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Abstract
Preferential water flow in soil macropores such as underground channels formed by

worm activity and plant root growth, can move a large volume of water and contaminants
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to groundwater resources in a short time. To describe these types of water flow in soil, Di
Pietro et al. (2003) developed and proposed kinematic-dispersive wave (KDW) model.
They suggested this model by adding a dispersive term to the kinematic wave (KW) model
that was severely convective and was presented by Germann in 1985. The fundamental
assumption of this model is that the water flux (u) is exclusively a function of the mobile
water content, but in the KDW model, considering its additional dispersive term, it is
assumed that the water flux is a non-linear function of the mobile water content and its
first-time derivative. The first term of this assumption is a power function where the
water flux depends on the mobile water content. This equation is just a mathematical
equation and has no significant physical meaning. In this research, this power function is
substituted by the shape of van Genuchten model that has an acceptable physical meaning,
and thus the kinematic-dispersive wave van Genuchten (KDW-VG) model is introduced
for the first time as the innovation of this research. The models were calibrated and
validated with observations of four different rainfall intensities that were applied on the
surface of a soil column with artificial preferential pathways. The output water fluxes from
the bottom of the soil column versus the soil mobile volumetric water content in the
column were recorded at set times. First, both the KDW and KDW-VG models were
calibrated and their indefinite coefficients were determined by minimizing the error
function between the observed and modelled water fluxes versus mobile volumetric
water content using particle swarm optimization (PSO) algorithm. Next, both models,
which are second-degree non-linear partial differential equations, were solved using
numerical finite difference method with the MATLAB programming language, and were
validated by experimental observations of rainfall hydrograph that was passed through

the preferential routes of a physical model and was recorded from the bottom of the soil
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column. Root-mean-square error (RMSE) comparison of the models predictions and
observations indicated that the proposed model (KDW-VG) could predict the
observations more accurately compared with the KDW model, and also had better
performance in the calibration stage.

Keywords: Preferential water flow, Artificial preferential pathways, Porous media,
Numerical solution, Particle swarm optimization (PSO) algorithm, Finite difference

Introduction

Preferential water flow which is a non-uniform flow, is a common phenomenon in
unsaturated soils. This type of flow normally causes the rapid movement of
pollutants and is often observed when mass transport is dominated by macropore
flow (Shengetal, 2011; Li et al., 2018; Cohen and Weisbrod, 2018). Flows through
macropores are a kind of preferential flow that occur on paths created by
earthworms or plant roots (Gerke. 2006; Khitrov et al.,, 2009; Klammler et al,,
2017). Blue dye tracer studies show that the tracer moves not only along cracks
but also through the burrows created by earthworms (Sander and Gerke, 2007).
The appearance of preferential paths has been confirmed by direct observation
using sequential magnetic resonance imaging (MRI) (Hoffman et al., 1996). The
occurrence of this phenomenon during water infiltration depends on the initial
water content of soils, the amount and intensity of rainfall, and soil hydraulic
conductivity (Jarvis, 2007). Studies show that deep water movement in soils is
predominantly due to the existence of preferential flow paths (Alaoui, 2015). In
non-homogeneous and cracked soils, water flows move significantly faster than the

soil matrix (Snehota et al., 2015) and create numerous splits in the soil profile,
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resulting in poor water retention (Alaoui, 2015) and influencing runoff regulation,
sediment transportation, and soil and water conservation (Tao, 2017). Solutes such
as nitrogenous fertilizer and phosphorus that are widely used in agriculture
(Moradzadeh et al,, 2014) are transported through these routes and thereby,
contaminate both surface and underground water (Flury, 1996; Zhang et al., 2017;
Saadat et al.,, 2018), indirectly affecting the amount and concentration of runoff
salts. Preferential flows induced by macropores are the main cause of pollution
transport and groundwater circulation and contamination. Chemical fertilizers can
also easily be transported through soil macropores to groundwater (Zhang et al,,
2015). Therefore, preferential flows can have a significant effect on human life,
products, and ecology (Niu et al., 2007).

Investigation of the behaviour of contaminant transport in the soil matrix requires
knowledge of the equations governing water movement in the soil. Additionally,
further research appears necessary to understand the enhancement of
contaminant transport by preferential paths (Majdalani et al., 2008). In this regard,
Germann (1985, 1990) and Chen and Wagenet (1992) extracted the relationship
between average water flux (u) and mobile water content in draining porosity
(Germann., 1985; Germann. 1990; Chen and Wagenet., 1992). Both models
revealed a non-linear relationship between water flux and the amount of mobile
water content. These equations, which are based on the law of continuity, finally
lead to the kinematic wave (KW) model to simulate preferential water flow, but

usually overestimate the real flows (Germann, 1985; Di Pietro et al., 2003). As the
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KW model is severely convective, it cannot consider the dispersive effect, because
this model assumes that water flux is just a function of mobile water content (Di
Pietro et al., 2003). To compensate for this defect, the kinematic-dispersive wave
(KDW) model was proposed by Di Pietro and colleagues in 2003 to simulate
preferential water flows in draining porosity with more accuracy (Di Pietro et al.,
2003; Majdalani et al., 2008). In this model, a dispersive term was added to the KW
model and it was assumed that the water flux was a non-linear function of the
mobile water content, and its first time derivative. This improvement made the
KDW model more accurate than the KW model. The first term of this assumption is
a power function where the water flux depends on mobile water content and the
second term is a differential equation that models the hysteresis water content
effect in the soil matrix. The power function term is just a mathematical equation
and has no significant physical meaning. In this study, this power function is
replaced with the shape of van Genuchten model that is more physically based. As
the primary contribution of the study, the kinematic-dispersive wave van
Genuchten (KDW-VG) model is introduced for the first time, which is the
innovation of this research.

