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Abstract

This paper introduces a general framework to analyse green efficiency and
environmental productivity. Innovative environmental efficiency measures are in-
troduced to define green productivity indices. Equivalence conditions for the
additive and multiplicative green efficiency and productivity measures are dis-
played. In addition, the core components of environmental productivity change
are defined. New implementation process of environmental efficiency and produc-
tivity assessment on convex and non convex pollution-generating technologies is
proposed.
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1 Introduction

Deteriorations of global environmental conditions induced growing interest in environ-
mental efficiency and productivity® studies (Sueyoshi et al., 2017; Zhou et al., 2008).
Sustainable strategies that allow to reduce impacts of production processes on the
natural environment, are major concerns for private and public sectors. Indeed, they
attempt to be both environmental responsible and technically efficient. It follows that,
managerial efforts to promote high quality inputs and/or innovative technology are
performed. These production adaptation strategies allow to support environmental
efficiency.

Traditional eco-efficiency literature relies on the assumption that no polluting and
polluting outputs can only be reduced simultaneously by a proportional factor; i.e.
weak (or ray) disposal axiom (Shephard, 1970). This modelling of pollution-generating
processes in production theory is due to Fare, Grosskopf, Lovell and Pasurka (1989).
Weak Disposal (WD) approach is widely applied to numerous topics in the literature:
Manello (2017), Falavigna et al. (2015), Azad and Ancev (2014), Bilsel et al. (2014),
Park and Weber (2006) or Picazo-Tadeo et al. (2005). Some recent papers assuming
WD models are also proposed in the literature; see for instance Pham and Zelenyuk
(2019). Innovative approaches arose due to the limits of the WD models (Lauwers and
Van Huylenbroeck, 2003; Coelli et al., 2007; Lauwers, 2009; Rodseth, 2017; Murty et
al., 2012). In the same vein, a general class of Pollution-generating Technologies (PgT)
has been defined in Abad and Briec (2019). These authors propose to model PgT using
an innovative B-disposal assumption?.

This paper aims to define innovative eco-efficiency and -productivity measures on
convex and non convex environmental production processes. Equivalence conditions for
the additive and multiplicative green efficiency and productivity indices are introduced.
In addition, this paper shows that the new environmental efficiency and productivity
measures allow to define global eco-efficiency and -productivity analysis. Indeed, green
efficiency and productivity indicators are defined through various managerial adaptation
strategies.

Environmental productivity advance (or deterioration) is appraised through dif-
ferent sources (Chung et al., 1997; Sena, 2004; Azad and Ancev 2014; Picazo-Tadeo
et al., 2014; Kapelko et al., 2015; Shen et al., 2017). Knowing the main drivers of
green productivity change is of particular interest for researchers (Tyteca, 1996; Aiken
and Pasurka, 2003; Mahlberg and Sahoo, 2011). This paper introduces innovative
eco-productivity decomposition. The components of green productivity variation are
defined through convex or non convex environmental production processes.The convex-
ity assumption of the production technology is not required to define the sources of
environmental productivity change. This result brings on theoretical (Dasgupta and
Miler, 2003; Tschirhart, 2012) and empirical implications (De Borger and Kerstens,
1996). Therefore, a global framework to analyse impacts of green investments and/or

!Throughout this paper we use similarly the terms environmental efficiency (productivity), green
efficiency (productivity) and eco-efficiency (eco-productivity).

2This approach considers congested production set with a relaxed disposability property (Briec et
al., 2016). Hence, the term B refers to Bad outputs.



environmental policies on the components of green productivity variation is defined.

The remainder of this paper unfolds as follows. Section 2 introduces technology
assumptions and definition. In addition, it defines environmental distance functions
on pollution-generating production process. Section 3 introduces multiplicative and
additive eco-productivity measures. Section 4 proposes a decomposition of the envi-
ronmental Malmquist and Luenberger productivity indicators. Section 5 introduces
new implementation process of eco-efficiency and -productivity indices. These envi-
ronmental efficiency and productivity indicators are defined on convex and non convex
non-parametric PgT. Finally, section 6 discusses and concludes.

2 Environmental technology and distance functions

In this section, we define the properties of the environmental production process. In
addition, innovative additive and multiplicative eco-efficiency measures are introduced.
Equivalence conditions between additive and multiplicative environmental efficiency
indices are displayed.

2.1 Technology assumptions and definition

First, we define the notations used in this paper. Let x, € R’} denotes inputs used to
produce no-polluting (desirable) and polluting (undesirable) outputs, y; = (y;7,yY) €
R where [m] = [myy] + [m,] and [m] = card(y,). In addition, assume that B C [m]
is the subset indexing polluting outputs of the technology®. The production possibility
set is defined as follows:

Ti = {(ze, 4", ') € RE™ : x, can produce (3", y7) } (2.1)

The production technology, T}, can be similarly characterized by the output set,
PR} — 2%F or the input correspondence, L : RY — oK%

Py(we) = {(m" ) € RY « (20,91, y)) € T} (2.2)

and

Li(y®,yp) = {z € R« (20, 91", 97) € Th} - (2.3)

Therefore we have necessarily:

z € Li(y,, yt) & (2, y" ur) € T & (y", y)) € Py(ay) (2.4)

Throughout this paper, we assume that the production set satisfies the following
usual axioms (Hackman, 2008; Jacobsen, 1970; McFadden, 1978):

P1: For all z; € R, 0 € Py(x,) and (y,7,y7) ¢ P,(0), if (y,*,y7) > 0 and (y;”,y}) # 0.
P2: P,(z;) is bounded above for all, z;, € R’

3Note that, if B = () then, there is no outputs partition. It follows that, the outputs are not
separated into polluting and no-polluting ones.



P3: Py(z;) is closed for all, z;, € R"}.
P4 If V¢ Z Ty = Pt(flft) g Pt(Ut).
P5: Py(x;) is a convex set, Va, € R

In addition to the properties Pl — P4, we assume that the outputs satisfy the B-
disposal assumption (Abad and Briec, 2019):

P6: For all 4?4 € Pi(z;), y <” 4? and y <P y* implies y € P,(x;).

yp

y"r

Figure 1: Non convex environmental production set (Pl — P4 and P6)

Axioms P1 — P4 and P6 define a general class of environmental output set with tra-
ditional strong disposable inputs and B-disposable outputs (polluting and no-polluting;
see Figure 1). These properties are fairly weak and do not impose any convexity as-
sumption.

2.2 Environmental efficiency measures

Let us introduce the following convex cone:
Cl={y, €R™:y; <0 if j€B and y,; >0 else }.

