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Abstract

We consider a two-patches SIR model where communication occurs thru commuters, distinguish-
ing explicitly permanently resident populations from commuters populations. We give an explicit
formula of the reproduction number, and show how the proportions of permanently resident pop-
ulations impact it. We exhibit non-intuitive situations for which allowing commuting from a safe
territory to another one where the transmission rate is higher can reduce the overall epidemic thresh-
old and avoid an outbreak.
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1 Introduction

Since the pioneer work of Kermack and McKendrick [21], the SIR model has been very popular in
epidemiology, as the basic model for infectious diseases with direct transmission (e.g. [1]). It retakes great
importance nowadays due to the recent coronavirus pandemic. While early models were not spatialized,
the importance of accounting for spatial heterogeneity has been often reported in the literature (see,
e.g. [2, 29, 17, 19, 20, 23]). However, different mechanisms come into play to explain the spatial spreading
of a disease. Although diffusion appears to be a natural process to describe the local propagation of
an infectious agent among a population, which leads to models with partial differential equations [28], it
appears to be not well suited for describing long distance spreading. In particular, transportation between
cities comes into the picture as a major source of rapid spreading among non-homogeneous populations
[5, 3, 30, 25, 27, 8, 36, 31, 24]. Meta-populations or multi-patches models are then more appropriate
to describe the spatial characteristics of the propagation [34, 35, 6, 13, 4], as already well considered in
ecology [15, 26]. These models require a precise description of the movements between patches, which
are most of the time assumed to be linear and thus encoded into a connection matrix [6, 4]. Typically
one obtains a system of ordinary differential equations on a graph, which couples the communication
dynamics with the epidemiological one.

For diseases spreading among human populations living in different cities, ”commuters” (individuals
leaving in a city, traveling regularly for short periods in a neighboring city, and coming back to their home
city) play a crucial role in the disease propagation among territories [18, 17, 19, 27, 36]. Such coupling
between patches have been already considered in the literature, distinguishing among populations N;
attached to a city ¢ the sub-population N;; present in its permanent housing from other sub-populations
N;; temporary present in another city j # ¢ (it can be also seen as multi-groups models as in [9, 14, 16]).
However, such models explicitly assume that the whole population housing in a given city can potentially
commute to another one. We believe that this is not always fully realistic and that a sub-population that
never (or very rarely) moves to another city should be distinguished from the sub-population that visits
at a regular basis another city. The study of this extension, which has not been yet considered in the
literature to our knowledge, and how it impacts the disease spreading, is the primary objective of the
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present work. For this purpose, we establish an analytical expression of the reproduction number (as the
epidemic threshold formerly introduced and analyzed in [10, 32, 11, 12]) for the two patches case (that
is also valid for the particular case when the whole populations travel, for which the exact expression of
the reproduction number has not been yet provided in the literature).

We also had in mind to consider heterogeneity among territories when disease transmission differs from
one city to another one. Typically, non-pharmaceutical interventions (such as reducing physical distance
in the population) could be applied with different strength in each city, providing distinct transmission
rates. Then, we aim at analyzing how the proportions of commuters in each city can increase or decrease
the overall reproduction number. Intuitively, one may believe that the best way to reduce the spreading
is to encourage commuters from the city with the lowest transmission rate to do not travel to the other
city, and on the opposite to encourage as much as possible commuters from the other city to spend time
in the safer city. Indeed, we shall see that this is not always true... The second objective of the present
work is thus to study the minimization of the epidemic threshold of the two-patches model with respect
to these proportions, depending on the commuting rates. This analysis can potentially serve for decisions
making to prevent epidemic outbreak (as in [22] for instance).

The paper is organized as follows. In the next section, we present the complete model in dimension
18 and give some preliminaries. Section 3 is devoted to the analysis of the asymptotic behavior of the
solutions of the model. We give and demonstrate an explicit expression of the reproduction number,
introducing four relevant quantities g;; (¢,j = 1,2). In a corollary, we also give an alternative way of
computation, which is useful in the following. In Section 4, we study the minimization of the reproduction
number with respect to the proportions of commuters in each patch. Finally, Section 5 gives a numerical
illustration of the results, considering two territories with intrinsic basic reproduction numbers lower and
higher than one. We depict the relative sizes of the permanently resident populations that can avoid the
outbreak of the epidemic depending on the commuting rates, and discuss the various cases. We end by
a conclusion.

