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• Adding nitrogen fixing plants in grazing land increase the optimal value of manure transfer
• When grazing rate is high, recycling part of the manure on the grazing land is necessary to maximize the flux of

exported manure
• The maximal flux of exported manure is reached when all the produced manure is transferred and the grazing rate

adapted accordingly
• To maximize the flux of exported manure, the process of biological nitrogen fixation must be kept active
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ABSTRACT
Soil fertility in mixed farming systems relies on the manure produced by livestock and its recycling
in the entire system. In the particular case of crop-livestock system with grazing area, the proper
functioning of the system also depends on the presence of nitrogen-fixing plants in the area where
livestock grazes (the grazing land). In this paper, we study the impact of biological nitrogen fixation
(BNF) and livestock management on the flux of manure exported outside the grazing land. We address
this issue using a modeling approach. We consider a plant-soil model composed of a set of nonlinear
ordinary differential equations that represents the grazing land. We assume that the manure produced
by the grazing livestock can be partially exported as a fertilizer outside of this area. Through the
mathematical analysis of the model, and analytical and numerical optimization, we then determine
the optimal livestock management in terms of grazing rate and manure recycling percentage that lead
to the maximal flux of exported manure. We focus more precisely on the role of nitrogen-fixing
plants and their impact on the optimal livestock management. When grazing rate is high and the
capacity of plants to fix nitrogen is important, we showed that it is necessary to recycle some of the
manure produced by the livestock in the grazing land to maximize the flux of exported manure. On
the contrary, if we can optimize both the grazing rate and the manure recycling percentage, then it
is better to transfer all the produced manure and to adapt the grazing rate accordingly to minimize
nitrogen losses from the soil. Finally, to maximize the flux of exported manure, it is also necessary
to bring the system to a state in which the plants fix nitrogen. In this way, we can benefit from the
nitrogen fixation which provides an additional input of nitrogen in the system.

1. Introduction
In a world facing an increasing food demand, the opti-

mization of crop production is essential. The objective is
to increase the food crop production while preserving re-
sources and protecting the environment, which involves re-
ducing the use of chemical fertilizers, optimizing their use
and finding sustainable alternatives [66]. In particular, the
development of sustainable agriculture requires closing (as
much as possible) the nutrient cycles [32]. Nutrients have to
be conserved or recycled in the system to reduce the use of
synthetic fertilizers and ensure a long-term agricultural pro-
duction [58]. A way to close nutrient cycles is to link crop
and livestock production [68, 2, 18] which can be done at
the scale of a plot, of a farm, or of a territory [3, 60, 31]. In-
deed, while the fodder needed for the livestock is provided
by the crops, the fertilizer needed for the crops can come
from the livestock manure.

In some parts of the world, the evolution of agriculture
tends to the specialization of agriculture and the separa-
tion of crop and livestock production. Nutrient cycles have
thus been disrupted, with the additional consequences of
increased use of synthetic fertilizers and greater pollution
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of water bodies and soils due to poor management of live-
stock effluents [25].Yet, if distributed properly, animal ma-
nure can be used to fertilize both forage and food crops. The
objective is to combine the “economic benefits of special-
ization at farm level and environmental benefits of integrat-
ing cropping and livestock systems at regional level” [7].
Several papers propose strategies to manage such systems,
that are called “Integrated crop-livestock systems” [34], tak-
ing into account several constraints such as the travel cost
for instance [46, 28].

However, farming systems that combine crop and live-
stock production on the same farm are still present in many
parts of the world [24]. In these systems, called “mixed
farming systems”, soil fertility supporting crop production
mainly relies on the manure produced by livestock [51] and
its recycling in the entire system. Mixed farming systems
have several agronomic, economic and environmental ad-
vantages [33, 7, 60]. They improve the soil quality [60],
reduce the use of external inputs (chemical fertilizers, bio-
cides, etc.), increase the nutrient use efficiency [33] and fa-
cilitate the management of weeds [36]. Moreover, when
managed appropriately, mixed farming system can also lead
to higher yields [7], which explains the interest of the scien-
tific community in such systems. The proper functioning of
mixed farming systems depends on the nutrient transfer by
livestock, but also on the presence of nitrogen-fixing plants
in area where it graze, which provide the bulk of the ni-
trogen supply when other inputs of nitrogen (atmospheric
deposition, rock weathering) are low (e.g [12, 49]).

To maximize crop production in mixed farming sys-
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tems, it is essential to optimize the management of livestock
[58], and thus the amount and deposition strategy of ma-
nure, both in time and space. In a previous paper [6], we
considered a meta-ecosystem model composed of two sub-
systems to represent a crop-livestock system with a grazing
area: one subsystem for the grazing land and another for the
cropland, with the livestock represented as a simple nutri-
ent flux. In this model, the plants grazed by the livestock are
partly recycled within the grazing land, the other part being
exported to the cropland. The objective of the paper was to
determine the optimal livestock management (in terms of
grazing rate and manure recycling percentage on the graz-
ing land) that leads to the maximal plant production. We
first showed that to maximize the crop production, we have
to maximize the flux of nutrients exported by the livestock
from grazing land to cropland. We then found that maxi-
mizing the flux of exported nutrients requires exporting all
nutrients ingested by livestock, regardless of the value of
the grazing rate. In other words, recycling some of the ma-
nure in the grazing land does not result in increased crop
production.

However, in that paper, the plants considered in the graz-
ing land were not capable of fixing atmospheric nitrogen.
Yet nitrogen-fixing plants are naturally present in grazing
land, especially in nitrogen-poor soils. It represents an im-
portant part of the external nitrogen inputs [51], and should
therefore not be neglected. In the present paper, nitrogen
fixing plants have been added in the grazing land subsys-
tem of the model. Based on the results of our previous pa-
per [6], the objective is to assess how nitrogen fixation can
increase the flux of nutrients exported by the livestock in
order to maximize the crop production at the scale of the
meta-ecosystem. We will see how the optimal livestock
management is modified compared to the results obtained
in the case without nitrogen-fixing plants.

The paper is organized as follows. In section 2, the
equations of the model are given. Specific paragraphs ded-
icated to the choice of the nitrogen fixation function and to
the parameters related to the livestock management are also
included. Then, the optimization problem under consider-
ation is introduced in section 3 with a paragraph dedicated
to the model assumptions. In section 4, the dynamics of the
model is studied (existence and stability of the equilibrium
points) and the impact of the fixation function on the system
dynamics is assessed. The optimisation problem is then ad-
dressed in section 5. Finally, section 6 is dedicated to the
discussion.

2. Model
On a farm scale, we consider a grazing area (the grazing

land) on which some nitrogen-fixing plants grow, and on
which livestock graze. One part of the manure produced
by the livestock is recycled on the grazing land, the other
part is exported outside (see Figure 1). The objective is to
determine the optimal livestock management (in terms of
grazing rate and manure recycling percentage) that leads
to the maximal flux of exported manure (denoted T in the

Figure 1: Model of the nitrogen cycle in a grazing land. Rep-
resentation of all stocks and �uxes presents in the model. See
Table 1 for the parameters description and units.

sequel), based on a modelling approach (see section 3).
2.1. Model equations

Themodel we consider for the grazing land is composed
of a set of nonlinear ordinary differential equations. It is
the one that was introduced in [6] to which we added a fix-
ation flux (see Figure 1). It is composed of two compart-
ments: the plant compartment P and the nitrogen compart-
ment N . Three types of fluxes are taken into account in
the model: plant related fluxes, abiotic fluxes and livestock
related fluxes.

Plants assimilate nitrogen from the nitrogen compart-
mentN at a growth rate g(P ,N) and from the atmosphere
by fixation at a rate '(N). The mortality of plants recycles
nitrogen back to the N compartment at a rate m. Nitrogen
enters the grazing land through dry deposition of mineral
nitrogen (input flux i). Losses of nitrogen are mainly due
to erosion, leaching, volatilization and denitrification (loss
rate e).

Livestock is represented implicitly in themodel, through
the parameters ℎ and � (see paragraph 2.3). The parame-
ter ℎ represents the uptake rate, that is the rate at which the
plants are uptaken to feed the livestock. The flux of nitro-
gen ingested by the livestock and that will be transformed
into manure is thus given by ℎP . This flux is separated in
two parts in the model: one percentage � is recycled in the
grazing land, the other part (percentage (1−�)) is exported
with the livestock when it leaves the grazing land.

The equations of the grazing land are finally given by:

()

{ dN
dt = −g(N,P )P − eN + i + mP + �ℎP
dP
dt = g(N,P )P + '(N)P − mP − ℎP

(1)

The growth function g is a modified logistic function
with a maximal growth rate rN that depends on the avail-
able nitrogen, and a carrying capacity K:

g(N,P ) = rN
(

1 − P
K

)

(2)
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name unit description
P [M] [L]−2 Stock of nitrogen in the plant compartment
N [M] [L]−2 Stock of nitrogen in the inorganic nitrogen

compartment
P ∗,
N∗

[M] [L]−2 values of P and N at equilibrium

g(N,P ) [M] [L]−2 [T]−1 growth function of plants
'(N) [M] [L]−2 [T]−1 function of nitrogen �xation by plants
r [L]2 [M]−1

[T]−1
nitrogen uptake rate of plants

K [M] [L]−2 carrying capacity of plants
f [M] [L]−2 [T]−1 �xation level, i.e maximal �xation rate
Nb [M] [L]−2 �xation threshold, i.e value of nitrogen stock

below which the plants �x nitrogen
� [L]2 [M]−1 parameter of the sigmoid �xation function
m [T]−1 mortality rate of plants
e [T]−1 losses rate (ex: leaching) of inorganic nitro-

gen
i [M] [L]−2 [T]−1 input �ux of inorganic nitrogen
s [L]2 surface of the sub-system
ℎ [T]−1 grazing rate in grazing land
� unitless fraction of uptake by livestock recycled into

grazing land
1−� unitless fraction of manure exported outside grazing

land
T [M] [L]−2 [T]−1 �ux of produced manure that is exported out-

side grazing land: T = (1− �)ℎP (see eq. (3))

Table 1

Nomenclature of model parameters, variables and functions
with the associated units. [M], [L] and [T] stand for the units
of Mass, Length and Time respectively. In the paper, the
mass M values are expressed in kilograms of nitrogen kgN,
the surface (i.e the square of the length [L]2) in ha and the
time [T] in days.

