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Abstract

Light is a key environmental factor for the growth of micro-algae, and
optimizing the capture of light is critical for high efficiency production sys-
tems. As the density of the population of micro-algae increases, the avail-
ability of light decreases, leading to a reduction in the growth rate because
of mutual shading, while other effects, such as photo-inhibition, might be
especially frequent when the population density is low. Several models in
the literature have been developed to take into account light phenomena and
predict micro-algal growth, particularly in a mono-culture. With the help of
a simple expression for the attenuation of the light, we propose and justify
a new growth function that incorporates both photo-inhibition and photo-
limitation. In agreement with the experimental data, this new formulation
describes the micro-algal response to a wide range of situations of excessive
or insufficient light intensities through an explicit dependence on both the
incident light and the biomass concentration. While simple, the proposed
expression can be satisfactorily applied to practical cases under nutrient re-
plete conditions in photo-bioreactors with different sizes and geometries. It
extends naturally to the growth of different species, providing a dynamic
model which can simulate experiments in a mono-culture as well as in poly-
cultures. The investigation of the competition for light-limited growth shows
that the model predicts competitive exclusion, which has also been experi-
mentally demonstrated. This leads to new perspectives for the control and
optimization of mixed micro-algal cultures.

Keywords: Micro-algae, Modeling, Light availability, Growth rate,
Poly-culture, Interactions.



1. Introduction

The study of different aspects related to the behaviour of a micro-algae
culture growing in an intensive culture system has gained renewed interest
because of the wide fields of application of these photosynthetic microorgan-
isms. Micro-algae are viable sources of biological compounds and constitute
a renewable and environmental-friendly feed-stock [1]. Their intensive cul-
tivation is used for the production of high-value bio-products and bio-fuels
and also for the treatment of polluted waters. The selection of the appro-
priate micro-algae species and appropriate methods of culture is essential to
guarantee the economic feasibility of the intensive production of micro-algae.
Chlorella and Scenedesmus have been considered promising candidates for
wastewater treatment ([2, 3]) and bio-fuel production ([2, 4, 5]), thanks to
their maximum growth rates, biomass yields, and lipid and carbohydrate
contents, which can reach high levels.

In a controlled culture system, the growth of micro-algae may be affected
by a combination of environmental parameters, such as light intensity, photo-
period, temperature, pH, and composition of the nutrients of the culture
system. When nutrients are provided in sufficient quantities and the pH
is maintained at its optimal value, the efficient use of light is essential to
optimize and control the growth of an algal culture to ensure the success of
industrial production processes, since the light regime and photo-period are
critical components that directly affect the production of biomass ([6, 7, 8, 9]).

Several studies on the effects of light on the growth of micro-algae have
been carried out based on experimental as well as theoretical approaches, us-
ing fundamental concepts for understanding the dynamic behaviour of light-
limited cultures in photo-bioreactors or outdoor raceways. The proposed
mathematical models of micro-algae share, in general, the common objec-
tive of having a growth rate as a function of the light irradiance received by
micro-algae. According to the typical photosynthesis-irradiance curve (P–
I curve), describing the response of the rate of photosynthesis to changes
in the intensity of the light, three distinct light regimes are depicted. At
low intensities, the photosynthesis rate of the algal cells is initially affected
by photo-limitation and is usually proportional to the intensity of the light
until reaching a saturation point at which the growth rate is at its maxi-
mum attainable value and the algae has become light saturated. Beyond
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this point, the growth rate is negatively affected due to photo-inhibition
([10, 11, 12]), defined as the degradation of key proteins at high light inten-
sities, which causes a loss of photosynthetic yield and productivity. While
photo-inhibition may appear on a short time scale under high irradiance,
the response to changes in the long term average irradiance is usually re-
ferred to as photo-acclimation [13, 14]). This phenomenon is linked to the
ability of cells to maximize their light absorption capacity under low light
and to minimize energy flow under high light by various changes in pigmen-
tation, macro-molecules (e.g. enzymes associated with photosynthesis and
respiration), and cell morphology (e.g. cell volume, thylakoids stacking, and
transparency) [15, 16, 17]. These two phenomena may affect the P–I curve
dramatically [18, 19, 20]. The mathematical formulations of the effects of
different light phenomena on photosynthesis require more or less complex
mechanistic models, depending on the study and the model’s application
scale.

In most of the studies, incident light is coming from above the algal cul-
ture growing in photo-bioreactors. For low-dense cultures it is often assumed
that all micro-algae receive the same light intensity. Traditionally, the spe-
cific growth rate as a function of the light intensity (P-I curve) is assumed
to follow a Monod-like function [21, 22, 23] or some other non-monotonic ex-
pression that accounts for photo-inhibition, such as a Haldane-like function
[24, 25, 26] or the Steele function [27, 28]. However, modeling micro-algae
growth in mass culture must consider the response of micro-algae to light
intensity and the distribution of the light intensity in the medium. Because
the biomass and other light-absorbing substances generate a light gradient
in photo-bioreactors, the light intensity that micro-algae can face becomes a
function of the depth and biomass concentration within the culture. Thus
only micro-algae near the surface receive the light intensity at which the
culture is illuminated, while micro-algae located in the darkest zone of the
reactor may not receive any light. Light attenuation conditions are affected
by biological and physical parameters such as biomass concentration and in-
cident light flux. The light attenuation phenomenon is usually described by
the Beer–Lambert law of light absorption [29, 30], according to which the
light penetration decreases exponentially with increasing biomass concentra-
tions. Despite the fact that most photo-bioreactor models rely on the Beer–
Lambert law, which is based on the assumption that the light is not scattered
in the medium, its use increases the inaccuracy in high-density cultures where
multiple scattering events occur ([31, 32, 33, 34]). The local light availability
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can be calculated using complicated equations accounting for light absorp-
tion and scattering in the reactor. However, it is important to note that with
more complications (in the expressions of the light distribution or in model-
ing growth at the cell level), they involve additional input parameters whose
determination can be difficult, expensive, or time consuming. Moreover, a
large number of parameters can lead to over-fitting, resulting in the model’s
being poor at predicting the actual trends. In practice, the biomass concen-
tration and the instantaneous light intensity available in the culture medium
can be easily monitored, allowing following the light attenuated throughout
the cell cultivation period.

When accounting for the impact of light gradients, the average specific
micro-algae growth rate can be expressed by summing the local growth rates
determined through a biological model, depending on the local light inten-
sities faced by micro-algae cells. This approach can be described using, for
example, a Monod-like function coupled with the Beer–Lambert law for the
light distribution [32]. Another approach is to describe the average growth
rate through a biological model (for instance, the Monod function) that de-
pends on the average light intensity received by the micro-algae (which can
be described using the Beer–Lambert law) [28]. This approach assumes that
the micro-algae in a well-mixed culture are, on average, exposed to the same
light intensity and, therefore, have the same average growth rate [29]. Given
that light use by micro-algae is closely related to light attenuation condi-
tions in the bulk of cultivation systems, we evaluate in the present study
the accuracy of modeling the algal growth rate as a function of the average
attenuated light by cell density. We used two species C. sorokiniana and
S. pectinatus, as candidates for the biological model, growing in one-sided il-
luminated photo-bioreactors under nutrient replete conditions and constant
temperature. The light attenuation inside the culture is assumed to be non-
emitting and non-fluorescing, depending on two independent phenomena: (i)
absorption by the pigments and (ii) scattering by the whole-cell mass [22].
This light phenomenon was approximated by the summation of the light in-
tensity altered/shaped by the biomass through a simple equation of the form
of Michaelis–Menten kinetics (as suggested by [35]), and the incident light
intensity (measured perpendicularly to the light source on the boundary of
the reactor) modified by the photo-bioreactor and its liquid content. This
relationship was validated regardless of the value of the initial light intensity
and was an adequate approach, able to cover a wide range of cell concentra-
tions. We then develop a simple growth function explaining the experimental
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results of the response of the process-rate of the micro-algae to a broad range
of incident light intensities and biomass concentrations. This new formula-
tion can be considered one of the simplest modeling approaches to describe
the behaviour of micro-algal cells in response to light phenomena.

