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A B S T R A C T   

The formation of a deposit layer on membrane surfaces is an important problem, particularly in milk filtration. 
Properties of the deposit and efficiency of deposit removal can be studied using various indirect methods based 
mainly on average membrane resistance in deposit formation–deposit removal cycles, but their conclusions on 
deposit reversibility depend on conditions surrounding deposit analysis. 

Here we present a method for direct characterization of the reversibility of deposit compression via analysis of 
local solid concentration distribution during deposit formation at constant pressure and cross-flow velocity and 
deposit removal after pressure relaxation. Two models are proposed for deposit characterization: a model of 
crossflow filtration with deposit formation to characterize deposit compressibility-permeability from the data on 
concentration distribution at steady-state of deposit formation, and a model for evaluating deposit swelling ki-
netics from the data on steady-state compressibility-permeability. 

The method was applied here for analysis of the deposit formed on the surface of a polymeric ultrafiltration 
membrane during crossflow filtration of casein micelle suspensions at 25◦C. Local solid concentration distri-
bution in the deposit and concentration polarization layer was probed in situ using small-angle X-ray scattering 
(SAXS). Experiments were performed in a special-purpose SAXS–filtration cell. It was demonstrated that casein 
micelle deposits obtained at 1.1 bar transmembrane pressure swell after pressure relaxation. However, swelling 
rate was significantly lower than that obtained by modeling using deposit compressibility–permeability obtained 
from the analysis of steady-state concentration distribution. We thus find evidence that casein micelle deposits 
produced during crossflow membrane filtration undergo compression that is partially irreversible.   

1. Introduction 

The build-up of colloidal deposit on the membrane surface during 
skim milk microfiltration reduces the permeate flux as well as the 
transmission of serum proteins into the filtrate, and can complicate 
membrane regeneration by rinsing [1]. This problem becomes more 
acute when microfiltration is performed using polymer membranes in 
spiral-wound modules, as the equipment does not allow a sufficiently 
high wall shear stress (which could increase particle back-transport, 
reduce deposit formation and improve deposit removal) and may 
degrade at high temperature (which could decrease retentate viscosity 

and improve the efficiency of chemical membrane cleaning). To address 
this issue, a number of articles on milk filtration have set out to identify 
operating conditions that drive deposit formation (shear stress, trans-
membrane pressure, etc.) [1,2]. 

Conventional methods for studying deposit formation usually 
employ stepping (cycled variation) of operating parameters such as 
permeate flux, shear stress or transmembrane pressure [1,3–5] and 
characterize membrane fouling with average values of clean, fouled and 
rinsed membrane resistances [1,6] or, more rarely, the local membrane 
resistance [7–10]. In this case, any significant increase in membrane 
fouling rate is attributed to deposit formation, which is considered 
‘irreversible’ if fouled membrane resistance does not decrease or fails to 

Abbreviations: CP, concentration polarization; E, erosion step (experimental); F, filtration step (experimental); R, pressure relaxation step (experimental); SAXS, 
small-angle X-ray scattering; UF, ultrafiltration. 
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attain its starting value at the end of the cycle (i.e. the deposit or its part 
remains on the membrane surface). The cited methods are not, there-
fore, focused on direct characterization of deposit properties, so their 
conclusions on the ‘irreversibility’ of deposit formation remain specific 
to the stepping conditions applied (which nevertheless has great prac-
tical importance for the filtration equipment used). 

Note that any common characterization of deposit irreversibility is 
by definition arbitrary, as deposits produced during milk filtration can 
be removed by proper rinsing [11] (although the required hydrody-
namic conditions, rinse time and mechanism of deposit removal are 
generally unknown). Moreover, deposit removal is a dynamic process 
(as shown for microfiltration of milk proteins in e.g. Refs. [12,13]). 
Therefore, deposit irreversibility can only strictly be characterized by 
correlating the timescale of the experiment with a characteristic time-
scale of deposit evolution [14] (swelling, redispersion, etc.), which 
builds on the idea of using the Deborah number to characterize mem-
brane fouling [15]. Proper characterization of deposit irreversibility 
therefore requires knowing key properties of the deposit and its removal 
mechanism that can be further recalculated into the characteristic 
removal time. 

According to Ref. [16], deposit formation in milk filtration is caused 
by casein micelles, which are soft colloidal particles with diameter 
ranging from 50 nm to 500 nm and an average diameter of about 
150–200 nm. The micelles get deformed and compressed into a deposit 
under the applied osmotic or compressive pressure, then expand back to 
their initial size after the pressure is released (in the range of pressures 
applied in milk filtration) [17,18]. Casein micelles are core–shell 

particles with a hydrophilic polymeric brush of κ-caseins on the surface 
that provides a steric and electrostatic barrier against aggregation in 
diluted dispersions. The potential irreversibility of casein micelle de-
posits could arise from suppression of this barrier [18] or even the 
expression of non-covalently-bonded κ-caseins from the micelle surface 
[19]. 

Deposit formation is generally explained by the model of particle 
aggregation at the membrane surface [20–23]: the deposit appears on 
the membrane surface when the local particle concentration (osmotic 
pressure, solid compressive pressure) in the concentration polarization 
layer exceeds sol–gel transition concentration. Unfortunately, this 
model does not account for particle elasticity or compressible steric 
barrier (i.e. for the possibility of deposit swelling and redispersion). It 
has been used to demonstrate deposit formation in experiments on 
dead-end filtration of casein micelle dispersions, where the deposit 
emerged when pressure on the membrane surface exceeded a critical 
value [17]. The deposit was detected as the appearance of residual 
fouling resistance after the pressure release and mild rinsing at the end 
of filtration cycle [17], and deposit swelling was evidenced from the 
decrease of residual fouling resistance after the pressure release [17]. 
The reversibility (i.e. potential redispersion) of concentrated casein 
micelles was studied in ex situ experiments on osmotic compression and 
swelling of casein micelle dispersions [18]. These experiments demon-
strated that casein micelle gels can swell after the pressure release and 
attain an average concentration that is lower than the sol–gel transition 
concentration, while remaining solid. This implies that casein micelles 
can aggregate by compression [18]. Redispersion of casein micelles was 

Nomenclature 

a length of the filtering part of a cross-section of the filter 
channel; width of the filter channel of the SAXS–filtration 
cell (m) 

c casein concentration (kg∙m− 3) 
c0 casein concentration in filtered suspension (kg∙m− 3) 
csg casein concentration in the point of sol–gel transition 

(kg∙m− 3) 
cm solid (i.e. casein) concentration on the membrane surface 

(kg∙m− 3) 
hCP local thickness of the CP layer (m) 
hg local thickness of the gel layer (deposit) (m) 
Itr intensity of the transmitted X-ray beam (arbitrary units) 
J(x) local filtrate flux at the distance x from the entrance to the 

filter channel (m∙s–1) 
J(0) filtrate flux at the entrance to the filter channel (x = 0 cm) 

(m∙s–1) 
J0 filtrate flux across the clean membrane (m∙s–1) 
JL average filtrate flux over the filter channel (m∙s–1) 
JL,ss average filtrate flux over the filter channel at steady-state 

filtration (m∙s–1) 
k local hydraulic permeability (m2) 
L length of the filter channel (m) 
M filterability, material property that governs crossflow 

filtration (Pa3∙m2∙s) 
mg quantity of excess casein in the deposit (gel layer) (g∙m–2) 
mt total quantity of excess casein in the fouling layer (g∙m–2) 
P total pressure in the filtration channel (Pa) 
P0 total pressure at the entrance to the filter channel (Pa) 
ΔP transmembrane pressure (Pa) 
ΔPR pressure applied during relaxation (Pa) 
ps local compressive solid pressure (Pa) 
Q average tangential flow in the filter channel (m3∙s–1) 
Q0 average tangential flow at the entrance to the filter channel 

(m3∙s–1) 
R membrane radius (when the filter channel is cylindrical) 

(m) 
Rf average hydraulic resistance of fouled membrane at 

steady-state filtration (m–1) 
Rm hydraulic resistance of the membrane during deposit 

swelling at the pressure relaxation step (m–1) 
Rm0 hydraulic resistance of clean membrane (m–1) 
Rr average hydraulic resistance of the membrane attained 

after rinsing, hydraulic resistance of the membrane with 
residual fouling (m–1) 

t time (min) 
tE erosion time (min) 
tF filtration time (min) 
tR relaxation time (min) 
u local crossflow (tangential) velocity (m∙s–1) 
uav average crossflow velocity (m∙s–1) 
x axial (horizontal) distance from the entrance to the filter 

channel (m) 
y lateral coordinate, distance from the central plane (m) 
z normal (vertical) distance from the membrane surface (m) 

Greek letters 
γ̇ local shear rate (s–1) 
μf filtrate viscosity (Pa∙s) 
Π local osmotic pressure of particles (micelles) in the CP 

layer (or solid pressure in the gel/deposit) 
(Pa) ρs density of solid (kg∙m− 3) 
τ shear stress (Pa); 
τw wall shear stress (Pa); 
υ voluminosity of casein micelles (ml∙g–1); 
ϕsg volume fraction of casein micelles in the point of sol–gel 

transition (dimensionless); 
ω material coordinate (m)  
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observed simultaneously with the gel swelling (and in the absence of 
external shear), which suggests that the micelles may lose cohesion with 
time [18]. Casein micelle deposits in filtration are therefore likely to 
show a complex pattern of evolution that depends on pressure, shear and 
time. Unfortunately, the swelling kinetics and properties of casein 
micelle gels (neither that of swelling casein micelle deposits) were not 
strictly characterized in previous studies. 

