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INTRODUCTION

Stationary regimes exist in a great variety of complex systems, which comprise large numbers of interacting units [1][2][3]. At the macroscopic scale, such systems may be characterized by statistical descriptors that remain constant over time, while underlying local scale interactions between components continually change. In the case of granular materials, where the internal degrees of freedom capture the microscale detailed balance responsible for critical state. But, many aspects of these transitions remain poorly understood, and no multiscale model exists in which i) the minimal set of conformational transitions responsible for critical state and ii) the rate of the reorganisation are embedded. Indeed, novel structures, transitions and regimes are still being uncovered in granular materials under shear, mostly thanks to the use of Discrete Element Modelling (DEM), as well as advanced experimental equipment [START_REF] Rocks | Hidden topo-751 logical structure of flow network functionality[END_REF].

One line of advance, which is pursued in this study, is to adopt a dynamical systems theory (DST) approach to improve fundamental understanding of the critical state by focusing on conformational transitions from the perspective of two important classes of mesostructures, namely force chains and grain loops [4-6] (see the definitions in Appendix B). Here we similarly employ a DST approach to uncover insights on these structures' lifespan dynamics. Our approach can help enrich multiscale constitutive models, such as the promising H-model [START_REF] Nicot | The h-microdirectional model: 754 accounting for a mesoscopic scale[END_REF] which can incorporate the physics of grain loops and force chains to the extent that the emergent critical states can be reproduced. More broadly, a proper understanding of the birth-death dynamics of these structures benefits a gamut of applications where granular materials are subjected to shear, including: the reduction of energy consumption and greenhouse gas emissions in processes like comminution [START_REF] Walker | 757 Complex networks in confined comminution[END_REF][START_REF] Ben-Nun | Force attractor 760 in confined comminution of granular materials[END_REF], discovery and design of granular materials with enhanced properties, and geohazard forecasting [START_REF] Tordesillas | Spatiotemporal slope 764 stability analytics for failure estimation (sssafe): link-765 ing radar data to the fundamental dynamics of granular 766 failure[END_REF], to name a few examples.

Prior studies have shown that the emergent mesostructures of force chains and grain loops are important building blocks for self-organization in 2D and 3D systems [5,[START_REF] Walker | Self-assembly in a 717 near-frictionless granular material: conformational struc-718 tures and transitions in uniaxial cyclic compression of hy-719 drogel spheres[END_REF][START_REF] Antony | Link between single-particle properties and 768 macroscopic properties in particulate assemblies: role of 769 structures within structures[END_REF][START_REF] Tordesillas | Force cycles 773 and force chains[END_REF][START_REF] Drescher | Photoelastic verifi[END_REF][24]. Prior work has highlighted that some statistical descriptors of the microstructure (e.g. fabric tensor, proportions of chained particles, proportions of the different categories of loops) reach constant values at critical state [START_REF] Tordesillas | Force cycles 773 and force chains[END_REF][25][26][27][28][29][30]. Indeed birth-death dynamics and related concepts like "lifespan", is a promising way to think of the critical state regime. Granular shear simulations and experiments, including those focusing on stick-slip dynamics, have shown that this regime is governed by the competing mechanisms of growth/birth versus collapse/death of force chains and these events drive evolution towards, and during, stationary states of systems under shear [4,5,[31][32][33]. Experimental evidence of detailed balance in sheared dense planar granular systems is recently reported in Sun et al., 2021 [34]. On the other hand, a DST analysis of DEM simulations for a 3D system in the critical state regime uncovered bistable dynamics [5], which is governed by broken detailed balance and underlying conformational transitions having connections to the rattler dynamics reported in Wautier et al [START_REF] Wautier | Nicot Rattlers' contribution 819 to granular plasticity and mechanical stability[END_REF]. Despite the significant attention paid to the topic, the open question(s) that arise from all these studies remains: Why do granular systems evolve towards a stationary limiting state under continued shear? What mechanisms attract the system towards the critical state?