This paper is organized as follows. The influence of the intensity of the
incident light and the biomass density on the specific growth rates of the two
micr-oalgae candidates (growing in batch cultures) is discussed in Sections
3.1 and 3.2, respectively, through comparisons of the data with classic ki-
netic models. The light attenuation equation is validated in Section 3.3 and
then incorporated in a new growth formulation in Section 3.4, allowing the
description of the experimental data sets obtained from the batch cultures.
In Section 3.5, the validation of the new kinetic function is presented for the
case of continuous light-limited photo-bioreactors using dynamic data for the
biomass obtained in mono-cultures and poly-cultures. Finally, in Section 3.6,
some cases of the outcome of competition for light are investigated through
simulations of the validated multi-species dynamic model under different op-
erating conditions of removal rates and periodic light supply, in continuous
mode photo-bioreactors.

2. Materials and methods

2.1. micro-algae strains and pre-culture medium

The micro-algae were isolated in October 2015 from samples from the
high rate algal pond (HRAP) located in the north of France and operated
for processing urban wastewater [36, 37]. The isolated species were identi-
fied as C. sorokiniana and S. pectinatus by the Sanger sequencing method
[37]. The species were systematically sub-cultured (sub-culturing of 10% of
the inoculum at each cycle) in flasks separately in fresh medium Z8NH4 (Z8
media [38] buffered with HEPES at 20 mM, enriched with ammonium salt
(NH4Cl) as the sole nitrogen source, and complemented with sodium car-
bonate (Na2CO3) to reach a C:N:P ratio of about 88:8:1), and maintained in
laboratory incubators under continuous light (100 µE m−2s−1) and temper-
ature 25◦C.

2.2. Experimental procedure and cultivation conditions

For testing the effects of light on the growth of the biomass for each
species, pre-incubations were carried on for 5-day batch cultures under a
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continuous light intensity of 100 µE m−2s−1 in a 100 mL flask. Then, each
species was diluted (by 2%, 3%, 7%, 10%, 13%, 20%, 27%, 33%, 40%, 47%,
53%, 60% in 40 mL flasks) with the relevant culture medium where the pH
was maintained constant (at a value of 7.5) in order to test the influence
of different biomass concentrations. The incubation of these cultures were
carried on for 3-day batch culture in a type 96 microwell plate (Greiner
CELLSTAR® 96 well plates), filled with the 12 different dilutions with 8
replicates (with a working volume of 250 µL per well) for each dilution. Nine
identical microwell plates were prepared for each algal species, and then
each of them was placed at a fixed position under nine fixed light intensities
(from 0 to 900 µE m−2s−1) in four identical laboratory incubators (Panasonic
MIR-154-PE) where the temperature was set at 25◦C. The incident light
intensities (from cool white Luxeon Rebel LEDs, Lumileds) were measured
above and below each microwell plate filled with the culture medium using
the scalar PAR sensor ULM 500 Walz.

Thus, a total of 108 combinations of transmitted light intensity and pop-
ulation density were used, including the 12 initial dilutions (equivalent to
the diluted initial biomass) and 9 light intensities. The algal growth in the
microwell plates was evaluated for each species by fluorescence measurements
after 48 h of exposure to each different condition of both light and biomass
concentration outlined above. The specific growth rates µ (d−1) were deter-
mined on a total of three biomass measurements (at t = 0 h, t = 24 h and
t = 48 h) using linear least-squares curve fitting on the supplied set of the
logarithm of the biomass ln(x) and time t. These growth rates were used for
identifying the growth model.

To visualize the changes in the shape of the light attenuation curves
according to the cell densities of each species when exposed to several incident
light intensities, we selected 9 batch cultures at different stages of growth
(non-diluted cultures with different biomass concentrations). Each 40 mL
flask reactor was placed under 8 light levels from cool white LEDs (Luxeon
Rebel, Lumileds) delivered from the laboratory incubators (Panasonic MIR-
154-PE). The light was measured at the centres of the flasks in a water
solution with and without cells using the scalar PAR sensor ULM 500 Walz,
while the biomass concentrations of each species were determined by optical
density (OD650) and were then converted to carbon units. Then, for each
value of the biomass concentration, the light attenuated by the micro-algal
cells can be found as the difference between the two measurements of the
light (with and without cells).
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Continuous culturing was carried out in two photo-bioreactors to follow
the biomass of the strains over time (in mono-culture or poly-culture) un-
der the same light condition provided by one-sided lighting (using several
white fluorescent lamps) at Iin = 165 µE m−2s−1, and under different ini-
tial biomass conditions. These experiments were used to identify the growth
model and for the biomass estimation. Each bioreactor consisted of an Er-
lenmeyer glass vessel of 2 L with double walls. Between these walls was
flowing water thermostatically controlled at 25◦C (using Thermo Scientifc
and VWR circulating bath) allowing maintaining the inoculum temperature
constant. The mineral substrate at non/limiting concentrations (10 L of ster-
ilized and buffered Z8NH4 culture medium) was introduced continually into
the glass vessel at a constant flow by a dual Channel Precision Peristaltic
Pump (Ismatec), while the excess of bioreactor liquid was collected in a glass
bottle using the same pump, thus keeping the culture volume constant. The
reactors were operated at a hydraulic retention time of 4 days (correspond-
ing to a dilution rate of D = 0.25 d−1) maintained constant throughout the
experiments. To ensure a perfect mixing within the bioreactor, each reac-
tor was agitated at 300 rpm by means of a magnetic system. In addition,
a bubbling aeration system was designed as follows: the air is sent into a
bottle of water to trap the air particles, an aquarium pump system sends the
moisture-saturated air into the culture medium, and then passes through a
cannula connected to a transmitting filter of 0.2 µm to avoid over-pressure
and to limit air contamination. The reactor also has a sampling cannula
connected with a non-return valve to minimize the risk of contamination.

2.3. Analytical procedures

Batch cultures. In the 3-day batch cultures, monitoring the growth of C.
sorokiniana and S. pectinatus in the microwell plates was carried out daily by
fluorescence measurements (EX 450 nm, EM 680 nm) and optical density OD
at 650 nm, 730 nm, and 680 nm using a micro-plate reader (CHAMELEON,
Hidex).