There are few studies addressing the quantitative characterization of 
colloidal deposit and their in situ behavior after the filtration pressure 
release (e.g. Refs. [17,24,25]), largely due to the difficulty involved in 
analyzing deposition on the membrane surface. However, a rigorous 
method for characterizing swelling behavior has been developed as part 
of basic filtration theory for macroscopic filter cakes that measures 
equilibrium particle concentration after the release of compressive 
pressure [26–28]. A similar approach can be applied in membrane 
filtration, not only during deposit formation [29] but also after pressure 
release, if the particle concentration in the swelling deposit can be 
measured. 

Various (instrumentally sophisticated) methods can be applied for 
local deposit analysis in membrane filtration [30,31]. An in situ 
small-angle X-ray scattering (SAXS)–filtration method [32–34] has 
successfully visualized deposit growth and erosion by crossflow or ul-
trasound for casein micelles [34,35] and other nanocolloids [36,37]. 
The method enables simultaneous measurement of the average filtrate 
flux and local solid concentration at different distances from the mem-
brane surface with a spatial resolution of 20 μm [38–40]. It can also 
serve to analyze deposit behavior after the pressure release and to 
characterize deposit reversibility. For example, in a recent paper on 
SAXS-ultrafiltration of casein micelle suspensions at the constant pres-
sure of 110 kPa [62] we proposed a method for semi-quantitative 
analysis of deposit swelling and removal and compared the influence 
of filtration temperature (12◦C versus 42◦C) on the deposit compress-
ibility and its swelling kinetics during the pressure relaxation. Our 
current work continues the development of methodology for charac-
terization of deposit properties with a focus on reversibility of deposit 
formation and compression. 

Here we report new work characterizing deposits produced during 
crossflow ultrafiltration of casein micelle dispersions. In situ SAXS is 
used to measure local casein concentration in the concentration polar-
ization layer and deposit during deposit formation at different trans-
membrane pressures and at subsequent filtration pressure release 
(relaxation), as well as the increase in average crossflow velocity 
(erosion). A new method is developed for quantitative characterization 
of deposit compressibility–permeability. We also compare different 
methods for characterizing the reversibility of membrane foulant de-
posits: (i) a conventional method based on analysis of average mem-
brane resistance (hydraulic resistance of fouled membrane at steady- 
state versus hydraulic resistances of clean membrane and rinsed mem-
brane), and (ii) a novel method based on analysis of deposit swelling 
kinetics. 

2. Materials and methods 

2.1. Casein micelle suspensions 

Casein micelle suspensions at casein concentration c = 2–180 g∙l–1 

were prepared by thoroughly mixing (15 h at 35◦C) casein isolate 
powder Promilk 852B (provided by Ingredia, Arras, France) with a skim 
milk ultrafiltrate (UF permeate prepared at the STLO laboratory, free of 
proteins and other pore blocking foulants). Detailed compositions of the 
raw materials can be found in Supplementary data (Table S1). The 
particle size distribution of the suspensions obtained was in the range 
50–450 nm with an average diameter of 130 nm (measured via dynamic 
light scattering analysis using a Zetasizer Nano ZS sizing system, Mal-
vern Instruments, UK), and pH was 6.7 ± 0.1 at 20◦C. Particle size 
distribution and pH were close to those of fresh skim milk, and 

redispersion reproduced the main properties of casein micelles (see Refs. 
[41,42]). Suspensions were preserved by addition of 0.05 wt% sodium 
azide (Sigma-Aldrich, St. Louis, MO) and were used within 24 h after 
preparation. Exact concentrations of the suspensions were calculated 
from their dry matter content measured by the weight method. 

2.2. Filtration materials and equipment 

Filtration experiments were done at 25◦C with casein micelle sus-
pension at c0 = 49 g∙l–1. 

The experiments were performed using a lab-scale crossflow 
SAXS–filtration rig purpose-designed for in situ observation of external 
membrane fouling. The rig is depicted in Fig. 1 and described in detail 
elsewhere [34,36]. 

The transparent polycarbonate filtration cell consisted of the upper 
retentate part and the lower filtrate part with a flat horizontal (parallel 
to the x axis) sheet of polymer membrane sandwiched between them 
(Fig. 1b). The membrane was placed on a perforated support plate to 
minimize displacement in the z direction. The retentate channel was 
width a = 4 mm, height 8 mm, and length L = 10 cm. 

The polyethersulfone membrane (provided by Orelis Environne-
ment, France) had a nominal molecular weight cut-off of 100 kDa and a 
working surface area of 4∙10–4 m2. Fresh membrane (pre-soaked in the 
UF permeate) was used in each experiment. 

2.3. SAXS-filtration experiments and analysis of local membrane fouling 

Analysis of local external membrane fouling (i.e. distribution of 
casein concentration at the membrane surface, c(z)) was based on the 
fact that the absolute scattering intensity I(q) of casein micelle disper-
sions is directly related to c in the q range corresponding to the form 
factor of the casein micelles [32–34]. 

Filtration experiments with in situ SAXS analysis of the fouling layer 
were performed on the SWING beamline at the French national syn-
chrotron facility (SOLEIL, Gif-sur-Yvette, France). The 0.1 nm-wave-
length incident X-ray beam was collimated to full width at half 
maximum of 20 μm in the z axis and 150 μm in the x axis to get highly 
spatially-resolved analysis of c(z). Sample-to-detector distance was fixed 
at 3 m, which provided a scattering vector q range spanning from 0.05 
nm− 1 to 3 nm− 1. 

Prior to filtration, the empty filter cell was fixed onto a motorized 
stage and the membrane surface at x = 5 cm was aligned parallel to the 
incident beam (under the applied compressed air pressure of 0.5 or 1.1 
bar). This also allowed to determine membrane surface position z = 0 
μm with an uncertainty of 20 μm (as shown in Fig. 1c). 

The system was filled with casein micelle suspensions primed at 25◦C 
for at least 30 min. The SAXS–filtration experiments consisted of three 
steps (Table 1). 

The parameters of filtration and pressure relaxation stages (i.e. 
rather low value of cross-flow velocity; lower than that applied in in-
dustrial filtration) were chosen in order to promote thick deposit for-
mation that enabled analysis of deposit properties and behavior (this 
approach is frequently applied for in situ analysis of membrane fouling 
by deposit). 

At the first filtration step, the fouling layer was produced at constant 
applied pressure and crossflow velocity. At the following pressure 
relaxation step, we observed the swelling and thinning of the fouling 
layer after significant pressure reduction. At the final erosion step, we 
studied the cohesiveness of the swelled layer after a fivefold increase in 
crossflow velocity (and wall shear stress). Wall shear stress values and 
other hydrodynamic parameters estimated for different stages of the 
experiment can be found in Supplementary data, Table S2. 

During the experiment, the filter cell was periodically translated in 
the z axis such that the retentate channel was scanned with the incident 
X-ray beam from z = 0 (membrane surface) up to 2 mm (bulk suspen-
sion) at a constant distance from the entrance x = 5 cm (i.e. at the middle 
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of the filter cell), and 2D SAXS patterns measured at different vertical 
positions of the filter cell (i.e. at different distances from membrane 
surface z) were recorded on the 2D detector EigerX4M. For a given z, the 
registered scattered beam intensity I(q = 1 nm− 1) was recomputed into 
local casein concentration c(z) using preliminarily obtained calibration 
curve c = c(I(q)) (the method is detailed in Supplementary data). 

For a given SAXS-filtration experiment time t, local external mem-
brane fouling was characterized using.  

(i) local casein concentration distribution c(z),  
(ii) excess weight of casein in the fouling layer mt and in the gel layer 

mg, which were determined by integrating excess casein con-
centration over the thickness of the fouling layer 

mt =

∫z(c=c0)

0

(c(z) − c0)dz (1) 

and over the thickness of the gel layer hg 

mg =

∫hg

0

(c(z) − c0)dz (2)  

respectively, and.  