The environmental efficiency measures can be defined through the schemes below
(Figure 2).

Definition 2.1 Let P,(z;), be an environmental output set that satisfies properties
Pl — P4 and P6. For any (x,y;) € RY™, such that v, = (y,%,y}) € Pi(xy), the
environmental efficiency measures belong to the following subsets:

i S =(y-RYN(y+Ch),
ii. S3=(y+RP)N(y+CP) and
iii. Sy = (y+CP)\ {S1,Ss}.

In Figure 2, the schemes 7, S; and S3 underscore any production adaptation strate-
gies in environmental efficiency analysis.



s Sy = (y+R™)N (y+CP)

y"r

Sy = (y+CP)\ {81, Ss}

Si=u-RY)N(y+CF)
Figure 2: Environmental efficiency analysis (P1 — P4 and P6)

2.2.1 Multiplicative distance function

Shephard (1953) introduces distance functions that are the inverse of the Debreu-Farrell
measures of technical efficiency (Debreu, 1951; Farrell, 1957). These distance functions
can be defined in the input or the output oriented cases. The hyperbolic distance func-
tion (Fére et al., 1985) allows to extend Shephard distance functions to the graph of the
production technology. Distance (or gauge) functions fully characterise the production
process. Therefore, they have become standard tools to define multiplicative measures
of technical efficiency.

The following definition introduces environmental multiplicative distance function
(Abad, 2018).

Definition 2.2 Let P,(x;) be an environmental production set that satisfies properties
Pl — P4 and P6. For any (xy,y;) € RY™, such that vy = (y;7,vy;) € RT, the en-
vironmental multiplicative efficiency measure, wf : RYT™ — RT U oo, is defined as
follows:

sup {)\ > 1 (m, Myl N yT) € Pt(xt)}
3 _ A , » R 2.5)
wt (xt7yt) Zf (xt’)\ﬁ yf’)\ﬁ ytp) E Pt(l't)’)\ 2 ]_ ( *

400 else
with P = {—1,0} and g™ = {0, 1}.

The following proposition displays equivalence conditions for the environmental
multiplicative distance function (2.5), desirable (D;”) and undesirable (DY) outputs
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Shephard distance functions (Fare et al., 2004), and hyperbolic output (Hy) efficiency
measure (Fére et al., 1989).

Proposition 2.3 For any (z;,y:) € RE™, such that y, = (y;7,y) € RT, we have:

i. wf(xt,yt) = with P =0 and " = 1.

D?p(l'u yt) ’

i o (2, ) = with P = —1 and ™ = 0.

1
Df(l'u yt) ’

iii. ) (4, 1) = with B = —1 and " = 1.

1
Hto(xtayt);

v sy

_(CB
Ci

y"P

Figure 3: Environmental multiplicative distance function (Pl — P4 and P6)

The environmental multiplicative distance function in proposition 2.3 is illustrated
in Figure 3. Distance between points y; and y*|s, depicts the desirable output Shepard
distance function (Fére et al., 2004). The gap between points y; and y*|s, shows the
undesirable output Shepard distance function (Féare et al., 2004). Finally, distance
between points y; and y*|s, displays the hyperbolic output efficiency measure (Fére et
al., 1989).

2.2.2 Additive distance function

The directional distance function allows for simultaneous input and output variation
in the direction of a pre-assigned vector g, = (hy, k;) € R}™™ compatible with the
technology (Chambers et al., 1996, 1998). The special case g; = (x, y;) is known as the
Farrell proportional directional distance function (Briec, 1997) and is a generalization
of the Debreu-Farrell efficiency measure?.

Let us define the environmental additive distance function (Abad, 2018).

4 Axiomatic properties of the proportional directional distance function are defined in Briec (1997)
and Chambers, Chung and Fare (1996, 1998).



Definition 2.4 Let P,(x;) be an environmental output set that satisfies properties Pl —
P4 and P6. For any (z,y;) € R, such that y, = (y,7,yY) € R, the environmental
additive efficiency measure, £ : R x 0 x [0, 1]™" x [—1,0]™ — RU oo, is defined
as follows :

sup {6 >0: (xt, (1+d0™)y", (1 + 6Up)yf) € Pt(act)}
5

& (xe,ye) = (2.6)

if (w0, (14 807P)y?, (1 + 80P)y} ) € Pu(1),6 > 0

400 else
where o = (o™, 0”) € [0,1]™" x [—1,0]™.

The next results introduce equivalence conditions for the environmental additive
efficiency measure (2.6), the environmental directional distance function (Chung et
al., 1997) and, the desirable and undesirable sub-vector directional distance functions
(Picazo-Tadeo et al., 2014).

Proposition 2.5 For any (z;,y:) € R™, such that y, = (y;7, y) € RT, we have:
i €0 (00 0) = Dy ey 0, 0), with o = (07, 0%) = (1,0).
i &7 (xy, ) = Bf(a:t,yt; 0,y), with o = (0", o) = (0, —1).

iii. gto’a(xbyt) = Bt(xt>yt;07ytnpa _yf)7 with o = (O.np’o.p) = (1a _1)

yp

y* sy

B

_Ct

NI y*ls1 np
— Yy

Figure 4: Environmental additive distance function (P1 — P4 and P6)

The environmental additive distance function in proposition 2.5 is illustrated in
Figure 4. Distance between points y, and y*|g3 depicts the sub-vector desirable output
directional distance function (Picazo-Tadeo et al., 2014). The gap between points y;
and y*|s1 shows the sub-vector undesirable output directional distance function (Picazo-
Tadeo et al., 2014). The distance between points y; and y*|so represents the environ-
mental directional distance function (Chung et al., 1997). Notify that Figure 4 just
illustrates the cases (i.-iii.) quoted above. However, the additive environmental dis-
tance function (2.6) is defined for any (o™, o?) € [0, 1]™" x [—1,0]™".
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2.3 Environmental efficiency measures: equivalence conditions

The next result defines equivalence condition for the additive and multiplicative envi-
ronmental efficiency measures.

Proposition 2.6 Let (z;,y) € RIS, for any o = (o™, 0) € [0,11"" x [~1,0]"", we
have:
e (In(z¢), In(y,)) = m(@btﬁ(ﬂ?t, m) (2.7)

such that 8™ = ¢"In(y,"”) and P = oPIn(y}).

