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Formalisms

Becker-Déring model

CRN : Systems of ODEs
Polymerisation
with Attachement- ( dc; y Jiso
Detachement of 7t B AR
single monomer dJi = ajac — biiiciy1,i =1,
c
< CTtl = —h-354,
G+ G s aj Ci1 p = 2 ici(0) = Z iC,'(t).
T y i=1 =1




Becker-Déring model

Formalisms

CRN :
Polymerisation
with Attachement-
Detachement of
single monomer

aj
G+G—=—0GCn

i+1

CTMC

Transition Intensity
C— C+ A, aiG G
C—->C-A; b1Gn

A; =et1—6—e1,
o0 o0
no= G Z (t)
i=1 i=1

a(i — Ve (t)  a(ie(t)




Formalisms

Becker-Déring model

CRN :
Polymerisation
with Attachement-
Detachement of
single monomer

ai
G+G—0Cn

i+1

Non linear conservation laws

of a(J(x, ) (t, x))

ot
J(X7 t) =

I

0x
a(x)cl(t); b(x).
ci(t) —i—f xf(t,x)dx .
0

p =

d
22X = ax)a(t)=b(x) = a(x) (Cl(t) Y




Formalisms

Becker-Déring model

CRN : ar = Jii—Ji,i=2,
Polymerisation p = Z ici(0) = Y ici(t).
with Attachement- i1 i>1
Detachement of _ _
single monomer M

i i—1 i i+1

biy1

< d



Formalisms

Becker-Déring model

Nucleation and coarsening

m0de| ...-":" p:’:. \- ...V=1
° o.' hd ° t
a(i) e el VT
G+ G == i1 oy | BV BB
b(i+1) °
t=0 O<t<t? t=1t"

Typical (in physics literature) coefficients are :

a(i) =i, b(i) = a(i) (zs n %) . a,ve(0,1).

%

9a(R2)
Goo |----
9a(R1)

concentration

distance x




Formalisms

Becker-Déring model

Nucleation and coarsening

m0de| ...- % : ®e p:’:. \ ® oo =
° o.' hd 't
a(i) e el VT
G+ G == i1 oy | BV BB
b(i+1) °
t=0 O<t<t? t=1t"

Typical (in physics literature) coefficients are :

a(i) = i, um:am(4+ﬁ), a,v e (0,1).
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Formalisms

Becker-Doring : nucleation, phase transition and coarsening
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Formalisms

Becker-Doring : nucleation, phase transition and coarsening

A
X+ X =y,

b2 (=)

nucieus
oligomers | fbr

s8] T D < Ke
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Formalisms

General issues

» Does the nucleation process take place (phase transition) ?
» How long and how variable is the nucleation period ?

» How fast the second phase grow after nucleation ?



Formalisms

Mathematical issues

» Well-posedness of the model ("a must be balanced by b")
» Long-time behavior (Equilibrium, Convergence speed...)

» Nucleation and Phase transition (metastability...)



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

dc; . Ball, Carr, Penrose, Comm.
— = Ji1—Ji,i=2
P i-1 i = s, Math. Phys 104(4), 1986
dJi = ajac — biiici1,i =1,
a
dar —Jl—Z?iljf*
Equilibrium is given by J; = J = 0, which implies
. aiaz---aj_1 i
¢ = Qiz', i=—=  i=1
! Q; Q; bobs - - - b;

for some z. Looking at the mass at equilibrium,
F(z) := Z iQiz'
i1
It is natural to look for a solution of

F(z) z pi= Z ici(0) = Z ici(t)

i=1 i=1



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

@ A A Ball, Carr, Penrose, Comm.
dr  TimtTdni =4 Math. Phys 104(4), 1986
Ji = ajac¢ —biiicii1,i =1,
dC]_ 0
I = —J]_ - Zi:]_ J,' .
F(z) I F(z) I 0 — aan---ai 1
! bybs - - - bj
Yol
R=0 z=0 < 0<% <o P =0 - ‘ F(Z) B Z IQIZ =P
i=1
Fz) I F2) v
R ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
5 z = z

0<Z<oo  O<P <oo Zy=o  R=o0



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

E R A Ball, Carr, Penrose, Comm.
A Math. Phys 104(4), 1986
dJi = ajac — biiicii1,i =1,
C1 ©
If the serie F(z) = Y.,.; iQiz' has a finite radius of convergence z
and if

sup{F(z),z < zs} =: ps < 0,

then there is a critical mass such that there is no equilibrium with
mass p > ps.