The expression of the nitrogen fixation function ' is dis-
cussed in section 2.2.

The flux of manure exported outside the grazing land at
equilibrium is finally given by:

T = (1 − �)ℎP ∗ (kgN.ha−1.d−1) (3)
where P ∗ is the quantity of nitrogen in the plant compart-
ment (of the grazing land) at equilibrium.

All stocks and fluxes are expressed in kgN.ha−1 and
in kgN.ha−1.d−1 respectively. It implies that some of the
model parameters include conversion coefficients. The units
and significance of all the model parameters are summa-
rized in Table 1. The ranges of model parameter values
found in literature are given in appendix C, in Table 6.
2.2. Nitrogen fixation functions

Nitrogen fixation has an energetic cost that plants have
to support [48]. This can explain why most nitrogen-fixing
plants use this capacity only when they really need it, that
is when there is not enough nitrogen in the soil. In model
(1), the nitrogen fixation term '(N)P should therefore be
decreasing with respect to N as it is generally done in the
literature [35]. In the present paper, we consider the two
following fixation functions and study the model (1) for the
different cases:

• Constant nitrogen fixation function
'(N) = f, ∀N > 0. (4)

We denote (c) the model (1) when '(N) is given
by (4). The case f = 0 has already been studied

in [6]: the associated system is denoted (0) in the
sequel.
This first fixation function is not decreasing with N ,
but the study of (c) is a preliminary step that is then
used for the study of the system with the decreasing
and discontinuous nitrogen fixation (5).

• Discontinuous nitrogen fixation function

'(N) =
{

f if 0 ⩽ N < Nb
0 ifNb ⩽ N (5)

In the sequel, we denote (d) the system (1) associ-
ated with the discontinuous fixation function (5).
With such a function, the plant fix only if the quantity
of nitrogenN in the soil is smaller than the threshold
Nb. Beyond this threshold, fixation does not occur.
This function has also the advantage to be the limit
case of a smoother sigmoid fixation function of the
form '(N) = f

1+e�(N−Nb)
, ∀N > 0. Indeed, when �

goes to +∞, the sigmoid function goes to the discon-
tinuous function (5). So, if � is large enough, we can
expect to get similar results with the discontinuous
function (5) and the sigmoid function.

2.3. Livestock management parameters
The impact of livestock on the grazing land is repre-

sented in the model through the parameters ℎ and �.
∙ The parameter ℎ is the grazing rate, that is the rate
at which the plants are uptaken to feed the livestock.
In the case of grazing livestock, it takes into account
the size of the herd (livestock biomass per surface
unit), the type of livestock (and therefore their ca-
pacity to ingest nitrogen) and the time spent on the
grazing land. For example, a same value of ℎmay ei-
ther represent a big herd of livestock that do not stay
all year along in the grazing land or a small herd of
livestock that stay all year along in the grazing land.

∙ The parameter � represents the percentage of the flux
of produced manure that is recycled in the grazing
land. The percentage (1 − �) corresponds to the part
that is exported. The parameter � depends on the
daily time spent by the livestock (day/night) on the
grazing land, and on the metabolism of the livestock.

Note that when � equals to 0, it necessarily means that
the livestock do not graze on the grazing land. The model
considered in this paper must then be interpreted differently.
It no longer represents a grazing land, but rather fields of
forage crops, part of plant biomass production of which is
used to feed livestock, which are kept in separate areas from
the fields. In that case, the parameter ℎ does not repre-
sent the grazing rate anymore but the uptake rate of plant
biomass in the forage crop fields. This brings us to the case
of Integrated Crop Livestock System (ICLS) mentioned in
the introduction, for which one challenge is to find effective
strategies for transferring manure from livestock farms to
crop fields [46, 28].
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3. Optimization problem
3.1. Statement of the problem

The objective of the study is to assess the impact of bi-
ological nitrogen fixation and livestock management on the
flux of manure exported outside the grazing land. More
precisely, we want to maximize the flux of manure T that is
exported outside the grazing land (and that is given by (3))
through an optimal management of the livestock and eval-
uate the impact of the biological nitrogen fixation on the
optimal livestock management. In the model, the livestock
is represented by the parameters ℎ (the grazing rate) and �
(the manure recycling percentage) described in paragraph
2.3.

In the case where there is no fixation in the grazing land,
we showed in [6] that the maximal value of T is reached for
� = 0 and for a value ℎopt of ℎ between 0 and ℎmax = ri

e −m
(provided that rie − m > 0). The optimal value � = 0 that
is obtained in [6] can be explained by the fact that, in ab-
sence of fixation ('(N) = 0), T = i − eN∗ where N∗

is the quantity of nitrogen in the nitrogen compartment of
the grazing land at equilibrium. T is indeed equal to the
difference between nitrogen inputs and outputs in the sys-
tem. Maximizing T is therefore equivalent to minimizing
N∗. That is why it is preferable not to recycle manure in
the nitrogen compartment of grazing land (� = 0).

We can nowwonder if the same conclusionwill be drawn
in the presence of nitrogen-fixing plants in grazing land,
because in that case, there is an additional nitrogen input
'(N∗)P ∗ that appears in the expression of T . In the se-
quel, we study the impact of fixation on the maximal value
Tmax of T , and on the values �opt and ℎopt of � and ℎ for
which this maximum is reached.
3.2. Assumptions

In the sequel, we only consider the cases where:
i
e
> m
r
. (6)

This is the condition for the existence of an optimal value
ℎopt of ℎ that maximizes the transfer T with � = 0 [6] in
the case without fixation (model (0)). If this condition isnot satisfied, T (and P ∗) is equal to 0 whatever the value of
ℎ. This condition means that the soil has to be sufficiently
rich and/or well structured (i high and/or e low) or that the
plants have to be sufficiently efficient (m low and/or r high).

For the models with nitrogen-fixing plants (c) and(d), we also assume that:
f < m. (7)

This inequality means that the fixation alone can not ensure
the growth of the plants (i.e. if g = 0, then dN

dt < 0).

4. Model analysis
In this section, we study the system (c) with constantfixation function (4) and the system (d) with discontin-

uous fixation function (5). Only the results are given here.
The proofs can be found in Appendix A.
4.1. Equilibrium points and stability

Let’s start by determining the equilibrium points of both
systems and their stability.
4.1.1. Model with constant fixation function

We consider here the system (c) with the constant
fixation function defined by (4). By definition, the equilib-
rium points (N∗, P ∗) of system (c) are the solutions of
the equations:
⎧

⎪

⎨

⎪

⎩

−rPN
(

1 − P
K

)

− eN + i + mP + �ℎP = 0

P
(

rN
(

1 − P
K

)

+ f − m − ℎ
)

= 0
(8)

The trivial equilibrium point E0 corresponds to the case
where there is no plant in the system (P = 0). E0 existswhatever the parameter values and is given by:

E0 =
(

N0 =
i
e
, P0 = 0

)

; (9)

it is locally stable if and only if i
e <

m+ℎ−f
r (see Appendix

A).
Let us now consider the case where P ≠ 0. In that case,

if f + (� − 1)ℎ ≠ 0, and after simple computations, the
system (8) can be rewritten:

{

P = K f+rN−m−ℎ
rN =∶ F1(N)

P = eN−i
f+(�−1)ℎ =∶ F2(N)

(10)

Finding the solution of the system of equations (8) amounts
to find the intersection points of the curves of F1 and F2which can be done graphically (see Figure 2). We only look
for the points with biological significance, that is those lo-
cated in the positive quadrant (i.e. the space with positive
values of both P andN variables). We thus get the follow-
ing cases:

• if i
e > m+ℎ−f

r , then there exists one and only one
positive intersection point Ef1 .

• if i
e <

m+ℎ−f
r , we have to consider different cases.

Let denote s = e
f+(�−1)ℎ the slope of F2 (which is lin-

ear with respect toN), and s̄ the slope of the straight
line that is tangent to the curve of F1 and that goes
through the point

(

i
e , 0

)

.
– If s < 0 or 0 < s̄ < s, then there does not exist

any intersection point;
– If 0 < s = s̄, then there exists one and only one

positive intersection point Ef1 ;
– If 0 < s < s̄, then there exists two positive

intersection points Ef1 and Ef2 .
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Figure 2: Graphical determination of the positive equilibrium
points. Top:case where i

e
> m+ℎ−f

r
- Bottom: case where

i
e
< m+ℎ−f

r

We can show (see Appendix A) that when they exist, Ef1 is
always stable, whereas Ef2 is always unstable.

Finally, there are three cases (see Figure 3):
• case where i

e >
m+ℎ−f

r (top of Figure 3): only Ef1 is
stable ;

• case where i
e <

m+ℎ−f
r and 0 < s ⩽ s̄ (bottom of

Figure 3, red and yellow lines): bistability between
E0 and Ef1 ;

• case where i
e <

m+ℎ−f
r and s > s̄ or s < 0 (bottom

of Figure 3, blue line): only E0 is stable.