Definition of models

Kinematic-dispersive wave (KDW) model

To apply the KDW model (Di Pietro et al., 2003), some fundamental assumptions
listed by Di Pietro et al. (2003) and Niu et al. (2007) should be considered. The
most important assumption is that the gravitational force dominates the capillary

force and the other forces are not considered in the system. Therefore, the flow

5
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transport is assumed to have a vertical downward direction. The other important
assumption states that the model is established principally in the mobile water
section. Given these assumptions, w is the mobile volumetric water content, w; =
dw/adt is the first-order partial time derivative of w, and u is the volumetric water
flux. This assumes that the microporosity is completely saturated, so there is no
water exchange between the two porosities. The law of continuity equation and its

first derivative with respect to z are respectively defined as (Di Pietro et al., 2003):

ow(zt) , ou(zt) _

o YT T 0 (1)
%w(zt) |, 0%u(zt) _

ozoc T oz T 0 (2)

It is also assumed that the volumetric water flux within the macropores is a non-
linear function of the relation between w and w;, described by the following

equation:

u=uw,wy) = u(zt) =blw(zt)]*+v, awa(f,t) 3)

Accordingly, in the same water content, the negative sign is applied when the
volumetric water flux of the drainage stage is greater than that of infiltration, and
the positive sign is used when the volumetric water flux of infiltration stage is
greater than that of drainage. Because, as will be explained later, the results of this
study showed that, in the same water content, the volumetric water flux of the
infiltration stage would be greater than drainage, the positive sign is used to define
the formula. The model depends on three coefficients, where u(z,t) [mm h-1] is

volumetric water flux in time t and depth z, a is a macropore-flow distribution
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index, b [mm h-1], is a conductance term, and v,, [mm] is the water dispersion

coefficient, all of which are positive numbers (Majdalani et al., 2008).

Given the first derivative of Eq. (3) with respect to z, the following description is

derived:

0°w(z,t)

du du oJw ou Owg du(z,t) a—1 Ow(z,t)

—=——4+— —= = ablw(z,t % 4
9z ow 9z = Ow; 9z dz | (z, )] dz t Vw dzot (4)

du(z,t) a—1 s s )
where c(w) = —= = ab[w(z,t)] is signal speed and v, is equal to
Ow  ly,=constant
du(z,t)
owe |y —constant

The continuity equation, Eq. (1), and Eq. (4) are combined to give the following

equation:

aw(z t)

a-19wzt) _ 2%w(z,t)
+ ab[w(z,t)] —, = TVw (5)

Considering the first derivative of the continuity equation, Eq. (2), the following
equation is derived from the substitution of 9%?w(z,t)/0zot = —0%u(z,t)/0z>

and multiplication of du(z,t)/dw or ab[w(z, t)]* ! on both sides of Eq. (5):

du(z,t)
at

+ablw(z, 01 2ED =y ablw(z, £)]¢ LD (6)

1
Neglecting the second term of Eq. (3), v, - dw(z,t)/dt, w(z, t) = (u(z,t)/b)a is

1
derived. Finally, with the substitution of (u(z,t)/b)a instead of w(zt), the
following non-linear partial differential equation was derived by Di Pietro and

colleagues in 2003 (Majdalani et al., 2008):
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du(z,t)
at

1 a1y
+ abafu(z, t)] @ 2&

271 92y (z,t)

= v, abalu(z, )] & T (7)

Model development

Modified KDW model with combination of van Genuchten model- Introducing the
kinematic-dispersive wave van Genuchten (KDW-VG) model

As mentioned, Di Pietro and colleagues in 2003 applied Eq. (3) to model volumetric
water flux. In this equation, +v,, - dw(z, t)/dt is the term that can model the loops
of the hysteresis phenomenon during the infiltration-drainage cycles, and
blw(z, t)]* is a power function that appears to have been taken from the power
form of the volumetric water flux versus mobile water content (Fig. 1), as reported

by Di Pietro and colleagues in 2003.

u/us

0.03 0.04
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Fig. 1. Relative flux (u/u,) versus mobile water content for three input intensities (u,). Symbols

show measured water fluxes and lines show fitted values to Eq. 3 (Di Pietro et al., 2003)*.

As Fig. 1 shows, the curves follow a form of the power equation which is an
empirical model. The power function term of Eq. (3), b[w(z, t)]%, emphasizes the
mathematical aspects with fewer physical assumptions. Here, this term is
substituted with the van Genuchten model, which is more physically based. van
Genuchten in 1980 showed that, based on the theory of Mualem’s capillary model
(Mualem, 1976), the hydraulic conductivity model can be expressed in closed form

(Radcliffe and Simunek, 2010).

van Genuchten model
The van Genuchten equation (van Genuchten, 1980; Abbasi et al., 2012; Wang et
al, 2017) is an unsaturated hydraulic conductivity equation that has a physical

base and is presented as follows:

2

! L\ 1
K(S.) = K,S, (1—(1—5em) ),m:l—;,n>1 (8)
Se = oo 9

where S, [-] is the effective water content, K(S,) and K; [L T-1] are the unsaturated
and saturated hydraulic conductivity, respectively, [ is the pore connectivity value,

n and m are dimensionless empirical constants, w [L3 L-3] is the soil volumetric

* Fig 1 was reprinted from Elsevier, 278 (1-4), Liliana Di Pietro, Stephane Ruy, Yvan Capowiez,

Predicting preferential water flow in soils by traveling-dispersive waves, Page 70, Copyright

(2003), with permission from Elsevier, License Number: 4396440670492.
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water content, w, is the residual soil volumetric water content, and wy is the
saturated or field-saturated soil volumetric water content. As the volumetric water
flux resembles hydraulic conductivity in terms of physical and dimensions, and
similarly, its amount varies between different levels of water content, here the
apparent shape of the van Genuchten model is used instead of the first term of Eq.
(3), b[w(z, t)]%. According to the experimental conditions, some slight variations
should be applied to the definitions of the input parameters of the van Genuchten
model. Whereas the amount of S, is normalized and dimensionless, in this study
with the redefinition of the parameters of S, as wy,;, and wy,., the amount of S,
always varies between 0 and 1. Instead of w,, w;,, is substituted in as the minimum
amount of soil volumetric water content due to rainfall in each data series, and wy
is substituted with w,, ;4 as the maximum amount of observed water content in
each experiment. Therefore, with the redefinition of the parameters of S,, S,” is
defined as (W(z,t) — Wpin)/ Wimax — Wmin)- In this study, all experiments were
conducted in the unsaturated condition, and w,,,, denotes the maximum amount
of water content due to rainfall and is related to the maximum amount of water flux
in each experiment. Therefore, we changed w, and wy to w,,;, and wy.y,
respectively. Both the van Genuchten model and the first term of Eq. (3),
(b[w(z,t)]*), are power functions, but the van Genuchten model has more
significant physical meaning. In the proposed model, the first term of Eq. (3),

(b[w(z, t)]*"), is substituted with the van Genuchten model.