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

de;

dt
Ji =
dC1

dt

. Ball, Carr, Penrose, Comm.
. - . > 7 7 ’
Jia—Ji i =2, Math. Phys 104(4), 1986
ajc1¢; — biy1ciy1,i =1,

—h =2 J.

If the serie F(z) = >4 iQ;z' has a finite radius of convergence z;

and if

sup{F(z),z < zs} =: ps < 0,

then there is a critical mass such that there is no equilibrium with
mass p > ps.

Remark

We may consider that lim;_,o, b;/a; = zs




Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

dc; )

— Jii1—Jii =2,

dt , Ball, Carr, Penrose, Comm.

dJ,- = ajac — biyiciy,i =1, Math. Phys 104(4), 1986
1 0

EE Sk

If p < ps, then (with strong convergence)
lim ci(t) = Qiz', F(z2)=p
If p > ps, then (with weak convergence)

tlim ci(t) = Qizl, p— ps ="loss of mass to "
—00



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the BD model

= J,',]_—J,',I.>2,
dt _ Ball, Carr, Penrose, Comm.
de = ajac — biyicipr,i =1, Math. Phys 104(4), 1986
cl
@ T Th I

If p < ps, then (with strong convergence)
lim ci(t) = Qiz', F(z2)=p
If p > ps, then (with weak convergence)

tlim ci(t) = Qizl, p— ps ="loss of mass to "
—00

Remark

There is a Lyapounov function (or relative entropy), given by

- Sfe(o( &) 1) o).




Theoretical questions
Coarsening

SBD model

|
SDE CTMC
G(t = m*2J J n
) “ . ; Xn3{C(Ci)i>1€NN:ZiC,-n},
G(t) = Cim-i'Ji71(7-‘)—J,-(7.‘)7 i-1
;) = Y (fhaG(s)Cils)ds) { G(C,RTC) = aCi(C 61,
—Y,-ll(Sé bi+1Ciy1(s)ds q(C,R C) = biG,
’ RI+C = C-—ea—¢+ey
RFC = CH+e+te1—¢




Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the SBD model

|
SDE CTMC
G(t) = G —24( Ji(t :
o 1 . ; an—{C—(Ci)i>1€NN:2iC,-_n
G(t) = G"+Ji—a(t) = Ji(p), i-1
Ji(t) = Y,-+(Séa;C1(s)C,-(s)ds) { GC.RC) = aG(C—owy),
Y1 (55 bisa Grea(s)ds 4(C.R7C) = hG,
’ RC = C—e—e+en
R7C = CHea+e-1—¢

} |




Equilibrium

Theoretical questions Metastability
Coarsening

Equilibrium of the SBD model

i=2
i=1

G() = G"=2h(0) =Y 40,0 {C: (Gt e N i’Cf _ n} .

G(t) = C,-in+-/i—1(t)—-/i(f)7
Mo = ¥ (KaGE)Gls)ds) (ARG = aaici-h),
_yijrl(sg bis1Cis1(s)ds q(C,R7C) = biG,
o RI+C = C—e—e6+e41
RC = CH+eate-1—e¢
| 4
Equilibrium, for any (a;), (bi),n :
n NG
.Z 1
M(C) = B (Qiz) ,
1 G

Detailed balance property :
N(C)q(C,RFC) =N(R"C)q(R"C, C)



Rescaled SBD model,

SDE

-Y,

Theoretical questions

n_of J Z Ji(
I>2
B ) _Pr
+ nJH(t) nJ:(t),

v+ ( i gaiq(s)c,-(s)ds)

it1 ( SS Sbiticity (s)ds

Equilibrium
Metastability
Coarsening

n — oo

cT™C

)a N N o
X = R" :—¢ceN E P =
fa ce pce R ic; p

i1
gle,rie) = Zaia(a — o),
q(c,ric) = Zbic,
r,-*c = che1*Be;+§ei+1
rrc = P

c+—e+ —e—1— —6
n n n

} |




Equilibrium
Theoretical questions Metastability
Coarsening

Rescaled SBD model, n — o

SDE cTMC
a(t) = & =225 - Cum, .
n o X :=<{ceR :;c,eN ZIC,—p
a(t) = o+ L= Lu),
() = Y+(So*acl )c,-(s)ds) {q(c,ri+c) = Zaia(c — 0L,
g(c,ri c) = pbc,,