Continuous cultures. In chemostat cultures, samples were collected for cell
counts and dissolved nutrient analysis. The cell counts were performed in
triplicate using an upright microscope (MOTIC BA310). The algal biomass
was also monitored by OD at 650 nm using a micro-plate reader (FLU-
OSTAR, BMG Labtech) at 650 nm through 48 well plates filled daily with 1
mL of culture sample.
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Carbon conversion. The carbon content was determined as follows: 5-mL
samples were filtered onto pre-combusted AE filters and stored at 80◦C until
the analysis. The filters were dried at 60◦C for 24 h, pelleted, and analysed
using an ANCA mass spectrometer (Europa Scientific).

Referring to batch experiments on the same studied species for different
stages of growth with a working volume of 40 mL under different concentra-
tions of ammonia, a continual light intensity (100 µE m−2s−1) and a fixed
temperature (25◦C) [37], the OD at 650 nm (measured with CHAMELEON,
Hidex) was found to be the best correlated with the Particulate Organic Car-
bon (POC) content of the cells determined for both species (POC= 496.14
OD650, R

2 = 0.89).
For the continuous cultures, several samples were collected from both

the mono-culture and the poly-culture during chemostat monitoring. The
obtained values of the POC allowed establishing a linear correlation between
POC and OD650 (measured with FLUOSTAR, BMG Labtech) (POC= 208.42
OD650, R

2 =0.88).

2.4. Model identification methods

First of all, we explored a range of nonlinear models that might be useful
for characterizing the growth rate µ of the studied species according to some
classical kinetic functions (µ(.)) from the literature depending on the follow-
ing variables: the incident light Iin or the biomass x. Then we proposed a
new kinetic function depending on both these two variables.

The optimal parameters of the growth functions used to explain the char-
acteristics of the growth rates of the algal species (determined in microwell
plates) were calibrated using the ”fitnlm” function of Matlab, which esti-
mates model parameters and delivers statistics.

To readjust the parameters of the proposed growth function using the
data of the biomass of both species in mono-culture (in chemostat), we used
the function ”fmincon” of Matlab to minimize the least squares criterion:∑k

i=1

∑n
j=1

(Xexpij−Xsimij)
2

n
where k =2 and n is the number of observations of

Xexp, and Xsim results from the numerical integration of the model (describ-
ing the time evolution of the biomass in continuous mode photo-bioreactors)
by the ”ode45” function of Matlab.

2.5. Statistical tests

Statistical results on the identified model parameters were delivered by
the ”fitnlm” function of Matlab (used to fit nonlinear regression models) and
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are given as param. ±SE with an associated p-value p for the significance
of each regression parameter for n observations. The comparison between
the parameters among species for the same growth model was ensured by
the same function using the vector of all observations on µ (for both species)
as a response variable, and the matrix of the model variable along with a
dummy variable (which takes only the value 0 or 1 according to the species,
thus indicating the absence or presence of some categorical effect that may be
expected to shift the outcome of the parameter identification) as predictor
variables [39]. This involved the need to add to each required parameter
a coefficient multiplied by the dummy variable, thus constituting the new
model formulation (used in the ”fitnlm” function). Then, one can determine
the significant differences between the parameters, according to the p-value
p of these coefficients for 2n observations. The ”anova1” function of Matlab
(performing one-way analysis of variance) was used once to test the difference
between the two species according to their efficiency to attenuate the light
in flask reactors experiments (comparison on Khsx parameter among the two
species).

3. Results and discussion

3.1. Effects of the incident light on the specific growth rate of C. sorokiniana
and S. pectinatus in batch monoculture

At very low levels of biomass, the average light intensity received by the
culture is close to that reaching the reactor surface (i.e. incident light Iin),
particularly for reactors with a small light path. Under these experimental
conditions, one can ensure that all cells are exposed to the same light inten-
sity Iin. In order to describe accurately the relationship, for each species,
of the growth rate µ with Iin, we will use the results obtained experimen-
tally in microwell plates from the lowest concentration of biomass (1.1 ± 0.1
mgC L−1). We also considered close initial biomass (1.20 mgC L−1 and 1.04
mgC L−1 for C. sorokiniana and S. pectinatus, respectively) to compare the
growth–light relationships of the two species.

The relationship between µ and Iin was first compared using a Monod-like
kinetics, which assumes that only light limits the growth of the cells. Then we
tested the Haldane- and Steele-like models, in which the light inhibition effect
at high light intensities is included as well (see Figure 1). The expressions
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Model µ(I) Param. C. S. Stat.
comp.

Monod µm (d−1) 1.47∗±0.07 1.24∗±0.06 ∗∗

µmI
KsI+I

KsI (µE m−2s−1) 74∗±15 95∗±18 ns

Andrews–
Haldane

µm (d−1) 3.15∗±0.90 1.56∗±0.32 ns

µmI

KsI+I+
I2

KiI

KsI (µE m−2s−1) 318∗±136 151∗±60 ns

KiI (µE m−2s−1) 726±382 2834± 2660 ns
Steele µm (d−1) 1.44∗±0.03 1.13∗±0.03 ∗∗

µm( I
Im
e(1−

I
Im

)) Im (µE m−2s−1) 489∗±20 489∗±27 ns

Table 1: Summary and comparison of the kinetic parameters, estimated from growth
data collected during microplate incubations for C. sorokiniana and S. pectinatus, using
Monod, Haldane, and Steele kinetics. The results are represented as param. ±SE, n = 64;
the statistical comparison was assessed on 2n observations.
∗ significant regression parameter at p < 0.05 (n = 128),
∗∗ significant difference between the parameters of the two species at p < 0.05 (n = 128),
ns non-significant difference between the parameters of the two species at p > 0.05 (n =
128).

and parameters of the three kinetic functions obtained from comparison with
the data are all summarized in Table 1.

The results show that, over the tested range of incident light intensities,
the Monod-like model seems to fit the data of S. pectinatus far better than
those of C. sorokiniana, whose growth appears to be inhibited at high light
levels (root mean squared error RMSE= 0.159 for S. pectinatus < 0.195 for
C. sorokiniana). The determined values of the parameters when using the
Monod function to explain the growth rate data of S. pectinatus are in line
with the results of experiments in previous work performed on the species
Scenedesmus caribeanus, which was found to reach a maximum growth rate
µm of 1.44 d−1 and a half-saturation constant KsI of 68 µE m−2s−1 [40]
(µm =1.2±0.1 d−1 and KsI =95±18 µE m−2s−1 in this study).

The reduction in the growth rates of C. sorokiniana observed for Iin > 450
µE m−2s−1 suggests its sensitivity to photo-inhibition. This is confirmed by
the smaller RMSE obtained when comparing its experimental and simulated
data using either the Haldane (RMSE = 0.173) or Steele (RMSE = 0.183)
models, both of which have non-monotonic curves which can describe the
photo-inhibition phenomenon. The decline in the growth rate of C. sorokini-
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ana due to photo-inhibition at high light intensities was also reported in
previous studies (at a light intensity of about 250 µE m−2s−1 and for tem-
peratures ≥ 22◦C) [41].

According to the Steele model, both species reach their maximum specific
growth rates around an average intensity of 489 µE m−2s−1, which is supposed
to be the optimal light condition under the stated conditions of biomass
concentration and temperature.

