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1
Introduction
Why studying the microbiota ?



Omic data revolution

Microbiology before omic data
• Insulation
• Culture in vitro
• Functional phenotyping of individuals

Studying a microbial ecosystem = studying individuals = reductio-
nism
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Omic data revolution
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Omic data revolution

Microbiology after omic data

Selective
amplification

Fragmentation
and direct

sequencing

Adapted from S.Raguideau’s thesis

Global view of microbial ecosystem = holism/system biology
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Omic data revolution

Microbiology after omic data

WGS fragments

Assembly

Non-redundant
Genes catalogue

Annotated
Genes catalogue

Fonction #1

Fonction #2

Fonction #3

Fonction #4

Fonction #5

Database of 
Known genes

Fonction #5

Fonction #4

Adapted from S.Raguideau’s thesis
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Omic data revolution

Microbiology after omic data

WGS fragments in a 
metagenomic sample

Alignment of the fragments 
on the gene catalogue

Counts matrix: gene 
abundances among 

samples

#1 #2 #3 #4 #5

Sample 1

Sample 2

Sample 1

Sample n

Adapted from S.Raguideau’s thesis

Global view of microbial ecosystem = holism/system biology
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Human gut microbiota

Microbiote
• several thousands of microbial species
• 10 × the number of human cells
• metagenome ⇒150 × the number of

genes of human genomes

Microbial ecology
• Interactions ?
• Dysbiosis ?
• Colonization ?

⇒
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Human gut microbiota

Microbiote
• several thousands of microbial species
• 10 × the number of human cells
• metagenome ⇒150 × the number of

genes of human genomes

Microbial ecology
• Interactions ?
• Dysbiosis ?
• Colonization ?

⇒

’Axenic/gnotobiotic indivi-
dual’ revolution
Animals grown in insulators
⇒without microbiota

S.Labarthe (MIA) Maths models in microbial ecology 09/27/2019 3 / 26



Metabolic diseases

Pour la Science, 01/2015

Microbiota/metabolic diseases
• Normal animal fat > axenic

animal fat (40 %)
• Axenic animal + microbiota
⇒60 % increase of fat
despite feeding reduction

⇒Microbiota impact on host glu-
cidic and lipidic metabolism regu-
lation
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Gut/brain axis

Pour la Science, 01/2015

Stress regulation
• Axenic animal more

susceptible to stress
• Axenic animal + microbiota
⇒diminution of stress
behavior, more social
interactions
• For stressful animals :

microbiota replacement
⇒less stress

⇒Microbiota impact on stress re-
gulation. Microbiota also related
to autistic spectrum syndroms
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Immunity

Rivera Chavez et al. Mbio 2016

Barrier effect
• Pathogen : hack of intestinal

regulation mechanisms
• Microbiota involved in

epithelial cell and
inflammation regulation

⇒Microbiota offers protection
against pathogens.
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Immunity

Bach, NEJM 2002

Involvement in im-
munity regulation
• Microbiota

involved in
immunity
calibration
during first
years of life
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Host/microbiota interactions
Micro-organisms community

Microbial ecology
• Interactions ?
• Dysbiosis ?
• Colonization ?

⇒
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Host/microbiota interactions
Micro-organisms community

Human host

Energy

Immunity

Regulation
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Host/microbiota interactions

Symbiotic
 relationship

Micro-organisms community

Human host

Energy

Immunity

Regulation

Energy

Immunity

Regulation

Microbial ecology
• Interactions ?
• Dysbiosis ?
• Colonization ?

⇒
Modeling bacterial popula-
tions in their environment
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2
Mechanistic modeling for
microbiology



Modeling process
Maths Biology

A priori 
knowledge

Data

A priori 
knowledge

Data

New outputs
Numerical
exploration

Mecanistic model
Modeling

Modeling

PDE/ODE, PDMP
reaction-diffusion-convexion
Structured (age, trait...)eqs.
Fluid mecha., pop. dynamics

Numerical analysis
Finite volume method, 

parallel computing

Homogenization
Asymptotic analysis

Bayesian inference

FDA/profilling

Sensitivity analysis

Meta-modeling

Num. experiments
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3
Model presentation



Modeling process
Maths Biology

A priori 
knowledge

Data

A priori 
knowledge

Data

New outputs
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Model elements

 

Viscosity
gradients

Liquid chyme 
influx : 

fibres/bacteria

 Absorption
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production
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M
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Geometry
On Ω = ω × L
Mixture model.
IC : set of 7 fluid components. ci : volume fraction.