—Yin ( 5o 2 o "+1C"+1(5)di|>

+ P P p

rc = c——ea——6&+ €
"p

rrc = c+ e+ —e-1— €
n n n

\
Large volume limit : convergence towards the BD model (for a
wide class of "reasonable” coefficients) on finite time intervals



Equilibrium
Theoretical questions Metastability
Coarsening

Rescaled SBD model, n — o

Large volume limit : convergence towards the BD model (for a
wide class of "reasonable” coefficients) on finite time intervals

3 Methods of proof :

(1) Tightness and identification of the limit (convergence in law)
(2) Contraction of |c" — c|| (pathwise convergence)

(3) Contraction of | >, ¢/ — >;=; ¢jl| (pathwise convergence)



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the rescaled SBD model, n —

|
SDE CTMC
a(t) = 1*2 J ; Ji(t), Xf:—{CGRN:nC;EN,Ziq—p}.
1 p =
a(t)y = ¢ +%Ji—1(t)*;-ji(t)»
Ji(t) = \ﬂ*(géga,-cl(s)c;(s)ds) {Q(Cafi+c) = Jaia(c — i),
c,rc) = Zbq,
Vi (£ sbracia(s)as) | dene = 5 )

Theorem (Hingant, Y. (2019))
If p < ps, then for ¢c" — ¢ (strongly), and z = Ffl(p)

lim —ZIn(N"(c")) = H,(c)

n—o n




Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the rescaled SBD model, n —

\
SDE CTMC
a(t) = 1*2 J ; Ji(t), X,,pi—{CGRNZnC;EN,ZiC;—p}.
1 /) =
a(t)y = ¢ +%Ji—1(t)*;-ji(t)»
Ji(t) = \ﬂ*(géga,-cl(s)c;(s)ds) { qle,ric) = saia(c —0ui),
c,rc) = Zbq,
_Yi-_¢—1<gé 2 biviciti(s)ds ‘ q( ) p )

Theorem (Hingant, Y. (2019))
If p > ps, then for c" — ¢ (weak-*), and zs = F~1(ps)

lim —2 In(N"(c")) = H, (c)

n—oo N




Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the rescaled SBD model, n —

If P < Ps, then fOI’ Cn — C (Strongly), and z = F—l(p)
lim —% In(N"(c")) = Hz(c)

n—o
If p > ps, then for ¢" — ¢ (weak-*), and zs = F~1(ps)
. 4 ng _.nyy __
nILmoo—; In(M"(c")) = Hz(c)
Method of proof : Same as Anderson et al. 2015 + continuity
property of H,(¢c). ,
Linnre) = ) {—c,-ln (”Q,-z"> + 22+ Q,-z"} +Linpz
n = P n o p n
= i {C,' (In i 7
= Qiz
= H:c)— ) Q'+ Ra(c) + —InB;

i=n+1

- 1) + Q;zi} + Ry(c) + % In BZ



Equilibrium
Theoretical questions Metastability
Coarsening

Equilibrium of the rescaled SBD model, n —

If p < ps, then for c” — ¢ (strongly), and z = F~1(p)

lim —ZIn(N"(c")) = H,(c)

n—0o0 n

If p > ps, then for ¢" — ¢ (weak-*), and zs = F~1(ps)

lim —”In(N"(c")) = H,,(c)

n—oo N

Remark

For p > ps, we believe that a single giant cluster emerges, of size
~ n(1 — ps/p) (see work on limiting shapes of random
combinatorial structures)




Equilibrium
Theoretical questions Metastability
Coarsening

Metastability BD

Monomer concentration c1(t)

dc; .

— = Jia—Ji,i=2,

dt ] 1.08

Ji = ajac —biiicii1,i =1,

dCl

pralie —h =" 4. 1,075
e For an z > z, there exists admissible 1.07
configuration f = f;(z) such that

12 16

Ji=J #0and fi(z) = z. We start with  1.065 5
c¢™ = f and consider z \, z; : 10 tim:eot 1010
(/) For algebraically large time t, c(t) — f is exponentially small
(i) limi—o c(t) — f(t) is not exponentially small
(i) Yoy Ci(t) < Djo px €i(0) + J*t with J* exponentially small,



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

Taking the monomer number as a a(i — 1)z a(i)z
constant allows to view the SBD T
process as a superposition of e 7 ijL 1
(independent) Birth-Death process on b(i) b(i +1)

N*.