From Table 1, C. sorokiniana showed the higher maximum specific growth
rates compared to those obtained with S. pectinatus using either the Monod
or Steele kinetics. However, no significant difference was observed between
the two species in terms of their affinity to light intensities. This implies that
the species’ affinities may be similar, or the experimental protocols in this
study did not allow determining any difference.

The Haldane-like model provided the lowest RMSE (RMSE = 0.173 for
C. sorokiniana and RMSE = 0.158 for S. pectinatus) compared with the
other two models, thus making it more suitable to represent the data despite
the sensitivity of its inhibition constant KiI .

According to the model predictions, it appears that C. sorokiniana was
able to grow more rapidly than S. pectinatus when incident light intensities
ranged between 100 and 1000 µE m−2s−1 (see Figure 1). Under the stated ex-
perimental conditions, S. pectinatus was more resistant than C. sorokiniana
to photo-inhibition. This is in agreement with previous experiments, showing
S. quadricauda with lower photo-inhibition sensitivity than C. sorokiniana
under light intensities of about 1000 µE m−2s−1 [42]. Then, it is expected
that the growth rate of S. pectinatus will exceed that of C. sorokiniana under
light intensities higher than 1000 µE m−2s−1.

From all these observations, it can be seen that the intensity of the in-
cident light can have different effects on the growth of different species of
micro-algae. When one species is cultivated under high light intensities and
at a low biomass concentration or a reduced light path, photo-inhibition is
likely to occur ([43]). In the case of significant photo-damage, the specific
growth rate can be reduced drastically, as shown by several studies ([43, 44]).
In poly-culture, the light intensity can favor or disadvantage the growth of one
algal species compared to another, depending on its sensitivity to light. Our
results suggest that in a mixed culture of the two studied species, C. sorokini-
ana may out-compete S. pectinatus under moderate light intensities, but may
itself be out-competed by S. pectinatus under high light conditions. How-
ever, the interactions between these two species may change according to the
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dynamics of their respective biomass during the algal cultivation. Therefore,
the interaction between the incident light and the population density was
further investigated.
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Figure 1: The growth–light relationship for C. sorokiniana and S. pectinatus obtained
by the comparison of the growth data, collected from microplate incubations, with the
kinetic functions of Monod, Haldane, and Steele. The data of growth rates are reported as
means with standard deviations of 8 replicate measurements obtained at an initial biomass
concentrations around 1.1 ± 0.1 mgC L−1 for both species.

.

3.2. Effects of the density of the biomass on the growth rates of C. sorokini-
ana and S. pectinatus in batch mono-culture

The influence of different biomass levels on the growth of C. sorokiniana
and S. pectinatus was studied. A set of batch tests was performed in micro-
well plates exposed to 12 initial biomass concentrations between 0.5 and
35 mgC L−1. We here show the data obtained under a fixed incident light
(467 µE m−2s−1 and 439 µE m−2s−1 for the cultures of C. sorokiniana and
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Model µ(x) Param. C. S. Stat.
comp.

Exponential
declining shape

a 1.52∗±0.03 1.02∗±0.009 ∗∗

ae(−bx) b 0.06∗±0.002 0.036∗±0.001 ∗∗

Contois [45] A = µm 1.75∗±0.03 1.1∗±0.01 ∗∗

A
1+Bx

B = K/I 0.14∗±0.01 0.07∗±0.002 ∗∗

Table 2: Summary and comparison of the kinetic parameters, estimated from growth data
collected during microplate incubations for C. sorokiniana and S. pectinatus, depending
on biomass density. The results are represented as param. ±SE, n = 96; the statistical
comparison was assessed on 2n observations.
∗ significant regression parameter at p < 0.05,
∗∗ significant difference between the parameters of the two species at p < 0.05.

S. pectinatus, respectively) for which both species showed maximal growth
rates, as described in Section 3.1.

Two classic models were adjusted to the experimental data: a generic
model of an exponential declining shape and a model inspired by the density-
dependent growth kinetic of Contois, both depending on the biomass density,
affecting negatively species specific growth rates. The models’ expressions
and parameters are summarized in Table 2.

Figure 2 shows the kinetic data of C. sorokiniana against those of S. pecti-
natus as functions of the initial biomass concentrations. The growth rates
of the two cultures decreased sharply with increasing biomass levels in mi-
croplates. The maximal growth rate was obtained for low biomass concen-
trations. Under this condition, cell sedimentation and subsequent areas of
strong light absorption were likely to be reduced, leading to optimal light ab-
sorption in the culture system. The decrease of growth rates with increasing
biomass densities is likely to be related to light attenuation and cell distri-
bution in the culture volume. Without excluding it, a growth limitation by
CO2 is unlikely because the culture medium was supplemented with high
HCO−3 and the growth rates were determined within the first 48h of incuba-
tion, thus excluding any substrate limitation. A similar trend in declining
growth in dense algal culture has been reported for Scenedesmus sp. and
Chlorella sp. due to attenuation of the light [40]. Moreover, previous studies
reported that the growth of micro-algae Chlorella sp. was low under insuf-
ficient or excessive light intensities ([46], [47]), which is also confirmed by
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our results. Table 2 shows that there is a significant difference between the
species’ specific growth rates, as stated in Section 3.1.

The change in the species’ growth performances with the culture den-
sity suggests that at non-inhibiting incident light intensities, C. sorokiniana
growth is more efficient than S. pectinatus at low biomass levels (< 5mg.L−1).
At intermediate levels of biomass (between 5 and 30 mg.L−1), the growth of
both species was similar. However, under higher biomass densities, S. pecti-
natus grew more rapidly than C. sorokiniana (as shown in Figure 2).

These observations suggest that in the case of poly-culture, S. pectinatus
may perform well at high biomass densities despite the relatively low growth
rates usually observed, because this species can out-compete light-limited
species under low light. However, C. sorokiniana may perform better under
clear waters and compete more effectively at moderate light conditions but
may lose its advantage as the culture density increases over time. Conse-
quently, the biomass level within a culture is a key factor that can explain
the predominance of one species over another when growing together under
non-inhibiting light conditions.
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Figure 2: The growth–biomass density relationship for C. sorokiniana and S. pectinatus
obtained from microplate incubations. The data of growth rates are reported as means
with standard deviations of 8 replicate measurements obtained under a continuous incident
light intensity of 467 µE m−2s−1 for C. sorokiniana and 439 µE m−2s−1 for S. pectinatus.