Proof of Proposition 2.6: For any o = (6", o”) € [0, 1]™" x[—1,0]™", the environmental
additive distance function (2.6) is defined as follows,

fto’a(fl?t, Yi) = sup {5 >0: <l’t> (1+ 50”p)yfpa (1+ 501))95) € Pt(l't)}-
P

Therefore,

5570 (1n(xt), ln(yt)) = Sl;p {5 >0: (ln(a:t), (1 + 6™ In(y;?), (1 + 6ap)ln(yf)> e b, (ln(a:t)) }

Following the definition of the environmental multiplicative efficiency measure (2.5),

ln(wf(:rt, yt)) = 51)1\p {)\ >0: (1n($t)> ln()\ﬁpyf)> ln()\mpyfp)) € Pt(ln(l't))}

= sup {A >0+ (In(z,), In(y}) + APIn(\), In() + B7In(N)) € P, (In(z,)) }

Hence, £ (In(z,), In(y)) = In (4 (2, ) with 8% = 0™ln(y?) and §” = o¥In(y?).0

The aforementioned statement introduces connection for the additive and multi-
plicative green efficiency analysis. Hence, the following corollary defines equivalence
conditions for the environmental additive efficiency measure, the desirable and undesir-
able output Shephard distance functions, and the hyperbolic output efficiency measure
(Féare et al., 2004; Fare et al., 1989).

Corollary 2.7 For any (z,y;) € RIY™, such that o = (o™, 0?) € [0,1]™" x [—1,0]™,
we have:

i g0 (@), n(y) = I (D ().
ii. &?,0,—[1n(yt)}’ (ln(xt),ln(yt)) = —ln(Df(a:t,yt)).
n(y™Y =1 _n(yP)]—1
i, ¢ O (@), In () = —In(H7 (0, 00)).
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3 Environmental Malmquist and Luenberger pro-
ductivity measures

In this section, additive and multiplicative eco-productivity indicators are defined through
the new environmental efficiency distance functions (2.5) and (2.6).

3.1 Environmental Malmquist productivity index

The Environmental Malmquist (EM) productivity index inherits the basic structure of
the output Malmquist index (Fare et al., 1995). Following the multiplicative environ-
mental efficiency measure (2.6), the EM productivity measure is defined below.

Definition 3.1 Let P,(x;) be an environmental output set that satisfies properties Pl —
P4 and P6. For any periods (t,t + 1) and for any (24441, Yres1) € R, with ypyy1 =
(Yrtr1s Virr) € R, the global Environmental Malmquist productivity index is defined
as follows:

8 8 1/2
Uy (e, Ye) % Q/’t+1(1't>yt) )] : (3.1)

EMftH(It,tJrl Ytt41)=
7 ’ wtﬁ(xt+1a yt—i—l) wtﬁ—i-l(xt-i-l? Yt+1

such that BP = {—1,0} and " = {0,1}.

Notice that the cross-time multiplicative efficiency measure in (3.1) is defined as,

sup {)\ (@, NPTyR Ny € Pl(:)sl)}

B — A np
Uy (xs,ys) = if (%7 N yp NP y?p) c P(x)) (3.2)
+00 else

where 5P = {—1,0} and 8" = {0,1} and, s,l = t,t+ 1 with s # [. This inter-temporal
distance function allows to evaluate the efficiency of the production unit of period (s)
with respect to the environmental production set of period (I).

To avoid arbitrary choice of a base time period, the global EM productivity measure
is defined as a geometric mean of EM indices over periods (¢, +1). When the value of
the global EM index is greater (respectively lesser) than unity, then it shows environ-
mental productivity improvement (respectively deterioration) between the periods (t)
and (¢t + 1). It follows that, the decision units carry out managerial efforts (innovative
environmental production processes, new green investments, innovative staff members
skills etc.) according to the selected environmental production adaptation scheme.

The following proposition defines equivalence conditions for the EM index, the no
polluting and polluting Malmquist and, the hyperbolic Malmquist productivity mea-
sures.

Proposition 3.2 For any (z;,y:) € R™, such that ye = (y;7, y) € RT, we have:



L. EMtB,tH(?Ct,tHa Yeur1) = MY (Teag1, Yeasr), with B2 =0 and ™7 = 1.
i. EMEt-i—l(xt,t—i-lvyt,t—l—l) = Mftﬂ (Tep1, Y1), with BP = —1 and "7 = 0.

ii. EMtB,t—i-l(xt,t+17yt,t+1) = Mt}ft+1($t,t+1ayt,t+1); with p* = =1 and g™ = 1.

Where,
np DiP (41, Yeq1) D?f1($t+1ayt+1) 12
Mtﬁl(%tﬂ,ytﬂl)z[ D?p(l"uyt) . D?—il—)l(xbyt) } ’ (3.3)
DY (w441, D? (w441, 1/2
MY (415 Yo = [ tl()fzz,?gjgl) X tg%i;(;,zi;l)] (3.4)
and
h Hy (e, Yer) | HPo (w1, vi40) 17
Mt,t+1(55t,t+1,yt,t+1):{ Ho (20, 1) X HY (00, 1) ] : (3.5)

The next result shows that the global EM productivity index can be defined through
the environmental additive efficiency measure.

Proposition 3.3 Let (zy,y;) € RYE™, for any 87 = {—1,0} and ™ = {0,1}, the
global EM productivity measure is defined below:

5 exp [5?’0 (ln(mt), ln(yt))} exp [5?:1 (ln(mt), ln(yt))] i
EM; ;14 (L4415 Yea1)= 0 X 0 ;
exp [@’ (hl(xtﬂ)v ln(yt+1))} exp [@#1 (1n($t+1)a ln(yt—l—l))]
(3.6)

where o = (o7, 0) = (B[In(y,”)] ", A7 [in(y?)) ).

The corollary below displays equivalence conditions for the global EM productivity
measure and the no polluting, polluting and hyperbolic productivity indices. Notify that
this version of the global EM productivity measure substitutes environmental additive
distance functions for the multiplicative eco-efficiency measures in the Malmquist index.
This result is similar to the widely applied Malmquist-Luenberger methodology (Chung
et al., 1997).

Corollary 3.4 For any (x4, y:) € RIL™, such that 87 = {—1,0} and g™ = {0,1}, we
have:

i. EM£t+1(xt,t+17 yt,t—l—l) = M£p+1(.§(7t,t+1, yt,t—l—l); with o = (O.np’ O'p) = <[11’l(ytnp)]_1, 0) .
ii. EM£t+1(xt,t+lvyt,t+1) = M£t+1 (xt,t—l—lu yt,t-ﬁ-l)f with o = (Unpa Up) = (07 —[ln(yf)]_1>.
iii. EMtB,t—I—l(xt,t—i-byt,t—i-l) = Mtfft+1(zt,t+l>yt,t+1)7 with o = (0", 0P) = <[ln(l/?p)]_la —[hﬂ(yf)]_l)-
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3.2 Environmental Luenberger productivity indicator

The Environmental Luenberger (EL) productivity measure takes the form of the output
Luenberger productivity indicator (Chambers, 1996). The EL productivity measure is
defined as the arithmetic mean of difference-based environmental Luenberger produc-
tivity indicators over periods (t) and (¢ + 1). Following the additive environmental
efficiency index (2.6), the EL productivity measure is defined as follows.