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

Taking the monomer number as a a(i— 1)z a(i)z
constant allows to view the SBD T
process as a superposition of in
(independent) Birth-Death process on b(i) b(i +1)

N*

e For z < z; : sub-critical,
absorption at 1 is almost
sure.

e For z > z : super-critical,
absorption at 1 is NOT
almost sure.



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability for the SBD ?

Numerical simulation "shows” metastability with sharp transition
between "metastable state” and stationary state

500 500

400 400 400

300 300 300

Moment

200 200 200

Cluster Number
Maximal size

100 100 100

1073 107! 10" 10%
Time




Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

nucleation : we look for the first time a a(i — 1)z a(i)z
cluster of size greater than n appears : YT
o= inf{t =0, G(t) > 0} ! bi) | obientl

i=n



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

nucleation : we look for the first time a a(i—1)z a(i)z
cluster of size greater than n appears : T
o= inf{t>0,Y G(t) > 0} P A TN U
i=n

There exists a quasi-stationary distribution,
P jasa {C(t)e-|m, >t} =N% and P jasa {Th > t} = exp (—Jn(2)t)
where M#% is given by, for some (explicit) Jn(2), f,(2)

n f
S
()

ned(c) -
i=2



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

nucleation : we look for the first time a

a(i — 1)z a(i)z
cluster of size greater than n appears : P e
—inf{t >0, Gi(t) > 0} e A TN U

i=n
Theorem (Hingant, Y. 2021)

(for a class of initial condition ™ ), for any ¢, and z close enough
to zs, there exists Ky, Vpx, Jox > 0 such that

|Prin (C(£) € - | Ty > t) — N8B < Kot

)
iy
where Prin (Tp > t) = (1 —g)e™ ",

» Ky, 1/v,+ are at most algebraically large
> J.x is exponentially small




Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for c;(t) = z

nucleation : we look for the first time a a(i—1)z a(i)z
cluster of size greater than n appears : T
o= inf{t >0, Gi(t) > 0} e A T
i=n

Method of proof :
(i) Coupling arguments exploiting independence of particles
(i) Known probability of absorption for birth-death process



Equilibrium
Theoretical questions Metastability
Coarsening

Metastability SBD for ¢;(t) =

nucleation : we look for the first time a a(i—1)z a(i)z
cluster of size greater than n appears : T
—inf{t >0, Gi(t) > 0} e N A T U

i=n

Remark

Whether similar results holds true for the original SBD is an open
question.




Equilibrium
Theoretical questions Metastability
Coarsening

Coarsening dynamics

For large super-saturated density B ol o —
p > ps, many.super—crltlc-al o —_ :
clusters form in a small time. T H
. = Initial Final
» How many super-critical %20‘
clusters are they and how § 1 = Winninglumen
s Losing |
fast do they grow? 101 oeng umens
» How long does it takes for a |
single large cluster to take oo
T T T T
over the other ones? 0.01 1 100

i . Time (a.u.)
» Are there situations where

many large clusters persist 7



Equilibrium
Metastability

Theoretical questions
Coarsening

Nucleation + Coarsening dynamics

We start from a rescaled model

dc? 1
1 € € H
pral g[ -] =2,
p o= ci(t)+e ) ic(t).
i=2
Sa GG
— G
1b5Cs
. (-GG, taENGc 6
Ci—l Ci i+1>
Lbe(ei)CF 1be(e(i+1))CE,

and we look for fs(t,X) = 2122 Cis(t)l[(,',l/Q)E’(,-+1/2)5) (X)



Equilibrium
Theoretical questions Metastability
Coarsening

Nucleation + Coarsening dynamics

Theorem (Deschamps, Hingant, Y. (2016))
we have f¢ — f (in C ([0, T]; w — * — M([0,0)))) solution of

d +00

p . f(t,x)p(x )dx-l ()>I|mHo<

+00
" f [a(x)c1(t) — b(x)] @' (x)F(2, %) dx.

for all ¢ € Cy[0,0), which is the weak form of

of  d(J(x,t)f(t,x))
ot * 0x

=0, XIi_rpOJ(x, t)f(t,x) = N(t).