3.3. Modeling the light attenuation within cultures

Light attenuation had significant effects on micro-algae growth. For a
one-sided illuminated photo-bioreactor with a fixed light intensity Iin, the
photo-synthetically active light is a maximum near the liquid boundary in
front of the light supply and decreases on passing through the water column.
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In addition to the effect of the depth, and the reflection and refraction at the
interfaces boundaries, the absorption of the biomass when it is at high con-
centrations can induce light limitation within a well-mixed photo-bioreactor.
Because of the high pigment content of micro-algae, light is stronly absorbed
as it penetrates the culture depth. Under well-mixed conditions, we assumed
that i) the individual cells are not stationed exclusively in the light or dark
zones of the culture but exposed, on average, to the same light condition
in the culture with respect to the instantaneous cell concentration x ii) the
average micro-algal growth rate is closely related to light attenuation Iattx
conditions in a given bulk of cultivation system. iii) Iattx is defined as the
light dissipated by the summation of both absorption and scattering and
given as a function of the biomass concentration

Iattx(Iin, x) = αIin
x

x+Khsx

(1)

where Khsx (biomass unit) is the half-saturation constant of the biomass
concentration x (biomass unit) and α (%) is the percentage of the maximum
effective light available for the growth of the micro-algae.
This model was validated in well-mixed batch reactors (flasks of 40 mL) il-
luminated at several initial light intensities Iin for both studied strains using
cultures at different stages of growth (corresponding to different biomass con-
centration obtained at different incubation times tf ). The light irradiance
profiles were determined by plotting the light attenuation (It0 − Itf ) mea-
sured at the centres of the flask reactors (It0 without biomass and Itf with
biomass at tf) against the biomass concentrations (measured by OD650 and
then converted to mgC L−1).
As shown in Figure 3, the higher is Iin, the greater is Iattx. The light curve
tends towards the irradiance value αIin measured at the centre of the reactor
when filled with only the culture medium. The shape of the obtained graphs
appears to be similar to that of the Monod function and was then used to
describe the light attenuation phenomenon.

We defined the total light attenuation Iatt within a photo-bioreactor as
the summation of the light attenuation by biomass Iattx (including both ab-
sorption and scattering) and the light modified by the reactor and its liquid
content Iatt0 = Iin(1− α), as summarized in the following expression:

Iatt(Iin, x) = Iatt0 + Iattx = Iin

(
1− α

(
1− x

x+Khsx

))
(2)
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Figure 3: Simulation of the attenuated light model Iattx compared to data obtained in
monocultures of C. sorokiniana and S. pectinatus growing in flasks at different stages of
growth and biomass concentrations.

The parameter α can be interpreted as a characteristic of the photo-
bioreactor. This parameter may be estimated with an experimental test
carried out with the culture device filled with the culture medium before
inoculation. Consequently, the contribution of the reactor and its liquid
content to the attenuation of Iin can be given by the absorbed light Iin− Iout
(both measured perpendicularly to the light source on either side of the
reactor) divided by Iin. Then, β = 1 − α represents the percentage of the
light unavailable for algal growth, and depends on the wall and depth of
the reactor, the transparency of the culture medium, and also the geometry
and material of the reactor (such as the reflection and refraction of the light
through the walls and at the interface with the medium, which may differ).

For all tested values of Iin, the model (1) fits well the measured data for
both strains (Figure 3) with different values of Khsx (ANOVA test p < 0.05;
Khsx=155± 25 mgC L−1 for C. sorokiniania and Khsx= 201±33 mgC L−1 for
S. pectinatus ; (param. ±SE, n: [8 8])). This suggests that C. sorokiniania
can attenuate light more effectively than S. pectinatus.

3.4. Coupling the photo-inhibition and photo-limitation effects in micro-algal
growth kinetics

Based on the previous results, we suppose that the micro-algae growth
is affected by both photo-inhibition and photo-limitation, suggesting that a
good kinetic model would depend on Iin and x. Thus we looked for one model
which can represent all the experimental data, by trying to find a function
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that could relate µ to Iatt. Although the curve shapes of the growth rates
plotted against Iatt resemble the classical Monod-, Haldane-, or Steele-type
functions (see the experimental data for µ in Figures 4 and 5 for C. sorokini-
ana and S. pectinatus, respectively), there were no unique sets of parameters
that could explain all the experimental data sets. However, one can compute
the correlations between the individual parameters identified from one exper-
iment to another. The most remarkable correlation observed for any tested
type of kinetics was between µm and the tested x condition, when taking µm
as a decreasing function of x. Thus, we propose the following expression:

µm(x) = µ̄α

(
1− x

x+Khsx

)
= µ̄

(
α− Iattx

Iin

)
(3)

where µ̄ is the maximal value of the species’ specific growth rate.
We built the following kinetic model using (2) and (3)

µ(Iin, x) = µm(x)
Iatt(Iin, x)

KsIatt + Iatt(Iin, x)

(
1− Iatt(Iin, x)

I0

)
(4)

with KsIatt the half-saturation constant of attenuated light (µE m−2s−1) and
I0 the light intensity (µE m−2s−1) for which µ takes the value of 0 for any
large enough value of x.

With this model we implicitly consider that the inequality

I0 > (1− α)Iin (5)

is fulfilled (otherwise no growth is possible). Then, we consider the number

x̄ :=

{
Khsx

I0−(1−α)Iin
Iin−I0 if (1− α)Iin < I0 < Iin

+∞ if I0 ≥ Iin

which defines a threshold on the biomass level under which growth is possible.
Finally, the model writes

µ(Iin, x) =

{
µm(x) Iatt(Iin,x)

KsIatt+Iatt(Iin,x)

(
1− Iatt(Iin,x)

I0

)
, x < x̄

0, x ≥ x̄
(6)

under Hypothesis (5).
The Appendix gives the mathematical analysis of the monotonicity of

expression (4) with respect to x. We show that, over the interval (0; x̄),
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the function µ is either decreasing, or increasing and then decreasing with
respect to x (see µ as a function of x in Figures 4 and 5 where Iin is fixed
with Iin ≤ I0).

As shown in Figures 4 and 5, the highest growth rates are obtained with
the lowest biomass concentration related to lower light attenuation condi-
tions, which induces a higher light amount received per cell. The effect of
light on growth rates was less pronounced at high biomass concentrations
than at low concentrations. Interestingly, the greater is the initial biomass
concentrations, the higher is the light photo-inhibition despite the high light
attenuation by the cells. This suggests that at initial high biomass concen-
trations, algal cells are responding to high incident light as low light-adapted
cells [48]. Therefore, the proposed growth function can indirectly describe
algal-cells adaptation to rapidly changing lighting conditions. The model (6)
allows describing both the light inhibition effect and the light attenuation
effect, and applies to a broad range of incident light intensities (0–1000 µE
m−2s−1) and biomass densities (0–35 mgC L−1). The model parameters were
identified for each species and are presented in Table 3.

Param. C. S. Stat. comp.
α 0.75∗±0.03 0.81∗±0.03 ns
µ̄ (d−1) 3.25∗±0.20 1.75∗±0.08 ∗∗

KsIatt (µE m−2s−1) 52∗±6 26∗±3 ∗∗

Khsx (mgC L−1) 9.89∗±0.31 17.07∗±0.53 ∗∗

I0 (µE m−2s−1) 1068∗±41 1836∗±168 ∗∗

Table 3: Summary and comparison of the new model parameters used in the modeling of
C. sorokiniana and S. pectinatus growth depending on both incident light intensity and
biomass density (in microwell plates). The results are represented as param.±SE, n = 864;
the statistical comparison was assessed on 2n observations.
∗ significant regression parameter at p < 0.05,
∗∗ significant difference between the parameters of the two species at p < 0.05,
ns non-significant difference between the parameters of the two species at p > 0.05.