2 The model

We follow the modeling of commuters proposed in [18] between two patches (such as cities or territories),
but here we consider in addition that a part of the population in each patch do not commute (the
"permanently resident” sub-population). We consider populations of size N; whose home belongs to a
patch ¢ € {1, 2}, structured in three groups:

i. permanently resident, being all the time in patch ¢, whose population size is denoted N,
ii. commuters to patch j, but located in patch ¢ at time ¢, of population size denoted Njy;,
iii. commuters to patch j and located in patch j at time ¢, of population size denoted N;;.

We shall denote N;. = Nj; + NN;; the size of the total population of commuters having home in patch i.
The individuals commutes to patch j at a rate \; with a return rate ;. For each group g € {ir,ii,ij}
we denote by Sy, I, R, the sizes of susceptible, infected and recovered sub-populations.

We consider the SIR model assuming that the recovery parameter  is identical everywhere while the
transmission rate (; depends on the patch i but is identical among each group. The model writes as



follows (with i # j in {1, 2}).

Liv + Lii + I
Nir + Niz + Ny’
Lir + Lii + I

Sir = —B:iSiy

jir = Pidir - Iir7
P> Niy + Ni; + Nji K
Rir = ’Yfm
: Liv + Lii + L
Sii = —BiSii Tt AiSii + 1iSij

Liv + Lii + I

Nir + Nii + Ny

Rii = vLii — NiRis + pi Ry,
Lir + Ijj + L

Iii = BiSi vLii — ANili; + pilij,

Sij = —B;Si; + AiSii — piSij,
7 77 Njr + Nyjj + Ny !
: Iy + I + I;;
Lij = BjSij~r—r——— — vLij + Nilii — pilij,

Y Njr + Njj + Nij
Rij = vLij + AiRis — piRij

One can straightforwardly check that the population sizes N;., and N;. are constant. Moreover Ny;, N;;

fulfill the system of equations

{ Nii = =AiNii + piNij,

Nij = AilNyi — piNyj
whose solutions verify

. T L ‘ : A, U
t—1}+moo Nii(t) = Nii := A+ Nies t—lz?oo Nij(t) = Nij = Ai + i Nie

We shall assume that populations are already balanced at initial time i.e. that one has N;; =

N;; = Z\_]ij (constant). For simplicity, we shall drop the notation™ in the following, and denote
Nip := Njr + Nyj; + Nj;

which represents the (constant) size of the total population present in patch i.

3 The epidemic threshold

We denote the vectors

I=(Iiy, i1, hay Iory oo, 1) T, S = (Sir, Si1, Sia, Sar, S22, S21) "
I
=[5

D:={X € R{?; MX <N}

and consider the state vector

which belongs to the invariant domain

where N is the vector
N = (N17‘7N117N127N27’7N227N12)T

and M the square matrix
M = [lg, lg]

(where lg denotes the identity matrix of dimension 6 x 6). The disease free equilibrium is defined as

e [8



Let R; be the intrinsic reproduction number in the patch i (i.e. when there is no connection between
patches), that is

Ri = @
We give now an explicit expression of the epidemic threshold when the two patches communicates via
commuters.

Proposition 1. Let

g1 + g2 + /(q22 — q11)? + 4g12q21

Rl,g = (2)
2
where

_ Ny Nii _ y+m Noy v+

a1 =R (Nlp + Nip y+A1+p Nip 7+>\2+u2>
_ Ny Noo _ y+p2 Niz _y+M

422 = Rz ( + Nop y+Az+p2 Nap ’Y+>\1+M1> (3)
— A1 Naj M2

421 =R ( p Y+ A1+ + Nip ’Y+/\2+M2)
_ N22 A2

Q12 = Re ( e eI 'y+/\2+u2)

Then, one has the following properties.

i. If Ri2 > 1, then X* is unstable.

ii. If R12 <1, then X* is exponentially stable with respect to the variable' T
iti. If R1 =Ro =R, then R12=R.

Proof. Write the dynamics of X as X = f(X). The jacobian matrix J of f at X* is of the form

J:[f 0 ] with A=F -V

B
where
Nlr Nlr Nl'" 7 _
51 By 0 0 0 b1y N 0 0 0 0 0
51%3 51%1; 0 0 0 51%13, 0 y+M —m 0 0 0
0 0 /BN12 Ble l@h 0
P 27Ny, 2N, P20, v 0 X ~v+w O 0 0
0 0 Bz B piE 0 | 0 0 0 ~ 0 0
0 0 a2 a2 oy O 0 0 0 0 v+ —p
s om0 0 0 pie | L0000
and _ q
0 0 0 0 0 0
0 *)\1 M1 0 O 0
0 A1 — M1 0 0 0
B:
0 0 0 0 0 0
0 0 0 0 —Xo s
_0 0 0 0 )\2 7‘LL2_

Note that F' is a non-negative matrix and V is a non-singular M-matrix. We recall (see for instance from
[32]) that one has the property

max Re(Spec(A)) ; 0 <= p(FV) ; 1

1We refer to [33] for the definition of partial stability.




