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Abstract

This paper aims to define an unified framework to analyse pollution-adjusted pro-
ductivity change. Equivalence conditions for the additive and the multiplicative pollution-
adjusted productivity measures (Abad and Ravelojaona, 2022, 2021) are established.
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1 Introduction

Recently, Abad and Ravelojaona (2021, 2022) define both additive and multiplicative
pollution-adjusted productivity measures. The multiplicative pollution-adjusted produc-
tivity indices inherit the structure of the Malmquist (Caves et al., 1982) and the Hicks-
Moorsteen (Bjurek, 1996) productivity indices. Besides, the additive pollution-adjusted
productivity indicators take the form of the Luenberger (Chambers et al., 1996) and the
Luenberger-Hicks-Moorsteen (Briec and Kerstens, 2004) productivity indicators. Abad and
Ravelojaona (2022) are the first to empirically implement additive and multiplicative pollution-
adjusted productivity measures through convex neutral pollution-generating production model
(Abad, 2018).

This contribution establishes equivalence conditions for the additive and the multiplica-
tive pollution-adjusted productivity measures. These equivalence conditions extend the usual
approximation results that link additive and multiplicative productivity measures (Briec and
Kerstens, 2004; Boussemart et al., 2003). The first outcome defines specific conditions for
which the pollution-adjusted Malmquist and Luenberger productivity measures are equal.
Second, this paper introduces theoretically relations between the pollution-adjusted Hicks-
Moorsteen and Luenberger-Hicks-Moorsteen productivity measures. Interestingly, this con-
tribution also permits to present additive version of the pollution-adjusted Malmquist and
Hicks-Moorsteen productivity indices. This result extends the widely applied Chung et al.
(1997) methodology. Moreover, multiplicative version of the pollution-adjusted Luenberger
and Luenberger-Hicks-Moorsteen productivity indicators are provided.

The remainder of this paper unfolds as follows. Section 2 introduces some theoreti-
cal preliminaries. The pollution-generating production process and the environmental dis-
tance functions are presented in this section. Section 3 displays multiplicative and additive
pollution-adjusted productivity measures and further provides equivalence conditions for the
additive and the multiplicative pollution-adjusted productivity measures. Finally, section 4
concludes.

2 Background

In this section, the properties of the pollution-generating production process are pre-
sented. Based upon this theoretical background, additive and multiplicative distance func-
tions are displayed, and further equivalence condition between the proposed distance func-
tions is revealed.

2.1 Technology definition and properties

Let zy = (277, 2}) € R” denotes the no polluting factors and the polluting inputs used to
produce both no polluting and polluting outputs y, = (yi°, yt) € R, such that [n] = [ng] +
[np] and [m] = [myp] + [mp]. In addition, assume that [n] = Card(z) and [m] = Card(y;).
The pollution-generating technology is defined as follows:

T(xs,ys) = { (2, y:) € RT™™ : x can producey, } (2.1)

Assume that the production process (2.1) satisfies the following usual assumptions (Fére
et al, 1985): no free lunch and inaction (77 ); boundedness (72); closedness (73). Moreover,



suppose that the production set satisfies (74) the generalised B-disposal property (Abad,
2018). The axiomatic framework T71-T4 follows the by production model of Murty et al.
(2012) by defining the production process as an intersection of sub-technologies. Interest-
ingly, the properties T'71-T/ are fairly weak and do not impose any convexity assumption to
define non convex by-production model (Yuan et al., 2021).

2.2 Environmental distance functions

In this section, additive and multiplicative distance functions are considered as functional
representation of the production process (Chambers and Féare, 2020).

The next result presents the additive and the multiplicative environmental distance func-
tions (Abad, 2018).

Definition 2.1 Let T'(zy,y:) be a production technology that satisfies properties T1-T/. For
O/ﬂy (xtv yt) e R:L—+m7

i. The multiplicative environmental distance function is defined as follows,
D (24, ) = i1}f {)\ €]0, 1]« (A" ag?, A2, Ny N YR € T(a, yt)} (2.2)
where o = (o™, aP) and f = (B, BP), such that o = o™ = {0,1}, 5° = {0,1} and
g = {-1,0}.
ii. The additive environmental distance function is defined as follows,

B (@) = sup {5 > 05 (1= 87™)a%®, (1 = 997)a, (1 + 60™)y, (1 + 60738 ) € (o, pe)

(2.3)
where v = (y*®,~4P) and o = (¢™,?), such that v*®,7* € R, 0™ € RY and o € R?.

The additive (2.3) and the multiplicative (2.2) environmental distance functions fully
characterise the production process such that:

Dtﬁ(x'ﬂyt) €]0,1] < DT (2¢,ye) > 0 (w4, yr) € T'(24, Ye)-

2.3 Environmental distance functions: equivalence condition

The next result defines equivalence condition for the additive and multiplicative environ-
mental distance functions.