(iii) gel thickness hg, which was estimated as 

hg = z
(
c = csg

)
(3)  

where csg is casein concentration at the point of sol–gel transition. The 
value of csg was estimated from the literature data: temperature- 
independent volume fraction of casein micelle dispersions in sol–gel 
transition ϕsg = 0.71 (obtained by Doudiès et al. [43] by rheometry and 
osmometry of casein micelle suspensions and concentrated dispersions) 
and temperature-dependent casein micelle voluminosity υ = 3.9 ml∙g–1 

at 25◦C (obtained by Nobel et al. [44] by rheometry of liquid casein 
micelle suspensions). The equation 

csg = υ− 1ϕsg (4) 

then gave the value csg = 182 g∙l–1. According to experimental data 
obtained by Ref. [43] and literature data reviewed in the same study, the 
uncertainty in the determination of csg is equal to ± 3.5 g/l. 

2.4. Analysis of average membrane fouling 

Average membrane fouling was acquired from the data on permeate 
flux, which was measured using precision balances (PB 303-S, Mettler 
Toledo, accurate to 1 mg) in a separate series of experiments with the 
same rig, material and conditions as used for in situ SAXS–filtration. The 
measurements were performed at three consecutive steps:  

(i) rate of UF permeate filtration across the clean membrane was 
measured at a pressure of 1.1 bar, and the hydraulic resistance of 
clean membrane Rm0 was calculated;  

(ii) UF permeate was replaced with casein micelle suspension, and 
filtration was commenced at the same operating conditions as 
applied at the first step of in situ SAXS–filtration (Table 1); once 
steady-state was reached, average filtrate flux JL,ss was measured 
and the average fouled membrane resistance Rf was calculated; 

Fig. 1. (a) SAXS–filtration rig: 1 – compressed air, 2 
– pressurized and thermostated vessel containing 
suspension, 3 – positive displacement pump, 4 and 
4′ – pressure gauges, 5 – crossflow SAXS–filtration 
cell, 6 and 6′ – incident and scattered X-ray beams, 7 
– magnetic flowmeter, 8 – filtrate and electronic 
balances; (b) transverse view of the SAXS–filtration 
cell: 9 – retentate part of the cell, 10 – fouling layer, 
11 – membrane, 12 – membrane support, 13 – 
filtrate part of the cell; (c) determination of mem-
brane surface position (dashed line) from the de-
pendency of X-ray intensity transmitted through the 
cell filled with UF permeate on distance to the 
membrane Itr(z) and its derivative dItr/dz.   

Table 1 
Steps of the SAXS–filtration experiment.  

Stage Applied 
pressure 
ΔP (bar) 

Average crossflow velocity, 
uav (cm∙s–1) 

Stage duration, t 
(min) 

Filtration 0.5 or 1.1 3.1 150 
Pressure 

relaxation 
0.1 3.1 45 

Erosion 0.1 15.6 15  
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(iii) retentate was replaced with UF permeate and transmembrane 
pressure was reduced to zero for 20 min (while keeping the same 
average crossflow velocity uav = 3.1 cm∙s–1) in order to rinse the 
membrane and remove the labile part of the fouling layer; 
transmembrane pressure was then increased to 1.1 bar, the rate of 
UF permeate filtration across the rinsed membrane was 
measured, and the average membrane resistance with remaining 
(residual) fouling Rr was calculated. 

These experiments were repeated in duplicate. Average Rm, Rf and Rr 
values (all calculated using Darcy’s equation using the filtrate viscosity 
μf = 0.89 mPa s) are presented as experimental points, and (min – max) 
intervals are presented as error bars. 

2.5. Modeling of steady-state filtration and relaxation to analyze the 
reversibility of deposit formation 

A model was developed to describe the distribution of external 
membrane fouling at the steady-state stage of crossflow filtration of the 
casein micelle suspension (see Annex A). 

Methods were developed to determine the compressibility–perme-
ability of the deposit and to analyze the reversibility of deposit 
compression using filtration and pressure relaxation data (see Annex B). 

3. Results and discussion 

3.1. General results on membrane fouling 

Fig. 2 gives average filtrate flux JL obtained during crossflow filtra-
tion of casein micelle dispersions at ΔP = 0.5 bar and 1.1 bar. 

Fig. 2 shows that at both studied pressures, (i) the steady state was 
attained after about 60–80 min of filtration (as soon as JL leveled off) 
and (ii) filtration operated at limiting flux conditions (as soon as the 
average steady-state flux became independent of ΔP). 

Average intensity of membrane fouling at different transmembrane 
pressures was evaluated from the average hydraulic membrane resis-
tance values measured at different steps of the experiment (presented in 
Table 2). 

Table 2 shows that filtration at both ΔP levels resulted in severe 
membrane fouling: Rf > Rm0. As soon as the limiting flux was attained at 

both ΔP, this is explained by a low average crossflow velocity uav = 3.1 
cm∙s–1 that led to the formation of a thick deposit. Rinsing the mem-
brane removed a majority of the fouling: Rr << Rf. This suggests that the 
membrane fouling by the deposit was at least partially reversible. 
However, residual fouling was an order of magnitude higher than the 
hydraulic resistance of clean membrane, and was higher in the experi-
ment with the higher applied pressure, which is qualitatively consistent 
with the theory of particle aggregation at the membrane surface [17,20, 
21,29]: a higher applied pressure results in a thicker deposit and a 
thicker irreversibly-aggregated fraction of deposit attached to the 
membrane. We carried out SAXS analysis on the fouling layer to verify 
this hypothesis and to distinguish the reversible and irreversible parts of 
the deposit. 

3.2. Casein accumulation in the fouling layer 

Fig. 3 charts the variation in local concentration distribution at the 
membrane surface during the filtration step at ΔP = 0.5 bar (Fig. 3a) and 
following the relaxation and deposit erosion steps (Fig. 3b) determined 
via in situ SAXS analysis. ΔP = 1.1 bar at the filtration step gave very 
similar data, which is reported in Supplementary data, Fig. S1. 

According to Fig. 3a, the deposit (gel with c > csg) appeared at the 
membrane surface at tF < 10 min, and the following filtration resulted in 
deposit growth and increasing concentration (deposit formation had 
previously been observed, for example in Ref. [37], during the ultrafil-
tration of anisotropic nanocolloids). The c(z) curves practically merged 
at tF ≥ 130 min, which implies that the local steady state in the middle of 
the filter channel (x = 5 cm) was attained at this time (e.g. as in 
Ref. [36], where the steady-state structure of the fouling layer is 
observed at the steady-state stage of crossflow ultrafiltration of Lapon-
ite). This time was longer than the time required for average filtrate flux 
to stabilize, tF = 60–80 min (according to Fig. 2), which probably reflects 
a higher sensitivity of local SAXS analysis to changes in filtration ki-
netics than to average flux measurement. 

After the pressure decrease to ΔP = 0.1 bar at the relaxation step 
(Fig. 3b), local casein concentration in the deposit progressively 
decreased at every distance from the membrane, this confirming casein 
micelle deposits can swell after pressure relaxation [17] (according to 
Fig. S1b, the same is true for the gel obtained at ΔP = 1.1 bar). More-
over, Fig. 4 and S2 suggest that deposit weight and thickness both 
decreased after the drop in pressure. Deposit swelling was therefore 
assisted by redispersion of the casein micelles (at least from the external 
and initially less-concentrated part). 

Note that at both studied pressures mt, mg and hg increased abruptly 
when the filtration pressure relaxed (Fig. 4a,b and S2). This can be 
explained by an instant shift of the flexible polymeric filtration mem-
brane away from the rigid membrane support due to the instant 
reduction of TMP [39,40,62] (although a low TMP of 10 kPa was 
maintained in order to reduce this effect during the pressure relaxation). 
The shift of the membrane towards positive z brought the inner sublayer 
of casein micelles, which was localized close to the membrane surface (z 
< 20 μm) and was not accounted for in the calculations of mt, mg and hg 
during the earlier filtration step, into the scope of SAXS analysis (z > 20 
μm) [39,40,62], resulting in an apparent increase of mt, mg and hg. Ac-
cording to Fig. 4b, the membrane shifted for 15–17 μm (same as in 

Fig. 2. Filtrate flux plotted against filtration time at constant applied pressure 
ΔP = 0.5 bar (open symbols, dashed lines) and 1.1 bar (solid symbols, solid 
lines). Two filtration experiments were done at each ΔP. 

Table 2 
Average hydraulic resistance values in experiments with ΔP = 0.5 bar and 1.1 
bar (applied during deposit formation).  

