficiency (productivity), green efficiency (productivity) and eco-efficiency (eco-productivity).

This approach considers congested production set with a relaxed disposability property[START_REF] Briec | Congestion in production correspondences[END_REF]. Hence, the term B refers to Bad outputs.

Note that, if B = ∅ then, there is no outputs partition. It follows that, the outputs are not separated into polluting and no-polluting ones.

Axiomatic properties of the proportional directional distance function are defined in[START_REF] Briec | A Graph-Type Extension of Farrell Technical Efficiency Measure[END_REF] andChambers, Chung and Färe (1996, 1998).

Concluding CommentsThis paper gives a general representation of environmental issues in production economics. Consecutively, environmental efficiency measure and green productivity change are analysed. Indeed, additive and multiplicative eco-efficiency and -productivity indicators are defined. In addition, some equivalence conditions for the new additive and multiplicative environmental efficiency and productivity measures are introduced.

measure of period (t) is defined as follows: 

min z∈Z j∈B y j y z,j , if β np = 0 and β p = -1.

(5.6)

where (x t , y t ) = (x, y).

Proof of Proposition 5.2: Let β np = -1 and β p = 1, y z,j y j , the same reasoning holds. The proof for β np = 1 and β p = 0 (respectively, β np = 0 and β p = -1) can be directly deduced from the aforementioned proof. ✷

The next result introduces equivalence conditions for the non-parametric multiplicative eco-efficiency (-productivity) measure and, the polluting, no polluting and hyperbolic non-parametric green multiplicative efficiency (productivity) indices.

Corollary 5.3 Let P {∅,B},DEA tnc (x t ) be an environmental production set that satisfies properties P1-P4 and P 6. For any (x t , y t ) ∈ R n+m + , the following equivalence conditions hold: i. ψ β,DEA tnc (x t , y t ) ≡ D np,DEA tnc (x t , y t ) and EM β,DEA t,t+1 nc (x t,t+1 , y t,t+1 ) ≡ M np,DEA t,t+1 nc (x t,t+1 , y t,t+1 ), such that β p = 0 and β np = 1.

ii. ψ β,DEA tnc (x t , y t ) ≡ D p,DEA tnc (x t , y t ) and EM β,DEA t,t+1 nc (x t,t+1 , y t,t+1 ) ≡ M p,DEA t,t+1 nc (x t,t+1 , y t,t+1 ), such that β p = -1 and β np = 0.

iii. ψ β,DEA tnc (x t , y t ) ≡ H o,DEA tnc (x t , y t ) and EM β,DEA t,t+1 nc (x t,t+1 , y t,t+1 ) ≡ M h,DEA t,t+1 nc (x t,t+1 , y t,t+1 ), such that β p = -1 and β np = 1.

Note that similar conditions hold for convex environmental production set (see proposition 5.1). In such a case, the convexity assumption is required to study the environmental efficiency and productivity changes.