4.1.2. Model with discontinuous fixation function
To analyze and understand the dynamics of (d), weuse the results obtained with the constant fixation function

(presented in section 4.1.1). Indeed, the phase plane  ∶=

{(N,P ) ∈ [0,∞) × [0, K)} can be divided in two parts that
are separated by the vertical straight lineN = Nb:

• the left part that corresponds to the values of (N,P )
such that 0 < N < Nb and P > 0, is denoted f .
On f , the dynamics of (d) is the one of (c

)

(model (1) with a constant fixation function '(N) =
f );

• the right part that corresponds to the values of (N,P )
such thatNb < N and P > 0, is denoted0. On0,the dynamics of (d) is the one of

(

0
) (model (1)

without fixation, that is with '(N) = 0).
The different possible configurations then depend on the

position of the stable equilibrium points of (c) and (0)in . The stable equilibrium points of (c) (respectivelyof0) remains stable for the system (d) if they are inside
f (respectively0). Some examples of phase portraits of
system (d) are given in Figure 4. The phase portraits
given in Figure 4a correspond to the cases where m+ℎ−f

r <
m+ℎ
r < i

e and f + (� − 1)ℎ < 0 (i.e. the function F2 is adecreasing straight line). In these cases, both systems (0)and (c) have a unique positive stable equilibrium point
E1 = (N1, P1) and Ef1 = (Nf

1 , P
f
1 ), which are such that

Nf
1 < N1. The phase portrait thus depends on the value

of Nb. If Nb < Nf
1 , only E1 is stable for (d) (left of

Figure 4a). If Nf
1 < Nb < N1, there is bistability between

E1 and Ef1 (middle of Figure 4a). If N1 < Nb, only Ef1is stable for (d) (right of Figure 4a). Some interesting
configurations appear when the stable equilibrium points
of (c) are located in 0 and those of (0) in f . In
such cases, the solutions converge to a point located on the
frontier between f and 0, that is on the vertical straight
line N = Nb. In the sequel, we denote ENb

this point. An
example of such a configuration is shown on Figure 4b.
4.2. Impact of fixation on the system dynamics

The nitrogen fixation functions (4) and (5) are character-
ized by two parameters: the fixation level f (for both func-
tions), and the fixation threshold Nb (only for the discon-
tinuous fixation function (5)). In this section, we analyze
how the dynamics of systems (c) and (d) evolves withrespect to the values of f , and of f andNb respectively.
4.2.1. Impact of a constant fixation function

A simple analysis of the existence and stability condi-
tions of the equilibrium points of (c) (not presented here)leads to the three cases given in Table 2. We have:

• Case A where the grazing rate ℎ is low: in that case,
plants survive, whatever the value of the fixation rate
f . It is necessary however that mr < i

e for this case
to exist, which is exactly the assumption we made in
(6).

• Case B where the grazing rate ℎ has an intermedi-
ate value: in that case, if f is too low, plants do not
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E1
f

f

f E1
f

f

f

E0

f

f

E0

Figure 3: Phase portrait of system (c). Left:
i
e
> m+ℎ−f

r
, Ef

1 is stable. Middle: i
e
< m+ℎ−f

r
and 0 < s ⩽ s̄, bi-stability between E0 and Ef

1 . Right: i
e
< m+ℎ−f

r
and s > s̄ or s < 0, E0

stable.

(a)

f

Nb

f

(b)
Figure 4: Examples of phase portraits of system (d). (a) Cases where

m+ℎ−f
r

< m+ℎ
r
< i

e
.

(b) Con�guration where some solutions converge towards a point located on the frontier
between f and 0.

manage to survive; if f is high enough, plants settle
whatever the conditions.

• Case C where the grazing rate ℎ is high: in that case,
if the fixation f is too low, plants can not settle; if
f is too high, plants settle whatever the conditions;
and if f takes an intermediate value, neither too low,
nor too high, there is bi-stability, and plants manage
to settle only if the initial conditions are favorable.

4.2.2. Impact of a discontinuous fixation function
To study the evolution of the equilibrium points of (d)with respect to f andNb, we consider the same three cases

(case A, B and C of Table 2) as for system (c), and make
the value of Nb vary. We consider for that a numerical

example, with the following model parameters: r = 3.0,
m = 6.3, e = 1, K = 7, i = 3.5. The numerical study
was performed with Matlab [39]. We obtain the results pre-
sented on Figure 5:

• Case A is the only case where the system without
fixation (0) admits a stable positive equilibrium
point. It is also the only case where the plants settle
whatever the values of f and Nb are. If the fixationthreshold Nb is low, the system reaches an equilib-
rium state at which the nitrogen fixation is not active.
On the contrary, if the fixation threshold Nb is high,the plants are fixing nitrogen at equilibrium. Depend-
ing on the level of fixation f , we can obtain some
configurations of bistability between E1 and Ef1 , or

Case A B C
ℎ ℎ ⩽ ri

e
− m ri

e
− m < ℎ ⩽ 1

�

(

ri
e
− m + i

K

)

1
�

(

ri
e
− m + i

K

)

< ℎ
f m + ℎ − ri

e
⩽ 0 < f f ⩽ m + ℎ − ri

e
m + ℎ − ri

e
< f f ⩽ f ◦ f ◦ < f ⩽ m + ℎ − ri

e
m + ℎ − ri

e
< f

Ef
1 stable E0 stable Ef

1 stable E0 stable bi-stability Ef
1 stable

Table 2

Evolution of the equilibrium points of (c) with respect to the value of f . f ◦ is the value
of f for which s = s̄.

C. Casenave et al.: Preprint submitted to Elsevier Page 6 of 20



Impact of biological nitrogen �xation and livestock management on the manure transfer from grazing land

E0 ENb Ef
1 E1

E0
and
ENb

E0
and
Ef

1

E1
and
Ef

1

Nb = N1
ENb

Ef
1

and

E1

Ef
1E1

Nb = N f
1

3.1 3.15 3.2 3.25 3.3 3.35 3.4 3.45 3.5

0.2

0.4

0.6

0.8

1
·10−3

Nb

f

(a) Case A. ℎ = 0.003 < ri
e
− m

f = m+ h− ri
e

Nb = N f
1

Nb =
i
e

Ef
1

and
E0

ENb

Ef
1E0

3.25 3.3 3.35 3.4 3.45 3.5
0.4

0.6

0.8

1

1.2

1.4

1.6
·10−3

Nb

f

(b) Case B. ri
e
−m<ℎ=0.004< 1

�

(
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e
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K

)
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1
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i
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Figure 5: Evolution of the equilibrium points of (d) with respect to f and Nb for the
three di�erent cases de�ned in Table 2 and characterized by the value taken by ℎ. The
model parameters have the following values: r = 0.004, m = 0.01, e = 0.006, K = 80, i =
0.02, � = 0.7.

of stabilisation at an intermediate point ENb
located

between E1 and Ef1 .
• In cases B and C , in order for plants to settle, they

must necessarily fix nitrogen at equilibrium. More-
over, both the fixation threshold Nb and the fixation
level f have to be sufficiently high for that. Interme-
diate values of f can lead (depending on the value
ofNb) to bi-stability between E0 and a non negative
equilibrium point; in that cases, the initial conditions
determine if the plants manage to settle or not.

5. Optimization of the flux of exported
manure
In this section, we study the optimization problem in-

troduced in section 3.1. We first consider the maximization
of the flux of exported manure T (quantity defined by equa-
tion (3)) with respect to �, for a given value of ℎ (section
5.1). This first optimization is performed analytically. In a
second time, we look at the optimal values of both param-
eters � and ℎ for which the transfer T is maximal (section
5.2). This second optimization is performed numerically
with Matlab [39].
5.1. Optimization with �

Consider a given value of ℎ > 0. The objective of this
section is to find the optimal value of � for which T is max-
imal. This value is denoted �copt for the model with constant
fixation function (c) and �dopt for the model with discon-
tinuous fixation function (d).
5.1.1. Model with constant fixation function

First note that, by definition (see equation (3)), T is
strictly positive only when there exists a stable equilibrium
point (N∗, P ∗) such that P ∗ > 0 in the grazing land, that

unit description
�0opt − Optimal value of � for which T is maximal for the

model without �xation function (0)
�copt − Optimal value of � for which T is maximal for the

model with constant �xation function (c )
�dopt − Optimal value of � for which T is maximal for the

model with discontinuous �xation function (d )
ℎ0opt d−1 Optimal value of ℎ for which T is maximal for the

model without �xation function (0)
ℎcopt d−1 Optimal value of ℎ for which T is maximal for the

model with constant �xation function (c )
ℎdopt d−1 Optimal value of ℎ for which T is maximal for the

model with discontinuous �xation function (d )

Table 3

Nomenclature of optimization parameters.

is when the equilibrium points Ef1 =
(

Nf
1 , P

f
1

)

as defined
in section 4.1.1 exists. Let denote Ω� the set of the values
of � in [0, 1] for which the system (c) admits such an
equilibrium point.

