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dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
Ball, Carr, Penrose, Comm. Math. Phys 104(4), 1986

Equilibrium is given by J i " J " 0, which implies

c i " Q i z i , Q i " a 1 a 2 ¨¨¨a i´1 b 2 b 3 ¨¨¨b i , i ě 1
for some z. Looking at the mass at equilibrium, F pzq :"

ÿ iě1 iQ i z i
It is natural to look for a solution of

F pzq ? " ρ :" ÿ iě1 ic i p0q " ÿ iě1 ic i ptq
Equilibrium of the BD model

$ ' ' ' & ' ' ' % dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
Ball, Carr, Penrose, Comm. Math. Phys 104(4), 1986

Q i " a 1 a 2 ¨¨¨a i´1 b 2 b 3 ¨¨¨b i F pzq " ÿ iě1 iQ i z i ? " ρ
Equilibrium of the BD model

$ ' ' ' & ' ' ' % dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
Ball, Carr, Penrose, Comm. Math. Phys 104(4), 1986

If the serie F pzq " ř iě1 iQ i z i has a finite radius of convergence z s and if suptF pzq , z ă z s u ": ρ s ă 8 , then there is a critical mass such that there is no equilibrium with mass ρ ą ρ s .
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Equilibrium of the BD model

$ ' ' ' & ' ' ' % dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
Ball, Carr, Penrose, Comm. Math. Phys 104(4), 1986

If the serie F pzq " ř iě1 iQ i z i has a finite radius of convergence z s and if suptF pzq , z ă z s u ": ρ s ă 8 , then there is a critical mass such that there is no equilibrium with mass ρ ą ρ s .

Remark

We may consider that lim iÑ8 b i {a i " z s Formalisms Theoretical questions Numerics and summary
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Equilibrium of the BD model Equilibrium of the BD model

$ ' ' ' & ' ' ' % dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i . Ball,
$ ' ' ' & ' ' ' % dc i dt " J i´1 ´Ji , i ě 2 , J i " a i c 1 c i ´bi`1 c i`1 , i ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
Ball, Carr, Penrose, Comm. Math. Phys 104(4), 1986

If ρ ď ρ s , then (with strong convergence)

lim tÑ8 c i ptq " Q i z i , F pzq " ρ If ρ ą ρ s , then (with weak convergence) lim tÑ8 c i ptq " Q i z i s , ρ ´ρs " "loss of mass to 8"

Remark

There is a Lyapounov function (or relative entropy), given by

H z pcq " ÿ iě1 " c i ˆln ˆci Q i z i ˙´1 ˙`Q i z i * . SBD model SDE $ ' ' ' ' ' ' & ' ' ' ' ' ' % C1ptq " C in 1 ´2J1ptq ´ÿ iě2 J i ptq , C i ptq " C in i `Ji´1 ptq ´Ji ptq , J i ptq " Y ì ´şt 0 a i C1psqC i psqds Ȳ í `1´ş t 0 b i`1 C i`1 psqds ¯CTMC Xn :" # C " pC i q iě1 P N N : n ÿ i"1 iC i " n + . " qpC , R ì C q " a i C1pC i ´δ1,i q , qpC , R í C q " b i C i , R ì C " C ´e1 ´ei `ei`1 R í C " C `e1 `ei´1 ´ei
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Equilibrium of the SBD model

SDE $ ' ' ' ' ' ' & ' ' ' ' ' ' % C1ptq " C in 1 ´2J1ptq ´ÿ iě2 J i ptq , C i ptq " C in i `Ji´1 ptq ´Ji ptq , J i ptq " Y ì ´şt 0 a i C1psqC i psqds Ȳ í `1´ş t 0 b i`1 C i`1 psqds ¯CTMC Xn :" # C " pC i q iě1 P N N : n ÿ i"1 iC i " n + . " qpC , R ì C q " a i C1pC i ´δ1,i q , qpC , R í C q " b i C i , R ì C " C ´e1 ´ei `ei`1 R í C " C `e1 `ei´1 ´ei
Equilibrium, for any pa i q, pb i q, n :