Proposition 2.2 Let (z4,y,) € RTY™, equivalence condition for the additive and multiplica-
tive environmental distance functions is defined as follows:

o . a
D 7 (1n(zy), 1n(ys)) = 1n (DY (24, ys)) (2.4)
np AP iz il
such that Y = —<, VP = , 0" = ————— and o = — .
In(z:") In(z}) In(ye") In(y;)

See Appendix I for the proof.



3 Pollution-adjusted productivity measures

This section displays equivalence condition for the additive and the multiplicative pollution-
adjusted productivity measures (Abad and Ravelojaona, 2021, 2022).

3.1 Malmquist and Luenberger productivity measures: equiva-
lence condition

The next result presents the pollution-adjusted Malmquist and Luenberger productivity
measures (Abad and Ravelojaona, 2021).

Definition 3.1 Assume that T'(xy,y.) is a production process that satisfies properties T1-
T4. For any (z+,y:) € RY™™,

i. The pollution-adjusted Malmquist productivity index is defined as follows,

np p _ np p np P np P
xt+17xt7yt+17yt) (xt y Ley1> Yt 7yt+1)
anP;ﬁnP aP;ﬁP

D¢ (e, yt) Dy 7 (@4, Yt)

Dg“p;ﬂ“p( Dttx";,@"

a; 3 _
PMt,t+1(xt7t+17yt,t+1) =

N | =

np. Qnp P.QP
Dy yi (Teqt, Yoye) D?;f (Tey1, Yer1) ]

arP;3%P ¢ np _p np  p aP; P np p _ np P
Diyq (w¢ y Lyy15 Yt 7yt+1) Diyy ($t+17$tayt+1ayt)

where o = (o™, aP) and f = (B, BP), such that o = o™ = {0,1}, 5P = {0,1} and
g = {-1,0}.

ii. The pollution-adjusted Luenberger productivity indicator is defined as follows,

1 =P P

. —> ~0P. ;1P
PL3773+1($t,t+1ayt,t+1) =z l(DZ 7 (g,y5) — Dy (xrtlilaxsay:ilays)) (3.2)

2

—>~P.oP —>~P.gP
P o np _p np p Vo
- (Dt ('rt 7'rt+17yt 7yt+1) - Dt (Itvyt))

—> ~BP. 0P —> ~D0P. 0P
S dtes YPio np _p np p
+ (Dt+1 (o1, Yeg1) — Diys (wy y Ley1y Yt 7yt+1))

—~P:gP, 1 n; =~P;oP
- (D;:y-ill (‘Ttﬁ-lvxlt)vytg—layf) - DZ+1 (xt+1uyt+1))‘|
where y = (Y*,7?) and o = (0™, ?), such that v®,+? € R, 0™ € R and o® € R? .

The following proposition introduces equivalence condition for the pollution-adjusted
Malmquist and Luenberger productivity measures.

Proposition 3.2 Let (z,y,) € R1E™, equivalence condition for the pollution-adjusted Malmquist
and Luenberger productivity measures is defined as follows:

1n (PM?7;5+1<xt,t+17 yt,t+1)> = —Pszﬂ <1n($t,t+1)7 ln(yt,t—l—l))u (3.3)
AP AP 3o

i
— o P = , 0P = — = and 0P = — .
1n(z¢") 1n(zt) 1n(y:") 1n(yz)

such that v*® =



In the next statement, additive (respectively, multiplicative) version of the pollution-
adjusted Malmquist (respectively, Luenberger) productivity measure is proposed. The addi-
tive version of the pollution-adjusted Malmquist productivity index is defined through en-
vironmental additive distance functions. This productivity measure is named the pollution-
adjusted Malmquist-Luenberger productivity index based on the initial work of Chung et
al. (1997). Besides, the reciprocal pollution-adjusted Malmquist-Luenberger productivity
measure proposes a multiplicative version of the pollution-adjusted Luenberger productivity
indicator.