Consider the cases where Ω� ≠ ∅ and f > 0. We can
show (see Appendix B.1) that the function T ∶ � ∈ Ω� ↦

T (�) = (1 − �)ℎP f1 (�) first increases and then decreases
with �. More precisely we have, ∀� ∈ Ω�:

dT
d�

⎧

⎪

⎨

⎪

⎩

> 0 if P f1 (�) < Pm
= 0 if P f1 (�) = Pm
< 0 if Pm < P f1 (�) < K

(11)

with:

Pm = K −
√

eK
rf
(m + ℎ − f ). (12)

So to maximize the transfer T , there is a compromise to
do between (i) increasing the recycling percentage � to in-
crease the plant production P f1 and therefore the livestock
uptake ℎP f1 , and (ii) decreasing � to increase the part of
livestock uptake that is exported (term 1 − � in the expres-
sion of T ).
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Case (i) (ii) (iii) (iv) (v)

f 0 < f ⩽ i
K

i
K < f

ℎ 0 ⩽ ℎ ⩽ ri
e + f − m

ri
e + f − m < ℎ 0 ⩽ ℎ ⩽ ri

e + f − m
ri
e + f − m < ℎ ⩽ � � < ℎ

Ω� [0, 1] ∅ [0, 1] [�̄, 1] ∅
� 0 ⩽ � ⩽ 1 0 ⩽ � ⩽ 1 0 ⩽ � ⩽ 1 0 ⩽ � < �̄ �̄ ⩽ � ⩽ 1 0 ⩽ � ⩽ 1

Ef1 stable E0 stable Ef1 stable E0 stable bi-stability E0 stable

�m < 1 - �m < 1 ? -

Table 4

Evolution of the equilibrium points of (c) depending of the values of ℎ and � in the case
where m

r
< i

e
. � is the value of ℎ such that s̄ = e

f
. �̄ is the value of � such that s = s̄.

Pm is a threshold value for P f1 (�) under which it is more
interesting to increase the recycling percentage � to maxi-
mize the value of T and above which, on the contrary, it is
better to decrease the value of �. Provided that Pm is pos-
itive and reachable, that is if there exists a value � ∈ Ω�
such that P f1 = Pm, then Pm is the value of P f1 for which
T is maximal. It is reached for the value �m of � given by:

�m = 1 −
2f
ℎ
−
i −Kf
ℎPm

. (13)

Finally, the value �copt of � for which the function T ∶ � ∈
[0, 1] ↦ T (�) = (1 − �)ℎP ∗ is maximal on [0, 1] is given
by:

�copt =

⎧

⎪

⎨

⎪

⎩

min(Ω�) if (Pm<0)
or if (�m<min(Ω�) and Pm>0

)

�m if (�m ∈ Ω� and Pm>0
)

1 if (�m > 1 and Pm>0
)

(14)

where �m given by (13) and Pm by (12). When � = �copt =
�m, then P ∗ = Pm and:

Tmax = T (�m) = (2Pm −K)f + i. (15)
Let us now see how the value of �copt does evolve de-

pending on the values of f and ℎ. As previously performed
in section 4.2.1, a simple analysis of the existence and sta-
bility conditions of the equilibrium points of (c) leads tothe 5 possible configurations presented in Table 4.

Among the five configurations, we note that only the
configurations (i), (iii) and (iv) lead to a positive maximal
value of T . In the other cases, plants never manage to settle
in the grazing land, and as a consequence, T = 0 whatever
the value of � (i.e. Ω� = ∅). In cases (i) and (iii), Ef1 al-
ways exists and is stable for all the values of � ∈ [0, 1]. We
can moreover show that �m < 1 in that cases. So finally,
the optimal value �copt of � is either equal to 0 or to �m de-
pending on the value of ℎ. The case (iv) is more complex
as there is bi-stability between E0 and Ef1 for � > �̄. The
maximal value of transfer T is therefore obtained for the
value �copt ∈ [�̄, 1] of � as defined in (14). However, to be
reached, this maximal value of T moreover necessitates the
initial conditions in the grazing land subsystem to be favor-
able. More precisely, the initial concentration of nitrogen
in the soil of the grazing land has to be sufficiently high to
ensure that the plants are able to settle.

To highlight these results, a numerical example is pre-
sented in Figure 6a. Given the following values of model
parameters:
r = 0.004, m = 0.01, e = 0.006, K = 80, i = 0.02, (16)
the value of T is computed for two values of f , and for the
ranges of values of � and ℎ given here-after:

• f = 2.4 × 10−4 < i
K = 0.02

80 = 2.5 × 10−4, � ∈ [0, 1]
and ℎ ∈ [0, 0.0043]: it corresponds to the cases (i)
and (ii) of Table 4;

• f = 6 × 10−4 > i
K = 0.02

80 = 2.5 × 10−4, � ∈ [0, 1]
and ℎ ∈ [0, 0.008]: it corresponds to the cases (iii),
(iv) and (v) of Table 4.

This numerical study was performed with Matlab [39].
We first note that when the fixation level f is small com-
pared to the other nitrogen input i (i.e. f = 2.4×10−4 < i

K ,
case (i)), the optimal value �copt of � first increases and thendecreases with ℎ. It is even equal to 0 for small and large
values of ℎ. It means that when the fixation is not suffi-
ciently high, if the livestock grazes only a few or on the
contrary a lot, it is preferable to export all the produced ma-
nure outside of the grazing land. For intermediate values
of grazing rate, one part of the produced manure has to be
recycled on grazing land.

For a larger value of f ( f = 6 × 10−4 > i
K , cases (iii)

and (iv)), the optimal value �copt of � is always increasing
with ℎ. It means that if the fixation is high enough, the more
the livestock grazes, the smaller the proportion of produced
manure that is exported should be (in order to optimize T ).
Note also that in the case (iv), the optimal value �copt neverequals to �̄ or 1 as it could be a priori (we indeed do not
manage to prove the contrary).

To explain that, recall that T = i + fP ∗ − eN∗. To
maximize T we thus have to maximize the fixation inputs
(term fP ∗) and minimize the losses (term eN∗). When
the grazing rate ℎ is low, the plant production P ∗ is the
highest (for a given value of �) and so is the fixation term.
In that case, it is therefore not necessary to boost the plant
growth by recycling. We might as well export everything
(�copt = 0) because in addition, the term ℎP ∗ in T can be
low (because ℎ is low). When ℎ increases, P ∗ decreases.
To compensate this decrease and maximize T , it can be in-
teresting to increase the recycling percentage � to support
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the plant growth and take advantage of the fixation, but it
will have some impact on the nutrient losses in the soil that
will also increase: indeed both P ∗ andN∗ increase with �.
When f is large, we see in figure 6a (Right) that each time
we increase a little the value of ℎ, we must jointly increase
a little the value of � to maximize the transfer T . Indeed in
that case, as the fixation is strong, a small increase of � will
increase the fixation term more than the losses term will in-
crease. When the fixation is low this is also true but only
for values of ℎ that are not too large: in that cases the value
of P ∗ is sufficiently high to make it worthwhile to support
the fixation by increasing the recycling. Then there comes
a time when the value of P ∗ becomes too small, and the
increase in fixation is no longer large enough (because f is
too small) compared to the increase in losses. In that case it
is better to decrease the recycling percentage (i.e. the value
of �) as we see on figure 6a (Left).
5.1.2. Model with discontinuous fixation function

Let us now consider the model with discontinuous fixa-
tion function (d). We are interested in the variation of the
optimal value �dopt of � depending on the values of f , ℎ and
Nb. To study that, we consider the 5 configurations iden-
tified for the model with constant fixation function that are
given in Table 4, and we make the value of Nb vary. Thisis done numerically with Matlab [39], on the same numer-
ical example as for the model with constant fixation. The
parameter values of the grazing land are thus the ones given
in (16). Two values of f : f = 2.4×10−4 and f = 6×10−4,
are considered as in section 5.1.1, which enables to cover all
the configurations of Table 4. We then consider several val-
ues for Nb. For f = 2.4 × 10−4, Nb takes its value in the
set {2.8, 2.87, 3.089, 3.218}, and for f = 6 × 10−4, in the
set {2.0, 3.0, 4.75, 7.0}. For each value of f and Nb, theoptimal value �dopt is computed numerically for a range of
value of ℎ. The results are shown in Fig. 6b.
We first note that for small values of Nb, �dopt is equal to 0whatever the value of ℎ: the system (d) indeed behaves
as the model without nitrogen fixation (0). Conversely,if the value ofNb is large, the system (d) behaves as themodel with constant fixation function (c) and �dopt = �copt.
For intermediate values of Nb, �dopt is equal to 0, to �copt orto a value between 0 and �copt depending on the value of ℎ.
Whatever the value of ℎ, �dopt is always smaller or equal to
�copt.In fact, we can mention two additional interesting re-
sults that are not shown on figure 6b but that are presented
in appendix B.2. First, for a given value of ℎ, if there exists
some values of � for which the plants are fixing at equilib-
rium, then the optimal value �dopt of � corresponds to such
a case (even when there is bi-stability). In other words, to
maximize the production of manure, plants have to fix at
equilibrium. Secondly, when the value �copt of � leads to a
stable equilibrium point for the model with discontinuous
function (d) (that is when the stable positive equilibrium
point of (c) is located inside f ), then �dopt = �fopt. It
means that, if the optimal equilibrium point of the model

with constant fixation function (c) is also an equilibriumpoint for the model with discontinuous fixation function
(d), then it is the optimal configuration for (d) too, interms of maximisation of T . Some details about these last
two results are given in appendix B.2, where a more de-
tailed (but technical) analysis of the optimisation of T with
respect to � in the case of the model with discontinuous fix-
ation function (d) is given.
5.2. Optimization with � and ℎ

Let’s now study the maximization of T with respect to
both parameters � and ℎ. In the sequel, we denote ℎcopt and
ℎdopt the optimal values of ℎ for systems with constant fix-
ation (c) and discontinuous fixation function (d) re-spectively. For simplicity, the optimal values of � is still
denoted �copt and �dopt as in the preceding paragraph even
if they do not depend on ℎ anymore. The optimization is
performed numerically with Matlab [39] for both systems.
5.2.1. Model with constant fixation function

