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In recent years, binary mixtures have been the subject of numerous experimental and numerical studies. However, few attempts have been made on investigating the effect of fines content (fc) on the non-associated plasticity of binary mixtures, which is significant for constitutive modelling of such material. Thanks to 2D DEM simulations, this study aims to provide an understanding of how fc affects the non-associated character of the flow rule and the resulting material instability in binary mixtures. For under-filled materials (where coarse grains constitute most of the load-bearing skeleton), fine grains help to stabilize the granular assembly i) by limiting macroscopic plastic deformations, which results in strain hardening, and ii) by reducing contractive microstructure reorganizations, which reduces the gap between the associated and non-associated flow rule directions. Fines content influences the plastic flow direction but has no influence on normal direction of yield surface.

Eventually, perspectives on mesoscale mechanisms are given to highlight the role of fine grains in the geometrical and mechanical properties of granular materials.

Introduction

Natural soils or man-made fills are often mixtures of fine and coarse grains 1 . As an important engineering material, these binary mixtures are widely encountered in geotechnical engineering, such as rockfill dams, soil foundations, subgrade engineering and so on [START_REF] Dong | Study of hidden factors affecting the mechanical behavior of soil-rock mixtures based on abstraction idea[END_REF][START_REF] Gong | Mechanical transitional behavior of binary mixtures via DEM: effect of differences in contact-type friction coefficients[END_REF][START_REF] Yin | Elastoplastic modeling of sand-silt mixtures[END_REF]. Fines content (fc) is one of the most important parameters governing the mechanical property of binary mixtures. There exist two critical fc thresholds (i.e. (fc)th and (fc)L). When fc<(fc)th, the strength of binary mixture is governed by coarse grains (under-filled structure); when fc> (fc)L, its strength is primarily dominated by fine grains (over-filled structure); when (fc)th≤fc≤(fc)L, there is a transitional zone in which the strength is controlled by both fine and coarse grains [START_REF] Frias Lopez | Force transmission and soil fabric of binary granular mixtures[END_REF][START_REF] Gong | Mechanical transitional behavior of binary mixtures via DEM: effect of differences in contact-type friction coefficients[END_REF][START_REF] Thevanayagam | Intergrain contact density indices for granular mixes-I: Framework[END_REF][START_REF] Vallejo | Interpretation of the limits in shear strength in binary granular mixtures[END_REF]. In the past decades, numerous laboratory [START_REF] Rahman | Equivalent granular state parameter and undrained behaviour of sand-fines mixtures[END_REF][START_REF] Shi | Analysis of mobilized stress ratio of gap-graded granular materials in direct shear state considering coarse fraction effect[END_REF][START_REF] Thevanayagam | Undrained fragility of clean sands, silty sands, and sandy silts[END_REF][START_REF] Wang | An updated skeleton void ratio for gravelly sand mixtures considering the effect of grain size distribution[END_REF][START_REF] Yamamuro | Steady-state concepts and static liquefaction of silty sands[END_REF][START_REF] Yang | The critical state friction angle of granular materials: does it depend on grading?[END_REF][START_REF] Yang | Collapse of loose sand with the addition of fines: the role of particle shape[END_REF]] and numerical studies [START_REF] Ahmadi | DEM modelling to assess internal stability of gap-graded assemblies of spherical particles under various relative densities, fine contents and gap ratios[END_REF][START_REF] Cao | Effect of the intermediate principal stress on the mechanical responses of binary granular mixtures with different fines contents[END_REF][START_REF] Gong | Mechanical transitional behavior of binary mixtures via DEM: effect of differences in contact-type friction coefficients[END_REF][START_REF] Gong | DEM study of the effect of fines content on the smallstrain stiffness of gap-graded soils[END_REF][START_REF] Ng | Effect of particle shape and fine content on the behavior of binary mixture[END_REF][START_REF] Peters | Characterization of force chains in granular material[END_REF][START_REF] Zhou | Undrained behavior of binary granular mixtures with different fines contents[END_REF] have been conducted to study the effect of fc (together with the effect of size ratio, particle shape and relative density) on the failure modes, shear strength, stress-dilatancy, critical state parameters of binary mixtures. However, as far as the authors know, few attempts have been made on understanding the effect of fc on the non-associated plasticity behavior of binary mixtures. [START_REF] Wautier | Rattlers' contribution to granular plasticity and mechanical stability[END_REF] studied the contribution of rattlers (floating grains with zero contact) to the macroscopic plasticity and mechanical stability. Rattlers were found to reduce plastic deformation and alter the flow rule direction of granular assemblies. However, in under-filled binary mixture, not all fine grains are rattlers and some fine grains do take active participation in the internal contact force network and constitute the load-bearing skeleton. How fine grains influence the mechanical state and geometrical fabric of binary mixture will greatly affects its non-associated plastic behavior.

Recently, some phenomenological constitutive models on binary mixtures have been developed based on macroscopic experimental results [START_REF] Chang | A compression model for sand-silt mixtures based on the concept of active and inactive voids[END_REF][START_REF] Lashkari | Prediction of flow liquefaction instability of clean and silty sands[END_REF][START_REF] Porcino | Predicting undrained static response of sand with non-plastic fines in terms of equivalent granular state parameter[END_REF][START_REF] Shi | A homogenization-based state-dependent model for gap-graded granular materials with fine-dominated structure[END_REF][START_REF] Shi | An elastoplastic model for gap-graded soils based on homogenization theory[END_REF][START_REF] Yin | Elastoplastic modeling of sand-silt mixtures[END_REF]. In these models, some fc-dependent plasticity parameters are directly fitted from laboratory tests without clear rationale on micro-or mesomechanisms. In this regard, investigating the effect of fc on the non-associated plasticity may be of paramount importance to identify the micro-and meso-mechanisms responsible for these constitutive properties as well as to provide basic ingredients for developing micromechanically-based models.