10
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Thus, with the general format of the van Genuchten model for simulating water flux
and considering the hysteresis term of Eq. (3), tv,, - dw(z,t)/dt, the following

equation is derived:

R RESLAY 9
U(Z, t) = uin(Se )l (1 - [1 - (Se )m] ) + Vw% (10)
As mentioned previously, the value of ¢ in the KDW model is: gu . Thus,
Wlw,=constant
the first derivative of Eq. (10) will be as follows:
w) Ju
c(w) =—
aW We=constant
I Xy ) = W)t 17m\?
_ um(W(z,t) Wmlm) % (1 _ [1 _ (Se*)m] )
(Wmax - Wmin)
Zu 11m 1 m-1 1
p— (11— som| ) x (1= @) x s
Wmax = Wmin
(11)

Therefore, after defining all parameters of the KDW-VG model, the model is

introduced as below:

du(z,t)
at

ou(zt) _ v 9%u(z,t)
9z % 9z2

+ c(u) (12)

where v, = c(u) - v,,.
To solve Eq. (12) numerically, c(u) should be specified. For the KDW model, this

1
was solved as mentioned by the substitution of w(z,t) = (u(z,t)/b)a into

cw) =2

= ab[w(z,t)]*1, and the expression for w was arranged
Owlw,=constant

11
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according to u. Here, for the sake of simplicity, Di Pietro did not consider the
hysteresis term of Eq. 3, (v, - dw(z,t)/dt), to be eligible to easily arrange the
expression for w according to u. Otherwise, algebraically, it would not be possible
to create this change in the variable. This can partly hinder the convergence of the
equation to better results.

However, in the KDW-VG model, to consider the full relationship between the
observed values of w and u, a numerical relationship was created between these
two terms, and then the function of w = f(u) was considered as a polynomial using
the least-squares method. In this way, the effect of hysteresis water content was
also considered. In this study, Egs. (7) and (12) are solved in the MATLAB
programming language by the finite-difference method, and with the following
initial and boundary conditions, which were used by Germann in 1985:

{u(z, t) =ui(t),z=0,t >0

u(z,t) = ug,z>0,t =0 (13)

where u;, (t) is the initial water flux.
Estimation of coefficients of both models

The indefinite parameters of both models are defined by minimizing the error
function of the root-mean-square error (RMSE) between the observed and
modelled water fluxes (Egs. (3) and (10)) versus mobile water content.

In the KDW model, the parameters a, b, and v, are unknown. These parameters

are defined by the following equation:

1 ow 2
RMSE = |-3i, <ui — (bwia v, |i)> (14)

12
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where N, u;, and w; are the number of experimental observations, observed fluxes
at the bottom of the soil column at time i, and mean measured mobile water content

at time i, respectively.

In addition, in the KDW-VG model, the indefinite parameters [, m, and v,, are

calculated using the following equation:

RMSE =

2 2

1 m
ot oo 2z (- - ] ) en) o

To define the indefinite parameters of the two above mentioned models, the
amount of RMSE in Egs. (14) and (15) should be minimized. For this minimization,
the heuristic method of particle swarm optimization (PSO) (Salahi et al., 2013) is

applied in the present work.

Finally, both KDW and KDW-VG models, represented by Egs. (7) and (12)
respectively, are solved using the finite difference method and the models are
validated. In other words, the hydrograph of drainage from the bottom of the soil
columns due to an artificial rainfall, is compared with the results of the KDW and
KDW-VG models in corresponding water fluxes. It is hypothesized that the
proposed model will provide a better prediction of the observations due to more
physical assumptions in the KDW-VG model based on Mualem’s (1976) capillary
model. Overall, the main objectives of this study are to (1) estimate the preferential

water flow parameters of both KDW and KDW-VG models to achieve the global

13
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minimum of error function using the PSO algorithm, and (2) validate both models

with experimental observations to compare their performance.

Optimization

One of the most important aspects of this study is to estimate the parameters of
applied models by finding the global minimum of the error functions. As the model
developed in this study (KDW-VG) is an innovation of the research, the ranges of
the model parameters are not definite, except for parameter m, which varies
between 0 and 1. Therefore, this research is the first attempt to optimize and
determine the parameters of the model, with the aim of minimising the error
function. The literature review also shows that the KDW model has seldom been
used to explain preferential water flow behavior and so far, its parameters have
rarely been estimated by inverse methods (local or global). Therefore, the variation
range of the parameter is still unclear, and this can be attributed to the occurrence
of the local optimization problem. This study is one of the first attempts to optimize
the parameters of the KDW model. The study attempts to find the global minimum
of the error functions. Global methods have the advantage of avoiding the problems
of local optimizations. However, this advantage is obtained through a large number
of evaluations of the objective function (Rauch and Harremoés, 1999). As the
parameters of the applied models are obtained by the PSO algorithm, the features

of this method are briefly presented.

Particle swarm optimization (PSO) algorithm

14
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PSO is one of the optimization methods inspired by nature and has been designed
to solve numerical optimization problems (NOP) with a very large search space and
without the need to know the gradient of the objective function. This method was
first introduced by Kennedy and Eberhart (1995). The method is a suitable way to
find the optimal global point of an error function (Tsoulos and Stavrakoudis.,
2010). In this algorithm, to solve an optimization problem, a population of
candidate responses randomly flows into the scope of the problem using a simple

relation, and then it is explored to find the optimal global answer.
Algorithm operation

Assume that X, the search space for the PSO algorithm, is an n-dimensional and
continuous search space. Each particle in the t-repetition of the PSO algorithm has
three attributes: x(t), the current position of the particle in the t-repetition; v(t),
the current speed of the particle in the t-repetition; and y(t), the best individual
position of the particle until t-repetition. The suitability of each particle is equal to
its objective function value. Then, each particle moves in the search space with an

initial speed of v, based on the suitability of the particle and other particles in the
group. The best individual position of the particle until t-repetition yields the y(t)
that is the best value and the best position of the particle from the beginning to the
t-repetition. Now it is easy to determine y;(t), that is, the best individual position

of the particle i until t-repetition, based on the following relation:

x,(t) F(x;(t)) < F(y:(t — 1)) (16)

yi(®) = {yi(t - 1) 0.W.