Pressure 
applied at 
filtration step, 
ΔP (bar) 

Hydraulic 
resistance of 
clean membrane 
Rm0 (1013 m–1) 

Hydraulic resistance 
of fouled membrane 
at steady-state, 
Rf (1013 m–1) 

Hydraulic 
resistance of 
rinsed membrane, 
Rr (1013 m–1) 

0.5 0.5 ± 0.1 33 ± 3 4.9 ± 1.3 
1.1 0.5 ± 0.1 74 ± 7 8.0 ± 0.3  
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Ref. [62]), which was small compared to the lowest measured gel 
thickness. Because of this membrane shift, c(z) profiles measured at tR =

0 min are slightly higher as compared to the last profiles measured 
during the filtration stage (Fig. 3a and S1a vs. Fig. 3b and S1b). 

The decrease of mg and hg at x = 5 cm (Fig. 4 and S2) during pressure 
relaxation is qualitatively consistent with the decrease of average fouled 
membrane resistance after membrane rinsing (Table 2) but the decrease 
of average fouled membrane resistance was quantitatively more signif-
icant: in experiments with filtration pressure ΔP = 1.1 bar for example, 
mg(tF = 150 min)/mg(tR = 20 min) ≈ 1.4 whereas Rf/Rr ≈ 9.3. We explain 
this by the distribution of the deposit thickness over the membrane 
length, as it follows from Eq. (A6) and (A14) (Annex A) (and other 
models of crossflow filtration with deposit formation [22,45]) that de-
posit thickness increases with x (note that TMP was near constant along 
the filter channel). Note too that the increase of the fouling layer 
thickness with x was previously observed by in situ SAXS–crossflow 
filtration of skim milk [34,35] (also for the case of near constant TMP). 
As soon as deposit swelling rate is inverse to hg

2 [46,47], deposit removal 
after the pressure relaxation (and the corresponding decrease of the 
local fouled membrane resistance) can be faster at lower x. This can 
result in the larger decrease of average membrane fouling (estimated 

from Rf and Rr) compared to local fouling in the middle of the filter 
channel (estimated by mg or hg). This result confirms the idea that 
average hydraulic resistance of rinsed membrane Rr is insufficient for 
firm characterization of residual membrane fouling [48]. 

According to Fig. 4 and S2, dependencies mg(t) and hg(t) did not level 
off during relaxation. At the beginning of erosion, mg(t) and hg(t) 
decreased steeply, which can be explained by removal of a loose swelled 
part of the gel after the five-fold increase in wall shear stress (Table S2). 
mg(t) and hg(t) then continued to gradually decrease. Therefore, the data 
presented in Fig. 4 and S2 is insufficient to firmly evidence deposit 
irreversibility, and so a comprehensive analysis of swelling kinetics is 
required. 

3.3. Analysis of deposit compressibility–permeability 

The analysis of deposit compressibility–permeability is based on 
applying the model of steady-state crossflow filtration with deposit 
formation (model described in Annex A) to the data obtained at the 
steady-state stage of SAXS–filtration. Fig. 5 compares concentration 
distribution profiles in the fouling layer c(z) obtained at ΔP = 0.5 bar (tF 
≥ 130 min) and 1.1 bar (tF ≥ 105 min) when steady-state was reached (i. 

Fig. 3. Casein concentration c plotted against distance to membrane z during (a) filtration of casein micelle dispersions at ΔP = 0.5 bar (average crossflow velocity 
uav = 3.1 cm∙s–1) and (b) following relaxation (ΔP = 0.1 bar, uav = 3.1 cm∙s–1) and erosion (ΔP = 0.1 bar, uav = 15.6 cm∙s–1) determined via in situ SAXS analysis. 
Times of filtration tF, relaxation tR, and erosion tE are shown at the head of the curves (in minutes). The dashed line charts the sol–gel transition concentration csg 
determined via Eq. (4). 

Fig. 4. (a) Total excess quantity of casein at the membrane surface mt (solid symbols) and that in the deposit (gel layer) mg (open symbols) at different steps of the 
experiment with filtration pressure ΔP = 0.5 bar; (b) time–course of deposit (gel) thickness hg in experiments with ΔP = 0.5 bar (open symbols) and 1.1 bar (solid 
symbols). Dashed verticals correspond to the transitions between filtration (F), relaxation (R), and erosion (E) steps that mark changes in pressure or average 
crossflow velocity. 
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e. mg and JL are constant). 
The deposit obtained at higher ΔP was more concentrated due to 

higher compression of casein micelles [17,18]. Filtration at higher 
pressure increased local gel thickness hg by 1.2 (Fig. 5), while the 
average resistance of fouled membrane at steady state increased by 2 
(Table 2), which is explained by significantly decreasing permeability of 
casein micelles gel with compression [17,29]. At the steady state, the 
concentration distribution on the CP layer (i.e. c(z) in the part with c <
csg) was practically unaffected by ΔP value (Inset in Fig. 5) because as it 
evolved at the same filtrate flux and shear stress conditions at both ΔP. 

At both studied pressures, as soon as filtration was at limiting flux 
conditions, we analyzed the SAXS–filtration data as follows and deter-
mined deposit compressibility-permeability using Eqs. (B1) and (B2) 
(Annex B). Average steady-state flux JL = 1.7±0.1 (10–7 m∙s–1) (Fig. 2) 
was used to calculate local filtrate flux at x = 5 cm (where c(z) profiles 
were measured). Despite the difference in J(0) values (calculated from 
the hydraulic resistance of clean membrane Rm0 = 5∙1012 m–1), 
i.e. J(0) = 1.4∙10–5 m∙s–1 at ΔP = 0.5 bar and 3.1∙10–5 m∙s–1 at 
ΔP = 1.1 bar, the two different pressures gave practically the same 
M(csg, τw) = 7.3∙10–27 Pa3 m2∙s and J(x = 5 cm) = 1.4∙10–7 m∙s–1, as 
expected for filtration in limiting flux conditions with the formation of 
relatively permeable CP layer and significantly less permeable gel. The 
obtained value of J(x = 5 cm) was used to calculate the function kdΠ/dc 
(complex material property) from the steady-state c(z) profiles (Fig. 5) 
via Eq. (B3) (Annex B). Fig. 6 presents the (kdΠ/dc)–1 obtained through 
this method of SAXS–filtration data analysis. 

The kdΠ/dc values obtained (symbols) were compared with the de-
pendency reported by Bouchoux et al. [29] via a series of experiments on 
osmotic compression (to determine the dependency of dΠ/dc on c) and 
dead-end filtration (to determine the dependency of k on c). Despite the 
distinct difference in c(z) profiles obtained at different filtration pres-
sures (Fig. 5), dependencies of (kdΠ/dc)–1 on c calculated from these 
profiles practically coincide (symbols in Fig. 6), as expected for a ma-
terial property. It is reasonable to speculate that the bell-like shape of the 

obtained dependency 1/(kdΠ/dc) on c is related to the dominance of 
permeability factor (k decreases as c increases) over compressibility 
factor (dΠ/dc increases as c increases) at c < csg, and vice versa. The 
curves obtained here pass through a maximum at c ≈ csg = 182 g∙l–1 

(value deduced by Nöbel et al. [44] from independent rheological 
measurements). This connects to the expected significant change in 
material properties in the point of sol–gel transition [22,29] that indi-
rectly supports the validity of the current analysis. 

Note that kdΠ/dc values obtained at low c (corresponding to the 
outer part of the CP layer) may be overestimated due to the constant 
J(x = 5 cm) ∕= f(z) used in the calculations. Constant J(x) ∕= f(z) is 
equivalent to the generally applied assumption about the constancy of 
solid-liquid velocity in the CP layer (assumptions (11) and (12) in Annex 
A), and does not therefore account for solid movement towards the 
membrane, which is greater at lower solids concentration in the CP layer 
[49]. However, further analysis demonstrated that this factor had no 
significant influence on our conclusions concerning the reversibility of 
gel compression. 

Interestingly, the values found here via analysis of SAXS–crossflow- 
filtration data for microscopic objects (deposit layers) (symbols in Fig. 6, 
fairly fast gel formation, t ≈ 2 h, and steady-state filtration) were of the 
same order of magnitude as the values found by Bouchoux et al. [29] via 
osmotic compression (fairly slow gel formation, t ≈ 10–100 h) and 
dead-end filtration (unsteady) for macroscopic gel samples. However, 
the difference in curve behavior (data from Bouchoux [29] versus here) 
is unclear and requires additional research. 