The main objective of this paper is to provide an understanding of how fc affects non-associated plastic behavior as described within the framework of continuum mechanics (yield surface, flow rule direction, and strain hardening) and the subsequent macroscopic instability. It should be noted that our investigations are restricted to under-filled materials. Hence, DEM simulations on binary mixtures with low fines content fc of 0%, 5%, and 10% are considered in this work. The present work is built up upon several existing concepts and statistical metrics that are reviewed in the beginning of each section to provide a self-supporting paper. The well-acquainted reader may squeeze the related subsections to focus on how the existing tools are being used to shed light on the microscale plastic mechanisms in under-filled binary mixtures.

DEM setup and mechanical stability analysis

Numerical modeling

In this study, the open-source software YADE [48] is used for numerical simulations. The interaction between two grains is modeled by the classic elasto-frictional contact law proposed by [START_REF] Cundall | A discrete numerical model for granular assemblies[END_REF].

The normal and tangential contact forces (𝐹 𝑛 and 𝐹 𝑡 ) are computed as follows:

{ 𝐹 𝑛 = 𝑘 𝑛 𝛿 𝑛 𝑑𝐹 𝑡 = 𝑘 𝑡 𝑑𝛿 𝑡 , 𝐹 𝑡 ≤ 𝐹 𝑛 𝑡𝑎𝑛𝜙 (1)
where 𝑘 𝑛 , 𝑘 𝑡 are the normal and tangential stiffness, respectively, 𝛿 𝑛 and𝛿 𝑡 are the corresponding relative displacements in normal and tangential directions, respectively, and ϕ is the friction angle.

In Equation 1, the normal stiffness 𝑘 𝑛 depends on the size of the two contacting grains as it is proportional to a material modulus E and to the harmonic average of the radius of the two grains, 𝑅 𝑝 and 𝑅 𝑞 .

{ 𝑘 𝑛 = 𝐸 2𝑅 𝑝 𝑅 𝑞 𝑅 𝑝 + 𝑅 𝑞 𝑘 𝑡 = 𝑟𝑘 𝑛 (2) 
The parameters used in this simulation are listed in Table 1. Specimens with fines content fc=0%, 5%, and 10% are considered with the particle size distributions illustrated in Fig. 1(a). To prepare the numerical samples, a cloud of non-overlapping spheres is first generated in a rectangle surrounded by frictionless walls (shown in Fig. 1(b)). All spheres are centered in a plane with a fixed z-coordinate and their mobility in z-direction is locked so that the simulations can be seen as quasi-2D (2D motion but 3D inertia in rotation). A consolidation process is then applied to isotropically compress the specimen. The contact friction is modified during the consolidation process in order to control the final density of the samples (the smaller the friction angle, the denser the samples). For the sake of comparison, it is very important to use specimens of equal relative density, and not of equal void ratio since the void ratio is too sensitive to the fines content (fc=0%, 5%, and 10%). As a result, all samples are prepared in a "loose" state with the same relative density (𝐷 𝑟 ) of 10%:

𝐷 𝑟 = 𝑒 𝑚𝑎𝑥 -𝑒 𝑒 𝑚𝑎𝑥 -𝑒 𝑚𝑖𝑛 (3) 
where 𝑒 𝑚𝑎𝑥 and 𝑒 𝑚𝑖𝑛 are the maximum and minimum void ratio of the specimen, respectively. 𝑒 𝑚𝑎𝑥 and 𝑒 𝑚𝑖𝑛 are well defined from an experimental point of view, where standardized preparation procedures are used to estimate them. Their definition in DEM is less standardized, however. In this manuscript, the minimum void ratio is expected to be obtained by setting the internal friction angle to 0° during the radius expansion step [START_REF] Ahmadi | DEM modelling to assess internal stability of gap-graded assemblies of spherical particles under various relative densities, fine contents and gap ratios[END_REF][START_REF] Minh | A DEM investigation of the effect of grain-size distribution on onedimensional compression[END_REF][START_REF] Shire | Fabric and effective stress distribution in internally unstable soils[END_REF][START_REF] Shire | The influence of fines content and size-ratio on the micro-scale properties of dense bimodal materials[END_REF]. As reported by other authors [START_REF] Lobo-Guerrero | Discrete element method analysis of railtrack ballast degradation during cyclic loading[END_REF], a value of 35° for the internal friction angle will lead to the maximum void ratio of the specimen, which is also in agreement with experimental results obtained for well-rounded materials [START_REF] Miura | Physical characteristics of sands with different primary properties[END_REF]. Therefore, the internal friction angle is set to 35° in the radius expansion step to get the maximum void ratio. The density state parameters of specimens of fc=0%, 5%, and 10% are listed in Table 2. 

DEM simulation of biaxial test

After the consolidation process, the internal friction angle is reset to its nominal value of 35°.

Then, a compression is imposed in the vertical direction (σyy and εyy) with a strain rate of 0.01 /s. This strain rate is chosen such that the loading can be considered as quasi-static [START_REF] Anandarajah | Multi-mechanism anisotropic model for granular materials[END_REF]. In the lateral direction (σxx and εxx), the pressure is kept constant. The stress and strain responses are then described by the 2D deviatoric stress q=𝜎 𝑦𝑦 -𝜎 𝑥𝑥 , mean stress p=

𝜎 𝑥𝑥 +𝜎 𝑦𝑦 2
, and the volumetric strain εv =εxx + εyy, for which soil mechanics conventions are used with compressions and contractions counted as positive.

