Microbiote

• several thousands of microbial species

• 10 × the number of human cells

• metagenome ⇒150 × the number of genes of human genomes

Microbial ecology

• Interactions ?

• Dysbiosis ?

• Colonization ? 

∂ t c i = F i (c, s) + div(σ∇c i ) -div(u i c i ) u i = u + υ chem,i , i∈I C c i = 1, i∈I C F i = 0
∂ t c i = F i (c, s) + div(σ∇c i ) -div(u i c i ) u i = u + υ chem,i , i∈I C c i = 1, i∈I C F i = 0
Bathing solutes. 

I S : set of 8 solutes. No volume. ũ = i∈I C c i u i ∂ t s j = G j (c, s) + div(σ∇s j ) -div(ũs j )
∂t c i = F i (c, s) + div(σ∇c i ) -div(u i c i ), i∈I C c i = 1, i∈I C F i = 0 div(u) = -

Metabolites

Boundary conditions

• For c and s :

(-σ∇c i + uc i ) • η = γ c,i (-σ∇s j + us j ) • η = γ s,j
Physiological influx and mucosal exchanges γ i . Outflow = transport. • For u : 

u • η = i∈I C γ c,i , u • τ = U per
f i,j f i+1,j f i-1,j f i,j+1 f i+1,j+1 f i-1,j+1 f i,j-1 f i+1,j-1 f i-1,j-1 U z,i,j+1/2 U z,i,j-1/2 U r,i,-1/2,j U r,i,+1/2,j

Principles

• Space discretization : Solution approximate with piecewise constant functions on mesh cells • Equation integration on each mesh cell

• Flux approximation ⇒linear system

• Time discretization f i,j f i+1,j f i-1,j f i,j+1 f i+1,j+1 f i-1,j+1 f i,j-1 f i+1,j-1 f i-1,j-1 U z,i,j+1/2 U z,i,j-1/2 U r,i,-1/2,j U r,i,+1/2,j ∂ t f -div(σ∇f + uf ) = F Space discretization : Intregration on Ω i,j ∂ t Ω i,j fdx - Ω i,j div(σ∇f + uf )dx = Ω i,j

Fdx

Stokes formula + constant on cell

∆r ∆z∂ t f i,j - ∂Ω i,j
(σ∇f +uf )•ηds = ∆r ∆zF i,j

On ∂Ω i,j+1/2 , if u i,j+1/2 ≥ 0 ∂Ω i,j (σ∇f + uf ) • ηds = ∆r (σ f i,j+1 -f i,j ∆z + u i,j+1/2 f i,j ) f i,j f i+1,j f i-1,j f i,j+1 f i+1,j+1 f i-1,j+1 f i,j-1 f i+1,j-1 f i-1,j-1 U z,i,j+1/2 U z,i,j-1/2 U r,i,-1/2,j U r,i,+1/2,j ∂ t f -div(σ∇f + uf ) = F Space discretization : Intregration on Ω i,j ∂ t Ω i,j fdx - Ω i,j div(σ∇f + uf )dx = Ω i,j

Fdx

Stokes formula + constant on cell

∆r ∆z∂ t f i,j - ∂Ω i,j
(σ∇f +uf )•ηds = ∆r ∆zF i,j

Linear system to be solved at each time step

∂ t f i,j + Af i,j = F i,j f i,j f i+1,j f i-1,j f i,j+1 f i+1,j+1 f i-1,j+1 f i,j-1 f i+1,j-1 f i-1,j-1 U z,i,j+1/2 U z,i,j-1/2 U r,i,-1/2,j U r,i,+1/2,j ∂ t f -div(σ∇f + uf ) = F Space discretization : Intregration on Ω i,j ∂ t Ω i,j fdx - Ω i,j div(σ∇f + uf )dx = Ω i,j

Fdx

Stokes formula + constant on cell

∆r ∆z∂ t f i,j - ∂Ω i,j
(σ∇f +uf )•ηds = ∆r ∆zF i,j

Time integration : Euler semi-implicit scheme

f n+1 i,j -f n i,j ∆t + Af n+1 i,j = F +,n i,j -F -,n+1 i,j I + ∆t(A + F -,n+1 i,j ) f n+1 i,j = f n i,j + ∆tF +,n i,j
Maths Biology Adimensionning the differential operators

∇ f := ∂ r f ∂ z f , D (u) := ∂ r u r 1 2 ( ∂ z u r + ∂ r u z ) 1 2 ( ∂ z u r + ∂ r u z ) ∂ z u z div (u) := 1 r ∂ r (ru r ) + ∂ z u z , div (M) := 1 r ∂ r (rM 11 ) + ∂ z M 12 1 r ∂ r (rM 21 ) + ∂ z M 22 . ∇ f := ∂ r f ∂ z f , D (u) := ∂ r u r 1 2 ( ∂ z u r + ∂ r u z ) 1 2 ( ∂ z u r + ∂ r u z ) ∂ z u z div (u) := 1 r ∂ r (ru r ) + ∂ z u z , div (M) := 1 r ∂ r (rM 11 ) + ∂ z M 12 1 r ∂ r (rM 21 ) + ∂ z M 22
.