We consider the same numerical example as in section
5.1.1. The model parameters are thus the one given in (16).
Themaximal value Tmax of T has been computed for a range
of values of f between 0 and 6.3. The values �copt and ℎcoptfor which this maximum is reached have also been deter-
mined. We first note that �copt = 0 whatever the value of f .The values of ℎcopt and Tmax are given in Figure 7a. Tmaxis always increasing with f , which is logical: the more the
plants fix, the greater the amount of nitrogen that can be
transferred. The value of ℎcopt first decreases and then in-
creases with f .
5.2.2. Model with discontinuous fixation function

The same numerical optimization as the one performed
for the model with constant fixation function has been done
for themodel with discontinuous fixation function for a range
of values of Nb between 0 and 12. The maximal value
Tmax and the values �dopt and ℎdopt for which this maximum
is reached have been determined for each value of f and
Nb. As for the model with constant fixation function, the
optimal value �dopt of � is always equal to 0. The values of
Tmax and ℎdopt are shown in Figure 7b. We first note that
there exists a threshold value of Nb, close to 2.73, below
which Tmax and ℎdopt are constant and take the same values
as for the model without fixation (0), that is Tmax ≃ 0.77and ℎdopt ≃ 0.95. It corresponds to cases where the equilib-
rium points of (f ) are located in0 whatever the valuesof �, f and ℎ. In that cases, only the equilibrium of (0)is reachable and the maximal value of T is therefore equal
to the one of (0).For values ofNb greater than this threshold, there existsome configurations (i.e. some values of �, ℎ and f ) for
which the equilibrium point of (c) is reachable, that islocated inside f . We note that in that cases, Tmax is in-
creasing with Nb and with f , which seems logical as the
greater f andNb, the more the plants can fix. On the other
hand, the value of ℎdopt decreases with Nb and decreases
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Figure 6: Optimal value �opt of � with respect to ℎ for the model with constant �xation
function (c) and the model with discontinuous �xation function (d) for di�erent values
of f , and of f and Nb. The other parameters of the grazing land take the following values:
r = 0.004, m = 0.01, e = 0.006, K = 80, i = 0.02.

then increases with f , as for the model with constant fix-
ation function. Finally, we can show that to maximize the
value of T , we need the plant to be fixing nitrogen at equi-
librium. Indeed, the maximal value Tmax of T is always ob-
tained for some configurations where the plants are fixing
at equilibrium.

6. Discussion
6.1. Optimal livestock management
6.1.1. Recycling vs exportation of the manure

In our previous paper [6], where biological nitrogen fix-
ation was not considered, we showed that to maximize the
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(b) Model with discontinuous fixation function.
Figure 7: Optimization of T with � and ℎ. The optimal values
ℎopt of ℎ and Tmax of T are given for the model with constant
�xation function (c) and the model with discontinuous �x-
ation function (d) for di�erent values of f , and of f and
Nb. The optimal value of � is always equal to 0 (not shown
on the �gure). The other parameters of the grazing land take
the following values: r = 0.004, m = 0.01, e = 0.006, K =
80, i = 0.02.

flux of nutrients exported by livestock, no manure should
be recycled within the grazing land (� = 0). With the pres-
ence of nitrogen-fixing plants in the grazing land (model
studied in the present paper), this result is no longer true.
The optimal value of the recycling percentage (parameter
�) leads to the best compromise between a high nitrogen
fixation flux, and a small soil nitrogen loss flux. It depends
on the grazing rate but also on the nitrogen fixation strategy
of the plants, which can be very different from one species
to another [42, 17]. In particular, we can mention the ob-
ligate and facultative fixation strategies [41]. The first one
correspond to plants that fix nitrogen whatever the environ-
mental conditions (constant fixation function), whereas the
plants with facultative fixation strategy adjust their fixation
rate depending on the nitrogen soil concentration (discon-
tinuous fixation function). In both cases, we showed that
there are some levels of grazing rates, for which it is prefer-
able to recycle some of the manure produced by the live-
stock within the grazing land rather than exporting it en-
tirely to maximize the flux of exported manure. Thus, the

manure recycling helps maintain the nitrogen fixation and
makes the whole system benefit from an additional source
of nitrogen.

To interpret this results in terms of concrete livestock
management, recall (see paragraph 2.3) that the recycling
percentage (parameter �) and the grazing rate (parameter
ℎ) depend on the time spent by the livestock in the grazing
land, on the type of livestock and on the size of the herd.
Changing the values of these parameters therefore requires
adapting the daily route of the herd and/or changing the type
of livestock or the size of the herd. For a given type of live-
stock, both the grazing time and the herd size (per unit area)
can be determined so that they correspond to a pair of opti-
mal values of recycling percentage and grazing rate. There
are therefore several possibilities to choose from, depend-
ing on the needs of the livestock, for example, or the size of
the grazing area. From this choice, we can then determine
the values of some important parameters of livestock man-
agement (see definitions given in [64]): stocking rate, graz-
ing pressure, forage demand, etc. In particular, the stocking
rate, defined in [64] as “the number of animals allotted to
an area for a given length of time”, is considered as one of
the most important decision to take for the grazing land and
livestock production management [59, 54, 23].
6.1.2. Optimizing the whole system

If we now look at the optimal management of livestock
in terms of both recycling percentage and grazing rate, we
are back to the case where it is not worthwhile to recycle
some of the manure in the grazing land (� = 0). Indeed,
in order to maximize the nutrient transfer, it is necessary
to maximize inputs through fixation and minimize outputs
to the soil. In order to minimize the soil nitrogen outputs,
it is better not to add anything to the soil and therefore to
export everything. Recall that considering a manure recy-
cling rate equal to 0 implies that the livestock do not graze
on the grazing land (see paragraph 2.3) and that the grazing
land is therefore a fields of forage crops. With respect to
the optimal value of ℎ, that has to be interpreted here as an
uptake rate of plant biomass in the forage crop fields since
� = 0 (see paragraph 2.3), it corresponds to an intermediate
value that is neither too high, nor too low, allowing plants
in the fields of forage crops to grow sufficiently to trans-
fer a maximum of nutrients out of the system. The higher
the capacity of the plants to fix nitrogen, the larger the op-
timal value of the uptake rate, which highlights again that
the system benefits from the nitrogen fixation.

The optimal values of grazing rate and recycling per-
centage that we have determined in this paper are constant
values over time, which assumes that the livestock manage-
ment is the same throughout the year. Due to the season-
ality of crops and climate, this assumption is obviously too
strong. In our previous paper [6], we showed that by vary-
ing the grazing rate over time, we could achieve a greater
crop production at the end of the year. A similar analysis
could be performed on the new version of the model with
nitrogen fixing plants. The idea is to adapt the grazing and
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recycling during the year to meet the needs of the plants,
which also change over time. It is a good way to increase
Nutrient-use efficiency as advocated in some papers [66].
6.2. Exploitation of theN-fixers pump to enrich

the system
In the grazing land,N-fixers bring some nitrogen from

atmosphere to the soil. We propose to use the expression
“N-fixers pump” to refer to this process, by reference to the
“whale pump” that brings nutrients from deep to shallower
waters in the oceans [57, 16]. The present study shows that
to maximize flux of exported manure from grazing land,
the N-fixers pump must be kept alive, which implies that
the soil nitrogen at equilibrium remains below the plant fix-
ation threshold. It means that the optimal livestock man-
agement strategies (optimal recycling percentage and graz-
ing rate) lead to equilibrium states where the plants in the
grazing land fix nitrogen and consequently enrich the whole
system. It highlights the importance of nutrient inputs in
agricultural system and the role of nutrient provider of the
N-fixers. TheN-fixers pump has been exploited for a long
time, especially in soil with low nitrogen availability [20,
13]. With the advent of synthetic fertilizers, it was tempting
to neglect this process in order to improve yields. However,
the current ecological context is leading to a rethinking of
cropping strategies, with the objective of reducing the use
of fertilizers and the associated pollution. Indeed while ni-
trogen requirements for global food production are increas-
ing, the use of chemical fertilizers contributes significantly
to soil, water and air pollution. The exploitation of the N-
fixers pump should therefore be considered as an interesting
alternative to the use of chemical fertilizers. The objective
is to optimize the management of agricultural systems to
make maximum use of biological nitrogen fixation [62].

Moreover, theN-fixers pump is not the only asset ofN-
fixers. In addition to improving soil fertility, these plants
“also aid in solubilizing unsolvable phosphorus (P) in the
soil, increasing soil microbial activity, ameliorating the soil
physical environment, restoring organic matter, and smoth-
ering weeds [63, 21]” [29].
6.3. Perspectives for the use of the model
6.3.1. Primary succession of nitrogen fixing plants

The model studied in this paper can be used to high-
light the concept of primary succession which represents
the evolution of the composition (in terms of species) of an
ecosystem that develops on a virgin substrate. This concept
has been discussed in many papers [45, 11, 67].

In the present paper, the model analysis showed how the
ability to fix atmospheric nitrogen of plants allowed them
to settle in infertile soils. This analysis supports the view
that nitrogen fixers have an advantage in areas with low ni-
trogen availability [22, 1]. Indeed, such environments are
characterized in the model by a low ratio of inorganic nitro-
gen input flux (parameter i) to inorganic nitrogen output rate
(parameter e). The availability of nitrogen in these soils is
therefore low, as they receive little input, and do not retain

nutrients. Only nitrogen-fixing plants that have both a high
fixation rate (f ) and a high fixation threshold (Nb) can colo-nize such soils (Case C of figure 5). As the plants establish,
they contribute to improve the soil structure [47, 29, 63].
The soil will thus retain more nutrients, which results in a
decrease of e and an increase of the ratio i

e . Moreover, the
plants enrich the soil in nitrogen [63, 29], thanks to their
ability to fix it. The environment will then become favor-
able for nitrogen-fixing plants with lower fixation capacities
(lower fixation rate and threshold, Case B of figure 5). Af-
ter the establishment of this second class of plants, the soil
quality will further improve [63, 29] to the point where the
quality of the soil and the availability in nitrogen will be
good enough for any plant to settle, whether it is a nitrogen
fixing plant or not (Case A of figure 5).