Figure 2 displays the strain-stress response of the specimen without fines (fc=0%) in terms of stress ratio η (𝜂 =q/pand volumetric strain εv with axial strain εyy for a lateral confining pressure of 100kPa. A typical contractive behavior is observed (consistent with a relative density 𝐷 𝑟 = 10%), as both η and εv monotonically increase with εyy. After a sharp increase, η gradually reaches a plateau characterized by a bumpy curve resulting from massive grain rearrangement occurring periodically.

Once the bumpy curve is observed, the mechanical response of the specimen becomes locally dynamic and the quasi-static hypothesis becomes locally questionable over short periods. In order to study the mechanical stability of the particular specimen at different mechanical stress states, seven specimens 

Macroscopic assessment of bifurcation points

It has been observed that for non-associated granular materials, failure can indeed develop before the Mohr-Coulomb limit is reached [START_REF] Darve | Failure in geomaterials: continuous and discrete analyses[END_REF]. In the framework of rate-independent materials, generalized limit states are interpreted as homogeneous bifurcation states, in which effective failure is expected to occur if proper loading directions and control parameters are selected. These bifurcation states can be detected when the second-order work 𝑊 2 is zero or negative, with 𝑊 2 = 𝑑𝜎 • 𝑑𝜀, where 𝑑𝜎 and 𝑑𝜀 are the incremental stress and strain tensors, respectively [START_REF] Bigoni | Uniqueness and localization-I. Associative and non-associative elastoplasticity[END_REF][START_REF] Darve | Failure in geomaterials: continuous and discrete analyses[END_REF][START_REF] Hill | A general theory of uniqueness and stability in elastic-plastic solids[END_REF].

The stability of the mechanical states saved along the biaxial loading path is studied by means of a classic stress-controlled directional analysis procedure. It is composed of two steps. Because the mechanical response recorded during the biaxial loading is inherently dynamic as it relies on grain rearrangements and the integration of Newton's second law of motion for each grain, a pre-stabilization step is first achieved by maintaining the lateral pressure at the constant value of 𝜎 0 and by imposing a vertical stress corresponding to the stress ratio considered. The equilibrium state is assumed to be reached once the unbalanced normalized force Funb < 10 -5 . Funb is equal to the mean summary force on the Np grains divided by the mean contact force magnitude on the Nc contacts, which provides an intrinsic measure of how close to equilibrium a mechanical system is:

𝐹 𝑢𝑛𝑏 = 1 𝑁 𝑝 ∑ ‖∑ 𝐹 𝑐𝑝 𝑐 𝑝 ‖ 𝑁 𝑝 𝑝=1 1 𝑁 𝑐 ∑ ‖𝐹 𝑐 ‖ 𝑁 𝑐 𝑐=1 (4) 
where cp refers to the contacts involving grain p, Fcp is the external contact force applied on the grain p at contact cp.

The stress-strain states after the pre-stabilization step are displayed in Fig. 2(b) by the empty blue circles. When 𝜂≤0.46, negligible delayed deformations are observed, while for 𝜂=0.49 and 0.52, nonnegligible delayed deformation occurs at the scale of the specimen resulting from grain rearrangements making the specimen fabric after the pre-stabilization step different from the initial ones.

After the pre-stabilization step, stress probes 𝑑𝜎 , characterized by the magnitude ‖𝑑𝜎‖ = √𝑑𝜎 𝑥𝑥 2 + 𝑑𝜎 𝑦𝑦 2 and the orientation angle α, are imposed on the specimen (Fig. 3a). 𝑑𝜎 𝑥𝑥 and 𝑑𝜎 𝑦𝑦 are calculated using Equation [START_REF] Cambou | Anisotropy in granular materials at different scales[END_REF]. Since the response of the numerical model to a given loading is non-linear, the choice of the norm of incremental stress deserves some discussions. It should be as small as possible to limit the influence of the non-linearity of the strain response on the shape of the response envelope. Nevertheless, the response of a discrete element model to a given loading is marked by successive quasi-static phases followed by inertial phases (related to a modification of the contact network). Hence, the norm of incremental stress should be large enough to capture most of these inertial phases directly involved in the macroscopic constitutive response of the numerical model. According to our own experience [START_REF] Sibille | Analysis of failure occurrence from direct simulations[END_REF][START_REF] Wautier | Rattlers' contribution to granular plasticity and mechanical stability[END_REF], setting the norm of incremental stress as 5 kPa seems to meet these two requirements well. The magnitude of the stress probe also relates to the stress state of the specimen. When confining pressure grows, more elastic energy is stored in the specimen, and thus a larger value of ‖𝑑𝜎‖ is needed to trigger instability. From experience, when confining pressure is 100 kPa, ‖𝑑𝜎‖ is set to 5 kPa. As a result, when confining pressure is increased to 200 kPa, ‖𝑑𝜎‖ is increased to 10 kPa accordingly.