Corollary 3.3 L R e o
orolla . t(ze,yy) € R, Y= —0 ¥ = PO = — oy
rollary et (we, 1) Y for any vy 1n(2®) " 1n(zt) 7 In(y;")
p
and o? = _Lp‘.
11'1(3/1:)

i. The pollution-adjusted Malmquist-Luenberger productivity index is defined as follows,

PML t+1(1‘t 1, Yo th1) =

fere (0777 Gl ). 10(e]) 20020, 1008))) exp (D77 @a(a) 2n(ef, 1), 10(7). 1006, )

I exp (D777 (1n(ax), 1n(yr)) exp (B (n(ar), 1n(ye)))
—) np . ;0P l
. exp (D777 (n(@ers), 1n(yes1))) . exp (D777 (An(eers), 1n(yer1) ) }2
exp (D7 (1a(@i®), 1n(ad 1), n(uiP), 1n(vE 1)) exp (DY (n(l,), 1n(ad), 1n(yik ), 1n(s)))
-1
PMLaﬁﬂxt,tHvyntﬂ) = {eXP (PLZ,¥’+1 (In(zt,5+1), 1n(yt,t+1))):|
(3.4)

ii. The reciprocal pollution-adjusted Malmquist-Luenberger productivity measure is defined
as follows,

PULY'7 , (In(e,541), 1n(ye,e41)) =

; (ln (DO‘ . ﬁnp(xt,yt)) - ln( o ﬁnp(xt+1’x€7y§il7y§))) (1n( o (2P, tH,y;‘P,ny))
—in (DS ;ﬁp(rtvyt))) + <1n (Dt+1ﬁn (mt+17yt+1)) —ln (Difl;ﬁ P(m:p’m}éﬂ’ygp’y};“))) (3.5)
- (ln (Dﬁi;fp(xﬂiwx}t),y:Lvyt)) —1n (Dﬁr;ﬁp (@e+1, yt+1)>>

ML’ t+1 (In(zt,t41), In(ye,e41)) = —1n (PMSi;til(xt,t+lyyt,t+l))

3.2 Hicks-Moorsteen and Luenberger-Hicks-Moorsteen productiv-
ity measures: equivalence condition

The upcoming statement displays the pollution-adjusted Hicks-Moorsteen and Luenberger-
Hicks-Moorsteen productivity measures (Abad and Ravelojaona, 2022).

Definition 3.4 Let T(xs,y.) be a production process that satisfies properties T1-T4. For
any (vy, 1) € RT_m,



i. The pollution-adjusted Hicks-Moorsteen productivity index is defined as follows,

np P
DE (:vt,yi”ipyf) % DE (wt,yﬁp,yﬁﬂ) % D? (xzﬁ—lvxtuyt)

Dfnp(fftayt) Dfp(xt,yt) D" (e, ys)

PHMC Y, 4 (@41, Yo o41) = (3.6)

np P
Dap(xtvxt-i—l’yt)x Df+1(xt+1,yt+1) « Df+1(xt+1,yt+1)

DE” (t, yr) fo1($t+1ay€payf+1) Dfi1($t+1ay:ﬁ1ay€)
1

np P —
DY 1 (Tet1,s Yotr) DYy s (g1, Yegr) |2
*P (0P P P np D
DYy (w8 s Yer1) DYy (T e, 2%, Yert)

where o = (o™, aP) and f = (B, BP), such that o = o™ = {0,1}, 5P = {0,1} and
g ={-1,0}.

ii. The pollution-adjusted Luenberger-Hicks-Moorsteen productivity indicator is defined as
follows,

N | =

; = otP = P = oP = oP
PLEM, ) (e ,c41, Yeooh1) = {(Dg (e, yt) — D¢ (wtvy?i17y€)) - (Dg (ze,ye Yoy y) — D¢ (mt,yt)) (3.7)

—> TP —> P —> P — P
— (DY@ el ) = DY @) — (D7 @, ady 0 90) = DY (2,30

—> 5P
Dy

— 5P —o
+ 1@, U e ) — D3+1(It+17yt+1)> - (Dt+1(xt+17yt+1)

~~

-7

7 T ,op P
+1(xt+17yt+17yt)) - (Dt+1(xt+1vyt+1) - Dt+1(1‘t 7xt+1,yt+1)

—=>~P —=~P np p
- (D;Y+1(xt+1vyt+1) - Dz+1(xt+1vxtvyt+1)

where v = (y*®,4P) and o = (0™, ?), such that v*®,7? € R, 0™ € RY and o € RY.

Equivalence condition for the pollution-adjusted Hicks-Moorsteen and Luenberger-Hicks-
Moorsteen productivity measures is defined in the next result.

Proposition 3.5 Let (z4,ys) € RYE™, equivalence condition for the pollution-adjusted Hicks-
Moorsteen and Luenberger-Hicks-Moorsteen productivity measures is defined as follows:

In <PHM§f+1(xt7t+1, yt,t+1)> = _PLHMZfH <1n(xt,t+1), ln(yt,t-l-i))v (3.8)
np P np P
such that,ynp:ainp’ ”yp: a B ;O.np: an and o = — ﬁ B -
In(7y") In(zt) In(y;") 1n(yz)

Additive version of the pollution-adjusted Hicks-Moorsteen productivity index and it re-
ciprocal are presented in the statement below. These productivity measures are named the
Hicks-Moorsteen-Luenberger index and the reciprocal Hicks-Moorsteen-Luenberger indica-
tor, respectively.