∂tci = Fi (c, s) + div(σ∇ci )− div(uici )

ui = u + υchem,i ,
∑
i∈IC

ci = 1,
∑
i∈IC

Fi = 0
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Geometry
On Ω = ω × L
Mixture model.
IC : set of 7 fluid components. ci : volume fraction.

∂tci = Fi (c, s) + div(σ∇ci )− div(uici )

ui = u + υchem,i ,
∑
i∈IC

ci = 1,
∑
i∈IC

Fi = 0

Bathing solutes.
IS : set of 8 solutes. No volume. ũ =

∑
i∈IC ciui

∂tsj = Gj(c, s) + div(σ∇sj)− div(ũsj)
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Chemotactic speed
Keller-Segel model

υchem,i = ∇Φ,

−∆Φ = sj −
1
|ω|

∫
ω

rsj(r)dr , ∇Φ · η = 0 on ∂Ω
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Chemotactic speed
Keller-Segel model

υchem,i = ∇Φ,

−∆Φ = sj −
1
|ω|

∫
ω

rsj(r)dr , ∇Φ · η = 0 on ∂Ω

Stokes equation

∇p − div(µD(u)) = 0

where D(u) = 1
2 (∇u +∇ut),
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Model elements
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Chemotactic speed
Keller-Segel model

υchem,i = ∇Φ,

−∆Φ = sj −
1
|ω|

∫
ω

rsj(r)dr , ∇Φ · η = 0 on ∂Ω

Stokes equation

∇p − div(µ(c)D(u)) = 0

µ depend on mucus (sigmoid function) and non
liquid phases
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Model elements
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Keller-Segel model

υchem,i = ∇Φ,

−∆Φ = sj −
1
|ω|

∫
ω

rsj(r)dr , ∇Φ · η = 0 on ∂Ω

Stokes equation

∇p − div(µ(c)D(u)) = 0

∂t ci = Fi (c, s) + div(σ∇ci )− div(ui ci ),
∑
i∈IC

ci = 1,
∑
i∈IC

Fi = 0

div(u) = −
∑
i∈IC

div(υchem,ici )

S.Labarthe (MIA) Maths models in microbial ecology 09/27/2019 13 / 26



Model elements

 

Viscosity
gradients

Liquid chyme 
influx : 

fibres/bacteria

 Absorption

Mucus 
production

Diffusion

Transport

Chemiotaxis

A + B → CA + B → C

Metabolism

F
lu

id
 M

ech
an

ics
S

p
atial  

m
o

tio
n

B
acteri al 

activity

Trophic
Interactions

Peristaltism

Poly/monosaccharides

SCFA

methane

M
etab

o
lites

Boundary conditions
• For c and s :

(−σ∇ci + uci ) · η = γc,i

(−σ∇sj + usj) · η = γs,j

Physiological influx and mucosal exchanges
γi . Outflow = transport.
• For u :

u · η =
∑
i∈IC

γc,i , u · τ = Uper or 0
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Source function & Model structure
Ecology ⇒Trophic interactions
Knowledge-based microbiota metabolic model (Muñoz Tamayo 2010)
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s
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Chemical reaction

Volume transfer

Transfer type :

Gaz deperdition

Processes :

P1 : Mucus degradation

P3 : Monosaccharide consumption

P4 : Lactate consumption

P5 : Homeoacetogenesis

P6 : Methanogenesis

P7-P10 : Bacterial death

P2 : Fiber hydrolisis

P11-P13 : Disolved gaz vaporisation
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Fi (c, s) = µmax ,ij
cisj