All the estimated parameters show that there are significant differences
between the species, except for α. We recall that α is a characteristic param-
eter of the reactor that reflects the contribution of the culture device in the
attenuation of Iin. Then, it is suggested that this parameter is probably the
same in the microwell plates and the maximum effective light available for
micro-algae growth always equals αIin. For the maximal value of the species’
specific growth rate, the greater µ̄, estimated for C. sorokiniana, shows its
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ability to grow faster than S. pectinatus when growing conditions are favor-
able, as suggested in Sections 3.1 and 3.2 in microwell plates experiments.
Moreover, the greater I0, found for S. pectinatus, demonstrates its strongest
resistance to high light intensities, which supports our previous results in
Section 3.1. We note that the half-saturation constants KsIatt for the two
species were also different. Similarly, the significant difference of Khsx be-
tween the two species reflects different responses to the attenuation effect,
as stated above (see Section 3.3). However, we notice that the value of Khsx

identified for microwell plate cultures was not of the same order of magni-
tude as that for flask cultures (cf. Section 3.3). This may be explained by
the spatial heterogeneity effect related to mixing. In fact, the cells initially
suspended in the small volume of few micro-litres (250 µL) in the microwell
plates tend to accumulate at the bottom of the well, which is not the case for
the instantaneous measurement of the light in a perfectly mixed flasks (40
mL). This may result in a significant density inhibitory effect on µm (follow-
ing equation (3)) caused by the high spatial heterogeneity, thereby explaining
the small value obtained for Khsx in micro-plates. Then, Khsx will increase
with the degree of mixing when the same culture device is considered. In
addition, we observed higher values of Khsx for S. pectinatus compared to
C. sorokiniana, whether in microplate or flasks. This is probably due to the
differences in shapes and sizes of the cells between the two species. Having
the same biomass concentration, a small number of voluminous cells (such
as S. pectinatus) would attenuate less light than small cells at a much larger
number (as is the case for C. sorokiniana). Therefore, Khsx would be related
to both the species’ bio-volumes and the mixing.

We note that different trends are found when comparing the microalgal
growth rates using the relevant values of Khsx previously identified for each
culturing device (microplates and flasks). The model predicts a drastic re-
duction of microalgal growth in microwell plates leading to a division of the
highest growth rate by a factor of 5 for C. sorokiniana and 3 for S. pectinatus,
at a density of 35 mgC L−1 and Iin = 450 µE m−2s−1 (cf. Figures 2, 4, and
5). However, the decline becomes insignificant (division factor of only 1.25
and 1.1 for C. sorokiniana and S. pectinatus, respectively) in flasks under the
same conditions (taking the same growth parameters of Table 3 except for
Khsx). These outcomes support that the lack of mixing and the subsequent
heterogeneous cell settlement at the bottom of microwell plates may explain
such discrepancies.

The new kinetic function (6) highlights the interactions between the inci-
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Figure 4: The effect of incident light intensities Iin (µEm−2s−1) and the biomass densities
x (mgC L−1) on the growth of C. sorokiniana in microwell plates. The data of growth
rates are reported as means with standard deviations of 8 replicate measurements.

dent light and the population density. It reflects the effect of the availability
of light, and describes different phenomena that may occur during algal cul-
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Figure 5: The effect of incident light intensities Iin (µEm−2s−1) and the biomass densities
x (mgC L−1) on the growth of S. pectinatus in microwell plates. The data of growth rates
are reported as means with standard deviations of 8 replicate measurements.

tivation, such as photo-inhibition (following exposure to high light intensi-
ties at low biomass concentrations) and photo-limitation (under insufficient
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light conditions), or, more likely, other mechanisms such as cell distribution
within water volume. This model requires a limited number of strain-specific
parameters and allows comparisons of species growth performances and opti-
mization of the operational parameters of algal cultures. Its simplicity makes
it a valuable tool that can be integrated into any type of photo-bioreactor ge-
ometry and can apply to a microwell plate (as shown here) or to Erlenmeyer
photo-bioreactor (as shown below). Such a growth function also offers a tool
for simulating and predicting the potential production rate in poly-culture
of different species in algal mass culture systems under light fluctuations (as
further explored).

3.5. Model calibration and extension for poly-culture predictions in contin-
uous mode photo-bioreactors

We considered the data of species growing in mono-culture (in an Erlen-
meyer photo-bioreactor exposed to continual Iin) to compare them to the
data generated by the growth kinetics derived by the proposed growth func-
tion (6) for growth limited by light. We first need the usual mass balanced
model to describe the time evolution of the biomass concentration [49] using
the proposed kinetic function µ(·) from (6) for a fixed intensity of incident
light Iin.

ẋ =
(
µ(Iin, x)−D

)
x (7)

In any case, when D is such 0 < D < µ(Iin, 0), the system admits an unique
positive equilibrium x? which belongs to (0, x̄), and that is globally symp-
tomatically stable (see Appendix).

The simulations of this model for each species grown in mono-culture are
presented in Figure 6 against the data of biomass (from OD650 measurements
being converted to mgC L−1) obtained under continuous mode cultures, us-
ing the same kinetic parameters represented in Table 3 except for α and Khsx.
These two parameters are likely to vary considerably depending on the op-
erating conditions. Then, they were both re-identified for model calibration,
depending on the culture device being used. α which depends on the cul-
ture device, was found to be equal to 0.44, while Khsx, apparently sensitive
with regard to mixing, was equal to 14 and 52 mgC L−1 for C. sorokiniana
and S. pectinatus, respectively. The parameters µ̄, KsIatt and I0, considered
as characteristic parameters of the species, were held the same (as given in
Table 3).

In the second step, we sought to validate our growth function (6) on an-
other data set. So, we used the experimental data of biomass (from cell count
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Figure 6: Simulation of chemostat model using the new kinetic function compared to
biomass data (means with standard deviations of 3 replicate measurements of OD650

and cell count converted to mgC L−1) tracked in mono-cultures of C. sorokiniana and
S. pectinatus under similar conditions of incident light intensity Iin = 165± 5 µE m−2s−1

and dilution rate D = 0.25± 0.02 d−1(in Erlenmeyer photo-bioreactors).

measurements being converted to mgC L−1) tracked over time in the same
Erlenmeyer photo-bioreactor but inoculated with a culture of a mixture of
the species. This required an extension of the model to multi-species growths.
In this case, the model should be applied in such a way that it would consider
species with very different properties, particularly the pigment absorbance,
which would be given by the following system{

ẋ1 = (µ1(Iin, x1 + γ2/1x2)−D)x1
ẋ2 = (µ2(Iin, γ1/2x1 + x2)−D)x2

(8)

where γj/i is the ratio of transparency of species j related to species i with
γj/iγi/j).

Differently, under the same circumstances, changing the wavelength used
for the biomass estimates through correlation with OD could be even more
convenient, leading to the simplified system 9.{

ẋ1 = (µ1(Iin, x1 + x2)−D)x1
ẋ2 = (µ2(Iin, x1 + x2)−D)x2

(9)

We suppose that (9) can be applied based on the obtained ’average’ cor-
relation between optical density (OD650) and the cells carbon content of
the studied species in both monoculture and polyculture (cf. Section 2.3),
suggesting an equivalent total pigment content for the same biomass concen-
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tration among species belonging to the same family and having experienced
similar environmental conditions (leading to consider γ2/1 = γ1/2 = 1).