Note that this interpretation does not take into account
the competition between species since only one type of plant
is considered in the model. Moreover, it relies upon the as-
sumption that nitrogen is themain limiting factor of primary
production. The energetic cost of nitrogen fixation being
high [48], the nitrogen-fixing plants may be competitively
disadvantaged in soils with high nitrogen availability [22].
However, the present study does not enable us to answer
this question: the analysis only show that a larger number
of plants can settle in environments with a greater structure
and nutrient availability.

Other models have been developed for the study of the
primary succession [65, 61]. In [30] for example, the ef-
fects of the interaction between nitrogen fixation and com-
petition for the phosphorus on the primary succession has
been studied.
6.3.2. The case of plant communities

In the model developed in this article, only one species
of plant has been represented. Therefore, the fixation func-
tion ' takes into account the fixation capacities of this sin-
gle species; in particular, the threshold valuewas introduced
to represent the inhibition of the fixation by the quantity of
nitrogen in the soil. However, the plant compartment can
also be considered as representative of a community of sev-
eral species. In this case, the fixation function must be in-
terpreted as the resulting fixation function at the community
scale. Then the variability of the fixation function with re-
spect to N is no more due to the inhibition of the process
by the quantity of nitrogen in the soil, but to the competi-
tion and succession processes inside the community under
consideration.

In [30] (Figure 6, appendix A) where the competitive
succession process is described, the effective fixation rate
has been found to be an increasing function of the soil N
limitation, which corresponds well to the sigmoid fixation
function proposed in our paper.

Nevertheless, to properly simulate the dynamic of plants
succession, it is necessary to explicitly represent the impact
of plant biomass on the soil structure in the model. More-
over, it should be mentioned that the livestock grazing can
interfere with the succession process. It can maintain the
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Model name Fixation function (with N in g.m−3)

SOILN '(N) =
{

1 − 0.0784 ln(103N) if N ⩾ 10−3
1 either

Schwimming '(N) = � ×
(

1 − fmax
1

1+ KN
N

)

EPIC '(N) =

⎧

⎪

⎨

⎪

⎩

1 if N ⩽ 10
1.5 − 0.05N if 10 < N < 30

0 either

Table 5

Di�erent expressions of the the �xation function given in [35].

succession at an "early" stage [45] allowingN-fixers to re-
main predominant. But livestock can also keep N-fixers
at a low level if they graze N-fixers (which may be more
apetant in some cases) preferably [55].
6.4. Model limitations
6.4.1. Nitrogen fixation modelling

In the present paper, the biological nitrogen fixation has
been modelled. In a review of 2011 [35], the authors give
an overview of the different expressions used in the liter-
ature to represent the effect of soil mineral N content on
N fixation. Three expressions of f are given (see table 5)
that are slightly different but all decreasing with N . We
chose here to consider a discontinuous fixation function that
is also decreasing with the soil nitrogen content but is some-
what simpler than those discussed in [35]. However, it al-
lowed us to perform a mathematical analysis of the model
from which we could draw conclusions about the impact
of fixation on the optimal livestock management to be im-
plemented to maximize manure transfer. In addition, since
there is a wide range of fixing strategies [42, 17], one can
expect just as many corresponding functions.

We know from numerous studies that the energetic cost
of nitrogen fixation is high [48]. This cost has not been
taken into account directly in the model. We just assumed
that the fixation rate can not be greater than the mortal-
ity rate, which implies that the growth of nitrogen-fixing
plants cannot be based on fixation alone. Without nitrogen
in the soil, they thus can not grow. In the model, the ef-
fect of the fixation is therefore indirect: through the mortal-
ity of the plants, it increases the nitrogen compartment N
which is then available for the growth of the plants. Ob-
viously, more realistic model of nitrogen fixation can be
considered such as the detailed metabolic models and the
coarse-grained models presented in [26].
6.4.2. Livestock modelling

In the model studied in this paper, livestock is repre-
sented only indirectly through two parameters: the grazing
rate and the manure recycling percentage. It is in fact the
flow of nutrients transferred by livestock that is represented
in the model and that we want to maximize.

Yet, the benefits of livestock in crop-livestock systems
with grazing area are not limited to this transfer. Livestock
also provide draft power to cultivate the land [24], increase

biodiversity by grazing [43] and even improve the conser-
vation of nutrients in the ecosystem [14]. In addition, in
many traditional economies, livestock is also a source of
food (meat and milk), and a way to store currency [52, 24].
To represent all that, it is necessary to add a new variable
in the model that corresponds to the livestock biomass or
population.

This is what is done in [4], based on the same model as
the one considered in this article, but without nitrogen fixa-
tion. The multi-criteria optimizations that were carried out
in this study lead to different strategies that can be applied
according to the considered objectives: immediate produc-
tion (maximizing both crop and meat productions) or risk
management (maximizing crop production and the size of
the livestock).

Other studies based on modeling approaches explicitly
consider livestock in the model variables. In [14, 40], a
model of interactions between plants and grazing herbivores
is studied in order to assess the impact of grazing on plant
production. In [19, 9], the authors use prey-predator eco-
logical models to represent the dynamics of grass (prey)
and grazing livestock (predator). They determine the opti-
mal stocking rate, i.e. the number of animals per hectare for
which the maximum meat yield (in kg of meat per hectare
per year) is achieved. In [23], the question of optimizing
the stocking rate is also addressed by an economic model-
ing approach in which the dynamics of the animal biomass
are explicitly represented. The objective this time is tomax-
imize profits. Finally, the impact of some scenarios of de-
creased availability of feed and synthetic fertiliser imports
on the animal and crop production in a farming system is
assessed in [50], where a dynamic model is proposed that
takes into account the livestock compartment.

7. Conclusion
In this paper we address the issue of the maximization

of fertility transfer from grazing land to crop production in
a mixed farming system. For this purpose, we used a mod-
eling approach. The pastures are represented by a plant-soil
model in which the role of livestock is modeled by nutrient
flows between the plant and soil compartments and to the
outside. In the model, the plants fix nitrogen only if the ni-
trogen concentration in the soil is below a given threshold.
The objective was to find the optimal livestockmanagement
that maximizes the flux of nutrients exported by the live-
stock. In the model, the livestock management is charac-
terized by both the percentage of recycling of the manure
produced by livestock to grazing land, and the grazing rate.
We first showed that when grazing rate is high and the ca-
pacity of plants to fix nitrogen is important, it is necessary
to recycle some of the manure produced by the livestock in
the grazing land to maximize the flux of nutrients exported.
On the other hand, if we optimize both grazing rate and ma-
nure recycling percentage, then it is better to transfer all the
produced manure and to adapt the grazing rate accordingly
to minimize nitrogen losses from the soil. Finally, to max-
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imize the flow of exported nutrients, it is also necessary to
bring the system to a state in which the plants fix nitrogen.
In this way, we can benefit from the nitrogen fixation which
provides an additional input of nitrogen in the system.

The model considered in this article is quite simple, and
the results therefore remain theoretical. Nevertheless, it is
interesting to see that the study of such a simple model
shows that the presence of nitrogen-fixing plants in a mixed
farming system can increase crop production, without the
addition of chemical fertilizers. This confirms the fact that
nitrogen-fixing plants are an interesting alternative to chem-
ical fertilizers, thus allowing a more sustainable agriculture
in the future. As for mixed farming systems, their reinte-
gration in Europe in new forms (reconnection of livestock
farms with crop fields on a regional scale) also seems rele-
vant, both to increase production and to decrease pollution.

A. Mathematical analysis of model (c)
In this appendix, we give the details about the mathe-

matical analysis of model (c), which consists in the com-
putation of the equilibrium points and the study of their sta-
bility.
A.1. Equilibrium points of model (c)The graphical determination of the equilibrium points
of (c) that is presented in section 4.1.1 can be formulated
mathematically by the following proposition:
Proposition A.1. Let denote s = e

f+(�−1)ℎ and:

Δ = r2
(

i
e
+ K

s

)2
− 4rK

s
(m + ℎ − f ) (17)

If ie <
m+ℎ−f

r , we also define s̄ = K(m+ℎ−f )
rN̄2 > 0 with:

N̄ = m+ℎ−f
r

+ 1
r

√

(m + ℎ − f )(m + ℎ − f − r i
e
) (18)

The system (c) admits E0 = (N0 =
i
e , P0 = 0) as equi-

librium point whatever the parameter values are.
In addition toE0, we have the following equilibrium points:

• if i
e > m+ℎ−f

r , then there exists a unique positive
equilibrium point Ef1 ∶= (Nf

1 , P
f
1 ) ∈ (ℝ+)2 given

by:

– if f + (� − 1)ℎ ≠ 0:

Ef
1 =

(

1
2

(

i
e
+ K

s
+

√

Δ
r

)

, 1
2

(

K− is
e
+s

√

Δ
r

))

(19)
– if f + (� − 1)ℎ = 0:

Ef
1 =

(

i
e
, K e

ri
(r i
e
+ f − m − ℎ)

)

(20)

We moreover have:

lim
f+(�−1)ℎ→0+

Ef
1 = lim

f+(�−1)ℎ→0−
Ef
1

=
(

i
e
, K e

ri
(r i
e
+ f − m − ℎ)