P P s

Corollary 3.6 Let € REY™, = ey T ’ 1n(y)
orollary et (ze,ys) € RYY™, for any ~ 1n(2®) " 1n(2?) 7 In(y;)

g
ln(yt)

and o? =



i. The pollution-adjusted Hicks-Moorsteen-Luenberger productivity index is defined as fol-
lows,

PHMI—S,;t'BH(xt t41s Yot t1) =
Mg -
leXP ( DY (1n(a, In(y:i), 111(3/5))) exp ( D¢ (1n(xs, In(y;T), ln(yE_H)))

X

exp (D7 (1n(es), 1n(ye)) exp (D¢ (n(zx), 1n(ye)) )
exp (D7 (1n(al%,), 1n(2), 1n(r)))  exp (DY (1n(at?), 1n(ad,, ), 1n(ne)) )
X - X
exp (07" (n(ax), 1n(y))) exp (D7 (1n(a:), 1n(ys)) )
exp (D 7}i(1n(rs1), 1n(ye11))) exp (DZy (1n(@ess) 1n(yesn))
X = X —
exp (De7y(1a(rars, 1n(v®), 10(811)))  exp (Deha(La(rars, 1n(y2y). 1n(y?) )
1
exp (D) (1n(@es1). In(yer1))) exp (D74 (1n(res1), 1n(e11))) ] 2
X o X _>
exp (D711 (1n(e2"). 10k 1) 1nlvers))  oxp (D241 (), (). 1n(yera))
PHMLYY ) (T e 1, Yoo tn) = [GXP (PLZ,;EH (In(ze,e41), In(ye,e41)) )1
(3.9)

ii. The reciprocal pollution-adjusted Hicks-Moorsteen-Luenberger productivity indicator is de-
fined as follows,

PHML)’Y, ; (In(@e o q1), 10(Yeo41)) =

1 0] 1]
B l(ln (Df p(fl?ta yt)) —1n (Df p(fl?ta Yot yf))) - (111 (DEP(IM ?J:pvysﬂ)) —1n (Dfp(xt, yt)))
(ln (Da (‘Tt+17xtuyt)) —1n (Dfénp(ﬂctayt))) (ln (Da iUt a$t+1ayt ) P(xtayt)))
np
+(1n Df+1($t+17yt Yh41)) —1n (Df+1($t+17yt+1) —{in Dt+1 Toy1, Yet1)

—1n (Dfil(‘rt-l-la Y1 yf))) — (1n (DY) (@eq1, ye41)) — 1n (DY (5P, 284, peqn)))
— (1n (D4 (wet1, Yes1)) — In (DE] (238 4, 28, yet1)))

PHML Y, (1n(2ts11), 10(Yeet1)) = —1n (PMEY,;EH(It,tH, yt.,t+1))
(3.10)

4 Concluding Comments

This contribution presents equivalence conditions for the additive and multiplicative
pollution-adjusted productivity measures. Therefore, an unified framework allowing to com-
pare additive and multiplicative pollution-adjusted productivity measures is provided.

In further work, theoretical comparisons between the additive and the multiplicative
pollution-adjusted productivity measures could be empirically illustrated. The empirical
outcomes could be estimated within both convex and non convex pollution-generating pro-
duction models considering either parametric or non parametric approaches.
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Appendix I

Proof of Proposition 2.2: For any (z4,y,) € RH™, the environmental additive distance
function (4.2) is defined as follows,

D7 (e, ) = Sup {5 >0: ((1 — 0y™)a, (1 — 09P)xg, (14 00™)ye”, (1 + 50")%’) € T(:vt,yt)} (4.1)

Therefore,

B);Y?U (1n(zt), 1n(yr)) := st;p {5 >0: ((1 — &™) 1n(2F), (1 — 89P)1n(ab), (1 + 60™)1n(yeY), (1 + éop)ln(ytp)> € T(1n(xt), 1n(yt))}
(42)
Following the definition of the environmental multiplicative efficiency measure (2.2),

1n(D?;5(mt,yt)) = ir){f {)\ €]0,1] : (1n()\anpxzp), 1n()\apgv€), 111()\61‘})3;213)7 1n()\6pyf)) € 1n(T(xt, yt)) }

= ir){f {)\ €]0,1] : (1n(zg®) + a"P1n(A), 1n(z}) + oP1n(N), In(y;) + B®1n(N), In(yf) + BP1n(N)) € In (T(wt,yt)) }
(4.3)

Hence, B);’U (1n(zy), In(y,)) = 1n(D?’ﬁ(xt,yt)) with %P = — 4P =

Tn(@)
np P
BT and oP = — b

n ‘D
In(ys") 1n(yt)