To quantify whether jamming dominates unjamming in 116 evolving systems, the biology-inspired concepts of lifes- The discrete element method (DEM) proposed by [START_REF] Cundall | A discrete numerical 830 model for granular assemblies[END_REF] 151 is widely used to simulate granular materials. The open 152 source DEM software YADE [39] is used in this study.

153

The sample considered is a quasi-2D granular sample sub-154 jected to biaxial loadings under constant lateral pressure.

155

The assembly consists of a single layer of 20,000 spheri- II. The initial void ratio e 0 and the ratio < u n > /d 50 of the average contact overlap and particle size of the samples prepared are presented. More details about sample preparation can be found in [START_REF] Liu | 725 Macroscopic softening in granular materials from a 726 mesoscale perspective[END_REF]25].

The stress and strain states are described using dimensionless quantities, the normalized deviatoric stress Q being defined as Q = (σ 2 -σ 1 )/E, and the volumetric strain being defined as grain loops. The incremental strain tensor of each type 295 of loop i can be expressed as follows:

ε v = ε 1 + ε 2 ,
296 d εLi = 1 |Ω| k |Ω k Li |d εk Li i ∈ (3, 4, 5, 6p) (1)
297
where Ω is the volume of the global domain considered pectancy PDFs are presented in Figure 7 with respect to incremental evolution of the axial strain (∆ε 2 ). Thus, does not affect the reorganization process (at least for 420 the order of magnitude considered). We can also conclude that the uniqueness of the critical state (namely whatever the initial density, statistical descriptors converge towards the same value in biaxial tests of similar confining pressure) that holds for statistical descriptors, also holds for the underlying dynamical processes.

B. Generating and vanishing process of grain loops

To further understand the critical state dynamics, the 

V. MICROSTRUCTURE REORGANIZATION DYNAMICS UNDER DIFFERENT CONFINING PRESSURE LEVELS

In this section, the influence of the confining pressure on the dynamics in the three loose samples is analyzed. As shown in Figs. 13 and14, the renewal rate decreases with the increase in the confining pressure. The increase in confining pressure helps the mesostructures live longer (with respect to the forcing parameter of the system, i.e.

the incremental axial strain). This is consistent with the fact that larger confining pressure leads to larger elastic energy storage and larger overlap at contacts, which delays contact opening and contact sliding.

In order to quantify the rate of microstructure reorganization with respect to the axial strain, it is interesting to propose a fit for the PDFs presented so far. As a first simple guess, an exponential fit with one characteristic strain 

P DF (∆ε 2 ) = P c 1 ε c1 e -|∆ε 2 | ε c1 + (1 -P c ) 1 ε c2 e -|∆ε 2 | ε c2
(3)

483
where ε c1 and ε c2 (ε c1 < ε c2 ) correspond to two charac-484 teristic strains accounting for the dynamic evolution of Indeed, these zones may be seen as shear transformation 545 zones (STZ) [START_REF] Schall | Structural rear-854 rangements that govern flow in colloidal glasses[END_REF] and characterized by the recent concept 546 of shear chain [START_REF] Darve | Slip lines ver-857 sus shear bands: two competing localization modes[END_REF]. As a result, we conjecture that ε c1 re- The short and long threshold are set to 4δε 2 and 30δε 2 , 556 respectively. In Fig. 18 shown that force chains and loops of different sizes have different lifespan and life expectancy which increases with the normalized mean stress level. Larger loops have a shorter life due to their deformability and force chain life duration is similar to the life duration of small order loops which is consistent with the known relationship between force chains and their small order supporting loops. Moreover, the microstructure reorganization has been proved to rely on two mechanisms that acts over very different axial strain increments. A local mechanism related to sheared mesostructures provoke a rapid (i.e. for small axial strain increments) reorganization of the microstructure, while the characteristic strain that relates to the nucleation of new sheared mesostructures account for the reorganizations over larger axial strain increments. The recent concept of shear chain [START_REF] Darve | Slip lines ver-857 sus shear bands: two competing localization modes[END_REF] may also shed further light on the elastic and plastic mechanisms responsible for the observed dynamics of the critical state. The velocity of strain waves in the sample merits future investigation, since the dynamic load transfer characteristics can be also interpreted within the context of wave propagation theory [START_REF] Sadd | Dem simula-860 tion of wave propagation in granular materials[END_REF]. In particular, such work may help elucidate whether the unjammed microstructure retains a partial memory of its previous jammed state. The findings presented in this paper also provide further clues on how to explicitly incorporate CS features in micro-mechanical constitutive models, as well as to limit the number of different loading paths needed to construct the data base in data-driven models because of limited hysteresis effect. In relation to a particular micromechanical model, it would be possible to consider the rearrangement of the hexagonal loop mesostructures relies on within the H-model [START_REF] Nicot | The h-microdirectional model: 754 accounting for a mesoscopic scale[END_REF][START_REF] Wautier | Multiscale modelling of gran-864 ular materials in boundary value problems accounting 865 for mesoscale mechanisms[END_REF] to achieve a better 