15
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In the above equation, the function F is the value of the suitability of each particle
based on the objective function. After definition of y;(t), the set of P(t) can be

defined as follows:

P(t) = y1(8), y2 (1), .., ym (D)} (17)

Subsequently, for the minimization mode, y(t), which is the best global position

found between all particles of the group until ¢t-repetition, is defined as:

Y(t) = yy(t) = argmin  F(y;(t)) (18)

i=1,.m

Then, the position of each particle can be updated at the end of each iteration based

on the following relations:

vt = wvf + o) — X)) e — X)) (19)
xf*t=xb + it (20)

where r;, 1,~U(0,1) represent uniformly distributed random numbers that are
applied to maintain the dispersion of the particles and induction of the random
property of particle motion, and prevent them from sudden mutation. c; and c, are
individual and social acceleration coefficients that control the personal and global
best values, respectively, and their values are determined by trial and error based
on empirical results. To start the optimization, these numbers are usually
considered to be around 2. On the other hand, ¢, (yf — x{) is the personal
component that determines the rate of efficiency of particle i relative to the
previous steps, and 7,¢, (9, — x}) is the global (social) component that determines

the efficiency rate of the particle i relative to the whole group. In Eq. (19), the

16
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inertia weight w, actually provides a relation for the particle speed that allows for
more efficient search in the search space. Regarding Eq. (19), it is obvious that,
large values of w lead to a global search (i.e., a large-step search) and small values
of w lead to a local search (i.e., a small-step search). Therefore, with the application
of large values of w, the algorithm will regularly search for new spaces without as
much focus on accurate local searches, while by reducing the values of w, the
search will be performed more locally and around the optimal answers obtained
in the previous generation. Many relationships have already been proposed to
determine the inertia weight (see Shi and Eberhart, 1998; Eberhart and Shi, 2001;
Malik etal., 2007; Feng et al., 2007; Nikabadi and Ebadzadeh, 2008; Kentzoglanakis
and Poole, 2009; Li and Gao, 2009; Chen et al,, 2018; Yan et al,, 2018; Ajdad et al,,

2019).

Materials and methods

Laboratory and numerical studies were conducted to investigate the preferential
water flow in artificial macropores under different rainfall intensities. An artificial
preferential path was made by inserting a light soil lens into a field soil matrix,
which is proven to have a considerable effect on the preferential water flow. To
find an appropriate soil for the experiments, different soil samples were first
studied. The samples were oven-dried at 105 °C for 24 h and passed through a 2
mm stainless steel screen. Then, the hydraulic conductivity of the soil samples was
measured by the constant pressure head method. After selecting the appropriate

soil to construct the model, the main sample, which had an artificial preferential
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path to simulate the preferred water flow in the soil (created by coarse sand), was
prepared using the following procedure (Wang et al., 2013, 2014). First, a PVC tube
with an internal diameter of 15.5 cm and a height of 40 cm was prepared. The
bottom of the soil column was covered with a double layer of plastic mesh with a
pore diameter of 1-2 mm. Sharp-edge sand was also glued to the inner wall of the
PVC tube, to increase the friction of the walls against the soil and reduce the
probability of preferential flows from the walls. Then, about 1 cm of gravel
(between the two sieves No. 10 and No. 6 (2 and 3.35 mm, respectively)) was
poured onto the plastic mesh for better drainage. Next, the empty PVC tube with a
tripod was placed in a bucket of water, which was filled with water to about one-
third of the height of the soil column. A tube with an external diameter of 1.4 cm
and a height of 60 cm was placed in the center of the PVC tube temporarily.
Subsequently, the soil was slowly poured into the PVC tube around the inner tube.
After pouring the soil around the inner tube at each stage, the water was drained
from the bottom by gravity and the soil was allowed to almost dry. After this, the
inner tube was carefully pulled out from the PVC tube without disturbing the
surrounding main experimental soil, leaving a 1.4 cm diameter hole in the center
of the main column. The hole was immediately filled with coarse sand. To avoid the
collapse of the hole walls as the inner tube was pulled out of the middle of the main
PVC tube, the whole soil column was filled by wet pack method in three successive
steps. In each step, a length of 10 cm was filled (Wang et al,, 2013, 2014). At the

end of each step, the hole that was considered for creating the macropores was
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carefully filled with light sand. This was repeated three times until the entire soil
sample was finally added. The soil had a coefficient of uniformity, C,, of 1.645, a
coefficient of curvature, C,, of 1.183, and a median grain size (Dg,) of 0.146 mm.
The particle diameters of the coarse sand used to fill the inner hole were between
0.85 and 1 mm. After the construction of the soil sample, the saturated hydraulic
conductivity of the whole soil sample was measured by the constant pressure head
method as 172.6 mm h-1. Then the soil column was made saturated from the
bottom for 48 h before the infiltration-drainage experiments. After saturation of
the soil column, the water was allowed to be drained by gravity until the weight of
the soil column was stabilized. After ensuring the emptying of soil pores involved
in the preferential flow, mostly macropores, the soil column was most probably
kept moist by water retained by capillary forces in micropores. A little exchange of
water is expected between micropores and drainage porosity. The amount of
water in the micropores could be determined by weighing the soil column. Then,

as shown in Fig. 2, a funnel was attached to the bottom of the soil column.
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Fig. 2. Experimental setup of the infiltration-drainage experiments.

After preparing the soil sample and the physical model, as shown in Fig. 2, water
droplets were created on the surface of the soil column with a rainfall simulator
located about 10 cm above the soil surface. The rainfall simulator was connected
to a pump fed from a water tank (Majdalani et al., 2008). The pump and two bypass
pipes controlled rainfall duration and intensity. The flow condition was
unsaturated, and the rainfall intensities should not have exceeded the hydraulic
conductivity of the whole soil sample. The drainage flow was also monitored
continuously with a precise scale, and the drainage hydrograph (water flux versus
time) was derived from these data for each experiment. The larger scale was used

to record the weight of the entire soil column moisture during the whole
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experiment, to calculate the evaluation of the mobile soil water content of the soil
column. The soil mobile volumetric water content at the desired time was

calculated as follows:

W= My _total=Mw—micropore X Py (21)

Mg

where w is the mobile volumetric water content, M, _;,:,; is the total mass of water
stored into the soil column, M,,_picropore is the mass of water stored in the
micropores, M; is the dry soil mass measured at the end of the experiments after
oven drying at 105 °C, and py, is the dry bulk density of the soil, given by the

following equation:

_ M

Pp = v, (22)

where V; is the total volume of the soil column. For this study, the dry bulk density
was 1.47 g cm-3.