)

. (21)

• if i
e < m+ℎ−f

r and 0 < s = s̄, then there exists a
unique positive equilibrium pointEf1 ∶= (N

f
1 , P

f
1 ) ∈

(ℝ+)2 which is given by:

Ef
1 =

(

1
2

(

i
e
+ K

s

)

, 1
2

(

K − is
e

))

(22)

• if ie <
m+ℎ−f

r and 0 < s < s̄ then there exists two pos-
itive equilibrium points Ef1 ∶= (Nf

1 , P
f
1 ) ∈ (ℝ+)2

and Ef2 ∶= (N
f
2 , P

f
2 ) ∈ (ℝ

+)2 which are given by:

Ef
1 =

(

1
2

(

i
e
+ K

s
+

√

Δ
r

)

, 1
2

(

K − is
e
+ s

√

Δ
r

))

(23)
Ef
2 =

(

1
2

(

i
e
+ K

s
−

√

Δ
r

)

, 1
2

(

K − is
e
− s

√

Δ
r

))

(24)

Proof:
Consider the case where f + (� − 1)ℎ ≠ 0 and let us solve
the equation F1(N) = F2(N) where F1 and F2 are definedin (10). We have, for allN ∈ ℝ+∖{0}:

F1(N) = F2(N) ⇔ (N) = 0 (25)
with (N) = rN2 − rN( ie +

K
s ) +

K
s (m + ℎ − f ). The

discriminant of  is written:
Δ = r2

(

i
e +

K
s

)2
− 4rKs (m + ℎ − f )

= r2
(

i
e −

K
s

)2
+ 4rKs

(

r ie − m − ℎ + f
)

(26)
In the case where i

e > m+ℎ−f
r , we thus have Δ > 0

whatever the sign of s. In that case, there exists two roots:

N∗ = 1
2

( i
e
+ K
s

)

±

√

Δ
2r

(27)
the corresponding value of P ∗ = s(N∗ − i

e ) being:

P ∗ = K
2
− is
2e
± s

√

Δ
2r

. (28)
Among these two points, only one is positive in the sense
(P ∗, N∗) ∈ (ℝ+)2; it is the one given by (19).

In the case where i
e <

m+ℎ−f
r , and:

• if Δ = 0, then there exists only one solution to the
equation F1(N) = F2(N). Moreover, a simple study
of the function Δ ∶ s ↦ Δ(s) shows that there exists
two values of s such thatΔ(s) = 0. Among these two
values, only one ensures that the solution of F1(N) =
F2(N) is positive (i.e. ∈ (ℝ+)2); it is the value s = s̄which leads to the equilibrium point given by (22).

• if Δ > 0, then there exists two real solutions to the
equation F1(N) = F2(N). A simple study of the
function Δ ∶ s ↦ Δ(s) shows that the condition
0 < s < s̄ is the necessary and sufficient condition
for the positivity of Δ and the positivity of at least
one of the two solutions of F1(N) = F2(N). In fact,
the two solutions of F1(N) = F2(N) are in this case
positive; it is the ones which correspond to the equi-
librium points given by (23) and (24).
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In the case where f + (� − 1)ℎ = 0, system (8) leads to
N = i

e and P
(

rN
(

1 − P
K

)

+ f − m − ℎ
)

= 0 ⇔ P = 0

or P = F1( ie ).
A.2. Stability of the equilibrium points of (c)
Proposition A.2. • E0 is stable if and only if

i
e <

m+ℎ−f
r ;

• if i
e >

m+ℎ−f
r , then the unique positive equilibrium

point Ef1 is always stable;

• if i
e <

m+ℎ−f
r and 0 < s < s̄ then the equilibrium

point Ef1 is always stable and the equilibrium point
Ef2 is always unstable.

• if i
e <

m+ℎ−f
r and 0 < s = s̄, then the equilibrium

point Ef1 is non hyperbolic.

Proof: The Jacobian matrix of the system (1) at the
point E0 is given by:

J (E0) = J
( i
e
, 0
)

=

(

r ie − m − ℎ + f 0
−r ie + m + �ℎ −e

)

(29)

This matrix has two eigenvalues that are r ie −m−ℎ+fand −e < 0. As a consequence, E0 is stable is and only if
r ie − m − ℎ + f < 0 ⇔

m+ℎ−f
r > i

e .
The equilibrium points Ef1 and Ef2 are such that:

rP fi N
f
i

(

1 −
P fi
K

)

= i + mP fi + �ℎP
f
i − eN

f
i (30)

and rNf
i

(

1 −
P fi
K

)

= m + ℎ − f (31)

By using these relationships, we get the following ex-
pression of the Jacobian matrix of system (1) at the point
Efi , i = 1, 2:

J (Ef
i ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−
rP f

i N
f
i

K
rP f

i

(

1 −
P f
i

K

)

rP f
i N

f
i

K
+ f + (� − 1)ℎ −rP f

i

(

1 −
P f
i

K

)

− e

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(32)
The real part of the eigenvalues of a 2×2matrix are strictly
negative if and only if the trace of the matrix is strictly neg-
ative and the determinant of the matrix is strictly positive.
Here we have:

T r(J (Efi )) = −
rP fi N

f
i

K
− rP fi

(

1 −
P fi
K

)

− e (33)

which is always strictly negative, becauseNf
i > 0 and 0 <

P fi < K . Moreover, after simple calculations, we have:

det(J (Efi )) =
rP fi
K

(

i + e
s
(2P fi −K)

)

(34)

The equilibrium point Efi is therefore stable if and only if:

det(J (Efi )) > 0⇔

{ K
2 − i

s
2e < P

f
i if s > 0

K
2 − i

s
2e > P

f
i if s < 0 (35)

We have:
• if ie > m+ℎ−f

r , then onlyEf1 exists andwe haveP f1 ∶=
1
2 (K − is

e + s
√

Δ
r ). So P f1 > 1

2 (K − is
e ) if s > 0 and

P f1 < 1
2 (K − is

e ) if s < 0. The equilibrium point Ef1is therefore always stable in that case if it exists.
• if i

e <
m+ℎ−f

r and 0 < s = s̄, then only one equilib-
rium point Ef1 exists and we have P f1 = 1

2 (K − is
e ).The Jacobian matrix has therefore at least one of its

eigenvaluewhich is equal zero: Ef1 is non hyperbolic.
• if i

e <
m+ℎ−f

r and 0 < s < s̄ then there exists two
equilibrium points Ef1 and Ef2 with P f1 =
1
2

(

K − is
e + s

√

Δ
r

)

and P f2 = 1
2

(

K − is
e − s

√

Δ
r

)

.
We so haveP f1 > 1

2

(

K − is
e

)

andP f2 < 1
2

(

K − is
e

)

,
which means (as s > 0) that, if they exist, Ef1 is al-
ways stable and Ef2 is always unstable.

B. Maximization of T with respect to �
This appendix focuses on the maximization of the flux

of nutrient exported by the livestock from grazing land (the
quantity T ). In section B.1, we give some details about the
computation of the value of � for which T is maximal, for
a given value of ℎ with the model with constant fixation
function. In sections B.2 and B.3, a more detailed analysis
of the case with discontinuous fixation function is given.
B.1. Model with constant fixation function

Consider a given value of ℎ. The objective is here to
find the value of � for which T is maximal.

The equilibrium point Ef1 = (Nf
1 , P

f
1 ) is solution of

the equations 8, which lead, after simple computations to:

T = (1 − �)ℎP f1 = P
f
1 f + i −

eK
r
m + ℎ − f

K − P f1
(36)

After derivation with respect to �, we get:

)T
)�

=
)P f1
)�

(

f − eK
r
m + ℎ − f

(K − P f1 )
2

)

(37)

It can be easily shown that )P f1
)� > 0. Indeed, Ef1 is the

intersection point of the curves of F1 and F2 (see equations(10)). When � increases from 0 to 1, the curve of F1 doesnot move but the curve of F2 rotates around the point ( ie , 0)clockwise (see figure 8). The intersection point between F1
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and F2 moves therefore to the right on the curve of F1: thus
P f1 andNf

1 increase with �.
The sign of )T

)� therefore depends on the sign of f −
eK
r

m+ℎ−f
(K−P f1 )

2
. We have:

f − eK
r

m+ℎ−f
(K−P f1 )

2
> 0⇔

⎧

⎪

⎨

⎪

⎩

P f
1 < K −

√

eK
rf
(m + ℎ − f )

or
P f
1 > K +

√

eK
rf
(m + ℎ − f ).

(38)

However, we know (see proposition A.1) that P f1 < K , so
we have:

dT
d�

⎧

⎪

⎨

⎪

⎩

> 0 if P f1 < Pm

= 0 if P f1 = Pm
< 0 if Pm < P f1 < K

(39)

with Pm = K−
√

eK
rf (m + ℎ − f ). So, if Pm is in the range

of reachable values for P f1 , that is if there exists � ∈ [0, 1]
such that P f1 = Pm exists, then the maximal value Tmax of
T is reached for P f1 = Pm and is given by:

Tmax = Pmf + i −
eK
r
m + ℎ − f
K − Pm

(40)

This expression can be simplified, because Pm is such that
eK
r

m+ℎ−f
(K−Pm)2 = f . We so have:
Tmax = Pmf + i−f (K −Pm) = (2Pm −K)f + i (41)

This value is reached for � = �m such that:

(1 − �m)ℎPm = Tmax ⇔ �m = 1−
2f
ℎ
−
i −Kf
ℎPm

(42)

B.2. Model with discontinuous fixation function
In section 5.1.2, the maximization of T with respect

to �, in the case of the model with discontinuous fixation
function has been studied. To further understand the re-
sults shown in this section, we introduce here after some
quantities which can help for a better understanding of the
model behavior.