Kmax ,ij + sj
cl

• Volume transfers
• Inihibition by volume

disponibility cl ⇒logistic
term
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4
Implementation



Modeling process
Maths Biology

A priori 
knowledge

Data

A priori 
knowledge

Data

New outputs
Numerical
exploration

Mecanistic model
Modeling

Modeling

PDE/ODE, PDMP
reaction-diffusion-convexion
Structured (age, trait...)eqs.
Fluid mecha., pop. dynamics

Numerical analysis
Finite volume method, 

parallel computing

Homogenization
Asymptotic analysis

Bayesian inference

FDA/profilling

Sensitivity analysis

Meta-modeling

Num. experiments
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Finite volume method

f
i,j

f
i+1,j

f
i-1,j

f
i,j+1

f
i+1,j+1

f
i-1,j+1

f
i,j-1

f
i+1,j-1

f
i-1,j-1

U
z,i,j+1/2

U
z,i,j-1/2

U
r,i,-1/2,j

U
r,i,+1/2,j

Principles
• Space discretization : Solution

approximate with piecewise constant
functions on mesh cells
• Equation integration on each mesh cell
• Flux approximation ⇒linear system
• Time discretization
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U
r,i,-1/2,j

U
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∂t f − div(σ∇f + uf ) = F

Space discretization : Intregration on Ωi ,j

∂t

∫
Ωi,j

fdx −
∫

Ωi,j

div(σ∇f + uf )dx =

∫
Ωi,j

Fdx

Stokes formula + constant on cell

∆r∆z∂t fi ,j−
∫
∂Ωi,j

(σ∇f +uf )·ηds = ∆r∆zFi ,j

On ∂Ωi ,j+1/2, if ui ,j+1/2 ≥ 0∫
∂Ωi,j

(σ∇f + uf ) · ηds = ∆r(σ
fi ,j+1 − fi ,j

∆z + ui ,j+1/2fi ,j)
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∂t

∫
Ωi,j

fdx −
∫

Ωi,j

div(σ∇f + uf )dx =

∫
Ωi,j

Fdx

Stokes formula + constant on cell

∆r∆z∂t fi ,j−
∫
∂Ωi,j

(σ∇f +uf )·ηds = ∆r∆zFi ,j

Linear system to be solved at each time step

∂t fi ,j + Afi ,j = Fi ,j
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Finite volume method
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Space discretization : Intregration on Ωi ,j

∂t

∫
Ωi,j

fdx −
∫

Ωi,j

div(σ∇f + uf )dx =

∫
Ωi,j

Fdx

Stokes formula + constant on cell

∆r∆z∂t fi ,j−
∫
∂Ωi,j

(σ∇f +uf )·ηds = ∆r∆zFi ,j

Time integration : Euler semi-implicit scheme

f n+1
i ,j − f n

i ,j
∆t + Af n+1

i ,j = F +,n
i ,j − F−,n+1

i ,j(
I + ∆t(A + F−,n+1

i ,j )
)

f n+1
i ,j = f n

i ,j + ∆tF +,n
i ,j

S.Labarthe (MIA) Maths models in microbial ecology 09/27/2019 17 / 26



S.Labarthe (MIA) Maths models in microbial ecology 09/27/2019 18 / 26

5
Simplifications



Modeling process
Maths Biology

A priori 
knowledge

Data

A priori 
knowledge

Data

New outputs
Numerical
exploration

Mecanistic model
Modeling

Modeling

PDE/ODE, PDMP
reaction-diffusion-convexion
Structured (age, trait...)eqs.
Fluid mecha., pop. dynamics

Numerical analysis
Finite volume method, 

parallel computing

Homogenization
Asymptotic analysis

Bayesian inference

FDA/profilling

Sensitivity analysis

Meta-modeling

Num. experiments
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Asymptotic analysis

Principles
• Adimensioning : ⇒small parameter ε (Ansatz)
• Seek (formal) solution in the form f = f0 + εf1 + ε2f2...