In this study, infiltration experiments were performed with four simulated rainfall
intensities of 56.97,107.64, 133.01, and 161.71 mm h-1. Two different scales were
used. One was set at the bottom of the funnel to determine the amount of drainage
flow, and the other was used to weigh the whole soil sample. Thus, as soon as the
second scale reached a plateau, the rainfall simulator could be switched off. From
this point, the scale placed under the funnel recorded the drainage flow or the
falling limb of the drainage hydrograph. The scale below the soil sample measured
the amount of mobile water content at each moment, and the other scale measured

the drainage flow at the bottom of the soil column.
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Results and discussion

Calibration of the KDW and KDW-VG models

To determine the indefinite coefficients of both models, the objective functions,
Egs. (14) and (15), were minimized using the PSO algorithm for the KDW and
KDW-VG models, respectively. The water flux (u) was drawn as a function of w in
infiltration-drainage cycles in each of the four rainfall intensities (Fig. 3). This
figure is similar to the findings of Di Pietro and colleagues in 2003, and shows a
hysteresis loop between the infiltration and drainage stage. However, the direction
of the hysteresis loop is different. In our experiments, the water flux was higher for
the infiltration stage than for the drainage stage for a given soil water content.
Therefore, the differential equation used in Eqs. (14) and (15) should have a
positive sign. Di Pietro et al. (2003) found a negative sign in their equation as they
observed that the water flux was lower for the infiltration stage than for the
drainage stage. Different studies have reported contradictory results (Di Pietro et
al., 2003; van Genuchten, 1980; Gallage et al., 2013; Nielsen and Biggar, 1961; Topp
and Miller, 1966; Youngs, 1964; Poulovassilis, 1969). These authors used different
soil textures in their research and achieved different results for the movement
direction of the hysteresis cycle of soil moisture against the water flux. It seems
that no general findings on the direction of the hysteresis loop can be drawn from
the literature.

For each level of rainfall intensity, Eqgs. (14) and (15) were fitted for the KDW and

KDW-VG models to the observations plotted on Fig. 3.
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Fig. 3. Water flux exiting the soil column at different rainfall intensities versus soil mobile

volumetric water content.

In this study, for optimization, after investigating several relationships, the
relationship of linearly decreasing inertia weight presented by Xin et al. (2009)

was finally used to determine the inertia weight as follows:

Wmax~Pmin X k
itermax

Wy = Wmpayx (23)

where w,, is the amount of inertia weight in the k-repetition, and w,;, and wyax
are the amounts of inertia weight that are considered by default in this relationship
for the initial minimum and maximum values. Here, the values of 0.2 and 1.2 were
selected for w,;, and wy, .y, respectively, which yielded the best results, and the
maximum allowed iteration was the termination criterion of the optimization
algorithm. The initial value of w; was selected as 1 for the first generation and, due
to the values of wy,;, and wy,,x, the number of created generations, and algorithm

iteration, after 5000 iterations this fell linearly to reach its minimum amount of 0.2.
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This range of changes was selected by conducting calculations and reviewing
previous studies (Bansal et al., 2011). Here, to make a balance between global and
local searches and, therefore, faster convergence of the algorithm to the optimal
global solution, the inertia weight was reduced uniformly throughout the
implementation of the algorithm. In addition, according to Eq. (19), different
values for ¢; and c, were selected and tested and, finally, the values of 1.2 and 2.4
for c; and c,, respectively, yielded the best answers. Moreover, the size of each
answer group, or the number of particles of each generation, in other words, the
group size (m) in this study, were selected to be equal to 200 particles.
Calibration results of the KDW model and determination of indefinite coefficients
of the model

Parameters a, b, and v,, were estimated according to Eq. (14), by minimizing the
difference between the response of the relation of b{w(z,t)]* +v,, - dw(z,t)/dt
with u measured from the end of the soil column in corresponding w determined
from the average whole of the soil column by the PSO algorithm. The optimization
process of Eq. (14) and how to achieve the best results is shown in Fig. 4. The figure
depicts the process of finding the optimal global point of the error function using
the PSO algorithm for different rainfall intensities. Here, the horizontal axis
represents the number of optimization algorithm iterations, and the vertical axis
represents the value of the error function, which is equal to the RMSE of Eq. (14)

computed for each iteration.
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Fig. 4. Route finding of the optimal point of the objective function using the PSO algorithm, for the
KDW model. a,b,c, and d represent the experiments with rainfall intensities of 56.97, 107.64,

133.01,and161.71 mm h-1, respectively.

As can be seen in Fig. 4, the algorithm finds the best response whatever the rainfall
intensity after about 3300 iterations, and the line becomes perfectly horizontal,
reflecting a constant and minimum value of RMSE. The optimized coefficients of

the KDW model are presented in Table 1.

Table 1 Optimized and calibrated coefficients of the KDW model for different rainfall intensities.

Rainfall intensity (mm h-1) a b (mmh1) v, (mm) RMSE(mm h')

56.97 1.0372 100076 90.55 0.46
107.64 1.0246 72095 89.26 0.70
133.01 1.0350 57058 89.41 1.60
161.71 1.0200 42062 90.64 1.71
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The value of the parameter b decreases with an increase in rainfall intensity.
Similar results were found by Di Pietro and Lafolie (1991) with the KW model on
artificial soil, but contradictory results were found by Di Pietro et al. (2003) on
natural soil with the KDW model. The macropore networks in Di Pietro et al.
(2003) were formed by earthworms and were mainly cylindrical, whereas the
macropore network in Di Pietro and Lafolie (1991) is quite similar to our
experimental design due to the packing of large soil aggregates (mean diameter
about 10 mm). The contradiction of our results with those of Di Pietro et al. (2003)
can be related to the fact that in Di Pietro’s research in 2003, at a constant moisture
level, the amount of water flux in the drainage stage was higher than in the
infiltration stage. We derived the opposite finding. The inconsistency in the
direction of the hysteresis cycle movement may be associated with the difference
in the applied soil texture in the two studies. Nonetheless, v,, was approximately
constant. Moreover, the values of the parameter a were approximately 1. However,
further experiments are needed to prove this trend. The results of the model fitting
to the experimental observations are presented in Fig. 5, where the line depicts the

fitted values of the model and the squares represent the observed values.
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Fig. 5. Modelled and observed water flux exiting the soil column at different rainfall intensities
versus soil mobile volumetric water content, for the KDW model. a,b,c, and d represent the
experiments with rainfall intensities of 56.97, 107.64, 133.01, and161.71 mm h-1, respectively.

As shown in Fig. 5, Eq. (14) fits the experimental observations well.

Calibration results of the KDW-VG model and determination of indefinite
coefficients of the model

Again, to determine the indefinite coefficients of the model, the objective function
was minimized using the PSO algorithm. Hence, the parameters [, m, and v,, were
estimated with respect to Eq. (15) by minimizing the difference between the

response of the relation of

1M 2
Jt) — Wy Jt) — Wiin \™ ow(z,t
" (W(z ) wmm> 1 1_(w(z ) wmm) . w(gi )

Winax — Wmin Winax — Wmin

with the u measured at the bottom of the soil column in corresponding w that was

obtained from the average of the whole soil column. Fig. 6 displays the process of
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achieving the best responses and optimization of Eq. (15) using the PSO algorithm
for all different rainfall intensities. Here, the horizontal axis represents the number
of optimization algorithm iterations, and the vertical axis represents the value of

the error function, which is equal to the RMSE of Eq. (15) computed for each
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Fig. 6. Route finding of the optimal point of the objective function using the PSO algorithm, for the
KDW-VG model. a, b, ¢, and d represent the experiments with rainfall intensities of 56.97, 107.64,

133.01,and161.71 mm h-1, respectively.