localization.

Appendix B: Glossary of terms

Lifespan and life expectancy

Lifespan of a mesostructure corresponds to the time it has continuously existed since its appearance, where time here is characterized by axial strain increments. 3D conditions [START_REF] Chueire | On 868 the extension of the grain loop concept from 2d to 3d 869 granular assemblies[END_REF]. Its difference to the minimal cycles 668 in literature [START_REF] Tordesillas | Force cycles 773 and force chains[END_REF] is that grain loops have the connotation 669 of volume.

670
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  pan and life expectancy are particularly useful. Start-118 ing from a reference microstructure conformation, the 119 lifespan of a mesostructure corresponds to the "time" it 120 has continuously existed since its formation. Its life ex-121 pectancy corresponds to the remaining time it will sur-122 vive before disappearing. By comparing the distribution 123 of lifespans and life expectancies, one can assess whether 124 the birth rate of a particular class of mesostructure dom-125 inates its death rate. These concepts have been applied 126 to granular materials for instance by [30, 36, 37]. Indeed, 127 these concepts enable the quantification of the renewal 128 rate of the microstructure in both 2D and 3D conditions 129 under an external forcing time parameter. Specifically, it 130 measures how fast the system is losing the memory of its 131 past state under an external forcing. Consequently, they 132 are particularly well adapted to treat granular materials 133 from the perspective of dynamical systems with memory. 134 In all these contexts, the time may correspond to physi-135 cal time or any relevant forcing parameter, depending on 136 the system of interest (for biaxial tests considered in the 137 present study, the axial strain is the time parameter). 138 The paper is organized as follows. In section II, the me-139 chanical responses of granular samples under biaxial tests 140 with discrete element modelling (DEM) are analyzed. 141 This is followed in Section III by a discussion on critical 142 state from a stationarity perspective. To this respect, the 143 concepts of lifespan and life expectancy of mesostructures 144 are applied to force chains and grain loops. Birth and 145 death rates of chained particles and grain loops are an-146 alyzed in Section IV. The relations between microstruc-147 ture dynamics and loading conditions are presented in 148 Section V. 149 II. NUMERICAL SETUP 150

156

  cal particles contained to planar displacements within a 157 domain of 1 meter wide per 1.5 meters high, as shown 158 in Fig. 1. The particle radii are uniformly distributed 159 with an average diameter d 50 = 0.008 m and a size ra-160 tio d max /d min = 2. The contact law is described by a 161 standard cohesionless elasto-frictional law. The contact 162 parameters between two grains contain normal and tan-163 gential linear springs of respective stiffness k n and k t , 164 as well as a sliding limit characterized by a friction an-165 gle φ = 35 • . E = k n /D s , given as 300 MPa, where 166 D s = 2R 1 R 2 /(R 1 + R 2 ) and R 1 , R 2 are the radii of par-167 ticles. 168 For sample preparation, two schemes can be used to 169 obtain an isotropic compression of the sample in Yade

FIG. 1 .