Indeed, as for the equilibrium points, the determination
of the optimal value �dopt of � can be partly deduced from the
study of themodel with constant fixation function (c) andthe model without fixation (0). Remember that with the
model (d), the space  ∶= {(N,P ) ∈ [0,∞) × [0, K)}
is divided in two parts: f and 0, the first part gatheringthe states with values ofN smaller thanNb and the secondone the states with values of N greater than Nb (see sec-
tion 4.1.2). For a given value of ℎ > 0, the idea is first to
determine the range of values of � for which (0) (respec-tively (c)) admits a stable positive equilibrium point in
0 (respectively inf ). Then we can determine the maxi-
mal value of T in both0 andf and keep the largest one.
However there is in fact a third candidate for the optimal

α = 0

α = 1

α = α0
lim

Df D0

i
e

m+h
r N

P

System without fixation (S0)

F1

Eq. points in D0

F2

N = Nb

α = 0

α = 1
α = αf

lim

Df D0

i
e

m+h−f
r N

P

System with constant fixation (Sc)

F f
1

Eq. points in Df

F f
2

N = Nb

Figure 8: Graphical illustration of the de�nition of �0lim and

�flim on some concrete con�gurations of the system without
�xation (0) (top) and of the system with constant �xation
function (c) (bottom).

value of T as there exist some values of � for which neither
(0) nor (c) admit a stable equilibrium point in 0 or
f (see Fig. 4b). In that cases, recall that the system (d)converge to an equilibrium pointENb

located on the frontier
between 0 and f , that is on the straight line N = Nb.We therefore also have to determine the maximal value of
T on this frontier if such cases are possible, and to compare
this value with the two other ones to find the maximal value
of T .

Provided that ℎ < ir
e − m, the system (0) admits a

stable positive equilibrium point in  whatever the value
of � ∈ [0, 1]. With the introduction of Nb and the con-
sideration of a discontinuous fixation function, we are now
only interested in the cases where this stable positive equi-
librium point is located in 0. As highlighted on figure 8,
the range of values of � for which it is the case is reduced to
a set of the form [�0lim, 1], with 0 ⩽ �0lim ⩽ 1. The analytical
expression of �0lim is given in appendix B.3.

The system (c) admits a stable positive equilibrium
point for all the values of � in the setΩ� . As highlighted onfigure 8, the range of values of � for which this equilibrium
point is located in f is of the form [min(Ω�), �

f
lim] where

min(Ω�) ⩽ �flim ⩽ 1. The analytical expression of �flim is
given in appendix B.3.

Finally, if �flim < �0lim, then the values of � in [�flim, �0lim]correspond to cases where neither (0) nor (c) admit a
stable equilibrium point in 0 or f , and (d) convergesto ENb

.
On this figure, the values of �0lim, �flim and �copt have alsobeen added.
On Fig. 9, we also introduced a color code to indicate in

which part of  the equilibrium point of (d) is located,
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and so if the plant fix the nitrogen at equilibrium (f ) or not(0). In the cases of bi-stability, this is the equilibrium for
which the value of T is the greatest that is considered. The
white area correspond to cases where P ∗ (and as a conse-
quence T ) is always equal to 0. The light gray, middle gray
and dark gray areas respectively correspond to cases where
the equilibrium point of (d) is located in0 (no fixation),on the straight line N = Nb (limit case) and in f (fixa-
tion) respectively. These areas are delimited by the curves
of �0lim and �flim and the lines � = 0 and � = 1.
The smaller the value of Nb, the wider the light gray area.
Indeed, in that cases, the plants can fix only for small values
ofN , which promotes cases where the plants are not fixing
at equilibrium. On the contrary, the larger the value ofNb,the wider the dark gray area: as plants fix for a wide range of
values ofN , this will be also the case at equilibrium. Note
finally, that the middle gray area is also increasing withNb.The area between the curve of �0lim and � = 1 (respec-
tively � = min(Ω�) and the curve of �flim) correspondsto the cases where (d) admits a stable positive equilib-
rium point in0 (respectively inf ). These two areas canoverlap, the common part corresponding to the cases where
(d) admits two stable positive equilibrium points, one in
0 and one inf . We note that this common part is always
colored in dark gray, which means that when there is bi-
stability, this is always the equilibrium point located in fthat leads to the greatest value of T . Finally, we notice that,
when the optimal value �copt leads to an equilibrium point
located in f (i.e. �copt is inside the dark gray area), we
have �dopt = �copt. It means that, if the optimal equilibrium
point of the model with constant fixation function (c) isalso an equilibrium point for (d), then it is the optimal
configuration for (d) too, in terms of maximisation of T .
B.3. Expression of �0lim and �flimWe consider here the model with discontinuous fixation
function (d). In this section, we give the analytical ex-
pression of the variables �0lim and �flim that were introduced
in the previous section.

If i
e >

m+ℎ
r , the system (0) admits a stable positive

equilibrium point E1 in whatever the value of � ∈ [0, 1].
The range of values of � for which this equilibrium point
E1 =

(

N1, P1
) is in 0 is of the form [�0lim, 1] (see figure8). Let’s denoteN1(�) the value ofN1 for a given value of

�. The value of �0lim depends on the value ofNb as follows:
• ifNb < N1(0), then �0lim = 0;
• ifNb >

i
e , then �0lim = 1;

• ifN1(0) < Nb <
i
e , then �0lim is equal to the value of

� such that F1(Nb)|f=0 = F2(Nb)|f=0 (see (10)) :
�0lim = 1 +

e
ℎF1(Nb)|f=0

(

Nb −
i
e

)

(43)

If i
e >

m+ℎ−f
r or if i

e <
m+ℎ−f

r and 0 < s < s̄, then the
system (c) admits a stable positive equilibrium point Ef1

Parameter range of values source
r 0.0035 - 0.0065 ha kgN−1 d−1 [5]
K 63 - 117 kgN ha−1 [37]
f 0.0006 - 0.0025 d−1 [44, 56]
Nb 0 - 12 computed
m 0.000014 - 0.022 d−1 [38]
e 0.0035 - 0.0065 d−1 [49]
i 0.014 - 0.026 kgN ha−1 d−1 [15, 8]
ℎ 0 - 0.11 d−1 computed
� 0 - 1 unitless percentage

Table 6

Ranges of model parameter values and associated references.

in. Let’s consider only the cases whereΩ� ≠ ∅ (see table
4). The range of values of � for which the equilibrium point
Ef1 =

(

Nf
1 , P

f
1

)

is in f is of the form [min(Ω�), �
f
lim]

(see figure 8). Let’s denote Nf
1 (�) the value of Nf

1 for a
given value of �. The value of �flim depends on the value of
Nb as follows:

• ifNb < N
f
1 (min(Ω�)), �flim = min(Ω�)

• ifNf
1 (1) < Nb, �flim = 1

• if Nf
1 (min(Ω�)) < Nb < Nf

1 (1), then �flim is equal
to the value of � such that F1(Nb)|f = F2(Nb)|f :

�flim = 1 +
e

ℎF1(Nb)|f

(

Nb −
i
e

)

−
f
ℎ

(44)

C. Parameter values and sensitivity analysis
The ranges of values for the model parameters found in

literature are given in the table 6 with the associated refer-
ences.

A sensitivity analysis was performed with R [53] us-
ing the Morris’s Elementary Effects Screening Method that
is implemented in the package sensitivity [27]. For each
model parameter and for both values of N and P at equi-
librium, two sensitivity indices were computed with this
method [10]: �∗ and �, that are respectively the mean and
standard deviation of the distribution of the elementary ef-
fects of a given parameter on a given output. The values of
these indices are given in Table 7.

We note that e and i are the parameters that most in-
fluence the valueN∗ of nitrogen at equilibrium. The value
P ∗ of plant nitrogen compartment at equilibrium is strongly
influenced by the fixation thresholdNb and the parameters
related to the livestock management (ℎ and �).

References
[1] Adams, M.A., Turnbull, T.L., Sprent, J.I., Buchmann, N., 2016.

Legumes are different: Leaf nitrogen, photosynthesis, and water use
efficiency. Proceedings of the National Academy of Sciences 113,
4098–4103.

[2] Bateman, A., van der Horst, D., Boardman, D., Kansal, A., Carliell-
Marquet, C., 2011. Closing the phosphorus loop in England: the
spatio-temporal balance of phosphorus capture from manure versus
crop demand for fertiliser. Resources, Conservation and Recycling
55, 1146–1153.

C. Casenave et al.: Preprint submitted to Elsevier Page 17 of 20



Impact of biological nitrogen �xation and livestock management on the manure transfer from grazing land

Nb = 3.218 Case (i) Case (ii)

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2
0.4
0.6
0.8
1

h (×10−3)

α

Nb = 2.8

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2
0.4
0.6
0.8
1

h (×10−3)

α

α = αd
opt

α = αc
opt

Nb = 2.87

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2
0.4
0.6
0.8
1

h (×10−3)

α

(hdopt, α
d
opt)

(hcopt, α
c
opt)

(h0opt, α
0
opt)

Nb = 3.089

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2
0.4
0.6
0.8
1

h (×10−3)

α
Nb = 7 Case (iii) Case (iv) Case (v)

0 1 2 3 4 5 6 7
0

0.2
0.4
0.6
0.8

1

h (×10−3)

α

Nb = 2

0 1 2 3 4 5 6 7
0

0.2
0.4
0.6
0.8

1

h (×10−3)

α

α = ᾱ
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