Based on Fig. 6, the algorithm achieved the best response after 3500 iterations
whatever the rainfall intensity, and the line became perfectly horizontal, reflecting
a constant and minimum value of RMSE. The optimized coefficients of the KDW-VG

model are presented in Table 2.

Table 2 Optimized and calibrated coefficients of the KDW-VG model for different rainfall intensities.

Rainfall intensity (mm h-1) ! m Vy (mm)  RMSE (mm h-1)
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56.97 -1.0458  0.9856 90.13 0.43

107.64 -1.0345  0.9847 89.81 0.68
133.01 -1.0494  0.9889 89.20 1.56
161.71 -1.0334  0.9863 90.90 1.70

We observe that, as the intensity was increased, the values of parameters [, m, and
1, did not significantly change. This means that the ranges of the coefficients in the
model developed in this study are not sensitive to the intensity of input rainfall. In
the van Genuchten model, the value of m cannot be greater than 1, and higher
values of m represent more rapid movement of water or lighter texture of the soil.
In this regard, in an attempt to determine the coefficient m in the van Genuchten
model, Ghanbarian-Alavijeh et al. (2010) obtained the maximum amount of this
coefficient for the lightest soil (sand) as 0.61. Carsel and Parrish (1988) reported a
value of 0.63 for the coefficient m in sandy soil. This was 0.68 for sandy soil based
on the Rosetta database (Schaap etal., 2001). In addition, Leij et al. (1996) obtained
a maximum value of 0.85 for m in the van Genuchten model in sandy soil. Yates et
al. (1992) examined several types of sandy soil and reported that m and [ in the
van Genuchten model were equal to 0.86 and -1.92, 0.85 and -1.3, and 0.84 and -
1.26, respectively. These values imply that due to the existence of preferential
flows in the current study and the rapid movement of water through macropores,

the value of 0.98 that was derived for m in the present study seems logical.

29



549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

Conversely, according to Table 2, the values of | obtained in this study are
approximately equal to the values reported by Yates (Yates et al., 1992). The results
of model fitting to the experimental observations are shown in Fig. 7. Here, the
squares represent the observed values and the line is the fitted value of the model

to the observation.
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Fig. 7. Modelled and observed water flux exiting the soil column at different rainfall intensities
versus soil mobile volumetric water content, for the KDW-VG model. a, b, ¢, and d represent the

experiments with rainfall intensities of 56.97, 107.64, 133.01, and 161.71 mm h-}, respectively.

According to Fig. 7, Eq. (15) fit the experimental observations very well, and with
very high accuracy. In general, by comparing the results of the two models, (see
Tables 1 and 2), it can be concluded that KDW-VG model fit the observations with
a slightly lower RMSE value compared to the KDW model. This indicates that the
KDW-VG model, in which the power function used in the KDW model was replaced

with the van Genuchten model, was able to fit the observations better due to its
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stronger physical meaning and concept. Generally, the fitting of both KDW and
KDW-VG models was better at lower rainfall intensities, because the dispersive
effect was gradually decreased with the increase in input intensities. Therefore, the
effect of this factor was higher at lower velocities, and fitting of the observations
was better at lower rainfall intensities. It should be mentioned that the only
common coefficient of the two models, the water dispersion coefficient (v,,), was
found to be almost constant whatever the rainfall intensity and was not affected by
the differences between the two models. In addition, Table 2 shows that the
changes in the three optimized coefficients of the KDW-VG model are very low
regardless of the initial rainfall intensity. This implies that the parameters of the
developed KDW-VG model are not sensitive to rainfall intensity, which is one of the
advantages of the model developed in this study, whereas, according to Table 1, the
coefficient b in the KDW model changed significantly with changes in rainfall

intensity.

Comparison of the models' predictions with experimental observations (model

validation results)

After calibration of the models with data on the water flux exiting the soil column
at different rainfall intensities versus soil mobile volumetric water content, the
coefficients of both the KDW and KDW-VG models were obtained. These models
(Egs. (7) and (12), respectively) were then solved with a numerical finite difference
method. For the numerical solution, the spatial (h) step size of the finite difference

method was selected to be equal in all corresponding experiments of both models.
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This was also done for temporal (7) step size. Thereby, the results of the models in
corresponding intensities became fairly comparable. These spatial and temporal
steps were selected primarily to satisfy the stability condition (see Appendix) and
capture the best response of the finite difference method and the lowest RMSE
values between observations and the models' predictions. Numerical results were
compared to the observed values of the water flux amount exiting the soil column
versus time, or the recorded hydrograph at the outlet of the soil column. Figure 8
shows the recorded hydrographs for the different rainfall experiments with

different intensities.
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Fig. 8. Output hydrographs from the end of the soil column for different rainfall intensities.

In Fig. 8, regardless of the rainfall intensity, at first, the drainage hydrograph shows

arapid increase in flux u up to a non-sloping part corresponding to a pseudo-steady
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state, and when the input flow stops, the downside stage is a sudden drop in the

flow rate that is followed by a drainage stage with a milder gradient.

Validation of the KDW model

The RMSE between the numerical results and those observed experimentally
represents the difference between measurements and simulations. It is shown in

Table 3 for different rainfall intensities.

Table 3 RMSE values between the numerical results of the KDW model and the observed values, for

different rainfall intensities.

Rainfall intensity (mm h-1) RMSE (mm h-1)

56.97 4.34
107.64 7.68
133.01 7.72
161.71 7.20

The results of this numerical modelling are also displayed in Fig. 9, in which the
line represents the simulation results and the circles represent the observed

values.
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Fig. 9. The numerical results of the KDW model versus the observed values of the experiments for
different rainfall intensities. a, b, c, and d represent the experiments with rainfall intensities of

56.97,107.64,133.01,and161.71 mm h-1, respectively.

As can be seen from Table 3 and Fig. 9, the numerical solutions are in good

agreement with experimental observations.

Cross-simulation to determine the optimal coefficients of the KDW model

As discussed earlier, the coefficients of the KDW model were optimized with four
different rainfall intensities and the model was calibrated for each. Then, it was
important to specify which of these four series of coefficients could be accepted as
a single set of coefficients for this soil type whatever the rainfall intensity. To
answer the question, as shown in Table 4, the KDW model was separately validated
for each rainfall intensity using each series of coefficients, which had separately

been calculated previously. Here, the RMSE values for the cross-simulation of the
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experiment j (column) were obtained using the estimated parameters from the

experiment k (row), which wereequaltok =j =1, 2, 3,4.