A straightforward computation gives the following expression of the matrix M := FV !

[ R, Nar Nir(y+p1) Nirpy 0 R NirXo Nir(y+A2)
1Ny NG T NN ) NGO X Fi2) VNG (A )
N1 Nii(y+p1) R Niipa 0 R Niide Nii(v+A2)
1N, LN, (vF A +u1) LN, (v X1 +pn) LN (v Xat+puz) LN, (v H A2 +u2)
NioA N12('Y+>\1) Nio N12('7+:U'2) Niopo
M — 0 Ro Nop(y+A1+p1) Ro Nop (v+A1+p1) Ro Nap R Nop(y+A2+p2) Ra2 Nip(v+A2+p2)
N Nar A1 Nor(v+A1) Nay Nor (y+p2) Norpo
0 R Nop(Y+A1+p1) 2 Nap (Y H AL +41) R Nap 2 Na2p(YH A2+ h2) R Nip(y+A2+p2)
Nas g Naa(y+A1) Nao Noo (y+p2) Noapo
0 R Nop(y+A1+p1) 2 Nop (v F A1+ H1) Rz Nap 2 Nop (Y F Aot p2) Rz Nip(y+A2+p2)
Ny Noy (v+p1) R Noipa 0 R Noi o Noi (v+A2)
1 NlP 1 Nlp(V+)‘1+H1) 1 Nlp('Y"‘)‘l‘Hﬂ) 1 Nlp('Y+>\2+M2) 1 N1p(’7+/\2+}1«2) ;.
Let us consider the diagonal matrix
_ Ny, _
R1 N
N1
1 Nip
5 Nio
D = sz N,
2 Nap N
22
Ro Naw N
21
L 1 Nip

and the matrix Q = D~'MD. A straightforward computation gives the expression

Ni, Nii(y+p1) R Niapg 0 R Nos o Nai(v+A2) 7
LNy, LN, (v F A1 +u1) 2 Nop (VX1 +41) 2 Nop (Y H A2t h2) TN, (Y H A2 Fuz)
Ny, Nii(v+p1) R Niop 0 R Nag Ao Nai(v+A2)
1Ny, NG (v F A Fp1) 2 Nop (Y F A1 +11) 2 Na2p (v A2 F12) N1 (v Az Fpuz)
0 Ni1Ag Niz2(v+A1) R Nor Noa (y+p2) R Noipo
0= LN, (v F A Fu1) 2 Nop (YA +41) 2 N2y 2 Nap (v FXaFp2) LN, (v A2 +2)
- Niih Niz(v+A1) No, Noa(y+p2) Noipio
0 R1 Nip(v+A1+p1) Ro Nop(y+A1+p1) Ra Nap R Nop(v+A2+p2) R Nip(v+A2+p2)
Niih Niz(v+A1) No, Noo (y+p2) Noipa
0 R Nip(y+A1+p1) 2 Nap (Y HA1+41) R Nap 2 Na2p(YHA2+42) R1 Nip(v+A2+p2)
Ni, Nii(y+p1) Nigpy Nao Ao Noi(y+A2)
1N LN (A ) Ra Nop(vH A1 +41) 0 Ra Nap(Y+A2+12) LN (v Frotus)

The matrix @ is non-negative and irreducible. By Perron-Frobenius Theorem (see for instance [7]), this
matrix admits a unique positive eigenvector (up to a scalar multiplication) that corresponds to the simple
(positive) eigenvalue £ = p(Q) = p(M).