{ 𝑑𝜎 𝑥𝑥 = ‖𝑑𝜎‖𝑐𝑜𝑠𝛼 𝑑𝜎 𝑦𝑦 = ‖𝑑𝜎‖𝑠𝑖𝑛𝛼 ‖𝑑𝜎‖ = √𝑑𝜎 𝑥𝑥 2 + 𝑑𝜎 𝑦𝑦 2 (5) 
At the end, for each imposed stress increment dσ, a strain increment dε is obtained with an orientation angle β (Fig. 3b). A normalized second-order work is then defined at the material point scale (Representative Elementary Volume scale) as [START_REF] Darve | Instabilities in granular materials and application to landslides[END_REF]: The bifurcation domain corresponds to the set of stress states located between the dashed and solid lines [START_REF] Darve | Failure in geomaterials: continuous and discrete analyses[END_REF][START_REF] Nicot | Inertia effects as a possible missing link between micro and macro second-order work in granular media[END_REF]. For any mechanical state belonging to the bifurcation domain, 𝑤 2 𝑛𝑜𝑟𝑚 will be negative for loading directions belonging to the instability cone (even before meeting the plastic limit condition). This is known to be specific to non-associated material [START_REF] Darve | Instabilities in granular materials and application to landslides[END_REF][START_REF] Darve | Failure in geomaterials: continuous and discrete analyses[END_REF]. From Fig. 6, two main influences of fines content can be summarized:

𝑤 2 𝑛𝑜𝑟𝑚 = 𝑑𝜀: 𝑑𝜎 ‖𝑑𝜀‖‖𝑑𝜎‖ = 𝑑𝜀 𝑥𝑥 𝑑𝜎 𝑥𝑥 + 𝑑𝜀 𝑦𝑦 𝑑𝜎 𝑦𝑦 √𝑑𝜀 𝑥𝑥 2 + 𝑑𝜀 𝑦𝑦 2 √𝑑𝜎 𝑥𝑥 2 + 𝑑𝜎 𝑦𝑦 2
1) The observed instability cones shrink with the increase in fc. When fc=5% and 10%, only narrow instability cones can be found, while much wider cones are obtained for fc=0%.

2) The bifurcation domain shrinks with increasing fc, as observed by the decreasing angle between the Mohr-Coulomb limit and bifurcation domain boundary. This indicates that fines reduce the non-associated character of the flow rule. More specifically, the Mohr-Coulomb limit does not change much while the lower boundary of the bifurcation domain exhibits a more pronounced increase with fc.

This important finding of the effect of fines content on non-associativity is further investigated in Section 3.2. 

Non-associated flow rule direction

According to the standard elasto-plasticity framework, the incremental strain can be decomposed additively into an elastic part𝑑𝜀 𝑒 and a plastic part 𝑑𝜀 𝑝 :

𝑑𝜀 = 𝑑𝜀 𝑒 + 𝑑𝜀 𝑝 (7) 
To isolate the elastic responses for different stress probes, the sliding at inter-granular contacts is inhibited by imposing the inter-grain friction angle 𝜙= 90°. This method is adopted by many other researchers [START_REF] Calvetti | A numerical investigation of the incremental behavior of granular soils[END_REF][START_REF] Sibille | Analysis of failure occurrence from direct simulations[END_REF][START_REF] Wan | On the validity of the flow rule postulate for geomaterials[END_REF]. After elastic strain is obtained, plastic strain can be deduced from Equation [START_REF] Cao | Effect of the intermediate principal stress on the mechanical responses of binary granular mixtures with different fines contents[END_REF].

Figure 7 displays a full-response envelope and its decomposition into elastic and plastic parts for the specimen with fc=10% and η=0.43. The elastic response envelope is an elliptical shape centered at the axis origin, which is typical of a purely elastic behavior [START_REF] Gudehus | A comparison of some constitutive laws for soils under radially symmetric loading and unloading[END_REF]. The plastic response envelope (represented by black points) forms a straight line, meaning that the direction of plastic strain increments is independent of the stress-loading direction α. This shape of the plastic response envelope characterizes the existence of a regular flow rule. In the standard elastoplasticity framework, the yield surface separates an elastic tensorial zone and an elastoplastic tensorial zone. When considering incremental stress perturbations, the yield surface can be approximated by its tangent plane [START_REF] Bardet | Numerical simulations of the incremental responses of idealized granular materials[END_REF], which results in a plastic activation for 𝛼 in a range of 180° that is consistent with the present observations.

The norm 𝑛 ⃗ to the yield surface is therefore aligned along the direction α = 150° (midpoint of 60° and 240°). and 𝑑𝜎 • 𝑑𝜀 𝑒 ≥ 0. It explains why specimens with larger fc tend to be more stable because fine grains in voids between coarse grains limit plastic strain intensity during loading. This feature can be interpreted in the elastoplastic framework as an increase in strain hardening with the increase in fc. and without fine grains. The macroscopic activation of the plastic behavior corresponds locally to substantial grain rearrangements following the collapse of preexisting force chains. Initially these force chains are mainly oriented in the principal stress direction (vertical direction). Once they collapse, the specimen contracts in this direction together with slight expansion in the lateral direction. When a specimen contains fine grains in the pore space, the vertical contraction is reduced compared with the specimen without fine grains. Therefore, the presence of fine grains in the pore space acts as additional kinematic constraints and results in smaller contractancy, as illustrated in Fig. 10 by an anticlockwise rotation of the plastic flow.

Fig. 12 Illustration of the plastic flow direction with and without fine grains

More generally, the presence of fine grains in the pore space acts as additional kinematic constraints and limits contractive microstructure reorganizations in loose granular materials (the relative density is only 10% here). As a result, the increase in fines content is consistently expected to reduce the non-associated character of the flow rule in granular materials (anticlockwise rotation of the m vector toward the n vector direction in Fig. 10).