 1 FIG. 1. Quasi-2D DEM sample for biaxial tests where loading parameters are ε2 and σ1. The direction 2 is always the vertical loading control direction at the representative element volume (REV) scale.

FIG. 2 .--FIG. 4 .

 24 FIG.2. Evolution of normalized deviatoric stress Q and volumetric strain εv with respect to the axial strain ε2 along biaxial tests. Note that soil mechanics convention is adopted with positive compression and positive contraction.

Figure 5 Figure 5

 55 Figure5presents the volumetric strain of each category 307

FIG. 6 .

 6 FIG. 5. Volumetric strain of different types of loops and the global assembly during the biaxial tests in B-dense sample (a) and B-loose sample (b).

∆ε 2 FIG. 8 .FIG. 9 .

 289 FIG.8. The strain magnitudes within the shear band domain (B-dense*), whole dense sample (B-dense) and the whole loose sample (B-loose). The strain magnitude ratio between Bdense* and B-dense is around 2.8.

  generating and vanishing of grain loops are analyzed for loops composed of 3, 4, 5 and 6 or more particles. Lifespan and life expectancy PDFs for grain loops are computed. Similar observations as reported in the previous subsections are visible in Fig.10 -12: (1) PDFs show symmetrical shapes at CS which suggests birth and death rates of grain loops are equal at CS; (2) PDFs within the shear band from B-dense coincide with those obtained in the loose case after being stretched by the appropriate ratio of 2.8. These results extends the conclusion drawn by Zhu et al. (2016) [30], that the whole loose sample and the inner part of the shear band of the dense sample share the same statistical distribution of mesostructures once the critical state regime is reached. Based on Figures 6 -12, a novel way for understanding CS from the perspective of a mesoscale dynamics can be inferred: the critical state results from the generating and vanishing of meso-clusters until a dynamic equilibrium is reached under continuous shearing. Even though dynamic rearrangements permanently occur, at any time, the material admits the same fabric characterized by the fabric tensor, the distribution of loop orders etc.. The particle rearrangements at critical state can be quantitatively characterized by the lifespan and life expectancy of force chains and grain loops. These observations still hold when other confining pressure levels (A and C) are considered as shown in Appendix A.
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  the system. ε c1 and ε c2 account for the typical amplitude 486 of the axial strain increments ∆ε 2 needed to renew the 487 mesostructures on the short term and long term, respec-488 tively. The characteristic probability P c ∈ [0, 1] can show 489 the relative contribution of the short and long term mech-490 anisms. When P c < 0.5, it is the long term mechanism 491 that dominates; the short term mechanism will be more 492 important when P c > 0.5; the two mechanisms are evenly 493 matched when P c = 0.5. Figs. 15 and 16 show that dou-494 ble exponential fit is able to account for the shape of all 495 the lifespan and life expectancy PDFs. The values of 496 ε c1 and ε c2 for different confining pressure levels are pre-497 sented in Table III and shown in Fig. 17 with respect to 498 the normalized critical mean stress P = σ1+σ2 2E .499As shown in TableIIIand Fig.17

FIG. 10 .FIG. 11 .FIG. 12 .FIG. 13 .FIG. 14 .FIG. 15 .FIG. 16 .

 10111213141516 FIG.10. Lifespan and life expectancy PDFs (probability density functions) of grain loops in two samples with respect tho the axial strain ε2: (a) B-dense sample where only the spatial domain within the shear band is considered and (b) B-loose sample with the whole domain considered. For each sample, two reference conformations belonging to the stationary regime are adopted. The normalized deviatoric stress curve (dot-dashed line) and the volumetric strain (dashed line) curves are recalled in the subfigure of Loop 4.
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  lates to the axial strain needed for a shear transition zone 548 to develop, while ε c2 > ε c1 corresponds to the axial strain 549 needed to develop shear transition zones everywhere in 550 the sample domain. This conjecture can be initially ver-551 ified by the color maps of lifespan and life expectancy of 552 loops in the sample B-loose, as shown in Figs. 18 and 19,