Note that the rank of @) is two. We posit

Y =(1,1,0,0,0,1)", Z=1(0,0,1,1,1,0)"

and define Qy, Qz the first and third lines, respectively, of the matrix Q. Then, for any vector X € RS,
on has one has QX = (QvX)Y + (QzX)Z. We look for an positive eigenvector X of the form X =
aY + (1 — a)Z with o € (0,1). One has then

QX =aQY +(1-a)QZ = a((QyY)Y +(QzY)Z) + (1 - a)((Qv 2)Y + (Qz2)Z)
= (a(QyY) + (1 - a)(Qv2))Y + (a(QzY) + (1 - )(Qz2))Z  (4)

On another hand, as X is an eigenvector, one has
QX =(X=alY +(1—a)tZ (5)
The vectors Y and Z being orthogonal, one obtains from (4)-(5) the conditions

{ aQyY +(1—a)QyZ =aol (6)
aQzY +(1—a)QzZ =(1—a)

Let r = I_TO‘ Eliminating ¢ in the two previous equations, r is the positive solution of the polynomial

Qv Z +7(QyY —QzZ) — QzY =0



and £ = QyY + rQy Z. One obtains straightforwardly the expression of the eigenvalue

_QvY +QzZ+/(QvY —Qz2)? +4(QvZ)(QzY)

14
2
Finally, from the expression of (), one gets
_ Nir Nip _ v+ Nai _ 42
g =QvY =T Niyp + Nip v+ 1+ Nip "/+)\2+#2>
— _ Nap Nap _ ytpeo Nio _ y+M
422 =QzZ =TR> Nzp ' Nop v+Az2+pe Nop y+A1+p1

Nay 142 )

1p YFA1+p1 Nip v+Aa+p2

(
(

g1 =QzY =R (% A
(

Ni2 154 + Naa A2 )

2p YFAL+p1 Nop v+A2+p2

and thus £ = R4 2, which is exactly p(M).

i. When R; 2 > 1, the matrix A has at least one eigenvalue with positive real part and the matrix J
as well. The equilibrium X™* is thus unstable on D.

ii. When R 2 < 1, the matrix A is Hurwitz, but X* is not an hyperbolic equilibrium. However, on
can write the dynamics of the vector I as an non-autonomous system

BiSuy () Btz — o1,
51&1@)% —(v+ M)+ pidie
ﬂ2512(t)% + Ml — (v + pa) 2

52&40% — 1oy

TovtIog+1
BaSaa(t) 2tttz Noy T

I=g(t1I):=

(7 + A2) oo + pola

51521@)% + Aolag — (v + p2) 21

Note that this dynamics is cooperative and as for any ¢ > 0 one has S;;(t) < N;; for ij € {1r,11,12,2r,22, 21},

one get
g(t, 1) < g(I) = AL, I >0

Therefore, any solution I(-) of I = g(t,I) with I(0) = Iy > 0 verifies 0 < I(t) < I(t) for any ¢ > 0, where
I(-) is solution of the linear dynamics I = g(I) with I(0) = Iy. As A is Hurwitz, we conclude that X* is
exponentially stable with respect to I, which proves point ii.

iii. For the particular case Ry = Ro := R, the transpose of the matrix M writes

r Nir N1 No,y 7
Ny Ny 0 0 0 Niy
Nip(y+p1) Nii(v+p1) Nia M NarA1 Naa M\ Noi(y+p1)
Nip(v+Ai+p1)  Nip(vtAi+pn)  Nep(y+Aitui)  Nop(v+HAi+pr)  Nep(v+Ai+pi)  Nip(y+Ai+un)
Nirp Niipa Niz(v+A1) Nar(v+A1) Naa(v+A1) Noj i1
MT R Nip(y+A1+p1) Nip(v+Ai+p1)  Nop(y+HAi+p1) Nop(v+Ai+p1)  Nop(y+HAi+p1) Nip(v+Ai+p1)
B Nip Nav Naz
0 0 Nop Nap Nap 0
Nipo Niids Niz(v+p2) Noy(y+p2) Noo (v+p2) NaiAa
Nip(v+A2+p2)  Nip(y+da+p2)  Nop(y+HAa+p2)  Nop(yv+Aedpz)  Nop(Y+da+p2)  Nip(y+HAa+pz)
Nir(v+A2) Nii(y+A2) Niapo Norpio Noopo Nai(v+A2)
L Nip(v+Aat+p2)  Nip(v+Aa+p2)  Nip(y+Ae+pz)  Nip(y+Az+pz)  Nip(v+Adetp2)  Nip(v+A2+pz)

One can check that one has MU = RU where U = (1,1,1,1,1, 1)T. As U is a positive vector, we
deduce from the Perron-Frobenius Theorem that one has p(M) = p(MT) = R, which ends the proof. [

Remark 1. The explicit expression (2) of the epidemic threshold given in Proposition 1 is also relevant
in absence of permanently resident populations, which has not been yet provided explicitly in the literature
(up to our knowledge).



Corollary 1. One has
min (R1, R2) < Ri2 < max (R, Ra).