Definition 3.5 Let P,(x;) be an environmental output set that satisfies properties Pl —
P4 and P6. For any periods (t,t 4+ 1) and for any (Tyir1, Yrer1) € RET™, with g1 =
(ylff+1,y§t+1) € R, the global Environmental Luenberger productivity indicator is de-
fined as:

g N
ELt,t+l($t,t+1> yt,t—i—l) =
1 0,0

2 [( (e, y) — §S’U($t+1ayt+1)> (3.7)
+(§?Jr(f1($t>yt) - f?ﬁ(%ﬂﬂtﬂ)ﬂ ;

where o = (a™,0P) € [0,1]™" x [—-1,0]™".

The inter-temporal additive distance function in (3.7) is defined as,

sup {5 : (a:s, (1+60™)y"P (14 5Jp)y§) € Pl(:cl)}
4

if (s, (14 90" )22, (14 007)y2 ) € Pilay),
400 else

0,0

l (Isays) = (38)

such that s, =t,t+1 and s # [. The cross-time efficiency measure (3.8) estimates
the environmental performance of the observation of period (s) with respect to the
production process of period (I).

The global EL productivity measure is defined as an arithmetic mean of environ-
mental Luenberger productivity indicators over periods (¢) and (¢ + 1). This structure
allows to avoid arbitrary selection of base period. The global EL indicator displays
environmental productivity advance (respectively decrease) if it takes positive (respec-
tively negative) value. In such a case, decision units implement positive managerial
adaptation through the followed environmental strategy.

The next result introduces equivalence conditions for the global EL productivity
measure (3.7) and the no polluting, polluting and environmental Luenberger indicators.

Proposition 3.6 Let (z,y;) € R, such that y, = (y,7,y}) € R, the following
equivalence conditions hold:

i. ELtJ’t+1<.§lft,t+1, yt,t—l—l) = LZ€+1<.§(/’t’t+1, yt,t—l—l); such that o = (O'np, O'p) = (1, 0)
ii. EL7, o (Teer1, Yearr) = LYoy (Teaa1, Yeeqr), such that o = (0™, 0P) = (0, —1).

iii. FL7, ) (Tre1, Yeer1) = €Liei1 (Teern, o), such that o = (o™, 07) = (1, -1).

11



Such that,

L2f+1($t,t+1ayt,t+1) = % [(B?p(xtu Yoy s 0) - B?p(xt+lvyt+1§ yffu 0))

+<B?f1(l't> Yt; y?pa 0) - B?—fl(xt-i-la Yit+1; yff-}p O))] )
(3.9)

L (easspiant) = 3 [ (D0, ~4) = Dl yesns 0, i)

+ (B‘?ﬂ (xtv Yt 0, —yf) - B?—i—l (It+1, Y15 0, —yfﬂ))]

(3.10)
and

eLt,t+1(xt,t+17 yt,t—i—l) = % [(Bt(%, Yt; yfpa —yf) - Bt(xt—l—lu Yi+1; y:fla _yfﬂ))

+(Bt+1($t, Yo Y —Yr) — B1t+1(37t+1> Yer1; Vit _yfﬂ)ﬂ .

(3.11)

Note that the global EL indicator inherits the structure of the widely applied en-

vironmental additive productivity measures show in the aforementioned cases i.-iii.

(Picazo-Tadeo et al., 2014; Azad and Ancev, 2014). However, the global EL indicator
is defined for any (o7, 0?) € [0, 1™ x [—1,0]™.

The following proposition introduces equivalence condition for the global EL indi-

cator and the global EM productivity measure.

Proposition 3.7 Let (x4, y;) € RYL™, for any o = (6™, 07) € [0,1]™" x [-1,0]™",
equivalence condition for the global EL indicator and the global EM productivity measure
is defined as:

ELZt+1(1nIta Inz; 11, Iny;, Inye41) = In (EMftH(l't, Yty Tiy1, yt+1)> ) (3.12)
such that 8™ = o"In(y,"”) and (P = oPIn(y}).

The above statement introduces connection for the additive and multiplicative
eco-productivity analysis. Hence, the next result defines equivalence conditions for
the global EL productivity measure and the no polluting, polluting and hyperbolic
Malmquist indices.

Corollary 3.8 For any (xy,y;) € RIY™, where o = (6™, o) € [0, 1]™" x [—1,0]™", we

have:

L. ELZt+1(1n(zt,t+l)> ln(yut-i-l)) = ln(Mij+1(It,t+l>yt,t+l))7 such that 87 =0 and " =
1.

ii. ELgtH(ln(xt,tH),ln(yt,tﬂ)) = ln(MfftH(:EmH,yt,Hl)), such that P = —1 and
5P = 0.

it BLZ,,, (I0(2ei1), (yeper)) = m(Mg}m(xt,m,ytm)), such that 57 = —1 and
g =1.
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4 Decomposition of environmental productivity change

In this section, we define the main drivers of green productivity change. The sources
of environmental productivity variation are defined through the new additive and mul-
tiplicative eco-productivity measures.

4.1 Environmental Malmquist productivity index

Multiplicative decomposition of the global EM productivity measure (3.1) is defined as
follows.

Definition 4.1 Let P,(x;) be an environmental output set that satisfies properties Pl —
P4 and P6. For any periods (t,t+1) and for any (T141, Yeus1) € R, where yy 441 =
(Yrtr1: Yier1) € R, the global EM productivity index over periods (t,t+1) is decomposed
as follows:

EMEtH(fEmHa yt,t-l—l) = EMTC£t+1($t7t+l>yt,t+l) X EMEVﬁH(l't,Hl, yt,t-l—l)- (4.1)
Such that 5P = {—1,0} and " = {0,1} and, where:
i. EMTC’fH1 shows environmental technical change between the periods (t) and (t+1).

ii. E.MEV;’BtJrl displays environmental efficiency variation over the periods (t) and (t+

1).