3.4. Modeling and analysis of deposit swelling, evidence for irreversibility 
of deposit compression 

Modeled and experimentally observed gel swelling kinetics can be 
compared in order to confirm or discard the assumption that the gel 
properties (k∂Π/∂c at given c) are independent of compression history. i. 
e. elucidate whether the compression of casein micelle gel obtained 
during crossflow filtration at different conditions is reversible, irre-
versible, or partially irreversible, in the filtration conditions under 

Fig. 5. Steady-state c(z) profiles measured in SAXS–filtration experiments at 
different ΔP. The open symbols and dashed curve plot filtration at 0.5 bar 
(points are average values from three c(z) profiles obtained at tF = 130–150 
min); solid symbols and solid curve plot filtration at 1.1 bar (points are average 
values from four c(z) profiles obtained at tF = 105–150 min). Error bars present 
standard deviations, curves correspond to least-squares fitting of SAXS–filtra-
tion data using proper polynomial equations. The dotted horizontal corresponds 
to the sol–gel transition concentration csg obtained from Eq. (4). Inset: the same 
curves merged at point [z = hg, c = csg] (i.e. at the sol–gel border, materialized 
by a dashed vertical). 

Fig. 6. Values of (kdΠ/dc)–1 obtained at ΔP = 0.5 bar (open symbols, dashed 
curve) and ΔP = 1.1 bar (filled symbols, solid curve) from c(z) profiles pre-
sented in Fig. 5. The curves plot the fitting curves presented in Fig. 5 after 
treatment with Eq. (B3). Dotted curve AB is calculated from the data given in 
Bouchoux et al. [29] that was obtained from osmotic compression and dead-end 
filtration experiments. The dashed vertical corresponds to the sol–gel transition 
concentration csg determined via Eq. (4) from rheological experiments. 
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study. 
Since deposit swelling and redispersion was observed during the 

SAXS-assisted relaxation and erosion steps (Fig. 3b and S1b) and there 
were no evidences of completely irreversible fouling in the data pre-
sented in Fig. 4 and S2, the hypothesis on the complete reversibility of 
deposit compression and formation was verified. Deposit swelling after 
the pressure decrease from 0.5 bar to 0.1 bar was modeled using Eqs. 
(B4), (B6) – (B8) and (B9) (presented in Annex B). The properties of the 
swelling deposit (with the same initial c(z) distribution as that deter-
mined via SAXS, Fig. 3b) were described using the dependency of kdΠ/ 
dc on c obtained for compressed deposit from the data on steady-state 
filtration (Fig. 6) and dependency Π(c) obtained by Doudiès et al. [43] 
from osmotic compression experiments (presented in Supplementary 
data). We therefore assumed that deposit compression was completely 
reversible. Two different mechanisms of deposit swelling were consid-
ered (since neither had previously been experimentally confirmed): 
without and with filtrate absorption across the membrane (illustrated in 
Annex B, Figs. B1a and B1b, respectively). The c(z) curves obtained by 
modelling with the same relaxation times tR as in the SAXS–relaxation 
experiment with pressure reduced from ΔP = 0.5 bar–0.1 bar (Fig. 3b) 
are presented in Fig. 7. The corresponding modeling results for the de-
posit obtained at 1.1 bar are presented in Supplementary data, Fig. S3. 

Regardless of the assumed swelling conditions (i.e. no crossflow and 
high fouled membrane resistance, which, as discussed in the part B3 of 
Annex B, can only underestimate the swelling rate; the result of calcu-
lations with Rm = 4.9∙1012, which is the hydraulic resistance of clean 
membrane, was not essentially different from that presented in Fig. 7b), 
modeling predicts significantly faster gel swelling compared to experi-
mental data. Roughly, the actual swelling (Fig. 3b) was more than 10 
times slower than modeled swelling (Fig. 7). The same discrepancy be-
tween the modeled and experimental swelling kinetics was obtained for 
the gel formed at 1.1 bar (Figs. S1 and S3 in Supplementary data). This 
conclusion holds for both assumed filtrate uptake mechanisms (with and 
without filtrate uptake across the membrane). In the current study, the 
more than tenfold deviation between modeled and experimental data 
cannot be explained by any reasonable experimental error (which would 
require a more than tenfold erroneous underestimation of local flux and 
k(c)∂Π(c)/∂c here and in Bouchoux et al. [29], Fig. 6) or more than 
threefold underestimation of gel thickness [47]) (model results, not 
shown). 

A more reasonable explanation for the observed slow swelling ki-
netics is a significant difference in assumed and actual deposit proper-
ties, i.e. partial irreversibility of gel formation and compression. It is 

reasonable to suggest that filtration–compression of casein micelle gel is 
described by different k(c)∂Π(c)/∂c dependencies under conditions of 
local pressure increase (filtration, deposit formation) and decrease 
(relaxation, gel swelling). The filtration scholarship usually explains this 
using the framework of DLVO theory applied to the case of a filter cake 
on a membrane surface: irreversible particle aggregation occurs when 
the fouling layer reaches and exceeds the critical sol–gel transition 
concentration [17,20–22], resulting in decreased particles repulsion, 
significant lowering of Π(c) (and a corresponding lowering of ∂Π(c)/∂c 
[22,26–28,50–52]), and a slowdown of osmotic-process filtrate uptake. 

Interestingly, contrary to the simple case of DLVO theory, in the case 
of casein micelles, particle repulsion forces ultimately exceeded the 
attraction forces (at least in the external, less concentrated part of the 
deposit), since the deposit swelled and redispersed. Also note that 
swelling and redispersion of casein micelle gels obtained by osmotic 
compression was observed in swelling experiments even without applied 
shear [18]. This demonstrates the conventionality of the term “irre-
versibility” in the discussion of compression of deposits and dispersions 
of casein micelles (and soft/elastic aggregating colloids in general). 

Rigorous characterization of the reversibility of casein micelle de-
posits (i.e. determination of k(c,tR)∂Π(c,tR)/∂c in the course of pressure 
relaxation) can be done by analyzing the c(z,tR) curves (i.e. as presented 
in Fig. 3b and S1b) by the Matano method, for instance. However, it 
requires knowledge of the local filtrate flux J(x), which is difficult to 
measure, when the deposit with changing thickness hg(x) is obtained in a 
crossflow filtration experiment. This can be accomplished in in situ SAXS 
experiments on dead-end filtration–relaxation, and would also clarify 
the possible influence of time on Π(c) dependency in the compression 
and swelling of filtration deposits. 

4. Conclusions 

Crossflow ultrafiltration of casein micelle dispersions was studied 
using a special-purpose SAXS–filtration cell. Filtration experiments 
comprised three consecutive stages: deposit formation at constant 
applied pressure (0.5 bar or 1.1 bar) and crossflow velocity (3.1 cm∙s–1), 
deposit relaxation after relaxing filtration pressure down to 0.1 bar at 
the same constant crossflow velocity (3.1 cm∙s–1), and deposit erosion at 
increased crossflow velocity (15.6 cm∙s–1). The time–course of deposit 
formation, relaxation and erosion was observed via in situ SAXS which 
enabled the measurement of local casein micelles concentration profiles 
at the membrane surface (i.e. in the deposit and the concentration po-
larization layer) with a spatial resolution of 20 μm at different 

Fig. 7. Model results for c(z) concentration distribution profiles during swelling at ΔP = 0.1 bar after filtration at ΔP = 0.5 bar: (a) without filtrate flow across the 
membrane; (b) with filtrate flow and uptake across the membrane with Rm = 4.9∙1013 m–1. Relaxation time tR is shown near the curves (in min). Initial c(z) was taken 
from experimental data (Fig. 5). The kdΠ/dc and Π(c) dependencies required for modeling were taken from our SAXS–filtration data (Fig. 6) and from osmotic stress 
experiments (Doudiès et al. [43]), respectively. 
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experiment timepoints. Local membrane fouling by the deposit was 
quantified via the deposit thickness and casein quantity accumulated in 
the deposit. In additional, average membrane fouling was quantified via 
average resistances of fouled and rinsed membranes. Data analysis 
focused on characterization of the reversibility of deposit-driven mem-
brane fouling. 

It was concluded that membrane fouling by casein micelle deposits is 
at least partially reversible at both studied filtration pressures: i.e. (i) 
local deposit concentration decreased after the pressure release at every 
distance from the membrane (the deposit swelled), and (ii) the pressure 
relaxation and following erosion reduced the quantity of deposit as well 
as the average resistance of the fouled membrane (the deposit partially 
redispersed). However, the local deposit quantity decreased less than 
the average fouling resistance, which is explained by the distribution of 
deposit thickness along the filter channel. It was thus confirmed that 
measuring average hydraulic resistance (of clean, fouled and rinsed 
membrane) is less informative for the membrane fouling characteriza-
tion than direct fouling analysis. 