The same parameters (applied in mono-culture) were used to simulate
(9), considering both species growing together (let us underline that these
kinetics are coupled here, but differently than the usual interaction terms,
such as in the generalized Lotka–Volterra models), and taking into account
the nonlinear functions µi.

The superimposition of the data on the predictions of model (9) in Figure
7 allows a satisfactory description of the dynamics of the different concen-
trations of the two species. However, it takes a long time to see S. pectinatus
stabilizing and C. sorokiniana washed out.

The experiments in continuous photo-bioreactors seem to be explained by
the proposed kinetic function when applied in monoculture and polyculture,
but new experiments would be necessary for a further validation of the model.
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Figure 7: Validation of the chemostat model using the new kinetic function on biomass
data (3 replicate measurements of cell count converted to mgC L−1) tracked in species
assemblage of C. sorokiniana and S. pectinatus under a fixed incident light intensity Iin =
165 ± 5 µE m−2s−1 and a piece-wise constant dilution rate D = 0.11 d−1 for t < 2.74;
then D = 0.25± 0.02 d−1 (in Erlenmeyer photo-bioreactors).

3.6. Prediction of the possible outcomes of the competition for light availabil-
ity in continuous mode photo-bioreactors under periodic light conditions

While competitive exclusion is more likely to occur at the laboratory
scale [50], the coexistence of species is observed in both natural and artificial
ecosystems and may play an important role in the resilience of cultivation sys-
tems or even in reducing the risk of extinction under particular conditions
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[51, 52]. In this section, we discuss three possible outcomes of the multi-
species model, including the possibility of species coexistence, through theo-
retical prediction under periodic light, as a more realistic growth condition.
The different situations were corroborated by some simulations (presented
in Figure 8) obtained using the growth characteristics previously validated
for C. sorokiniana (species 1) and S. pectinatus (species 2) in an Erlenmeyer
photo-bioreactor (see Section 3.5), but under different operating conditions
(as stated in Table 4).

We recall that the specific growth rate of each species in the multi-species
model (9) is influenced by the total biomass density of both species contribut-
ing together to attenuate the available light within the photo-bioreactor.
Thus, the expressions for µ1 and µ2 in the assemblage depend on the total
biomass x1 + x2 instead of xi only, leading to the model (9) that couples
the growth of each species. However, for constant incident light Iin, one can
easily see that coexistence at steady state is generically impossible, because
it would need to have very particular values of D such that the graphs of
µ1 and µ2 intersect with a common value exactly equal to D. Indeed, this
model satisfies the Competitive Exclusion Principle in a very similar way to
the classical multi-species chemostat model, for which the common resource
is a limiting substrate [49] (to be replaced here by the total biomass). Con-
sidering the biomass at steady state in monoculture, denoted by x?i , which
satisfies the equation µi(x

?
i ) = D (recall from the Appendix that in any case,

for any D such that 0 < D < µ(Iin, 0), the dynamics (7) admits an unique
positive equilibrium, that is globally attractive and stable on the positive do-
main), the winner of the competition is the species with the largest x?i . This
competitive exclusion was observed experimentally under constant light in
Section 3.5 (see Figure 7). We note that S. pectinatus won the competition,
reaching a value at steady state x∗2 which verifies µ(x?2) = D, as predicted by
the competitive exclusion principle.

Let us now consider a periodic Iin(.) as a time-varying function. The
competitive exclusion principle no longer applies. When the input nutrient
fluctuates with time (with variable input concentration or variable input flow
rate), it is known that species coexistence is possible [53, 54, 55]. Let us see
that a similar phenomenon can occur when the incident light is fluctuating
(even though the dependency in Iin is non-linear, unlike D).

We consider first mono-cultures under periodic light:

ẋi =
(
µi(Iin(t), xi)−D

)
xi, i = 1, 2 (10)
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It is easy to see that when the condition

Ci :=

∫ t+T

t

(
µi(Iin(τ), 0)−D

)
dτ > 0

is fulfilled, the washout solution xi = 0 is repelling, and that the scalar
dynamics (10) admits an unique positive periodic solution x̃i(·) (see, for
example, the simulations in Figures 8(A), 8(C), 8(E) and 8G, corresponding
to mono-cultures obtained under different operating conditions given in Table
4), which is asymptotically attractive for any initial condition with xi(0) > 0
(as µi is decreasing with respect to xi).

Now, consider the co-culture under periodic light:{
ẋ1 = (µ1(Iin(t), x1 + x2)−D)x1
ẋ2 = (µ2(Iin(t), x1 + x2)−D)x2

(11)

the asymptotic solutions with the absence of one species, which are (x̃1(·), 0)
and (0, x̃2(·)), are both repelling for the dynamics (11) when conditions

C21 :=

∫ t+T

t

(
µ2(Iin(τ), x̃1(τ))−D

)
dτ > 0 (12)

C12 :=

∫ t+T

t

(
µ1(Iin(τ), x̃2(τ))−D

)
dτ > 0 (13)

are both fulfilled. This argumentation that demonstrates the coexistence
of species is often used in the mathematical theory of the chemostat, see
for instance [54, 55]. Let us give some insight into these quantities. When
a single species i settles, its concentrations converge with time towards an
unique periodic solution x̃i(·) as previously recalled. When this periodic
solution is reached (or almost reached), consider at time t an invasion by the
other species j 6= i with a small concentration xj(t). From equations (11), one
can see that the time derivative ẋj is small when xj is small. Therefore, if the
invasion is such that xj(t) is sufficiently small, xj remains small during the
time period T , and consequently, the concentration xi is very little impacted
while xj remains small. Then, one can assume that xi(·) remains close to the
periodic solution x̃i(·) on the time interval [t, t+ T ], and the dynamics of xj
can be approximated by

ẋj(τ) = (µj(Iin(τ), x̃i(τ))−D)xj(τ), τ ∈ [t, t+ T ]
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whose solution is given by the expression

xj(t+ T ) = xj(t) exp

(∫ t+T

t

(µj(Iin(τ), x̃i(τ))−D)dτ

)
= xj(t) exp(Cji)

If Cji < 0, one has thus xj(t+T ) < xj(t) and one can iterate this calculation
on the next time interval [t + T, t + 2T ] and so on. We conclude that the
species j cannot grow. In contrast, when Cji > 0, species j grows, and its
concentration cannot remains close to 0. We conclude that species j settles
in the ecosystem. If the symmetric condition Cij > 0 is fulfilled for species i,
we conclude that neither concentration xi, xj can approach 0. Then, there
is necessarily the coexistence of species. This case was illustrated by the
example E1 in Table 4 and the corresponding simulation presented in Figure
8 (B). By testing multiple values of operating conditions, simulation results
show that coexistence is possible, although not systematic. The values of C21

and C12 can be interpreted as the ‘specific invasion speed over one period’
and their sign reflects the ability of one species to invade the ecosystem (with
small initial density) when the other species is already settled in the periodic
regime. Moreover, the magnitudes of C12 and C21 provide information about
the reactivity of the ecosystem to an invasion: the more positive Cji is, the
faster is the invasion by the species j, and conversely the more negative Cji
is, the faster species j is eradicated by the system.