Stokes system + Keller Seigel

1 ∇ p -div (µD (u)) = 0 div (u) = -div ( i∈I C f i j∈I C ∪I S λ i,j ∇ (Φ j )) 1 div (∇ Φ j ) = 1 c j -2 1 0 sc j (s, z)ds ∇ f := ∂ r f ∂ z f , D (u) := ∂ r u r 1 2 ( ∂ z u r + ∂ r u z ) 1 2 ( ∂ z u r + ∂ r u z ) ∂ z u z div (u) := 1 r ∂ r (ru r ) + ∂ z u z , div (M) := 1 r ∂ r (rM 11 ) + ∂ z M 12 1 r ∂ r (rM 21 ) + ∂ z M 22
.

Stokes system + Keller Seigel ⇒spatial decoupling

1 ∇ p -div (µD (u)) = 0 div (u) = -div ( i∈I C f i j∈I C ∪I S λ i,j ∇ (Φ j )) 1 div (∇ Φ j ) = 1 c j -2 1 0 sc j (s, z)ds Uz = Uz,s + U (1) z,s +• • • , Ur = Ur,s + U (1) r ,s +• • • ∂r p = 0 ⇒ p(r , z) = P(z), 1 r ∂r (rUr,s ) = 0 ⇒ Ur,s = 0 ∇ f := ∂ r f ∂ z f , D (u) := ∂ r u r 1 2 ( ∂ z u r + ∂ r u z ) 1 2 ( ∂ z u r + ∂ r u z ) ∂ z u z div (u) := 1 r ∂ r (ru r ) + ∂ z u z , div (M) := 1 r ∂ r (rM 11 ) + ∂ z M 12 1 r ∂ r (rM 21 ) + ∂ z M 22
.

Stokes system + Keller Seigel ⇒spatial decoupling

1 ∇ p -div (µD (u)) = 0 div (u) = -div ( i∈I C f i j∈I C ∪I S λ i,j ∇ (Φ j )) 1 div (∇ Φ j ) = 1 c j -2 1 0 sc j (s, z)ds Uz = Uz,s + U (1) z,s +• • • , Ur = Ur,s + U (1) r ,s +• • • ∂z P(z) + 1 r ∂r (r µ∂r Uz,s ) = 0 ∂z Uz,s + 1 r ∂r (rU (1) r ,s ) = - 1 r ∂r (r i∈I C fi j∈I C ∪I S λi,j (Υ)) ∇ f := ∂ r f ∂ z f , D (u) := ∂ r u r 1 2 ( ∂ z u r + ∂ r u z ) 1 2 ( ∂ z u r + ∂ r u z ) ∂ z u z div (u) := 1 r ∂ r (ru r ) + ∂ z u z , div (M) := 1 r ∂ r (rM 11 ) + ∂ z M 12 1 r ∂ r (rM 21 ) + ∂ z M 22
.

Stokes system + Keller Seigel ⇒spatial decoupling ∂z P(z)+ 1 r ∂r (r µ∂r Uz,s ) = 0 ⇒ r µ∂r Uz,s = -∂z P(z)r 2 ⇒ Uz,s = -P(z) 

1 r s µ ds+Uper (z) ∂z Uz,s + 1 r ∂r (rU (1) r ,s ) = - 1 r ∂r (r i∈I C f i j∈I C ∪I S λ i,j (Υ)) ⇒ ∂z 1 0 rUz,s (z, r )dr = - i γ i (z) ∂z (κ(z)∂z P(z)) = i∈I C γ f , ( 

  diseases • Normal animal fat > axenic animal fat (40 %) • Axenic animal + microbiota ⇒60 % increase of fat despite feeding reduction ⇒Microbiota impact on host glucidic and lipidic metabolism regulation Stress regulation • Axenic animal more susceptible to stress • Axenic animal + microbiota ⇒diminution of stress behavior, more social interactions • For stressful animals : microbiota replacement ⇒less stress ⇒Microbiota impact on stress regulation. Microbiota also related to autistic spectrum syndroms Immunity ω × L Mixture model. I C : set of 7 fluid components. c i : volume fraction.

  ω × L Mixture model. I C : set of 7 fluid components. c i : volume fraction.

  model υ chem,i = ∇Φ, -∆Φ = s j -1 |ω| ω rs j (r )dr , ∇Φ • η = 0 on ∂Ω model υ chem,i = ∇Φ, -∆Φ = s j -1 |ω| ω rs j (r )dr , ∇Φ • η = 0 on ∂Ω Stokes equation ∇p -div(µD(u)) = 0 where D(u) = 1 2 (∇u + ∇u t ), model υ chem,i = ∇Φ, -∆Φ = s j -1 |ω| ω rs j (r )dr , ∇Φ • η = 0 on ∂Ω Stokes equation ∇p -div(µ(c)D(u)) = 0 µ depend on mucus (sigmoid function) and non liquid phases model υ chem,i = ∇Φ, -∆Φ = s j -1 |ω| ω rs j (r )dr , ∇Φ • η = 0 on ∂Ω Stokes equation ∇p -div(µ(c)D(u)) = 0

F

  or 0 Ecology ⇒Trophic interactions Knowledge-based microbiota metabolic model (Muñoz Tamayo 2010) i (c, s) = µ max ,ij c i s j K max ,ij + s j c l

  r σ (0) ∂ r f (0) i ) + div r (u s f
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Micro-organisms community

Micro-organisms communityHuman host

Simplifications

• Seek (formal) solution in the form f = f 0 + f 1 + 2 f 2 ...

• Inject that expression in the equation

• Identify the elements with same power of ⇒cascade of simpler equations where