ΠpC q " B n,z n ź i"1 pQ i z i q C i C i ! , Equilibrium of the SBD model SDE $ ' ' ' ' ' ' & ' ' ' ' ' ' % C1ptq " C in 1 ´2J1ptq ´ÿ iě2 J i ptq , C i ptq " C in i `Ji´1 ptq ´Ji ptq , J i ptq " Y ì ´şt 0 a i C1psqC i psqds Ȳ í `1´ş t 0 b i`1 C i`1 psqds ¯CTMC Xn :" # C " pC i q iě1 P N N : n ÿ i"1 iC i " n + . " qpC , R ì C q " a i C1pC i ´δ1,i q , qpC , R í C q " b i C i , R ì C " C ´e1 ´ei `ei`1 R í C " C `e1 `ei´1 ´ei
Equilibrium, for any pa i q, pb i q, n :

ΠpC q " B n,z n ź i"1 pQ i z i q C i C i ! , Detailed balance property : ΠpC qqpC , R ì C q " ΠpR ì C qqpR ì C , C q
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Rescaled SBD model, n Ñ 8

SDE $ ' ' ' ' ' ' & ' ' ' ' ' ' % c1ptq " c in 1 ´2 ρ n J1ptq ´ÿ iě2 ρ n J i ptq , c i ptq " c in i `ρ n J i´1 ptq ´ρ n J i ptq , J i ptq " Y ì ´şt 0 n ρ a i c1psqc i psqds Ȳ í `1´ş t 0 n ρ b i`1 c i`1 psqds ¯CTMC X ρ n :" # c P R N : n ρ c i P N , n ÿ i"1 ic i " ρ + . # qpc, r ì cq " n ρ a i c1pc i ´δ1,i q , qpc, r í cq " n ρ b i c i , r ì c " c ´ρ n e1 ´ρ n e i `ρ n e i`1 r í c " c `ρ n e1 `ρ n e i´1 ´ρ n e i Rescaled SBD model, n Ñ 8 SDE $ ' ' ' ' ' ' & ' ' ' ' ' ' % c1ptq " c in 1 ´2 ρ n J1ptq ´ÿ iě2 ρ n J i ptq , c i ptq " c in i `ρ n J i´1 ptq ´ρ n J i ptq , J i ptq " Y ì ´şt 0 n ρ a i c1psqc i psqds Ȳ í `1´ş t 0 n ρ b i`1 c i`1 psqds ¯CTMC X ρ n :" # c P R N : n ρ c i P N , n ÿ i"1 ic i " ρ + . # qpc, r ì cq " n ρ a i c1pc i ´δ1,i q , qpc, r í cq " n ρ b i c i , r ì c " c ´ρ n e1 ´ρ n e i `ρ n e i`1 r í c " c `ρ n e1 `ρ n e i´1
´ρ n e i

Large volume limit : convergence towards the BD model (for a wide class of "reasonable" coefficients) on finite time intervals 

n ÿ i"1 " ´ci ln ˆn ρ Q i z i ˙`ρ n ln n ρ c i ! `Qi z i * `ρ n ln B z n " n ÿ i"1 " c i ˆln c i Q i z i ´1˙`Q i z i * `Rn pcq `ρ n ln B z n " H z pcq ´8 ÿ i"n`1 Q i z i `

Remark

For ρ ą ρ s , we believe that a single giant cluster emerges, of size « np1 ´ρs {ρq (see work on limiting shapes of random combinatorial structures)

Metastability BD $ ' ' ' & ' ' % dc dt J ´Ji , ě 2 , i " i c c i ´bi`1 c i`1 , ě 1 , dc 1 dt " ´J1 ´ř8 i"1 J i .
' For an z ą z , there exists admissible configuration f " f i pzq such that J i " J ‰ 0 and 1 pzq " z. We start with c in " f and consider z OE z s :

piq For algebraically large time t, cptq ´f is exponentially small piiq lim tÑ8 cptq ´f ptq is not exponentially small piiiq ř iąn ˚ci ptq ď ř iąn ˚ci p0q `J˚t with J ˚exponentially small, Metastability SBD for c 1 ptq " z

Taking the monomer number as a constant allows to view the SBD process as a superposition of (independent) Birth-Death process on N

˚. i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
Formalisms Theoretical questions Numerics and summary

Equilibrium Metastability Coarsening

Metastability SBD for c 1 ptq " z Taking the monomer number as a constant allows to view the SBD process as a superposition of (independent) Birth-Death process on N

˚. i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
' For z ă z s : sub-critical, absorption at 1 is almost sure.