Proof. Denote by M(R1,R2) the matrix FV~! for the parameters Ry, Ra, and let R_ := min (R, R2),
R+ :=max (R1,R2). From the expression of the non-negative matrices M, one gets

M(R—ﬁ R—) < M(Rla RQ) g M(R-‘r? R-‘r)
which implies (see for instance [7]) the inequalities

p(M(R_,R_)) < p(M(R1,R2)) < p(M(R+,R+))

and thus
R_<Ri2<Ry.
O
Alternatively, the number R; > can be determined as follows.
Corollary 2. Assume Ro > R1. Then, one has
Riz=aRi+(1— )Rz (7)

where a € [0,1) is the smallest root of the polynomial
P(a) = a®(Ry — R1) — (Ra — Ri + qua + q21) + Q12

Proof. One can check, from expressions (3), that one has ¢11 + g21 = R1 and ¢o22 + g12 = Ra. Then, from
(6), one get
RLQ =l=aRi+ (1 — Oé)RQ (8)

where « is a root of the polynomial P obtained from (6) by eliminating I, that is
P(a) = a®(Ry — R1) — «(Ra — Ri + qua + g21) + Q12

From Corollary 1, we know that o belongs to [0,1]. Note that one has P(0) = g2 > 0 and P(1) =
—@21 < 0. Therefore, when Ry — Rq > 0, P admits exactly one root in [0,1) and another one in [1, —).
However, if o = 1 one should have g7 = 0 and thus A\; = 0, us = 0, which implies N;; = Ny, Nio = 0,
Ny = 0, N33 = Ns.. Then, one obtains ¢1; = R, ¢22 = R and from the expression (2) on gets
Ri1,2 = max(R1,R2) = Re which contradicts a = 1. We conclude that o belongs to [0,1) and is thus the
smallest root of P. O

Remark 2. When there is no communication between patches (that is N1, = N1, = N1, Nop = Nop =
N3), one has go1 =0 and g12 = 0. If Ry > Rq, resp. R1 > Ra, one has a = 0, resp. o = 1, which gives

Rl,g = maX(Rl, RQ)

We look now for a characterization of the minimum value of the threshold R ».

4 Minimization of the epidemic threshold

In this section, we assume that the mixing is fast compared to the recovery rate (as its is often considered
in the literature), which amounts to have numbers A;, u; large compared to v. Our objective is to study
how the proportions of commuters in the populations impact the value of R4 .

Given Ry, Ra, we consider the approximation 7@1,2 of the threshold 712 which consists in keeping
~ = 0 in the expressions (3). For convenience, we posit the numbers

YR

M €(0,1) (1=1,2)

One has a first result about the variations of 7@1’2 with respect to Ny, Noc.



Proposition 2. Fiz parameters N;, Bi, v, \i, i (i = 1,2) such that Ra > R;.
i. For any Ny. € (0, Ny), the map Noo = Ry 2(Nie, Noo) is decreasing.
1. The map Ny, — 7@1,2(N16, Ns.) is increasing at (Ni., Naoo) when

n2(1 —m2)Nae > (1 —m1) (N2 — m2Na.) 9)

1. The map Ny, — 7%172(N10,N20) is increasing, resp. decreasing, at (Nie, No.) if the numbers A and
B are negative, resp. positive, where

A=R B =m(5 —m)Nic = (3 = m2)ma N R = G m)mNie —m(5 = n2)Nae
- 2 - 1 )
No — 12Nae + 11 N1e Ny —m1Nie + m2Nae
o (I =m) (N2 = naNae) — m2(1 — m2) Nae (1 —m1) (N1 4+ n2Nae) + 12(1 — 12) N
B = RQ —Rl

(N2 = m2Nae +n1N1e)? (N1 — m Nic + n2Nae)?
Proof. Following Corollary 2, one has
Rig=aR:+ (1 —a)Ra (10)
where & is the smallest root of the polynomial
P(a) =a*(R2 — R1) — a(Ra — Ry + Gi2 + Go1) + Gi2

where G12, Go1 are the approximations of gi2, go1 defined in (3). Let us note that one can write N;; =
(1 = 1i)Nic, Nij = n;N;e (for j # i) and also N;, = N; — 1;N;e + 1;Njc, which leads to the following
expressions of Gi2, §o1