The dependency of deposit compressibility–permeability on its local 
concentration (which is a complex material property of the deposit) was 
obtained from casein concentration distribution and average filtrate flux 
measured at the steady-state of filtration using the developed model of 
crossflow filtration of colloidal suspensions accounting for non- 
Newtonian rheological properties of the concentration polarization 
layer and deposit compressibility. The concentration dependency of 
compressibility–permeability obtained for the compressed deposit was 
used to model the kinetics of deposit swelling (under the assumption of 
completely reversible deposit compression). We found a large discrep-
ancy between modeled (fast) and experimental (slow) swelling rates, 
prompting us to conclude that the compression of casein micelle de-
posits is partially irreversible, probably due to the lower osmotic 

pressure in the swelling deposit compared to the compressed deposit at 
constant local casein concentration. This irreversibility can be explained 
by an aggregation of casein micelles during compression. A method for 
determining the local compressibility of the deposit in the course of 
swelling (and, thus, quantitative characterization of the reversibility of 
the deposit compression) is proposed. 
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Annex A. Model of steady-state crossflow filtration 

The model describes steady-state crossflow filtration of a colloidal suspension, leading to the formation of a concentration polarization (CP) layer 
that is optionally followed by formation of a compressible deposit (a gel having a yield stress that exceeds an applied wall shear stress). Local solid 
concentration c and local permeability k of the CP layer and the gel can depend on local osmotic pressure Π (in the CP layer) or local solid compressive 
pressure ps (in the gel). The CP layer can exhibit concentration-dependent non-Newtonian rheological behavior, which means that γ̇ = γ̇(c,τ), where γ̇ 
is a shear rate and τ is a shear stress. 

A1. Model derivation 

The current model derivation follows a general approach used by Gaddis (1992) [45] and Bacchin et al. (2002) [22]. It extends the applicability of 
the Gaddis and Bacchin models to the case of a non-Newtonian CP layer. 

The following assumptions, which are usual in crossflow filtration modeling, were used for the model derivation:  

(1) steady-state filtration;  
(2) fully-developed crossflow;  
(3) filtration membrane is a continuum with a constant hydraulic resistance;  
(4) the membrane is fully retentive for colloidal solids;  
(5) pore blocking and other ‘pore fouling’ phenomena are not considered; if they are present, then hydraulic resistance of clean membrane must be 

replaced by fouled membrane resistance (that does not comprise CP and gel resistance) in the following equations;  
(6) the CP layer and gel thicknesses are negligible compared to filter channel dimensions;  
(7) in the CP layer, tangential gradients of crossflow velocity and particle concentration are negligible compared to the respective normal gradients 

(consequence of assumption (6));  
(8) local values of material properties are unique functions of solid concentration (permeability k(c) and osmotic pressure Π(c) or compressive solid 

pressure ps(c)); these material properties are unaffected by tangential flow; local rheological properties are defined by local concentration and 
local shear stress;  

(9) filtrate flux is negligible compared to crossflow flux; therefore, the filtration pressure gradient is practically constant along the filter channel; 
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(10) shear stress across the CP layer is constant and equal to wall shear stress τw (consequence of assumption (6)); τw is constant along the filter 
channel (consequence of assumptions (2) and (9));  

(11) for a given distance from the filter cell entrance x, filtrate flux is constant across the CP layer, gel and membrane.  
(12) filtrate permeation across the CP layer can be described by Darcy’s equation. 

The following equations are obtained for a filtration channel with simple geometry (straight filter channel with a smooth membrane surface) 
(Fig. A1).

Fig. A1. Filtration of a feed suspension with colloidal solid concentration c = c0 through a fully retentive membrane forms a filtrate (c = 0) and a CP layer of 
thickness hCP(x) and local concentration c(x, z) > c0 followed by a gel (deposit) of thickness hg(x) and local concentration c(x, z) > csg, where csg is a sol–gel transition 
concentration. Local particle concentration on the membrane surface is written as cm(x). 

At steady state, there is no additional particle accumulation inside the filter channel (nor particle redistribution between the flowing CP layer and 
the immobile gel/deposit). The total flux of particles across a transverse section of the filter channel at any distance from entrance x is equal to the total 
particle flux at the entrance to the filter channel Q0c0/ρs, where Q0 is average tangential flow velocity at the entrance to the filter channel (at x = 0), c0 
is solid concentration in the feed suspension, and ρs is solid density. 

Filtration results in a gradual concentration of particles in the CP layer, where c(x, z) > c0. Following the idea of Gaddis [45] and Bacchin [22], the 
total particle flux across a transverse section of the filter channel at any distance from the entrance x is presented as a sum of two virtual components: 
(1) tangential transport of excess particles in the flowing CP layer, and (2) transport of suspension having the initial particle volume fraction c0. 
Therefore, the total transport of particles through any cross-section of the filter channel can be written as 

Q0c0 = a
∫hCP(x)+hg(x)

hg(x)

u(x, z)(c(x, z) − c0)dz + Q(x)c0 (A1)  

where u(x, z) is the local tangential flow velocity of liquid and particles, Q(x) is the average tangential flow velocity through the entire cross-section of 
the channel (including the CP layer), and a is a length of the membrane part of the perimeter of a cross-section of the filter channel (e.g. a = 2πR in the 
case of cylindrical filter channel and a = 4 mm in the case of the present SAXS–filtration experiments with rectangular filter channel). The integration 
in Eq. (A1) is done over the local CP layer thickness hCP(x), and the lower integration limit hg (x) is the local gel thickness (hg(x) = 0, if the gel is absent 
at a given x). 

Using the definition of shear rate γ̇, local tangential flow velocity u(x, z) can be presented as 

u(x, z)=
∫z

hg(x)

γ̇(x, z)dz (A2)  

where γ̇(x, z) is the normal component of local shear rate (according to assumption (7), its tangential component is neglected). It is assumed that there 
is no slip at the CP–solid (membrane or gel) boundary. 

Further description of particle transport in the CP layer requires knowledge of its local rheological properties (i.e. shear stress dependency of shear 
rate at a given particle concentration). In accordance with model assumptions (8) and (10), in the CP layer 

γ̇ = γ̇(c, τw) (A3) 

Therefore, to model the filtration, we need to determine the local rheological properties in this layer (defined via Eq. (A3)) for a single value of τw. 
For a given value of τw, known (either modeled or experimentally-measured) dependency γ̇(c, τw) can be introduced into Eq. (A2) 

u(x, z)=
∫z

hg(x)

γ̇(c, τw)dz (A4)  

where c = c(x, z) is unknown. 
An extension of the usual assumption of conventional filtration theory (assumption (11)) for the case of crossflow filtration with CP layer formation 

makes it possible to apply Darcy’s equation in order to relate local filtrate flux with local filtration properties of the CP layer and gel: 

μf J(x)= − k(x, z)
dΠ(x, z)

dz
(A5)  
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where μf is filtrate viscosity, k(x, z) is local hydraulic permeability and Π(x, z) is local osmotic pressure in the CP layer (or solid pressure in the gel, as 
discussed in Ref. [47]). Eq. (A5) is applied to describe the gel (immobile) and CP layer (flowing): in the current model, the usual presentation of filtrate 
percolation across the CP layer as a back-diffusion of particles [22,45] is replaced by Darcy’s equation using osmotic pressure instead of compressive 
solid pressure. 

In accordance with assumption (8), Eq. (A5) can be rewritten as. 

μf J(x)= − k(c)
∂Π(c)

∂c
⋅
dc
dz

(A6)  

where c = c(x, z) is unknown. 
The following model derivation is equivalent to that done by Bacchin et al. (2002). Expression of dz from Eq. (A6) 

dz= −
k(c)

μf J(x)
⋅
∂Π(c)

∂c
dc (A7) 

with its following substitution into Eq. (A4) yields 

u(x, z)= −
1

μf J(x)

∫z

hg(x)

γ̇(c, τw)k(c)
∂Π(c)

∂c
dc (A8) 

Substitution of Eq. (A7) and (A8) into Eq. (A1) yields 

Q0c0 =
a

μ2
f J(x)2

∫hg(x)+hCP(x)

hg(x)

(c − c0)k(c)
∂Π(c)

∂c

⎡

⎢
⎣

∫z

hg(x)

γ̇(c, τw)k(c)
∂Π(c)

∂c
dc

⎤

⎥
⎦dc + Q(x)c0 (A9) 

The upper limit of the first integral in Eq. (A9) corresponds to the boundary between CP layer and bulk suspension, where c = c0 (it is also assumed 
that relatively low filtrate flux has no significant influence on bulk concentration). When the gel is absent, the lower integration limit hg (x) corre-
sponds to the membrane surface position, where c = cm(x). When the gel is present on the membrane, it corresponds to the CP layer–gel surface 
position, where c = csg. The particle concentration in the point of sol–gel transition csg does not depend on x but depends on τw (assumption (8)) (i.e. an 
element of external membrane fouling layer flows and so belongs to sol and not gel if its local particle concentration corresponds to the yield stress, 
which is lower that the wall shear stress τw). Hence, Eq. (A9) can be rewritten as 

Q(x)=Q0 −
a

c0μ2
f J(x)2

∫cm(x)

c0

(c − c0)k(c)
∂Π(c)

∂c

⎡

⎣
∫cm(x)

c

γ̇(c, τw)k(c)
∂Π(c)

∂c
dc

⎤

⎦dc (A10a)  

for values of x corresponding to the membrane covered by flowing CP layer, or 

Q(x)=Q0 −
a

c0μ2
f J(x)2

∫csg

c0

(c − c0)k(c)
∂Π(c)

∂c

⎡

⎣
∫csg

c

γ̇(c, τw)k(c)
∂Π(c)

∂c
dc

⎤

⎦dc (A10b) 

for values of x corresponding to the membrane covered by solid gel. 
Also, the value of Q(x) decreases with x due to filtrate formation 

dQ(x)
dx

= − aJ(x) (A11)  

where J(x) is local filtrate flux. 