  (a), red loops are newly-generated 557 at the current conformation. The loops that have lived 558 longer than 4δε 2 are filled in grey. Fig.18 (a) shows that 559 the microstructure is experiencing a series of localized re-560 organizations (visible as clusters of loops of the same col-561 ors) affecting a limited proportion of the sample domain.562In the long term, these series of reorganizations will affect 563 the whole sample domain as shown in Fig.18 (b), where 564 loops that have been existing not less than 30δε 2 are very 565 limited. In Fig.19(a), grey loops are those that will live 566 longer than four steps. It can also be observed in Fig.19

FIG. 17 .FIG. 18 .FIG. 19 .

 171819 FIG. 17. Two characteristic strains (εc1 and εc2), the characteristic probability (Pc) and the ratio ε c1 ε c1 with respect to the normalized mean stress (P ) at the critical state. The normalized critical mean stress under the different confining pressure levels (A, B and C) are 1.97 × 10 -4 , 4.77 × 10 -4 and 18.63 × 10 -4 , respectively.

618FIG. 20 .FIG. 21 .

 2021 FIG.[START_REF] Tordesillas | Spatiotemporal slope 764 stability analytics for failure estimation (sssafe): link-765 ing radar data to the fundamental dynamics of granular 766 failure[END_REF]. PDFs for chained particles under two confining pressure levels: (a) A, PDFs from the A-dense are stretched by strain magnitude ratio 1.9; (b) C, the C-dense stretched by 3.2.
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  Life expectancy corresponds to the remaining time the 651 mesostructure survives before its disappearance. These 652 concepts can be applied for mesostructures in both 2D 653 and 3D cases.

656

  Grain loop, enclosed by contact branches, is formed by 657 tessellating the material area in 2D in granular mate-658 rials. The term grain loop refers here to the concept 659 of minimal cycles in graph theory. In 2D, grain loops 660 enclose polygons that forms a partition of the sample 661 domain able to characterize the dilatant/contractive 662 behavior of granular materials. Even if cycles exist in 663 3D, the bijective link with a partition of the material 664 volume is lost which restrict the definition of grain loops 665 to 2D conditions. Current work aims at generalizing the 666 definition of such kind of mesostructures to both 2D and 667

TABLE III

 III 

		. The fitting parameters for different confining
	pressure levels.			
	Sample Parameters Chained	L3	L4	L5	L6p
			particles		
	A-loose	εc1	0.25%	0.30% 0.33% 0.30% 0.25%
		εc2	2.29%	1.61% 1.92% 1.81% 1.59%
		Pc	0.165	0.229 0.228 0.288 0.290
		εc1/εc2	9.02	5.44 5.78 5.97 6.41
	B-loose	εc1	0.35%	0.43% 0.41% 0.34% 0.34%
		εc2	3.30%	2.57% 2.79% 2.40% 2.25%
		Pc	0.146	0.205 0.162 0.209 0.271
		εc1/εc2	9.35	5.92 6.89 7.03 6.71
	C-loose	εc1	0.61%	0.77% 0.64% 0.59% 0.50%
		εc2	5.33%	5.56% 5.60% 4.35% 3.73%
		Pc	0.129	0.124 0.113 0.169 0.209
		εc1/εc2	8.76	7.25 8.74 7.41 7.52
	may been proposed as P DF (∆ε 2 ) = a εc e -|∆ε 2 |/ε c ). ε c
	482				
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accounts for the typical size of the axial strain increment 475 ∆ε 2 needed to renew the whole mesostructures. The 476 smaller ε c , the faster the microstructure renewal under 477 the external forcing ∆ε 2 . However, such a fit cannot cap-478 ture well the shape of the whole PDFs. Depending on ε c , 479 the fit is able to account either for the beginning or for 480 the tail of the PDFs. This observation motivated the use 481 of a double exponential fit in the following form:

of mesostructures as quantified in this study. Although