' For z ą z s : super-critical, absorption at 1 is NOT almost sure.

Metastability for the SBD ?

Numerical simulation "shows" metastability with sharp transition between "metastable state" and stationary state

Metastability SBD for c 1 ptq " z nucleation : we look for the first time a cluster of size greater than n appears :

τ n :" inftt ě 0, ÿ iěn C i ptq ą 0u i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
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Metastability SBD for c 1 ptq " z nucleation : we look for the first time a cluster of size greater than n appears :

τ n :" inftt ě 0, ÿ iěn C i ptq ą 0u i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
There exists a quasi-stationary distribution,

P Π qsd n tCptq P ¨| τ n ą tu " Π qsd n and P Π qsd n tτ n ą tu " exp p´J n pzqtq
where Π qsd n is given by, for some (explicit) J n pzq, f n pzq

Π qsd n pC q " n ź i"2 pf n i q C i C i ! e ´f n i ,
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Metastability SBD for c 1 ptq " z nucleation : we look for the first time a cluster of size greater than n appears :

τ n :" inftt ě 0, ÿ iěn C i ptq ą 0u i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
Theorem (Hingant, Y. 2021)

(for a class of initial condition Π in ), for any ε, and z close enough to z s , there exists K ˚, γ n ˚, J n ˚ą 0 such that }P Π in pC ptq P ¨| τ n ˚ą tq ´Πqsd n ˚} ď K ˚epJ n ˚´γnqt , P Π in pτ n ą tq ě p1 ´εqe ´Jn ˚t , where § K ˚, 1{γ n ˚are at most algebraically large § J n ˚is exponentially small Metastability SBD for c 1 ptq " z nucleation : we look for the first time a cluster of size greater than n appears :

τ n :" inftt ě 0, ÿ iěn C i ptq ą 0u i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q
Method of proof : (i) Coupling arguments exploiting independence of particles (ii) Known probability of absorption for birth-death process

Metastability SBD for c 1 ptq " z nucleation : we look for the first time a cluster of size greater than n appears :

τ n :" inftt ě 0, ÿ iěn C i ptq ą 0u i ´1 i i `1 api ´1qz bpiq apiqz bpi `1q

Remark

Whether similar results holds true for the original SBD is an open question.

Nucleation + Coarsening dynamics

We start from a rescaled model

$ ' & ' % dc ε i dt " 1 ε " J ε i´1 ´Jε i ‰ , i ě 2 , ρ " c ε 1 ptq `ε2 ÿ iě2 ic ε i ptq . 1 ε a ε 1 C ε 1 C ε 1 Ý ÝÝÝÝÝ á â ÝÝÝÝÝ Ý 1 ε b ε 2 C ε 2 C ε 2 C ε i´1 1 ε a ε pεpi´1qqC ε 1 C ε i´1 Ý ÝÝÝÝÝÝÝÝÝÝÝ á â ÝÝÝÝÝÝÝÝÝÝÝ Ý 1 ε b ε pεiqC ε i C ε i 1 ε a ε pεiqC ε 1 C ε i Ý ÝÝÝÝÝÝÝÝÝ á â ÝÝÝÝÝÝÝÝÝ Ý 1 ε b ε pεpi`1qqC ε i`1 C ε i`1 ,
and we look for f ε pt, xq " 

ř iě2 c ε i ptq1 rpi´1{2qε,pi`1{2qεq pxq

SBD

One sample path simulation of the "nonlinear" SBD, with a i " i 2{3 , b i " a i pz s `q{i 1{3 q, n " 500, ρ " 1 ą ρ s " 0.1056 dynamics : the "three eras" hypothesis § Appearance of large clusters. § Coarsening dynamics that leads to a single cluster, in a competition-like process. § Steady-state convergence of small cluster-size. piq Jpx, tq " ax r c 1 ptq ´bx, r ă 1 : f Ñ δ 0 (nucleation keeps creating "infinitesimal" clusters, no coarsening)