A2. The model solution 

The current experimental SAXS–filtration data was obtained for the case of the limiting fluxes when the gel is formed at the entire surface of the 
membrane. Consequently, this paper only presents the part of the model that corresponds to the case described by Eq. (A10b) (i.e. when the gel is 
present on the membrane surface starting from x = 0). In this case, Eqs. (10b) and (11)are sufficient for the model solution. 

For a given suspension (given value of c0 and given dependencies k(c), Π(c) and γ̇(c,τw)) subjected to a given shear stress τw (that determines csg and 
γ̇(c, τw)), the value of the double integral in Eq. (A10b) is a constant, which depends only on csg and does not vary with x. Therefore, Eq. (A10b) can be 
rewritten as 

Q(x)=Q0 −
aM
(
csg, τw

)

c0μ2
f J(x)2 (A12)  

where M(csg,τw) is the said constant 

M
(
csg, τw

)
=

∫csg

c0

(c − c0)k(c)
∂Π(c)

∂c

⎡

⎣
∫csg

c

γ̇(c, τw)k(c)
∂Π(c)

∂c
dc

⎤

⎦dc (A13) 
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In the case of limiting flux discussed here, the filtrate flux distribution is described by the following solution of the system of Eq. (A11) – (A13): 

J(x)− 3
= J(0)− 3

+
3
2
⋅

c0μ2
f x

M
(
csg, τw

) (A14)  

where J(0) is the flux at x = 0 (as soon as the case of the limiting flux is discussed, when the gel appears at x = 0). This is a usual filtrate flux distribution 
[22,45,53]. The experimentally-measured average filtrate flux over the membrane length L, JL, is then determined by integration of Eq. (A14) as 

JL =
M
(
csg, τw

)

c0μ2
f L

[(
3
2
⋅

c0μ2
f L

M
(
csg, τw

)+ J(0)− 3

)2/3

− J(0)− 2

]

(A15) 

Eq. (A14) and (A15) were applied for the quantitative analysis of SAXS–filtration-relaxation data, as explained in Annex B. 

Annex B. Quantitative analysis of SAXS–filtration-relaxation data 

The model presented in Annex A can be applied in order to characterize the deposit properties, i.e. to obtain the dependency k∂Π/∂c on c at the 
steady state of filtration. This the dependency of k∂Π/∂c on c can be used to predict deposit swelling, assuming that the swelling deposit is charac-
terized by the same dependency of k∂Π/∂c on c as the compressed deposit (i.e. that deposit compression is reversible). This assumption can be verified 
by comparing modeled against experimental data deposit swelling kinetics. Below we detail the methods for filtration data analysis and modeling of 
deposit swelling kinetics that are required for this comparison. 

B1. Method of SAXS–filtration data treatment 

When the average filtrate flux JL is measured at the steady-state limiting flux conditions, Eq. (A15) can be used to obtain the value of M(csg, τw) 
(other parameters of Eq. (A15) are known constants, while J(0) can be equated to the filtrate flux across the clean membrane J0): 

JL, J0→M
(
csg, τw

)
(B1) 

Also, when J0 ≫ JL, the value of J0 has negligible impact on the result of this calculation. 
The value of M(csg, τw), which is independent of x, can be used to obtain local filtrate flux J(x) via Eq. (A14) for the value of x that corresponds to the 

position of the observation window in the SAXS–filtration-relaxation experiment (x = 5 cm in the current study): 

M
(
csg, τw

)
, x & J0→J(x) (B2) 

The J(x) value thus obtained can be used together with the solid concentration gradient dc/dz, which is obtained directly from SAXS–filtration data 
c(z), in order to obtain the dependency of k∂Π/∂c on c via Eq. (A6): 

J(x)& c(z)→k(c)dΠ(c)/dc (B3)  

B2. Modeling of relaxation 

The function k(c)dΠ(c)/dc, which can be determined from SAXS–filtration data using Eq. (B3), is an integral measure of the filter-
ability–compressibility of the object: for example, k(c)dΠ(c)/dc is a major factor in expressions of the consolidation coefficient in conventional fil-
tration–consolidation theory [54,55] and for solid diffusivity in compressional rheology [56,57]. According to conventional filtration theory, this 
dependency determines deposit kinetics in filtration as well as the kinetics of deposit relaxation. Therefore, comparison of filtration data (obtained as 
local pressure increases) and relaxation data (obtained as local pressure decreases) can inform on the sample’s response to the applied pressure 
variation (e.g. on the reversibility of membrane fouling by the gel). 

Modeling the gel swelling during pressure relaxation under the crossflow is a difficult task. However, we can demonstrate that simple analysis of 
swelling without the crossflow is sufficient to evaluate the gel reversibility here. 

In the absence of crossflow, colloidal gel relaxation kinetics in presence of a CP layer can be described using a basic consolidation equation (see, for 
example [47], and references cited therein): 

∂c
∂t

=
c2

μf ρ2
s
⋅

∂
∂ω

(

cκ(c)
∂Π(c)

∂c
⋅

∂c
∂ω

)

(B4)  

where t is swelling duration and ω is a material coordinate related with the distance to the membrane z as 

dω = (c/ρs) dz (B5) 

(which means that the ρs value is not required to determine the concentration distribution curves c(z) during swelling via Eqs. (B4) and (B5)). 
Eq. (B4) can be solved and concentration distribution curves c(z,t) can be obtained, provided that it is coupled with proper initial and boundary 

conditions and that the dependency of k∂Π/∂c on c is known ([47] and references cited therein). The initial condition is the initial concentration 
distribution (before the swelling), which is obtained from the experimental SAXS–filtration data c(z) at the steady-state of filtration: 

c = c(ω) at t = 0 (B6) 

The boundary condition at the CP layer–bulk suspension interface is 

c = c0 at ω0 (B7) 
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Two boundary conditions can be considered at the gel–membrane interface (Fig. B1).

Fig. B1. Explanatory scheme for gel swelling during pressure relaxation due to liquid absorption under the osmotic pressure gradient: (a) liquid is absorbed across 
the polarization layer only; (b) filtrate is also absorbed across the membrane. 

In the absence of filtrate flow across the membrane (neither in nor out of the filter channel, as in Fig. B1a), the condition is 

dc / dω = 0 at ω (B8) 

This condition can be satisfied, for example, when membrane pores are blocked by gas bubbles that appear after the pressure decrease at the 
pressure relaxation step of the experiment. Also, the application of Eq. (B8) neglects the small pressure that was applied to the system from the bulk 
side to maintain membrane position during the relaxation step. 

When the membrane is permeable to filtrate flow during the relaxation (as in Fig. B1b), the boundary condition is [47]. 

dc
dω =

Π(c) − △PR

Rm
⋅

ρs

ck(c)∂Π(c)/∂c
at ω = 0 (B9)  

where ΔPR is the pressure maintained in the filter channel during the relaxation, and Rm is membrane resistance to filtrate flow. 

B3. SAXS–filtration-relaxation data analysis 

The system of Eqs. (B4), (B6)–(B8) or (B9) describes swelling of a gel covered with a CP layer in the absence of crossflow (which follows from the 
constancy of ω0 in Eq. (B7)). The absence of crossflow must lead to longer swelling compared to conditions of the current SAXS–relaxation experiment 
where crossflow was present: in experiments, the crossflow partially removed the swelled part of the gel and thus evidently facilitated liquid 
permeation into the gel from the bulk side [58–61]. This inference is correct when the filtration–consolidation properties of the gel (described by k 
(c)∂Π(c)/∂c) are equal during filtration and relaxation (i.e. gel compression is fully reversible). According to Eq. (B9), when filtrate can flow across the 
membrane during the pressure relaxation, a higher Rm equates to a lower swelling rate. In the current study, the local membrane resistance value used 
(membrane resistance after removing the gel layer, before chemical cleaning) was not measured. However, in order to obtain the lowest estimate for 
gel swelling rate, Eq. (B9) was used with the value Rm = 4.9∙1013 m–1, which is the highest value obtained for average membrane resistance after 
rinsing. Therefore, using this value in Eq. (B9) is a sound overestimation of Rm, which must result in the underestimation of gel swelling rate. The 
dependency Π(c), which is required for the application of Eq. (B9), was taken from the data of Doudiès et al. [43] on the osmotic compression of casein 
micelle dispersions at 20◦C. 