(I —=n1)mNie +m2(1 —n2)Nae

o m(=m1)Nie + (1 —n2)n2Noe
, G2 =Ro
Ny — i Nic +1n2Nac

Ny —m3Noe + 11 Nye

g1 =R (11)
For simplicity, we shall drop the notation™ in the rest of the proof. Note than « being the smallest root

of P, it verifies
Rz —Ri+ qiz2 + qo1

12
2(R2 — R1) (12)
Let us differentiate the equality P(a) = 0 with respect to ¢12 and go;:
Oa Oa
204@(732 —R1) — @(Ra —Ri+q2+g¢1)—a+1=0
2aa—a(7€ —R)—a—a(R —Ri+q2+gn)—a=0
D 2 1 D4 2 1T q12 T ¢21
which gives
da 1—-a
012 Ra—Ri+q2+ ¢ —2a(Ra — Rq)
oo —«

0q21 T Re—Ri+ q12 + ¢21 — 2a(R2 — R1)

Then, one can write

da da Oqiz Oa O0qa1 (1- O‘)quli - O‘quzilc (i=1,2)
ON; 0q12 ON;e  0g21 ONje  Rao—Ri+ qi2 + g1 — 2a(Ra — Rq) ’

and from inequality (12), we obtain that the signs of the derivatives 92 are given by the sign of the

ONjc
numbers

0 0
o= (1-a) 8;1\;50 - aaf\zlc (i=1,2) (13)
We begin by the dependency with respect to Na.. One has first
0 1— N. Ni. 1—n1)N1e
q12 =R27]2( 1n2) (N2 +1m1 Nie) +mi( 2771) LI
ONy. (N2 +n1N1e — m2Na.)



Note that one has
R1 (N2 + 11 N1 — n2Nae)

1= Rao(N1 —mNie + 772N2c)q12

and thus
Jdg21  Ra(Na2 +miNie — m2Nac) Oqiz Rin2(N1 + No)

ONa. Ra(N1 — 1 N1 + m2Nae) ONae  Ra(Ni — 11 N1 + 12N )? 2
Then, one gets the inequality

N Ni. — 1n9No,
02>(1aaR1( 2+ MmNy M2 2)) O0q12

R2(N1 —mNic +n2Nac) ) ONae
On another hand, one gets from P(«) = 0 the inequality
(1 — a)q12 — Qo1 = Oé(l — OZ)(RQ — Rl) >0

and with (14)

Ry (Ng + 11 Nye — 179 Noe
(1_a)Q12—OéQQ1=(1—a 1Nz + MMy = 12 2))6112>0

a Ro(N1 — 11 Nie + n2Nae)

We then conclude that o9 is positive, and from (10) we deduce that the map No. — Rq 2 is decreasing.
This proves the point i.

We study now the dependency with respect to Ni.. A straightforward calculation gives

9q12 ~ Romy (I —m)(No —n2Nae) —m2(1 ; 12) Noc (15)
ONic (N — n2Nae + 11 N1e)
and 9 (1= 1) (N1 + 12Nao) + ma(1 = ma):
q21 — M 1+ n2N2e) +n2(l —n2)Noe
=R >0 16
ONic 1 (N1 — mN1e + 1n2Nae)? (16)

When qulf < 0, we can conclude that oy is negative and R is thus increasing with respect to Ni..
This condition is equivalent to (9). This proves the point ii. When this last condition is not satisfied,
having glqvlf < 881({7211 with a > % is another sufficient condition to obtain oy < 0 from expression (13).

However, having a > % amounts to have P(3) > 0, that is

Ra—Ri Ro—Ri+qi2+aqa

— + >0
1 B) q12

or equivalently

Ra < R

5 N2 5 I

One can straightforwardly check that this last condition is equivalent to A < 0 and that the condition
gl'f[—ll"’c < gl'ff—gllc is equivalent to B < 0. In the same manner, having A > 0 and B > 0 implies o < % and
gl‘{;l"‘ > g;{f; , which is a sufficient condition to have oy > 0, and thus R 2 increasing with respect to Ni..
This proves the point iii. O

This result suggests that the map Ny, — 7@1,2(]\716, Ns.) is not necessarily monotonic, differently to
the map Na. — R1 2(Nie, Na¢). We show now that the possibilities of its variations are limited.

Proposition 3. Under hypotheses of Proposition 2, for each Na. € (0, N2) the map Ny, — 7@1,2(N10, No.)
possesses one of the three properties

a. it is decreasing on (0, Ny),
b. it is increasing on (0, Ny),

c. there exists Ny, € (0, N1) such that it is decreasing on (0, N7.) and increasing on (N7, N1).