The environmental technological variation over periods (¢,¢+1) is defined as follows,

EMTCle (Tep41, Yepa1) =

wtﬁ—i-l(xt-i-byt-i-l) % thJrl(‘Tt’yt) ]1/2, (4.2)
)

) (4, i) O (Tes1, Yo

It EM TC’E ++1 > 1 then, green technological advance arises between periods (t) and
(t+1). Following the eco-managerial scenarios S; and Ss, the environmental technical
change is illustrated in Figure 5.

Equivalence conditions for the global EM technical variation (4.2) and the no pol-
luting, polluting and hyperbolic Malmquist technological change are appraised in the
next result.

Proposition 4.2 For any (z,vy;) € RY™™, such that y, = (y,*,y}) € R, the following
conditions hold:

i. EMTC5t+1 (It,t—l—la yt,t—l—l) = MTCZ’Lf_l_l(l’t’t+1, yt,t—l—l); where Bp = O CLTLd Bnp = 1
ii. EMTCEt+1(xt,t+17 yt,t—l—l) = MTCf:tJ,-l (xt,t-i-l; yt,t—l-l); where 51) = —1 CLTLd 5”17 = O

ili. EMTC5t+1 (xt,t—l-layt,t—i—l) = MTCgt+1(xt,t+layt,t+1>; where Bp = —1 CLTLd Bnp = 1
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Figure 5: Environmental technological change of non convex output set (t,¢+ 1)

Such that,
np Dfp(:):t,yt) Dfp($t+1>yt+1) 12
MTCt’Hl(xt’Hl’yt’tH): [D?fl(ifwbytﬂ) . fol(iftayt) ] ’ (43)
1/2
MGG unnon= [t s < Fatel] ™ o
and
h Hp (x4, yi) H (w1, yes1) ]
MTCt’Hl(xt’tH’yt’tH): [Hf+1($t+1ayt+1) . Hf+1(xt,yt) ] (45)

Environmental efficiency variation between periods (t) and (¢t + 1) is defined below:

¢tﬁ($ta yt)

EMEVﬁ—i—l(xt,t—l-lvyt,t—l-l) =3 .
¢t+1 ($t+17 yt+1)

(4.6)

EM EVtﬁt 41 > 1 allows to define environmental efficiency improvement over periods

(t,t+ 1). The green efficiency change through the production adaptation strategies S;
and Ss is described in Figure 6.

The following proposition introduces equivalence conditions for the global EM ef-

ficiency variation (4.6) and the no polluting, polluting and hyperbolic Malmquist effi-
ciency change.

Proposition 4.3 Let (z,y;) € R, where y, = (y;7, y}) € R, the conditions below
can be defined:

i. EMEV;iH(imH, yt,t—i—l) = ME%Z&I(ILt-i-layt,t—i-l); such that 7 =0 and "7 = 1.
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Figure 6: Environmental efficiency change of non convex output set (¢,¢+ 1)

ii. EME‘/;,Bt+1(xt,t+17yt,t+1) = ME‘/;{;_Fl(l’t,t—i-hyt,t—l-l); SUCh thdt ﬁp = —1 O/ﬂd ﬁnp = O

iii. EME‘/t,ﬁt-i-l (xt,t—i-lu yt,t+1) = ME‘/t{%—i-l ($t7t+1, yt,t+1); SUCh thdt Bp = —1 cmd ﬁnp = 1

Where,

and

fol ($t+1, yt—i—l)

ME‘/Z;I_)i_l(xt,t—i-h yt,t—i—l) = an(xt yt) ) (47)
t )
Dy (x 1,Y 1)
MEV;Z+1(1't,t+1a Y1) = t%p(:; yt;J’ (4.8)
t )
H? (1441,y
MEVZ;—i-l(xt,t-i-layt,t—i-l) = (e, Vo) (4.9)

Hf(fUta yt)

The combination of the environmental technical change and green efficiency varia-
tion displays informations about the conditions of environmental productivity change.
The next table outlines these conditions.

- 7
EMEVS ;> 1 EMEVy, , <1
—T1
i EMTCP, | > [EMEVle] then EM), | > 1,
EMTCPL, | >1 EMJ, > 1
. 8 B -1 B
. EMTCY, |, < {EMEV,L),HFI] then EM, | <1,
- B 1T B B
i [Bmrc], |7 < EMBV], | then EM[, > 1,
EMTC], | <1 EMPy 0 <1,
) - g 171 B A
ii. [BMTC), |7 > EMBEVE, | then EM, | <1,

Table 1: EMf ++1 characterization
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4.2 Environmental Luenberger productivity indicator

Additive decomposition of the global EL productivity measure (3.7) is defined in the
next statement.

Definition 4.4 Let P,(x;) be an environmental output set that satisfies properties Pl —
P4 and P6. For any periods (t,t + 1) and for any (xii11,Yees1) € RET™, where
Yeurr = Wire1> Yire1) € R, the global EL productivity indicator over periods (t,t 4 1)
1s decomposed as follows:

ELY, (41, Yrer1) = ELTCY (T 11, Yeprr) + ELEVS (41, Yrerr)- (4.10)
Where o = (6™, 07) € [0,1]™" x [-1,0]™" and:
i. ELTCY,,, shows environmental technical change between the periods (t) and (t+1).
ii. ELEVY,,, denotes environmental efficiency variation over the periods (t) and (t+1).
The green technical change between periods (t) and (¢ + 1) is defined below,
ELTCng (T4415 Ye41)
= % [(f?ﬁ(xtﬂ, Yig1) — f?’”(:):t,yt)) (4.11)
+<5?J:r1(xta ye) — & (i, yt+1))} -

When ELTCY,,; > 0 then, environmental technological progress occurs over periods
(t,t +1). Equivalence conditions for the global EL technical change (4.11) and the no
polluting, polluting and environmental Luenberger technological variation is defined in
the result below.

Proposition 4.5 For any (z,y;) € R, with y, = (y,",vf) € R}, the following
equivalence conditions hold:

i. ELTC?, (241, Yepr1) = LTCMY  (Te041, Yegsr), such that o = (0™, 0%) = (1,0).

ii. ELTC? (v i41, Yre1) = LTCF 4 (T4, Yeea1), such that o = (0, 07) = (0, —1).

iii. ELTC’gtH(a:mH,yt,tH) = eLTCyy11(Ttat1, Ytat1), such thato = (o™, 0P) = (1, —1).
Where,

LTCH, (mrsns ) = 3 [(Difi e, yeers wit, 0) = Dy (s i, 0))

+<B?f1(xtayt§ (T 0) — B?p(xt+lvyt+1§ yﬁ)p 0))} )
(4.12)

LTC£t+1($t,t+1>yt,t+l) = % [(Bf+1($t+1>yt+1§ 0, —yfﬂ) - Bf(l'uyt; 0, —yf))

(Dt e 0, =) = D, e 0. ~4f)) ]
(4.13)
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and

6LTCt,t+1(:L’t,t+1a yt,t-l—l) = % [(Bﬁl (It+1a Yi+1; ?/tnfb —yfﬂ) - B?p(ft, Yt yfpa _yf)>

+ (Dt v, ~o8) = Dy @ yess v, ~vk)) ]
(4.14)
The environmental efficiency change over periods (¢,t + 1) is defined as follows,

ELEV&H(%HM Yii1) = f?’a(ft, Yr) — Sffl (Te+15 Yog1) (4.15)

If ELEVS,,, is greater (respectively lesser) than zero it shows green efficiency ad-
vance (respectively deterioration) between periods (¢) and (¢ + 1).