Table 4 RMSE values (mm h-1) for cross-simulation of j (column) using parameters optimized from

the experiment k (row) for the KDW model

Experiments

Rainfall intensity (mm h-1) 56.97 107.64 133.01 161.71

56.97 434 12.06 18.07 24.66
107.64 450 7.68 12.25 18.53
133.01 6.67  7.32 7.72 10.75
161.71 845 11.19 9.51 7.20

As shown in Table 4, the coefficients derived from the rainfall intensity of 133.01
mm h-1 gave better predictions of the experimental observations related to the

hydrograph of the outlet from the end of the soil column.

Validation of the KDW-VG model
The RMSE values between the numerical results of the KDW-VG model and the

observed values of drainage flux are shown for all rainfall intensities in Table 5.

Table 5 RMSE values between the numerical results of the KDW-VG model and the observed values,

for different rainfall intensities.

Rainfall intensity (mm h-1) RMSE (mm h-1)

56.97 4.29
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107.64 7.57

133.01 7.53

161.71 7.09

638

639  The results of this numerical modeling are depicted in Fig. 10 in which the line

640 depicts the simulation results and the circles represent the measurements.
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641

642 Fig. 10. The numerical results of the KDW-VG model versus the observed values of the experiments
643 for different rainfall intensities. a, b, ¢, and d represent the experiments with rainfall intensities of

644 56.97,107.64,133.01,and161.71 mm h-1, respectively.

645 Based on the results presented in Table 5 and Fig. 10, it is clear that the numerical

646  solutions are strongly consistent with the experimental observations.

647  Cross-simulation to determine the optimal coefficients of the KDW-VG model
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Here, to determine the best of the four series of coefficients that were separately
obtained using each rainfall intensity, as shown in Table 6, the KDW-VG model was
separately validated for each level of rainfall intensity using each series of
coefficients. As previously, for the cross-simulation of the experiment j (column),
the RMSE values were derived from the estimated parameters of the experiment k
(row), which were equal to k = j = 1, 2, 3, 4, respectively.

Table 6 RMSE values (mm h-1) for cross-simulation of j (column) using parameters optimized from

the experiment k (row) for the KDW-VG model.

Experiments

Rainfall intensity (mm h-1) 56.97 107.64 133.01 161.71

56.97 429 749 7.77 7.07
107.64 437 7.57 8.00 7.11
133.01 422 7.38 7.53 7.06
161.71 435 7.57 7.91 7.09

As is clear from Table 6, for this model too, the optimized coefficients of rainfall
intensity of 131.01 mm h-! provide a better prediction of the experimental
observations pertaining to the hydrograph of the outlet from the end of the soil
column for all rainfall intensities. However, this prediction for rainfall intensities
other than 133.01 mm h-! was better than the prediction of the optimal coefficients
of each rainfall intensity, and the third row had the minimum value of RMSE for

each column. Here, it should be mentioned that the RMSEs of the prediction of
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other optimized coefficients for each rainfall intensity were not very different. It
can be observed in the columns of Table 6 that the RMSEs of each column are all
within the same range and are not very different because, in the KDW-VG model,
the coefficients of [, m, and v,, did not differ significantly from one to another
irrespective of the rainfall intensity from which they were derived. This is not the
case for the original KDW model (see Table 4) and can be seen as one of the
advantages of the developed KDW-VG model, for which the input parameters do
not depend on the rainfall intensity. In other words, none of the coefficients [, m, or
v,, exhibit significant variation in the validation stage when compared with the
coefficient b in the KDW model and they could be considered as parameters
representative of the soil properties only, whereas the parameters of the KDW
models are not representative of the soil properties only as they also depend on

the rainfall intensity.

Comparison of performance of the KDW and KDW-VG models in prediction of
output hydrographs from the end of the soil column

Here, the comparison of Tables 3 and 5 clearly shows that the new KDW-VG model
predicted the output hydrograph from the end of the soil column with better
accuracy than the original KDW model. In fact, the RMSE values of the KDW-VG
model were lower than those of the KDW model for the corresponding rainfall
intensities. This finding can also be related to the application of the van Genuchten
model, instead of the power equation in the KDW model. The predictions of both

the KDW and KDW-VG models were improved at lower rainfall intensities,
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especially at the rainfall intensity of 56.97 mm h-1. This proves the hypothesis that
the dispersive effect is gradually eliminated as input intensities increase, and can
be more effective in better prediction at lower velocities. The results show that the
dispersion of the wetting front decreases as the input intensity increases. At high
intensities, some small-scale dispersive effects, such as capillary effects, may not
occur at intermediate pore sizes and the coarse pores, in most cases, participate
more in rapid preferential flows. This has also been reported by Di Pietro et al.
(2003). Here, for a more accurate comparison of the accuracy of the models, the
cumulative square deviations of the measured and predicted values were
calculated for both models. The cumulative square deviations are depicted in Fig.
11 as a function of time. In Fig. 11, part a shows the shape of the output hydrograph
from the end of the soil column for each rainfall intensity, and part b represents the
amounts of the cumulative square deviations between the measured and predicted

values for both models at the corresponding observation points of part a.
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Fig. 11. Output hydrographs from the end of the soil column for different rainfall intensities (a;~a,).

Cumulative square deviations between the measured and predicted values for both models at the

corresponding observation points of part a (b ~b,). Numbers 1 to 4 represent the experiments with

rainfall intensities of 56.97, 107.64, 133.01, and161.71 mm h-! respectively.
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From Fig. 11, it can be seen that the cumulative square deviations between the
measured and predicted values versus time are generally lower for the KDW-VG
model than for the KDW model. This means that our proposed model is more

accurate than the KDW model.