Proof. Fix Na. € (0, Ny). If the map Ny, — 7%1,2(]\71& Na.) is not monotonic, there exists Ny, € (0, N1)

such that 6R1 2(N167N26) = 0. For simplicity, we shall drop the notation ™ in the rest of the proof.
Following the proof of Proposition 2, one has R1 2 = aR1 + (1 — )R with

9q12 0q21
da (1 -a)gnt — agne _o

3N1c - Ro—Ri+qi2 + g1 — 2a(Ra — Rl) v

where v > 0. Therefore, one has a?voi‘ =0and o1 =0 at N1, = Nlc, and thus

2 2
9oy _ )@ 07
Pa _ one _ (1 -a)5p —agnt
ON?2 P o v
le IN1c=Nic Nie=Nie Nio=N1.

From expressions (15) and (16), a straightforward calculation gives

) )
*qi2 _ —2m aﬁzﬁi %qa _ 2m 81%211(
ONZ, Ny —mNie+m2Na.” ONZ No—maNae +n1 Ny
where g]‘{?l > 0 and from oy = 0 one gets 6q12 > 0 for Ny, = Ny,. Finally, one obtains
0?Ri 2 Ao

(N167 NQC) = _(RQ - Rl) (Nlc7N2c) <0

ONZ, ONZ,

Consequently, any extremum of the map Ny, — Rq 2(Nic, Naoc) is a a local minimizer, which implies that
this map has at most one local minimizer. ]

Finally, we give conditions for which the minimization of the threshold R » presents a trichotomy.

Proposition 4. Let parameters B;, v be such that Ry > R1 and assume that N1, Ny satisfy Ny Ro >
NoRq. Then, provided that 7y is small enough compared to \; and u;, the function (Nie, Nac) +—
Ri1,2(Nic, Noo) admits an unique minimum at (N7,,N3,) with N3, = Na. Moreover, one has the fol-
lowing properties.

1. Nj.=04fn>1—mn,
2. Nf. = Ny if n1 and n2 are sufficiently small,
3. there exists n1, n2 for which N7, € (0, Ny).
Proof. We first show that the announced properties are satisfied for the approximate function 7@172.

From Propositions 2 and 3, we know that 7@1,2 admits an unique minimum at (Nlc, ]\720) with Ny, =
Ns. For No. = N, the condition (9) simply writes 2 > 1 —1; which implies from point ii. of Proposition
2~that one has Nlc = 0 when this condition is fulfilled. This shows that point 1 is verified for the function
Rie.

One obtains the limits

Ro Rq Ra Rq
lim A=22_" S0 lim B=2_ o
7]17717£II—>O 2 2 7]17:11211—“) N2 N1

which show that numbers A and B are positive when 71, 1o are small, and thqs one has Nlc = N; from
point iii of Proposition 2. This shows that point 2 is verified for the function R 2.

Take now any Ni. € (0, N1). When 72 > 1 — 7, one has 6—(]\/16,]\]2) > 0, and for 71, 72 small,
OR1,2
ON1e
72, one deduce that the existence of values 7, 7, for which 2Ru12 N> (N1ie, N2) = 0. As the function 7~21,2
cannot have more than a local extremum (see Proposition 3), We deduce that i, realizes the minimum
of the function Ny, +— 7@1}2 (N1, N2) when 11 = 7)1 and 73 = 2. This shows that point 3 is verified for

the function 7@172.

(N1e, No) < 0 is verified. Then, by continuity of the functlon R1 .2 with respect to parameters 7y,

Finally, note that the exact threshold R, > amounts to replace in the expression of G2, ¢21 the numbers
n: by % /-\5-:17 , which is continuous with respect to v and equal to n; for v = 0. By continuity of R o
with respect to Gi2, ¢21 , we deduce that uniqueness of the minimizer of R; o and properties 1. to 3. are

also fulfilled by the function (N1, Nac) — R 2, provided that «y is small enough. O]
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5 Numerical illustration

We consider two territories of same population size N = Ny = Ny with different transmission rates such
that one has R1 < 1 < Rz (values are given in Table 1). Typically, some precautionary measures (such
as social distance) are taken in the first territory so that the disease cannot spread in this territory if
it is closed, while the epidemic can spread in the second territory in absence of communication with
territory 1. We aim at studying how the epidemic can die out when commuting occur between territories,
depending on the proportions of resident in each population, denoted

(in other words, how to obtain R4 2 < 1 playing with py, p2). Note that when Ny = Na, the threshold
R1,2 depends on the proportions pi, p2 independently of N.