Nucleation + Coarsening dynamics

piiq Jpx, tq " pac 1 ptq ´bqx r , r ă 1 : f Ñ f 8 , c 1 ptq Ñ b a many large clusters persist, no coarsening) § case piq § case piiq

  Hingant, Y. (2016))we have f ε Ñ f (in C pr0, T s; w ´˚´Mpr0, 8qqq) ´bpxqs ϕ 1 pxqf pt, xq dx , for all ϕ P C 0 r0, 8q, which is the weak form ofBf Bt `BpJpx, tqf pt, xqq Bx " 0 , limxÑ0Jpx, tqf pt, xq " Nptq .

  tqf pt, xqq Bx " 0 , limxÑ0Jpx, tqf pt, xq " Nptq .

  

  

  

  

  Equilibrium of the rescaled SBD model, n Ñ 8If ρ ď ρ s , then for c n Ñ c (strongly), and z " F ´1pρq lim nÑ8 ´ρ n lnpΠ n pc n qq " H

z pcq If ρ ą ρ s , then for c n Ñ c (weak-*), and z s " F ´1pρ s q lim nÑ8 ´ρ n lnpΠ n pc n qq " H zs pcq Method of proof : Same as Anderson et al. 2015 + continuity property of H z pcq. ´ρ n ln Π n pcq "

One sample path simulation of the "nonlinear" SBD, with a i " i 2{3 , b i " a i pz s `q{i 1{3 q, n " 10000, ρ s " 0.1056

Metastability SBD

One sample path simulation of the "nonlinear" SBD, with a i " i 2{3 , b i " a i pz s `q{i 1{3 q, n " 500, ρ " 1 ą

Rescaled SBD model, n Ñ 8

Large volume limit : convergence towards the BD model (for a wide class of "reasonable" coefficients) on finite time intervals 3 Methods of proof :

(1) Tightness and identification of the limit (convergence in law) (2) Contraction of }c n ´c} (pathwise convergence) (3) Contraction of } ř jěi c n j ´řjěi c j } (pathwise convergence) Formalisms Theoretical questions Numerics and summary
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Equilibrium of the rescaled SBD model, n Ñ 8

Theorem (Hingant, Y. ( 2019))

If ρ ď ρ s , then for c n Ñ c (strongly), and z " F ´1pρq lim nÑ8 ´ρ n lnpΠ n pc n qq " H z pcq Formalisms Theoretical questions Numerics and summary
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Equilibrium of the rescaled SBD model, n Ñ 8

Theorem (Hingant, Y. ( 2019))

If ρ ą ρ s , then for c n Ñ c (weak-*), and z s " F ´1pρ s q lim nÑ8 ´ρ n lnpΠ n pc n qq " H zs pcq

Coarsening dynamics

For large density ρ ą ρ s , many super-critical clusters form in a small time. § How many super-critical clusters are they and how fast do they grow ? § How long does it takes for a single large cluster to take over the other ones ? § Are there situations where many large clusters persist ?

Nucleation + Coarsening dynamics Theorem (Deschamps, Hingant, Y. ( 2016))

Nptq is an explicit function of c 1 ptq, and is given by a quasi steady-state approximation of c ε 2 " f ε pt, 2εq, given by the solution of $ ' & ' % 0 " rJ i´1 pc 1 q ´Ji pc 1 qs , i ě 2 , c 1 ptq " c 1 .

When c 1 ą lim xÑ0 bpxq apxq , the solution of J i " J ‰ 0 is linked to the loss of mass in the classical BD theory. The aggregation dynamic is linked to the disease 'onset' Hence studying quantitatively the properties of the aggregation dynamic is relevant to understand some mechanisms of the Proteopathies. This can be done by reproducing the aggregation process in vitro.

Protein aggregation diseases : Working hypothesis

Does a Mathematical model reproduce the data ?

How does that help to understand the mechanistic phenomenon of the aggregation process ?