Micromechanical interpretation of the flow rule origin

4.1. Review of the concepts of geometrical anisotropy, mechanical anisotropy and force chain

Geometrical anisotropy and mechanical anisotropy

Anisotropy is usually introduced as an important state variable to be taken into account in constitutive modeling of granular materials [START_REF] Fu | Study of anisotropic shear strength of granular materials using DEM simulation[END_REF][START_REF] Hoque | Anisotropy in elastic deformation of granular materials[END_REF][START_REF] Majmudar | Contact force measurements and stress-induced anisotropy in granular materials[END_REF][START_REF] Oda | Fabric tensor for discontinuous geological materials[END_REF]. When quantifying anisotropy in a granular assembly, two anisotropy sources are distinguished: geometrical anisotropy and mechanical anisotropy [START_REF] Cambou | Anisotropy in granular materials at different scales[END_REF][START_REF] Rothenburg | Analytical study of induced anisotropy in idealized granular materials[END_REF]. For an assembly made up of polydisperse spherical grains, geometrical anisotropy can be expressed using the distribution of contact normals. The fabric tensor proposed by [START_REF] Oda | Fabric tensor for discontinuous geological materials[END_REF] quantifies the orientation of contact normals.

𝜙 𝑖𝑗 = ∫ 𝐸(𝑛) 𝛺 𝑛 𝑖 𝑛 𝑗 𝑑𝛺 = 1 𝑁 𝑐 ∑ 𝑛 𝑖 𝑛 𝑗 𝑐𝜖𝑁 𝑐 ( 8 
)
where 𝑛 is the unit vector along the normal direction of the contact plane, 𝑛 𝑖 and 𝑛 𝑗 are the ith and jth component of 𝑛, 𝛺 characterizes of the considered 2D domain of all the directions 𝑛 relative to the global coordination system, Nc is the total contact numbers, and 𝐸(𝑛) is the distribution probability function for having a contact along direction n. 𝐸(𝑛) can be expressed as the following second-order approximation:

𝐸(𝑛) = 1 2𝜋 (1 + 𝑎| |𝑖𝑗 𝑐 𝑛 𝑖 𝑛 𝑗 ) (9) 
where the second-order deviatoric anisotropy tensor 𝑎 𝑖𝑗 𝑐 is symmetric and characterizes the fabric anisotropy. 𝑎 𝑖𝑗 𝑐 can be determined using the following expression:

𝑎 𝑖𝑗 𝑐 = 4𝜙 𝑖𝑗 ′ ( 10 
)
where 𝜙 𝑖𝑗 ′ is the deviatoric part of 𝜙 𝑖𝑗 .

As the mechanical anisotropy is related to normal force anisotropy, the following second-order tensor 𝑎 𝑖𝑗 𝑛 is adopted [START_REF] Guo | The signature of shear-induced anisotropy in granular media[END_REF]. 

𝑓 𝑛 (𝛺) = 𝑓 0 (1 + 𝑎 𝑖𝑗 𝑛 𝑛 𝑖 𝑛 𝑗 ) (11 
𝑎 𝑛 = 𝑠𝑖𝑔𝑛(𝑎 𝑖𝑗 𝑛 𝜎 𝑖𝑗 ′ ) √ 𝑎 𝑖𝑗 𝑛 𝑎 𝑖𝑗 𝑛 2 (15) 
where 𝜎 𝑖𝑗 ′ is the deviatoric part of the stress tensor 𝜎 𝑖𝑗 and 𝑠𝑖𝑔𝑛( ) is the sign function. The sign function gives the relative orientation of the principal direction of 𝑎 𝑖𝑗 𝑐 and 𝑎 𝑖𝑗 𝑛 with respect to that of the stress tensor. A positive sign indicates that the major principal direction of 𝑎 𝑖𝑗 𝑐 or 𝑎 𝑖𝑗 𝑛 is closer to the major principal direction of the stress tensor.

𝑎 𝑐 and 𝑎 𝑛 can be used to quantify the degree of geometrical anisotropy (contact normal orientation) and mechanical anisotropy (normal force anisotropy).

Force chain

It is well-known that force chains appear in granular assemblies when loaded [START_REF] Dantu | Etude statistique des forces intergranulaires dans un milieu pulvérulent[END_REF][START_REF] Drescher | Photoelastic verification of a mechanical model for the flow of a granular material[END_REF][START_REF] Radjai | Bimodal character of stress transmission in granular packings[END_REF]. These preferential stress transmission paths are made up of quasilinear contacting grains, which bear and transmit the largest forces in the direction of the major principal stress. Following Peters et al. ( 2005), a force chain is defined throughout this paper as "a quasilinear grain assembly where stress concentrates." This definition, illustrated in Fig. 13(a), is based on the following criterion:

1) The grains belonging to a force chain should have a larger major principal stress than the mean major principal stress (σ1 ≥ <σ1>);

2) The major principal stress direction of chained grains is aligned with the geometrical direction of contact (less than 45° deviation);

3) A force chain contains at least three contacting grains.

For the specimen without fine grains (fc=0%), about 37% of coarse grains are involved in force chains (these grains are referred to as chained grains thereafter). This is consistent with previous finding that only less than 40% of grains belong to force chains in a granular assembly during loading [START_REF] Peters | Characterization of force chains in granular material[END_REF]. When fc increases up to 5% (or 10%), only 5.2% (8.5% for fc=10%) of fine grains act as chained grains, indicating that most of the fine grains are weakly loaded. In the meantime, 63% (68% for fc=10%) of coarse grains act as chained grains. Indeed, when weaklyloaded fine grains are added, the major principle stress of the specimen decreases. More coarse grains will be chained grains since more coarse grains bear a major principle stress larger than the mean stress value.