[y [ B ] B [Ri[Re]
[03]024]033]09][11]

Table 1: Characteristics numbers of the epidemic

Conditions of Proposition 4 are satisfied provided that commuting parameters A;, y; are large enough.
We have considered three sets of these parameters, given in Table 2, that correspond to the three possible
situations depicted in Proposition 4.

Lcase [Ai [ o [do [ [ om0 [ mp ]
A 10 10 10 1 0.5 0.9090909
B 10 | 100 | 10 | 100 || 0.009901 0.009901
C 10 10 10 | 70 0.5 0.125

Table 2: Three sets of commuting parameters

The approximate expression 7@1,2 turns out to be a very good approximation of the exact value Rq o,
even in case A for which + is not so small compared to ps (see Table 3).

’ case H A \ B \ C ‘

max [Ri2 — Rigo| || 1.91073 | 1.410~* | 610~
P1,p2

Table 3: Quality of the approximation 7@1’2

Figures 1, 2, 3 show families of curves p; — Ry o for different values of py € [0,1]. One can observe
that theses curves possess the properties given by Propositions 2 and 3:

- they are either decreasing, increasing or decreasing down to a minimum and then increasing,
- they are ordered and the lower one is obtained for po = 0 (i.e. No. = Na).

This last feature is suite intuitive: the more there are commuters from territory 2 (that spend time
in territory 1 where the conditions of transmission disease is lower), the less the epidemic spreads. A
way to reduce the value of Rq 2 is thus to encourage commuting towards territory 1 (whatever are the
commuting rates). However, the role of the resident population in territory 1 is far less intuitive because
it does depends on the commuting rates.

1. In case A, commuters from territory 2 return more rarely to home than commuters from territory
1 do. The condition of point 1. of Proposition 4 is fulfilled. Then, the threshold R; 2 can be made
small (and below 1) when the proportion of resident in territory 1 is high i.e. when the inhabitants
of territory 1 are encouraged not to commute.

2. In case B, both commuters return rapidly to their home. This means that the numbers of commuters
from one territory present in the other one at a given time is low. Then the condition of point 2
of Proposition 4 is fulfilled. Here, it is better to encourage inhabitants of territory 1 to commute

11



to the other territory where the disease spreads yet more easily... which is counter-intuitive at first
sight. Indeed, commuters do not send much time in the other territory, and have thus heuristically
less time to meet and transmit the disease...

3. In case C, commuters from territory 2 return more rapidly to home than commuters from territory
1 do, on the opposite of case A. Conditions of points 1 and 2 of Proposition 4 are not fulfilled here
and we are in an intermediate situation for which point 3 of Proposition 4 occurs. It is theoretically
possible to have R 2 < 1 on the condition that the proportion of commuters of territory 1 is well
balanced.

Finally, this example shows that playing only with the return rates pi, po provides the three possible
scenarios, but other changes could also exhibit them.

R1=0.9 R2=1.1lambdal=10 mul=10 lambda2=10 mu2=1
11
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0.98

0.96

0.94

0.92

W t+—¥F¥" " 17—

o
o
=
o
N}
o
w
o
IS
=3
o
o
o
o
N
o
o
o
©
=

Figure 1: R4 2 as a function of p; in case A (each curve corresponds to a value of p, € [0, 1])

R1=0.9 R2=1.1lambdal=10 mul=100 lambda2=10 mu2=100
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Figure 2: R4 2 as a function of p; in case B (each curve corresponds to a value of py € [0,1])
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R1=0.9 R2=1.1lambdal=10 mul=10 lambda2=10 mu2=70
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Figure 3: R1 2 as a function of p; in case C (each curve corresponds to a value of ps € [0, 1])

6 Conclusion

In this work, we have been able to provide an explicit expression of the reproduction number, although
the model is in dimension 18. This expression has allowed us to study its minimization with respect to
the proportions of permanently resident populations in each patch. We discovered a trichotomy of cases,
with some counter intuitive situations. In each case, it is always beneficial to have commuters traveling
to a safer city where the transmission rate is lower. However, for the safer city, three situations occurs:
either it is better to avoid commuting to the other city, or on the opposite encouraging commuting to the
more risky city reduces the reproduction number, and in a third case there exists an optimal intermediate
proportion of commuters of the safer city which minimizes the epidemic threshold. In some sense, the
permanently resident populations, which have been ignored in former modeling, can play an hidden role
in an epidemic outbreak. This is illustrated on an example for which only right proportions of commuters
(or permanently resident) avoid the outbreak. This suggests that counter-intuitive situations may also
occur when considering networks with more than two nodes. The extension of the present results to more
general networks is an open problem, that might be the matter of a future work.
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