• Inject that expression in the equation
• Identify the elements with same power of ε ⇒cascade of

simpler equations
• Get f0, f1, ...
• Prove rigorously that ‖f − (f0 + εf1 + ...)‖ ≤ Cε in a certain

norm
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Asymptotic analysis

aspect ratio ε = R/L.
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Asymptotic analysis

Adimensionning the differential operators

∇ε f :=

(
∂r f
ε∂z f

)
, Dε(u) :=

(
∂r ur

1
2 (ε∂zur + ∂r uz)

1
2 (ε∂zur + ∂r uz) ε∂zuz

)
divε(u) :=

1
r ∂r (rur ) + ε∂zuz , divε(M) :=

(1
r ∂r (rM11) + ε∂zM12
1
r ∂r (rM21) + ε∂zM22

)
.
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Asymptotic analysis
Adimensionning the differential operators

∇ε f :=

(
∂r f
ε∂z f

)
, Dε(u) :=

(
∂r ur

1
2 (ε∂zur + ∂r uz)

1
2 (ε∂zur + ∂r uz) ε∂zuz

)
divε(u) :=

1
r ∂r (rur ) + ε∂zuz , divε(M) :=

(1
r ∂r (rM11) + ε∂zM12
1
r ∂r (rM21) + ε∂zM22

)
.

Stokes system + Keller Seigel

1
ε
∇ε p − divε(µDε(u)) = 0

divε(u) = −ε divε(
∑
i∈IC

fi
∑

j∈IC∪IS

λi ,j ∇ε(Φj))

1
ε

divε(∇ε Φj) =
1
ε

(
cj − 2

∫ 1

0
scj(s, z)ds

)
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Asymptotic analysis
Adimensionning the differential operators

∇ε f :=

(
∂r f
ε∂z f

)
, Dε(u) :=

(
∂r ur

1
2 (ε∂zur + ∂r uz)

1
2 (ε∂zur + ∂r uz) ε∂zuz

)
divε(u) :=

1
r ∂r (rur ) + ε∂zuz , divε(M) :=

(1
r ∂r (rM11) + ε∂zM12
1
r ∂r (rM21) + ε∂zM22

)
.

Stokes system + Keller Seigel ⇒spatial decoupling

1
ε
∇ε p − divε(µDε(u)) = 0

divε(u) = −ε divε(
∑
i∈IC

fi
∑

j∈IC ∪IS

λi,j ∇ε(Φj ))

1
ε

divε(∇ε Φj ) =
1
ε

(
cj − 2

∫ 1

0
scj (s, z)ds

)

Uz = Uz,s +εU(1)
z,s +· · · , Ur = Ur,s +εU(1)

r,s +· · ·

∂r p = 0⇒ p(r , z) = P(z),

1
r ∂r (rUr,s) = 0⇒ Ur,s = 0
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Asymptotic analysis
Adimensionning the differential operators

∇ε f :=

(
∂r f
ε∂z f

)
, Dε(u) :=

(
∂r ur

1
2 (ε∂zur + ∂r uz)

1
2 (ε∂zur + ∂r uz) ε∂zuz

)
divε(u) :=

1
r ∂r (rur ) + ε∂zuz , divε(M) :=

(1
r ∂r (rM11) + ε∂zM12
1
r ∂r (rM21) + ε∂zM22

)
.

Stokes system + Keller Seigel ⇒spatial decoupling

1
ε
∇ε p − divε(µDε(u)) = 0

divε(u) = −ε divε(
∑
i∈IC

fi
∑

j∈IC ∪IS

λi,j ∇ε(Φj ))

1
ε

divε(∇ε Φj ) =
1
ε

(
cj − 2

∫ 1

0
scj (s, z)ds

)

Uz = Uz,s +εU(1)
z,s +· · · , Ur = Ur,s +εU(1)

r,s +· · ·

∂zP(z) +
1
r ∂r (rµ∂r Uz,s) = 0

∂zUz,s+
1
r ∂r (rU(1)

r,s ) = −1
r ∂r (r

∑
i∈IC

fi
∑

j∈IC∪IS

λi,j (Υ))
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Asymptotic analysis
Adimensionning the differential operators

∇ε f :=

(
∂r f
ε∂z f

)
, Dε(u) :=

(
∂r ur

1
2 (ε∂zur + ∂r uz)

1
2 (ε∂zur + ∂r uz) ε∂zuz

)
divε(u) :=

1
r ∂r (rur ) + ε∂zuz , divε(M) :=

(1
r ∂r (rM11) + ε∂zM12
1
r ∂r (rM21) + ε∂zM22

)
.