The bending of a given force chain may lead to the loss of sustainability along the loading direction imposed to the specimen [START_REF] Pucilowski | Rattler wedging and force chain buckling: metastable attractor dynamics of local grain rearrangements underlie globally bistable shear banding regime[END_REF][START_REF] Tordesillas | Force chain buckling, unjamming transitions and shear banding in dense granular assemblies[END_REF]. To quantify bending, force chains are subdivided into three-grain sets beforehand. The deviation from the straight line of each three-grain set is defined as the angle θ between two segments connecting the middle grain center to the outer grain centers (illustrated in Fig. 13(b)). During one small time interval 𝑑𝑡, the deviation angle of the current configuration θt+dt of each three-grain set is compared with that of the reference configuration θt to derive the corresponding bending angle θb as 𝜃 𝑏 = 𝜃 𝑡 -𝜃 𝑡+𝑑𝑡 . A positive value for 𝜃 𝑏 is the signature of force chain bending. 

Static versus fabric sensitivity to fc

For a better understanding of the effect of fine grains on geometrical and mechanical anisotropy, the evolutions of 𝑎 𝑐 and 𝑎 𝑛 for specimens with different fc are plotted in Fig. 14. We can see that a similar value of 𝑎 𝑛 is shared among specimens with different fc. However, 𝑎 𝑐 varies with fc. This highlights that specimens with different fc have a different geometrical fabric (characterized by the distribution of contact normal) but a similar mechanical fabric (characterized by the distribution of normal contact force). When a specimen is loaded, the stress ratio 𝜂 = 𝑞 𝑝 ⁄ depends on the mechanical fabric while plastic strains stem largely from the rearrangement of grains by sliding, contact opening, and contact creation, all these processes being related to the geometrical fabric evolution. Therefore, their difference in 𝑎 𝑐 explains why specimens with different fc have different normal directions of plastic potential surface. This is consistent with the findings from other researchers who have observed that dilatancy is closely linked with geometrical fabric [START_REF] Li | Constitutive modeling of inherently anisotropic sand behavior[END_REF][START_REF] Nemat-Nasser | A micromechanically-based constitutive model for frictional deformation of granular materials[END_REF]. However, the direction of the yield surface is associated with the mechanical state of the specimens, which can be regarded as a "static"

property. The fact that specimens with different fc have similar mechanical anisotropy gives some clues as to why they have the same normal direction of yield surface. bending angle in specimens with fc=0%, 5%, and 10% during biaxial loading for an axial strain increment of 5 × 10 -4 . Specimens with different fc share the same bending angle probability density curves, which suggests that the mechanical states characteristics of the specimens are very similar, whatever the fines content.

Fig. 15 Bending angle probability density functions of specimens with fc=0%, 5%, and 10%. An axial strain range [𝜀 0 ,𝜀 0 +0.0005] is considered for calculating the bending angle. 𝜀 0 corresponds to the strain state when the stress ratio of the considered specimen is 0.43.

To further explore the micromechanical state of specimens with different fc, a sliding index 𝐼 𝑝 can be defined for each contact as:

𝐼 𝑝 = ‖𝐹 𝑡 ‖ ‖𝐹 𝑛 ‖ ⁄ 𝑡𝑎𝑛𝜙 [START_REF] Drescher | Photoelastic verification of a mechanical model for the flow of a granular material[END_REF] where 𝜙 is the inter-granular friction angle, Ft and Fn are, respectively, the tangential and normal contact forces. 𝐼 𝑝 is an index reflecting how far a contact is from sliding. This sliding index ranges between 0 and 1; 𝐼 𝑝 = 1 when the Mohr-Coulomb sliding criterion is met.

Probability density functions of 𝐼 𝑝 are shown in Fig. 16 for specimens with different fc at the same η. It can be seen that the specimens have similar 𝐼 𝑝 probability density curves, which further supports that fines content does not affect significantly the force network and the contact sliding potential of under-filled specimens, and therefore the subsequent static properties. Fig. 16 Sliding index probability density functions of specimens with fc=0%, 5%, and 10% at the same stress ratio η=0.43.

Microscopic origin of instability in binary assemblies

Micromechanically based second-order work approach

It was shown that the second-order work can be expressed in terms of the microscopic variables accounting for the microstructure of the material [START_REF] Nicot | Inertia effects as a possible missing link between micro and macro second-order work in granular media[END_REF]. Considering a granular assembly composed of N grains 'p' (1 ≤ p ≤ N), the second-order work from microscopic variables is written as:

𝑊 2 = ∑ 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 + ∑ 𝛥𝑓 𝑖 𝑝 𝛥𝑥 𝑖 𝑝 𝑝𝜖𝑉 𝑝,𝑞 (17) 
where 𝑙 𝑐 is the branch vector relating the centers of contacting grains p and q, 𝑓 𝑐 is the inter-grain contact force, xp the position of grain p, and 𝑓 𝑝 the resultant force applied to the grain p.

For a quasi-static loading process, Equation ( 17) reduces to: 

𝑊 2 = ∑ 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 𝑝,𝑞 (18) 

Conclusion and Outlook

This manuscript investigates how fines content affects material instability and plasticity from 2D discrete element simulations. It is shown that:

1) Fine particles limit the development of large plastic strains. This effect corresponds to an increase in the hardening modulus of the material.

2) Fine particles control the flow rule direction. By limiting contractive microstructure reorganizations, an increase in fines content reduces the non-associated character of the flow rule. In other words, the cone between the normal to the plastic potential and the normal to the yield surface contracts when fines content increases. Consequently, the bifurcation domain (existing for non-associated materials) shrinks when fines content increases.