The next statement defines equivalence conditions for the global EL efficiency vari-
ation (4.15) and the no polluting, polluting and environmental Luenberger efficiency
change.

Proposition 4.6 Let (xy,y;) € RV, such that y. = (y;7,vy;) € R, the next equiva-
lence conditions hold:

i. ELE‘/tZH-l (xt,t-i-l’ yt,t—l—l) = LE‘/Zz_l(xt,t—l—la yt,t—l—l); where o = (O'np, O'p) = (1, 0)
ii. ELE‘/;(;+1(.§(Zt,t+1, yt,t—l—l) = LE‘/tI,)t-i-l (xt,t-i-l; yt,t—l-l); where o = (O.np’ O'p) = (0, —1)
iii. ELEVS,(Teir1,Yeis1) = eLEV 1 (2641, Y1), where o = (0™, 0F) = (1, -1).

With,

LEV]E (%41, Y1) = B?”(fvt, Yoy 5 0) — Bﬁfl(xm, Yer15Yit1,0), (4.16)

LEV;],DtH(xt,tHa Yeir1) = Bf(fct, Y 0, =) — Bf+1($t+17 Yi+1; 0, _yf-i-l) (4.17)

and

6LEV£¢+1(ZEt7t+1, yt,t-l—l) = Bt(l'u Yts yfpa —yf) - Bt+1(1’t+1, Yi+1; y?fla _yf)~ (4~18)

The following proposition introduces equivalence condition for the decomposition of
the global EL indicator and the decomposition of the global EM productivity measure.

Proposition 4.7 Let (z;,y;) € RTL™, such that o = (o, 0?) € [0,1]™" x [-1,0™",
equivalence condition for the decomposition of the global EL indicator and the decom-
position of the global EM productivity measure is defined as:

ELTCY, 4 <1n($t,t+1)=1ﬂ(yt,t+1)> + ELEV <1n($t,t+1)aln(yt,t+1)>
= 1H<EMTCEt+1(1't,t+1, yt,t—i—l) X EMEW,BtH(l't,Hbyt,Hl)),

where 8" = ¢"PIn(y,"”) and B = oPIn(y}).

(4.19)
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Notify that the aforementioned result introduces connection for the additive and
multiplicative sources of eco-productivity change. The conditions of environmental
technological variation and green efficiency change provide informations about the
global environmental productivity variation. The table below summarizes the con-
ditions of green productivity change.

ELEVt(Tt+1 >0 ELEVtUt+1 <0
i. [ELTCYy ;1] > [ELEV, 1] then ELY ;1 > 0,

ELTC{ 4y >0 BL7 41 >0
: i, [ELTCY, | < |ELEV,,,| then EL7, , <0,

1. [ELTCy 11 < |[ELEV., | then ELY , | > 0,

o
ELTC? <0 EL%¢ 441 <0,
tit+l il. |[ELTC{, 4| > |ELEV, 4| then ELY, | <0,

Table 2: L7, , characterization

5 Environmental productivity measures on non-parametric
technologies

In this section, we focus on convex and non-convex non-parametric environmental
production processes (Abad and Briec, 2019). The new green efficiency measures
are defined through the Data Envelopment Analysis (DEA) model (Banker, Charnes
and Cooper, 1984) and the Free Disposal Hull (FDH) non-convex production model
(Tulkens, 1993).

5.1 Non-parametric convex and non-convex environmental tech-
nologies
Let us consider the following notation : (x4, y;) = (x,y) et (x411, Y1) = (2, 7). In ad-

dition, assume that A = {(x,,y.) : 2 € Z} is a set of Decision Making Units (DMUs),

such that Z is an index set of natural number. For any (x¢, %) € A, non-parametric

convex environmental output set of period (t) is defined as follows: p-B1DEA (x0) =

Ptﬂ,DEA (x(]) N PtB,DEA (350) — ( (PtDEA (x(]) _ RT) N (RtDEA (x(]) _ CtB) ) N RT There-
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fore, the following program holds:

Pt{m’B}’DEA(ZL'Q) = {y Loy > Zezxz,ia L= ]'> SRRL

zEZ

Z0,i Z E H2Tz 4, 1= 1,...,71,
z2€EZ

yj Z Zezyz,jv j € B

zEZ

Yj S Zezyz7j> ]¢ B

zEZ

Ui <Y HeYegy J=1,..m
z€Z

S0.=S n=1, e,uzo}. (5.1)

zEZ z€EZ

For any z € Z, let us introduce the following individual production possibility set:

Iw(xz,yz) = {(x,y) € ]R’ffm T > Ty, t=1,..n
Yi < Y50 J =1 ---Jn} (5.2)
and
IP(x,,1.) = {(x,y) ERV™ x>y, i=1,...n
Yi <Y.j, J ¢ B
Ui = ye5, J € B, (5.3)

FDH non-convex environmental output set of period (t) is defined as follows (Figures
7-9):

PPPRPEA () = {y (2,y) € (Usez I°(22,9:)) N (Usez IB(a:Z,yz))}. (5.4)

Notify that the aforementioned non-parametric convex and non-convex environmen-
tal technologies are defined as an intersection of sub-technologies. For given values of
input and no polluting output, these environmental production processes display upper
and lower bounds on polluting output.

5.2 Non-parametric convex and non convex environmental pro-
ductivity measures

For any (z.,y,) € A, additive and multiplicative eco-productivity measures are defined
below for convex and non convex environmental production set.
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Figure 9: FDH non-convex environmental production set (P1 — P4 and P6)
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5.2.1 Environmental multiplicative efficiency measure

The next statement introduces non-parametric environmental multiplicative distance
function.