Let us underline the necessity to have the growth functions µi alternating
its dominance depending on the light to have these two conditions verified.
If not, one has for instance µ1(Iin(t)− x) > µ2(Iin(t)− x) for any t and any
x > 0, which implies∫ t+T

t

(
µ1(Iin(τ), x̃1(τ))−D

)
dτ = 0 >

∫ t+T

t

(
µ2(Iin(τ), x̃1(τ)) = C21

and then C21 > 0 cannot be fulfilled and species 2 cannot invade the system
when species 1 is present (see example E2 in Table 4 and the corresponding
simulation in Figure 8 (D)). Conversely, species 1 cannot invade a culture
with species 2 when C12 < 0 (see examples E3 and E4 in Table 4 and the
corresponding simulations for the assemblages in Figures 8 (F) and 8 (H)).
These results show that the coexistence or exclusion of one species or the
other are possible depending on the operating conditions Iin(·) and D.

We note that the chosen values of the parameters in examples E1, E2

and E3 in Table 4 are easy to implement at the laboratory scale for operat-
ing indoor photo-biorectors. We propose that the model can also apply to
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Ex. Parameter Test condition Outcome Fig.
T D Imin Imax C1 C2 C21 C12

(d) (d−1) (µE m−2s−1)
E1 8 0.427 340 1510 0.68 0.16 0.001 0.02 coexist. 8(A,B)
E2 12 0.45 52 280 2.43 0.13 -0.62 1.97 1 wins 8(C,D)
E3 10 0.25 400 900 4.57 2.60 0.89 -1.05 2 wins 8(E,F)
E4 1 0.16 0 700 0.19 0.09 0.03 -0.05 2 wins 8(G,H)

Table 4: Some illustrative examples of the possible outcomes of the multispecies model
using different operational conditions of dilution rate D and periodic illumination (taking
Imin and Imax over the period T ). The test conditions C1 and C2 are computed on species
1 (C. sorokiniana) and species 2 (S. pectinatus) in monoculture, while C12 and C21 are
given for assemblages. The other parameters are taken to be: α = 0.4; For species 1 :
µ̄ = 3.25 d−1, KsIatt

= 52 µE m−2s−1, Khsx = 52 mgC L−1, and I0 = 1068 µE m−2s−1 ;
For species 2 : µ̄ = 1.75 d−1, KsIatt

= 26 µE m−2s−1, Khsx = 26 mgC L−1, and I0 = 1836
µE m−2s−1.

outdoor cultures. For such a case, we considered in E4 (in Table 4) more ap-
propriate conditions for the light for simulating the light–dark cycles, which
may be given with an illumination fluctuating between Imin = 0 and an av-
erage value Imax (at about 700 µE m−2s−1 [36, 56]) over a period T of one
day. Under these latter conditions, the model (11) theoretically predicted
a competitive exclusion in favor of S. pectinatus, as shown in Figure 8(H).
The predominance of Scenedesmus predicted by the simulation reproduces
the experimental observations of several studies [57, 58, 36, 37, 56].

One can notice in Figure 8 that during the transients, the densities of both
species increase (or decrease) simultaneously before one of them reaches a
stage from which it declines. This is qualitatively different from the transients
of the exclusion obtained with the classical model of competition on an abiotic
resource (such as limited substrate) described by the usual growth functions
[55, 49, 37]. This feature could be a matter for future research to discriminate
which kind of exclusion (due to light or substrate) is dominant, and when.

4. Conclusion

Light inhibition and attenuation appear to have significant effects on the
growth of micro-algae. The presented results show that the reduction of
species growth rates was mainly attributed to high cell densities, which re-
duce the penetration of light into the culture, but may protect cells from
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Figure 8: Some illustrative simulations obtained in continuous mode photo-bioreactors
exposed to periodic illumination in mono-culture (first column A, C, E and G) and in
assemblage (second column B, D, F and H) for species 1 (C. sorokiniana) (in red) and
species 2 (S. pectinatus) (in blue) according to the examples of operational conditions
stated in Table 4.
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photo-inhibition when exposed to high light levels. S. pectinatus demon-
strated better performances than C. sorokiniana at insufficient or excessive
light availability, while C. sorokiniana was able to achieve faster growth un-
der non-inhibiting light levels in clearer waters. We have shown that the
newly developed kinetic model, depending on both the incident light and
the biomass densities through the attenuated light model, can describe the
simultaneous effects of photo-inhibition and photo-limitation and predict the
biomass production in mono-culture and species assemblage. The use of mod-
eling and experimental approaches allows the characterization of the species
and the proper model identification for estimating the biomass production
under different operating conditions and assessing the optimal operational
parameters, which is of great benefit for the evaluation of a small or large
scale algal mass culture, particularly in poly-culture systems.

This new model offers various possible future applications, such as its use
for automatic monitoring of the instantaneous biomass concentration through
light measurements within the reactor, or even the effective optimization of
the incident light intensities, in addition to possible control (playing with
the light availability in indoor cultures or shadowing in outdoor culture).
The control of the incident light, the dilution rate, and the choice of initial
biomass for the optimization of productivity in poly-culture will need further
investigation.

Appendix: study of the behavior of the function µ

We study the monotonicity of the function µ with respect to x, for a fixed
given value of Iin > 0. For this purpose, let us posit

X := Iatt(Iin, x) = Iin

(
1− α

(
1− x

x+Khsx

))
(where α ∈ (0, 1) and Khsx > 0). One can straightforwardly see that X is an
increasing function of x ≥ 0, that takes values in [Iin(1− α), Iin]. Then, the
function µ can be expressed as a function of X as follows

µ(Iin, x) = µ̃(X) := A(X)B(X) (14)

with

A(X) = µ̄

(
1− X

Iin

)(
1− X

I0

)
, B(X) =

X

KsIatt +X
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(where I0 > 0 and KsIatt > 0). Remind that one has (1 − α) < I0 < Iin
in the model. The validity domain of the expression (14) is for X such that
µ(X) ≥ 0, that is for X ∈ D := [Iin(1 − α), I0], or equivalently for x such
that

x ≤ x̄ := Khsx
I0 − (1− α)Iin

Iin − I0
(for value of x above x̄, we consider that µ is equal to 0). Note that the
function A is convex quadratic and decreasing non-negative on D, and that
B is a concave increasing function. Furthermore, one can easily check that
the function B satisfies B′′′ > 0. By Leibniz rule, one get

µ̃′′′(X) = 3A′′(X)B′(X) + 3A′(X)B′′(X) + A(X)B′′(X) > 0, X ∈ D

Therefore, µ̃ can change its concavity on D only from concave to convex. If
µ̃ is convex on D, it has to be decreasing on D because I0 is the first zero.
Otherwise, it is concave at Iin(1 − α). Then, it is decreasing on D or there
exists X̄ ∈ (Iin(1 − α), I0) such that µ̃ is increasing on (Iin(1 − α), X̄) and
decreasing on (X̄, I0).

In any case, for any D such that 0 < D < µ̃(Iin(1 − α)) = µ(Iin, 0), the
dynamics

ẋ = (µ(Iin, x)−D)x

admits an unique positive equilibrium, that is globally attractive and stable
on the positive domain.
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