3) Despite the presence of some fine particles participating in stress transmission, the fine content is found not to influence the yield surface in the "under-filled" regime.

Micromechanical analyses have further shown that specimens with different fines content, after the same loading history, share a similar force fabric but different geometrical fabrics. This finding provides a micromechanical framework for understanding the non-dependence of the yield surface upon the fines content. From a practical point of view, the results presented in this paper could significantly improve the constitutive modeling of granular materials with varying fines content by introducing a dependence on the fines content of the flow rule direction and the hardening modulus. In particular, the present findings will prove central in understanding the mechanical consequences of internal erosion on the behavior of granular materials, which is currently being investigated in ongoing studies.

The results shown in this manuscript are limited to relatively low fines content, so that the microstructure is in an under-filled regime. Our future work will focus on investigating the role of coarse grains in over-filled materials, in which coarse grains are embedded within the fine grains skeleton structure. Coarse grains in over-filled materials act as force chain attractors and preliminary results suggest that coarse content controls granular plasticity in these materials through different mesoscale mechanisms. Besides, the rolling stiffness and friction is neglected in our modelling, which will be considered in future work. Eventually, the intermediate fine contents between under-filled and over-filled material will be considered. For such fine contents, the contact force network is dominated by coarse/fine contacts which makes the understanding of the stabilizing role of fine and coarse grains challenging.
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 1 Fig. 1 DEM model: (a) Grain size distribution of numerical specimens; (b) DEM specimen of biaxial tests

  are saved during the biaxial loading for η∈{0.15, 0.22, 0.33, 0.43, 0.46, 0.49, 0.52}. The corresponding stress states are marked by a solid blue circle in Fig. 2(a).

Fig. 2

 2 Fig.2Strain-stress response of the specimen without fines (fc=0%) in terms of stress ratio η for a lateral confining pressure of 100 kPa (a)and volumetric strain εv (b) with axial strain εyy. Solid blue circles are the stress-strain states saved for stability analysis. Empty blue circles correspond to the strain states reached after the pre-stabilization step -

Fig. 3 Fig. 4

 34 Fig. 3 Stress probe (a) and incremental strain response (b) during directional analysis

Fig. 5

 5 Fig.[START_REF] Cambou | Anisotropy in granular materials at different scales[END_REF] Circular diagrams of the normalized second-order work computed for the specimen with different fines content (fc=0%, 5%, and 10%) under the same stress ratio η=0.43. 

Fig.

  Fig. Instability cones (cones of stress probe directions for which 𝑤 2 𝑛𝑜𝑟𝑚 <0) and bifurcation domain for specimens with different fines content under confining pressures of 100 kPa and 200 kPa. (a) fc=0%; (b) fc=5%; (c) fc=10%

Fig. 7

 7 Fig. 7 Decomposition of the strain response envelope into an elastic part and a plastic part, for the specimen with fc=10%, η=0.43Another way of representing a strain response envelope is to plot the norm and the direction of strain response versus the stress-loading direction. In Fig.8(a) it is clearly shown that the direction of plastic strain responses βp is quasi-constant (for 𝑑𝜀 𝑝 ≠ 0) confirming the existence of a regular flow rule, and βp corresponds to the direction of the norm 𝑚 ⃗⃗ to the plastic potential surface within the stress

Fig. 8

 8 Fig. 8 Direction (a) and norm (b) of elastic and plastic strain responses for specimen with fc=10% and η=0.43

Figure 9

 9 Figure9compares the norm of plastic strain responses of specimens with different fc at the same η. It shows that in the elastic zone (0≤α≤60 and 240≤α≤360) no plastic strain develops, while in the plastic tensorial zone (60≤α≤240) plastic strain bursts and reaches its maximum value around 150°. The magnitude of incremental plastic strain decreases with fc. It is well known that plastic strain plays a fundamental role in the vanishing of the second-order work as 𝑊 2 = 𝑑𝜎 • 𝑑𝜀 = 𝑑𝜎 • 𝑑𝜀 𝑒 + 𝑑𝜎 • 𝑑𝜀𝑝 

Fig. 9

 9 Fig.9Norms of plastic strain for specimens with fc=0%, 5%, and 10% at the same η

Fig. 10

 10 Fig. 10 Schematic diagram of yield surface f and plastic potential surface g (on the left) and their normal directions 𝑚 ⃗⃗ and 𝑛 ⃗ (on the right) for specimens with different fc at the same η=0.43. The stress-loading directions along which plastic second-order work 𝑊 2 𝑝𝑙𝑎𝑠𝑡𝑖𝑐 <0 (𝑊 2 𝑝𝑙𝑎𝑠𝑡𝑖𝑐 =

Fig. 11

 11 Fig. 11 Schematic diagram of loading directions that lead to negative plastic second-order work

Fig. 13 (

 13 Fig. 13 (a)Three criteria of force chain definitions according to Peters et al. (2005); (b) Illustration of force chain bending angle 𝜃 𝑏 during a time interval (from configuration t to configuration t+dt) such that 𝜃 𝑏 = 𝜃 𝑡 -𝜃 𝑡+𝑑𝑡 . Two continuous lines forming the opening angle θ connect the middle grain center to two outer grain centers; the two dashed lines in configuration t refer to the original position of the lines in configuration t.