Proposition 5.1 Let P,(x;) be an environmental production set that satisfies properties
Pl — P6. For any periods (t,t + 1) and for any (zi41,Yris1) € RET™, where yppq =
(Wit Yber) € R, the non-parametric environmental multiplicative efficiency measure
is the solution of the following mathematical program:

,DEA
¢t (,’,Uo, y(T)va yg) = Sup A
s.t. Zo,; Z Zﬁzajm, 1= 1, ., n

zEZ
Zo, > Zﬂzxz,ia t=1,...,n
zEZ
Aﬁpyg,j Z Zezyz,ju .] € B
zEZ
zEZ
Nyb <y py.;, jEB
zEZ
Nyt <N py.;, j¢ B
zEZ
0= p.=10p>0 (5.5)
z2EZ zEZ

with BP = {—1,0} and B = {0,1} and (x4, y¢) = (z,y).

The following proposition allows to define green multiplicative distance function on
FDH non-convex environmental production set.

Proposition 5.2 Let P,(z;) be an environmental output set that satisfies properties
P1— P4 and P6. For any periods (t,t+1) and for any (441, Yrir1) € RET™, such that
Y1 = Wite1s Yter1) € R, the non-parametric environmental multiplicative efficiency
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measure of period (t) is defined as follows:

jEB
if (A) < (B) and mm(
2 zEZ Yj
wt'rﬁz::DEA(xvy) = iep ieB

if (A) < (B) and gélg (

»
j¢s 7

where (x, Y1) = (z,9).

Proof of Proposition 5.2: Let ™ = —1 and (P = 1,

B,DEA .
U (2, y) = wmin

{ max{AZl::cZ:cz,
by

mixx{)\zlzxzxz,

éB
Yz . .
m () (G
2 mas (7)) )

Yz,j

)

<nin (L)
zZE i
Sep Y=d

Yz,5

)

- iy ()
e )
jeB Yz.j

if B =1 and BP = 0.

if B"P = —1 and BP = 1.

if B"P =0 and P = —1.

(5.6)

)\y"p<y"p—<y}

)

Ay < yP

= min max{AZl:xZ:cz, )\<m1n<y )A>max<yj)},
z2EZ A zEZ yj zEZ yz’]
j¢B jeB
max{AZl:xZ:cz, )\<m1n<y )A<m1n<y'>}
A zEZ yj z€Z yz,y
j¢B jEB
. y yz,]
such that (z4, ;) = (x,y). If max < m then,
Z2EZ Yz,j Z Yj
JjeB i¢
milx{k>1 x>xz,)\<m1§<y—) >mazx< J)}:mg}(&)
jep Y jep Y op Y
and .
g (32152 0h < (5. i (2} = (22)
§§B v 553 A7
Hence,

tne

ﬁ’DEA(:z, y) = min{

j¢B
= mp (%),
A
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Contrariwise, if max( Yi ) > min (y ) then,

Yz,j €2 \ Yj;

jEB j¢B

m)z\mx{)\>1 T >x,, )\<m1n<yz’j> )\>max<yj )}:—l—oo

AV IR -ATR
and _
IIl)E\iX{A>1 x>xz,>\<m1§(y ) A<m1§<y )}:mi}:?(y]>
j;B Yj ng Yz,j je Yz.j
with mm( Yi ) > mlg (y ) Hence,
JEB Yz jg Yi
PDEA (3 ) = min{ + 00 ;min ( Yi )}
nc ZfGZ yz]
JjEB k
= uin (2).
;gB Yj
If min ( Yi ) < min (y '>, the same reasoning holds. The proof for 5™ =1 and P = 0
zEZ Yz.j ng Y
j€ j

(respectlvely, g™ =0 and P = —1) can be directly deduced from the aforementioned
proof. O

The next result introduces equivalence conditions for the non-parametric multi-
plicative eco-efficiency (-productivity) measure and, the polluting, no polluting and
hyperbolic non-parametric green multiplicative efficiency (productivity) indices.

Corollary 5.3 Let P{w BEDEA (1)) be an environmental production set that satisfies
properties P1— P4 and P6 For any (zy,y;) € RT™™, the following equivalence conditions
hold:

. ,DEA _ ,DEA ,DEA _ ,DEA

L. tﬁn (T, 9:) = Dyl (4, y) and EMtB,tHM (Tep41, Yepr1) = M:f+1nc (Tt 115 Yt e11),
such that P =0 and ™ = 1.

" ,DEA ,DEA ,DEA _ ,DEA

11. tﬁnc (e, 1) = Dfm (w¢, ) and EMlenc (T 41, Yeg1) = M£t+1nc (Tt 4115 Yr41),
such that P = —1 and g™ = 0.

,DEA DEA ,DEA _ ashDEA

1. fm (e, ) = Hyy )" (4, ye) and EMfth (@1, Yearr) = M3, (@415 Yeer1),

such that P = —1 and ™ = 1.
Note that similar conditions hold for convex environmental production set (see

proposition 5.1). In such a case, the convexity assumption is required to study the
environmental efficiency and productivity changes.
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5.2.2 Environmental additive efficiency measure

The next statement defines non-parametric environmental additive distance function.

Proposition 5.4 Let P,(z;) be an environmental output set that satisfies properties
Pl — P6. For any periods (t,t + 1) and for any (zi441, Yris1) € RET™, where yp 41 =
(Yiti1: Yter1) € R, the non-parametric environmental additive efficiency measure is
the solution of the following mathematical program:

t{O’U}’DEA(xO, Yo) = maxd

s.t. Zo,; Z E 921’271', 1= 1,...,n

zEZ

Zo, > E Mz 4, it=1...,n

zEZ

(1+60")yo,; = Zezyz,j, JEB

z2EZ

(1+060")yo,; < Z 0.y., ¢ B

zEZ

(1 +0d0")yo; < Z,uzyz,ja JjeB

z2EZ

(1 + (5O'np)y07j S Z,U/zyz,ju .] ¢ B

zEZ

0= =1 0p>0 (5.7)

2€Z z€Z
such that o = (¢, 0P) € [0, 1]™" x [=1,01™" and (z¢,y:) = (z,y).

Environmental additive distance function on FDH non-convex environmental output
set is defined in the result below.