The system solution also requires dependency of k∂Π/∂c on c during the relaxation step. Both k and Π are usually considered as material properties 
(unique functions of concentration c, and independent of sample history); therefore, the dependency k∂Π/∂c on c obtained from the analysis of steady- 
state SAXS–filtration data (as explained in paragraph B1) can be used for modeling the relaxation kinetics (in Eq. (B4)). The modeled and experimental 
swelling kinetics can then be compared to confirm or discard the assumption that the gel properties (k∂Π/∂c at a given c) are independent of 
compression history. 

B4. Applicability of proposed analysis of fouling layer properties and swelling kinetics to the studied case of a cell with narrow filter channel 

The model of cross-flow filtration developed in Annex A does not account for possible wall effects: lateral (i.e. in y direction, parallel to the 
membrane surface and perpendicular to the crossflow direction) material (particle, filtrate) fluxes, and/or distribution of shear stress, cross-flow rate, 
particle concentration, solid pressure, etc. At the same time, our experiments were done in the cell with a narrow (4 mm) but high (8 mm) filter 
channel (i.e. the width to height ratio was 0.5). It is known that in rectangular ducts with low width to height ratio the cross-flow velocity significantly 
changes in y direction. Therefore, one may concern about the applicability of our model for the analysis of our experimental data: e.g., J(x) was 
evaluated instead of J(x,y), or c(z) was discussed instead of c(y,z). Below we briefly justify the model application as well as unnecessity to account for 
wall effects for our current data analysis and in the following discussion of compression (ir)reversibility. 

In the case of a developed laminar flow of Newtonian fluid in a rectangular duct the local crossflow velocity u(y,z) can be obtained with the help of 
equation provided, for example, in Ref. [63]: u(y,z) is strongly distributed over y, for different z this distribution fits a master curve u(y,z)/u(0,z), 
which is practically parabolic (u = 0 at the lateral walls and u is maximal in the central plane, where y = 0). The distribution of a function [du(y, 
z)/dz]z=0/[du(y,z)/dz]y=0,z=0 (i.e. relative shear rate in the direction perpendicular to the membrane, measured on the membrane surface, where z =
0) also fits this curve. 

As soon as development of the concentration polarization and the deposit growth are impacted by tangential transport of particles, dependency of u 
on y must result in the dependency of c(z) on y. It can be expected that the slower tangential particle transport in the vicinity of lateral walls of the filter 
channel results in the faster accumulation of particles in the CP layer and in formation of thicker deposit (in comparison to the central plane, where the 
crossflow is higher and the particle accumulation must be lower). The increasing of local c from the central plane to the cell walls (i.e. appearance of a 
gradient [dc/dy]z due to the decreasing of local u in y direction) must result in lateral diffusion and lateral filtrate permeation. These phenomena will 
counteract the gradient development and will reduce the wall effect. Nevertheless, in the further calculation of c(y) we will neglect the lateral mass 
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transport and only consider the “negative” role u(y) in order to evaluate the “worst-case” wall effect. 
When the lateral mass transport (diffusion, filtration) is ignored, the local particle transport depends on u(x,z) according to Eq. (A1), which now 

must be changed to u(x,y,z). It can be demonstrated that transformation of Eq. (A1) containing u(x,y,z) will result in the equation similar to Eq. (A14), 
but with y-dependent local filtrate flux J(x,y) and M(y): 

J(x, y)− 3
= J(0)− 3

+
3
2
⋅
c0μ2

f x
M(y)

(B10) 

Using the definition of M via Eq. (A13), M(y) can be presented as 

M(y)=M0⋅
[du(y, z)/dz]z=0

[du(y, z)/dz]y=0,z=0
(B11)  

where M0 is a constant. In order to obtain Eq. (B11) we assumed a constant viscosity in the CP layer; we expect that such a simplification does not 
influence the generality of following conclusions. As it was noted above, the function [du(y,z)/dz]z=0/[du(y,z)/dz]y=0,z=0 is parabolically distributed 
over y; therefore, M(y) has the same strong distribution. 

It can be demonstrated that when J(x,y) is much lower that J(0), and x is not too small (as in our experiments), combining Eqs. (B10) and (B11) 
yields 

J(x, y)=

(
3
2
⋅
c0μ2

f x
M0

)− 1
3

⋅

(
[du(y, z)/dz]z=0

[du(y, z)/dz]y=0,z=0

)1/3

(B12) 

The term in the first brackets of the right-hand side of Eq. (B12) is a constant. 
It follows from Darcy’s equation that the deposit height h is inversely proportional to filtrate flux J. The same is true for hg(y) and J(y), at least, 

when the lateral diffusion and filtration are neglected. Therefore, distribution of the relative deposit height hg with y can be obtained from Eq. (B12): 

h(x, y)
h(x, 0)

=

(
[du(y, z)/dz]z=0

[du(y, z)/dz]y=0,z=0

)− 1/3

(B13) 

Fig. B2 presents the distribution of the relative deposit height h(x,y)/h(x,0) calculated with the help of Eq. (B13) for the studied case of the width to 
height ratio of the filter channel equal to 0.5.

Fig. B2. Relative deposit height h(x,y)/h(x,0) distribution across the filter channel (also, iso-concentration line) calculated via Eq. (B13). Dashed verticals denote 
cell walls. 

The relative deposit height distribution (Fig. B2) is an iso-concentration line [z(y)/z(0)]c, thus it can be used as a measure of the influence of wall 
effect on a concentration distribution in the deposit and CP layer. 

According to Fig. B2, the relative deposit height increases from 1 to 1.2, when y changes from 0 to ±0.75. However, further increasing of h near the 
walls is much stronger. As it was stated above, Fig. B2 presents the result of the worst-case evaluation, which accounts for the crossflow rate dis-
tribution (“negative” effect of walls), but neglects lateral diffusion and filtrate flow (“counter-effects” that tend to reduce the inhomogeneity of the 
lateral concentration distribution). The lateral diffusion and filtration would be more important near the walls, because they would increase with dc/ 
dy, and the latter must increase with dz(c)/dy, so, near the walls (Fig. B3). In other words, lateral diffusion will exclude the formation of sharp “horns” 
of the U-like iso-concentration lines in the CP layer, while lateral filtrate flow will tend to eliminate this “horns” in the deposit. 

Nevertheless, moderate influence of the crossflow velocity distribution on the CP layer and deposit formation, i.e. moderate distribution of [z(y)]c 
(as compared to that presented in Fig. B2) can be expected. In order to verify its influence on our main data (i.e. measured c(z) curves), in Fig. B3 the c 
(z) curves obtained during the steady-state of two crossflow filtration experiments (data from Fig. 5) were juxtaposed with a c(z) curve obtained during 
a dead-end filtration at TMP = 1.1 bar (our unpublished data obtained during the same experimental session using the same suspension, equipment 
and method as that were used for the crossflow filtration). Since in three studied cases the fouling layers had different thickness and maximal con-
centration, the c(z) curves were juxtaposed by scaling of z and shifting. This was done for comparison of the local fouling layer structure, which does 
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not depend on the fouling layer thickness or position (e.g., Eq. (14)in Ref. [64]).

Fig. B3. Dependencies c(z) obtained in crossflow and dead-end filtration experiments after the juxtaposing.  

Though experimentally measured c(z) dependencies were not linear and were significantly different, they practically coincided after the appro-
priate scaling and shifting of z. This mean that the same fouling layer structure was obtained at different experimental conditions (crossflow and dead- 
end filtration). Since, the fouling layer structure obtained during the dead-end filtration was not affected by inhomogeneity of the crossflow velocity 
by definition (Fig. B3, triangles), then c(z) was also not visually affected by cross-flow inhomogeneity during the crossflow filtration experiments 
discussed in our current work (Fig. B3, open and filled squares). This justify our discussion of the data presented in Figs. 3a, 5 and 6 (filtration stage of 
experiments). While discussion of the data obtained during the pressure relaxation (Fig. 3b) and its comparison with the modeled data (Fig. 7) are 
independent of the crossflow velocity or its distribution over y. 
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