Fig. 14

 14 Fig. 14 Evolution of 𝑎 𝑐 (filled symbols) and 𝑎 𝑛 (empty symbols) with respect to η in specimens with different fc during biaxial tests. The ability of force chains to balance external loading without experiencing large bending strongly governs the yield surface characteristics. Hence, the distribution of force chain bending angles in a particular stress state (η=0.43) is studied to compare the mechanical state characteristics of specimens with different fc. Figure 15 displays the probability density functions of the force chain

Figure 17 displays

 17 Figure 17 displays the evolution of the proportion of contacts with negative values of 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 in terms of stress incremental angle during the probing test in specimens with different fc at the same stress ratio. Two valleys are found approximately at stress angles corresponding to the starting and ending points of the plastic tensorial zone (60°≤α≤240°). In plastic zones, the proportion of contacts with negative values of 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 reaches high levels compared with that in elastic zones. The number of contacts with negative values of 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 mainly increases in plastic zones and may eventually

Fig. 17

 17 Fig. 17 Evolution of the fraction of contacts with negative values of 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 in terms of stress incremental angle during the probing test; specimens with different fc are compared at the same deviatoric stress ratio η=0.43. 𝑁 𝑐 -represents the number of contacts with negative values of 𝛥𝑓 𝑖 𝑐 𝛥𝑙 𝑖 𝑐 ,

  grains. Fines contribute to decrease the average value of 𝛥𝑙 𝑡 𝑐 , which is a key factor controlling the occurrence of instability. Finally, this finding shows the intricate relationship between the microstructure (fabric), plasticity behavior, and instability occurrence.

Fig. 18

 18 Fig. 18 Changes in average tangential displacement 𝛥𝑙 𝑡 𝑐 around all contacts as a function of stress incremental angle; specimens with fc =0%, 5%, and 10% are considered at the same deviatoric stress ratio η=0.43.

  

  

Table 1

 1 Parameters used in DEM simulations

	Parameter	Value
	Density	3000 kg/m3
	Material modulus (E)	300 MPa
	Stiffness ratio 𝑟 = 𝑘 𝑡 𝑘 𝑛 ⁄	0.5
	Inter-grain friction angle	35°
	Grain-wall friction angle	0°

Table 2

 2 Density state parameters of specimens of fc=0%, 5%, and 10% under the confining pressure of 100kPa. Note that the void ratios are computed in 2D conditions.

	Specimen	Fines content	𝑒 𝑚𝑖𝑛	𝑒 𝑚𝑎𝑥	e	𝐷 𝑟
	S1	0 %	0.192	0.279	0.271	10 %
	S2	5 %	0.143	0.221	0.214	10 %
	S3	10 %	0.108	0.185	0.178	10 %

  )

		𝑎 𝑖𝑗 𝑛 = 4	𝑓 𝜒 𝑖𝑗 0 ′𝑛	(12)
	𝜒 𝑖𝑗 𝑛 =	1 𝑁 𝑐	𝑐𝜖𝑁 𝑐 ∑	1 + 𝑎 𝑘𝑙 𝑐 𝑛 𝑘 𝑛 𝑙 𝑓 𝑛 𝑛 𝑖 𝑛 𝑗	(13)
	where 𝜒 𝑖𝑗 ′𝑛 is the deviatoric part of 𝜒 𝑖𝑗 𝑛 , 𝜒 𝑖𝑗 𝑛 being determined from Equation (13). 𝑓	0	= 𝜒 𝑖𝑖 𝑛 is the
	average normal force calculated over different directions. 𝑓	0	may differ from the average normal force,
	which is calculated from all normal forces.				
	Because 𝑎 𝑖𝑗 𝑐 and 𝑎 𝑖𝑗 𝑛 are deviatoric tensors by definition, it is convenient to use the following
	invariants to quantify the degree of anisotropy:		
	𝑎 𝑐 = 𝑠𝑖𝑔𝑛(𝑎 𝑖𝑗 𝑐 𝜎 𝑖𝑗 ′ ) √ 𝑎 𝑖𝑗 𝑐 𝑎 𝑖𝑗 𝑐 2	(14)

  5.2 Stabilizing role of fines at contact scaleBy further splitting 𝛥𝑓 𝑐 and 𝛥𝑙 𝑐 into normal and tangential components in Equation18, W2 can

	be expressed as:		
	𝑊 2 = ∑ 𝛥𝑓 𝑛 𝑐 𝛥𝑙 𝑛 𝑐 𝑝,𝑞	+∑ 𝛥𝑓 𝑡 𝑐 𝛥𝑙 𝑡 𝑐 𝑝,𝑞	(19)
	where 𝛥𝑓 𝑛 𝑐 and 𝛥𝑓 𝑡 𝑐 are normal and tangential components of 𝛥𝑓 𝑐 , and 𝛥𝑙 𝑛 𝑐 and 𝛥𝑙 𝑡 𝑐 are normal and
	tangential components of 𝛥𝑙 𝑐 .		
	Vanishing of the second-order work W2 at the scale of an REV requires two conditions: (1) A
	sufficient number of contacts have to slide under normal unloading; (2) a large proportion of these
	contacts have to exhibit a sufficiently large tangential displacement 𝛥𝑙 𝑡 𝑐 [32, 56]. The average
	tangential displacement𝛥𝑙 𝑡 𝑐 of each sliding contact during directional loading for specimens with fc

=0%, 5%, and 10% is computed. It can be observed in Fig.

18

that the average𝛥𝑙 𝑡 𝑐 in the elastic zones is very small, contributing to positive values of W2. 𝛥𝑙 𝑡 𝑐 increases in the plastic zone. When fc increases, the maximum value of average 𝛥𝑙 𝑡 𝑐 decreases, pointing out the stabilizing role played by fine

Note that "fine" is used throughout the paper as opposed to "coarse". It does not refer to particles smaller than 80 µm.
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