Conclusions

This study presented the new kinematic-dispersive wave van Genuchten (KDW-
VG) model for the simulation of water flow through preferential paths. This model
is an evolution of the former KDW model (Di Pietro et al., 2003). In the KDW-VG
model, the power equation that was applied in the KDW model to describe the
relation between water flux and mobile water content was replaced with the shape
of the van Genuchten model, which had more physical meaning. Infiltration-
drainage experiments were carried out on a soil column prone to preferential flow.
A particle swarm optimization (PSO) algorithm was used to optimize and estimate
the coefficients of the KDW and KDW-VG models. After parameters optimization,
both models could simulate the experiments with very low error. After calibration
of the models, the output hydrographs from the end of the soil column were used
for validation of the models. Despite a very close agreement between the simulated
and measured hydrographs, the KDW-VG model could better predict the drainage
hydrograph and water flow through the preferential paths; the RMSE was lower
for the KDW-VG model than for the KDW model. The prediction of both models was
better at lower rainfall intensities, because when the input rainfall intensities

increased, the dispersive effect gradually decreased, and this effect could be more
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influential on better prediction processes at lower velocities. Moreover, the
optimized parameters of the KDW-VG model were not sensitive to rainfall intensity
compared to the coefficients of the KDW model; a single set of parameters
representative of only soil properties can be obtained with the KDW-VG model,
whereas the KDW parameters also depend on rainfall intensity. This is a very
significant advance in the modelling and prediction of preferential flow, but these
results need to be confirmed by applying the KDW-VG model for different soils.
Overall, the developed equation of this study is suggested to be used in water and
solute transport models in porous media, especially to model preferential flows
and transport of solutes in soils. For future studies, it is recommended to replace
the van Genuchten model with the Burdine (Meng, 2018) or Brooks-Corey models
(Huber et al., 2018) to investigate the performance of these models in combination
with the KDW model. In addition, for further research work, these experiments
could be replicated with a precise weighing lysimeter, to evaluate the efficiency of
the KDW-VG model and the solution method and estimate the coefficients for field
and real conditions.
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Appendix
Numerical solution and discretization
As mentioned, the general form of the partial differential equations used in this

study, Egs. (7) and (12), is as follows:

ou(zt) du(zt) _ 2%u(zt)
at + o) oz 4 a2

where v, = c(u)v,,.

To solve this equation, an explicit scheme is used in spatial and temporal steps. For
discretization, with respect to numerical mesh and assuming subscript i for the
representation of spatial nodes and subscript j for temporal nodes, the time
derivative with a forward difference and the space derivative with a central

difference at the jth temporal step were approximated as follows:

Time derivative with a forward difference: — =

Space derivative with a central difference: — =

Second-order space derivative: —=
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where h is the space interval between the two places and 7 is the temporal step. By
substituting in the numerical approximations, equivalent to the expressions of the

equations used (Egs. (7) and (12)), the following discretization is derived:

]

i+1 (Al)

jH1__j

w

I I _oul+
i - L+C(u) uz+12huz—1 =vwc(u) -1 U tu

h2

By arrangement and algebraic displacement of the above equation, the discrete
form of the applied models, except for the final nodes is derived as below

(according to Fig. A.1):

1 R . . . . . .
W =ul + ?c(u)(u{_1 —2ul +ul,)— Ec(u)(ulﬁr1 —u_)) (A.2)

in which c(u) is the convective celerity, which is a function of u.

Fig. A.1. Numerical mesh scheme for the numerical solution of Egs. (7) and (12), except for the final

nodes.
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For the final nodes, the derivative approximations should not depend on the
forward nodes. To do this, the Taylor expansion of f around x, is defined as

follows:

(x=x0)? ,»
£ () +

— 3,
- E0 £ () +. . (A3)

3

fx) = f(x0) + (x — x0)f (x0) +

Regarding the above relationship, the following phrases can be written:

fto=2h) = f(xo) = 21 f (x0) + 2R2f"(x0) = 213 f7 (o) +... (A4)
fto—h) = f(xo) = hf (xo) + 2 f"(x0) = £ (o) +... (AS5)
2f (%o — h) — f (% — 2h) = F(x6) — h2f"(xg) + R3f (o) (A6)

Here, if the phrase h3f"(x,) is neglected, the second-order derivative
approximation of the function f with the order of error of h is obtained as below

by algebraic arrangement of the above expression:

 f)-2f(o—h)+f(xo-2h) __ 9%u _ ul-2ul_+ul,

fGxo) = N o Tt M ey (A7)

In addition, with the algebraic displacement of Eq. (A.5) and if the ’;—?f”(xo) —

h3 . . o . .
pn f"(xy) is assumed to be small, the first-order derivative approximation of the

function f with the order of error h is as follows:

: fo)—f(xo=h) _ du _ ul-ul_
flxg) =="——"—=>—=-"—= (A.8)

Therefore, the discretization of Egs. (7) and (12) were approximated as follows for

the final nodes with respect to numerical mesh, and assuming subscript i for the
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representation of the spatial nodes and subscript j for temporal nodes, the time
derivative with a forward difference and the first space derivative with a backward
difference in the jth temporal step, and the second-order space derivative based on

the discretization of Eq. (A.7):

J_5.,d j
u; Zui_1+u

a—— (A.9)

jH1__j

. . j
%+ c(u)

J_
Ui —uiq

h

=v,c(u)

With the arrangement and algebraic displacement of the above equation, the
discrete form of the applied models is derived for the final nodes as follows

(according to Fig. A.2):

» o " . . .
W' =] = o] —ul) + e - 2ud, 4l ) (410
A
t
i+l e e
P
J oo
—o
®
1—2 1—1 1 T
a X
b

Fig. A.2. Numerical mesh scheme for the numerical solution of Egs. (7) and (12), for the final nodes.

In addition, h and t were determined so as to satisfy the following stability
condition (Di Pietro et al.,, 2003), otherwise, the numerical model would not be

converged:
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((%) C(u))z <22%c(u) <1 (A11)

Here, the stability condition is evaluated for u = u;. In the following, the

relationship between c(w) and u for the KDW model is expressed as:

cw) = L5 [u(z 0% = abslu(z )] = (A12)
b a

where u depends on the time and spatial steps of numerical mesh.

Additionally, the wave celerity must be calculated at each temporal step and space

interval between the two places. Here, finally, the value of cis considered as

follows, accounting for the values of uijfg'ss (Di Pietro et al,, 2003):

(a-1)

b u{+u{f1 a
c(w) = @( 1) (A13)
b a

2

However, for the KDW-VG model, as mentioned previously, the relationship
between ¢ and w is as follows:

ou
c(w) = E

wg=constant

- (1= 1]

2

b2 (s ) (1 om) x s

Winax — Wnin

To determine the relationship between ¢ and u, w must first be arranged
according to u. To do this, based on the water flux experiments (u) versus mobile

water content (w), a polynomial or exponential equation was obtained asw = f(u)
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according to the experiments and for each rainfall intensity. Subsequently, this
equation derived from the experiments was used instead of the w(z, t) value in the

above equation. Thus, ¢(u) was determined for each experiment. Here, the value

. . |, g . +0.5
of ¢ was again considered as (u] + u}",)/2, accounting for the values of u} ;.
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