Proposition 5.5 Let Pi(z;) be an environmental production set that satisfies proper-
ties P1 — P4 and P6. For any periods (t,t + 1) and for any (i 441, Y1) € R,
with Yei1 = Yitr1 Yierr) € RT, the non-parametric environmental additive efficiency
measure is defined as follows:

imin(‘yz'j —1), ifimin<y2'j — 1) > imax (yziﬂ _1>_

o"P z€Z \ y; o"P z€Z \ y; oP z€Z \ y;
L ! | P ! S !
— min (yZ—J — 1)7 if —— min (yz—’] — 1) < — max (yz’] — 1)
oP zeZ \ y; o"P z€Z \ y; oP z€Z \ y;
Jje jele JElB
. Yz, . Yz,
0.0},DEA P (— —1> ( —1).
0P PEA G y) = and ey > e i (7 (5.8)
JjEB j¢B
1 i 1 i 1 i
Ly (%0 0) o Ly (52 1) < s (2 )
o zZE ] o zZE i oP ze i
ign Y s Y <r &
and — miél (yZ—J — 1) < — miél (yz’J — 1).
€ i € i
7 ier Y o s Y

where (x4, y:) = (z,y) and o = (¢, a?) €]0,1]™" x [—1,0[™".
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Proof of Proposition 5.5: Let o = (¢, 0?) € ]0,1]™" x [-1,0[™

515{7?;0}’DEA($,Z/) = Izrélzn{ mgxx {5 >0:2>x,,y"P 4+ oc"Poy"™P < y yp + oPoyP < yP }

max { > 0: x> @, y"" + o"Poy"" < yiF, yP + ooy > yé’}}

1
:min{ max{(5>0 a:>xz,5<—m1n<yz’]—1),

2€EZ 5 o™ zeZ
1J¢B Yi
2 B ()
i Y
1
max{5 >0:x>1,,0 <—min <yz’] - 1),
4 0" zeZ \ y;
j¢B
1
0 < —pmlg (yz’] — 1>}}
7 ng Yi

1 - 1 -
where (x4, y;) = (x,y). If — min (b - 1) > — max (y d 1) then,
oP jez Y;

1 1
opefoz0ir s o (5 .02 o ()

o"P zeZ oP ez
jiB Yi jeB Yi
1
= iz (22 1)
. .
igs
and
max{5 >0:x>2,,0< —mln(yz—’] - 1),6§ — min <yz’] — 1)}
o"P 22 \ y; oP zeZ \ y;
Jj¢B jEB
1
= pmin (2 -1)
igp
Therefore,

o 1 . 1
t{f; }’DEA(l" y) = min {— min (b — 1); —— min (b — 1)}

o™ zeZ \ y o z€Z \ y;
jeB jép
1 [ Ysi
= —,,min (—’] 1)

1 z 1 2,7
Contrarily, if — min (y d 1) < — max (b — 1) then,
omP zgg Y
j

1 ; 1 .
max{5 >0:2>z,,0<—min <yz’] — 1),5 > — max (yz’J — 1)} = 400

9 o™ zeZ P
Jj¢B JjEB



and

1 ; 1 .
m(gX{ézorxzxz,éé —min<yz’] —1),6< —min(yz’] —1)}

o"P zeZ ; oP zeZ ;
Gep W jep Y
1 . ;
Loy (t)
or ze 1
jEB Yi

1 . 1 . " 1 .
when — min (ﬁ — 1) > —— min <@ — 1). Hence, fn{g’ }’DEA(aj,y) = — min (ﬁ — 1).

oP zeZ ; o"P 2eZ ; oP zeZ i
e - Y ian Y e Y
1 . yz,j 1 . sz .. .
If —min (== —1) < — min (2= — 1), a similar reasoning holds. O
oP zez \ y; o"P 2€Z \ y;
IS Jj¢B

Notify that the sub-vectors no polluting and polluting non-parametric additive efficiency

n 1 .
measure are respectively defined as 515{7?6’0 p’o}’DEA(:n,y) = = mig (E — 1) and
o"P ze ;
z 75 Yj
1 .
5{3;0’0p}’DEA(3:,y) = —pmig (E — 1) These results can be immediately deduced from
oP z¢ Yj
JjEB

the proof of Proposition 5.5.

Equivalence conditions for the non-parametric additive eco-efficiency (respectively
-productivity) measure and the multiplicative non-parametric environmental efficiency (re-
spectively productivity) indicators are introduced below.

Corollary 5.6 Let PtE?C’B}’DEA (x¢) be a non-parametric environmental output set that satis-
fies properties Pl — P4 and P6. For any (x4,y;) € Rﬁim, the next results hold:

Efficiency Analysis Productivity Analysis
(i.) 1
_ np {0,[In(y,;*)]~*,0},DEA
1=0"PIn(y,") tne (In(zt), In(ye)) = ELt,t+1fL’CDEA(1ll($t,t+1)»ln(yt,t+1)) =
,DEA
and *ln(Dllfc (ztvyt)) ln(Mt,tJrl:{ﬁ"DEA(wt,tﬂ,yt,t+1))

0 = oPin(y?)

6]
— np np _ _
0 = o™ In(y; ") S (In(z¢), In(ye)) = ELy 419 PEA (In(zy 1 11), In(ye,141) =
,DEA ,

and —ln(Dfnc (¢, yt)) 1H(Mt,t+1waEA(zt,t+1»ym+1)
—1 = apln(ytp)

(G0
1= o'npln(yt"p) Etnc
and 7ln(H
—1=oPin(y})

{0,0,—[In(y})] 71}, DEA

{0,n(yy M)~ ~ @) "1}y, DEA
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DEA

o (xt,yt)) ln(Mt,t+1Z’CDEA($t,t+1»yt,t+1))

tne

Note that similar conditions are satisfied in the context of convex environmental produc-
tion processes (see proposition 5.4).

6 Concluding Comments

This paper gives a general representation of environmental issues in production economics.
Consecutively, environmental efficiency measure and green productivity change are analysed.
Indeed, additive and multiplicative eco-efficiency and -productivity indicators are defined. In
addition, some equivalence conditions for the new additive and multiplicative environmental
efficiency and productivity measures are introduced.
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Knowing components of green productivity variation is a major concern to define environ-
mental recommendations. This paper defines a procedure to decompose environmental addi-
tive and multiplicative productivity measures. Two main drivers of eco-productivity change
are defined: environmental technological change and green efficiency variation. The com-
bination of these sources of environmental productivity change displays informations about
the conditions of eco-productivity variation. This result could be of particular interest for
the production of empirical studies. In addition, the new environmental efficiency and pro-
ductivity analysis does not require to assume the convexity of the production process. This
result brings out some theoretical and empirical issues as in De Borger and Kerstens (1996),
Dasgupta and Méler (2003), Tschirhart (2012) or Chavas and Briec (2018).

Environmental efficiency and productivity measures are defined through convex and non-
convex non-parametric models. Hence, an extension of this paper could be the production of
an empirical application. Such investigation is left for future research.
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