Stokes system + Keller Seigel ⇒spatial decoupling

∂z P(z)+
1
r
∂r (rµ∂r Uz,s ) = 0⇒ rµ∂r Uz,s = −∂z P(z)r2 ⇒ Uz,s = −P(z)

∫ 1

r

s
µ

ds+Uper (z)

∂z Uz,s +
1
r
∂r (rU(1)

r,s ) = −
1
r
∂r (r

∑
i∈IC

fi
∑

j∈IC∪IS

λi,j (Υ))⇒ ∂z

∫ 1

0
rUz,s (z, r)dr = −

∑
i
γi (z)

∂z (κ(z)∂z P(z)) =
∑
i∈IC

γf ,
(0)
i +

1
2
∂z Uper , where κ(z) :=

∫ 1

0
rΛ(r , z)dr
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Simplifications
Explicit formulas
Including all the key features of fluid mechanics :

us,z = − Λ(r , z)

κ(z)︸ ︷︷ ︸
Rheology

R
∫ z

0

∑
i∈Ib

γi (R, s)︸ ︷︷ ︸
Pumping

ds + R2 Uz,in︸︷︷︸
Inflow

+ Uper (z)︸ ︷︷ ︸
Peristaltism

 + Uper (z)︸ ︷︷ ︸
Peristaltism

where Λ(r , z) :=

∫ 1

r

s
µ(0)(s, z)

ds, κ(z) :=

∫ 1

0
rΛ(r , z)dr

us,r =

−1
r

∫ r

0
s∂zus,z (s, z)ds −

∑
i∈Ib

bi
∑

j∈Ib∪Is

λi,j Υj (r , z)

︸ ︷︷ ︸
Peristaltism

 .
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Simplifications
Simplified system∑

i∈IC

fi = 1

∂t f (0)
i − 1

r ∂r (rσ(0)∂r f (0)
i ) + divr(us f (0)

i ) +
1
r ∂r (rϑi f (0)

i ) = F (0)

∂tc(0)
j − 1

r ∂r (rθ(0)∂r c(0)
j ) + ũ · ∇r c(0)

j = G (0).

ϑi =

 ∑
j∈IS∪IC

λi ,jΥj , 0


Υj(r , z) = −

(
1
r

∫ r

0
sc(0)

j (s, z)ds − r
R2

∫ R

0
sc(0)

j (s, z)ds
)

Speed up ' 70
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numerical assessment

Assessment of the accuracy of the approximation
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numerical assessment
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numerical assessment

Assessment of the accuracy of the approximation
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numerical assessment

Assessment of the accuracy of the approximation
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6
Numerical exploration



Modeling process
Maths Biology

A priori 
knowledge

Data

A priori 
knowledge

Data

New outputs
Numerical
exploration

Mecanistic model
Modeling

Modeling

PDE/ODE, PDMP
reaction-diffusion-convexion
Structured (age, trait...)eqs.
Fluid mecha., pop. dynamics

Numerical analysis
Finite volume method, 

parallel computing

Homogenization
Asymptotic analysis

Bayesian inference

FDA/profilling

Sensitivity analysis

Meta-modeling

Num. experiments
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Sensitivity analysis
Principles
• Experimental plan : define a discrete exploration of the

parameter space (θi )i ∈ I
• Construction of the model response : for each parameter

set θi ⇒model run
• Compute sensitivity criteria : Sobol Index, PRCC,...

Sθ(z) :=
Var(E(B(z)|θ))

Var(B(z))
.

where B(z) =
∑
i∈IB

2
R2

∫ R

0
rci (r , z) dr
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Sensitivity analysis
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