Equilibrium
Theoretical questions Metastability
Coarsening

Nucleation + Coarsening dynamics

Theorem (Deschamps, Hingant, Y. (2016))

N(t) is an explicit function of ci(t), and is given by a quasi
steady-state approximation of c5 = f¢(t,2¢), given by the solution

of _
0 = [icala)=Ji(a)], i=2,
a(t) = a.
J,'(Cl) = a;c1 — E(H—l) .

When c1 > limy_q 5 " the solution of Jy=J # 0 is linked to the
loss of mass in the c5ass:cal BD theory.




Numerics and summary

Metastability SBD

One sample path simulation of the "nonlinear” SBD, with a; = i%/3,

b; = ai(zs + q/i*/3), n =500, p = 1 > ps = 0.1056

500

500

400 400 400

300 300 300

Moment

200 200 200

Cluster Number
Maximal size

100 100 100




Numerics and summary

Metastability SBD

One sample path simulation of the "nonlinear” SBD, with a; = i%/3,

b = ai(zs + q/i'/3), n =500, p = 1 > p; = 0.1056

t=10"2 t=10"2 t=10""
102 102 102
1 — < Ci(t) > 1] 1 |
10 o 10 : 10 :
g 10° = <w®> 100 ], 100
€
3 10! -t 10!
I
102 072§ 102
103 1 I I 1 10-3 1 I 1 I 10-3
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0
t=10° t=10" t =107
102 102 102
10! | 10! | 10! |
I I I
g w0 10° | 100
€
ERUSEI N 10-1 ! 10-1
I
1072 [} 1072 A 10-2
103 | 10-3 | | 11 103 1 I L
0.0 02 04 0.6 08 1.0 0.0 02 04 0.6 08 1.0 0.0 02 04 0.6 08 1.0

Size Size Size



Numerics and summary

Metastability SBD

One sample path simulation of the "nonlinear” SBD, with a; = i%/3,

b; = ai(zs + q/i*/3), n = 10000, ps = 0.1056

40
10.0 —A) Trajecior 101 B) Steady-state C) Relative entropie
30
o 75 I 10-3
I 5.0 s 20 1
a 10~
2.5 / 10 4
1077
0.0 L S R B R 0 T T T T T
2.0
1.00 10-1 4
1.5
- 078 107% 4 ~¥——\_
Il 1.0
0.50 5
! 107°
0.25 0.5
1077
0.00 0.0 T T T T T
lo-1 o 0.010
0.100 e Number of Clusters 8D == Relative Entropic
mm Mass of Clustrs 10-3 4 - DED 0.008 == Emp. Mean Relative Entropie
~ 0.075 . Maximal Size *
S = Emp. Mean values 105 0.006
Il 0.050 i
a 10-7 4 0.004
0.025 i
10-9 0.002
0.000 - 0.000 -
10-110° 10* 102 10° 10* 10° 12345678910 1071100 10* 102 10° 10* 10°

Time Cluster size Time



Numerics and summary

Coarsening dynamics : the "three eras” hypothesis

» Appearance of large clusters.

» Coarsening dynamics that
leads to a single cluster, in a
competition-like process.

» Steady-state convergence of
small cluster-size.

101 10t 10® 10°
Time t



Numerics and summary

Nucleation + Coarsening dynamics

of  d(J(x,t)f(t,x))
ot * ox

=0, )I(iLnOJ(x, t)f(t,x) = N(t).

(1) J(x,t) = ax"c1(t) — bx, r <1 :f — &g (nucleation keeps
creating "infinitesimal” clusters, no coarsening)

(if) J(x,t) = (ac1(t) — b)x", r <1:f — fy, a(t) — g many
large clusters persist, no coarsening)

> case (i) > case (if)
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Sickle Hemoglobin
Prion-like protein
Spatial modeling

Protein aggregation diseases : Working hypothesis
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McManus et al., The Physics of Protein Self-Assembly, Brundin et al., Prion-like transmission of protein
Curr. Opin. Colloid Interface Sci (2016) aggregates in neurodegenerative diseases, Nat. Rev. Mol.

Cell Biol. (2010)

The aggregation dynamic is linked to the disease 'onset’

Hence studying quantitatively the properties of the aggregation
dynamic is relevant to understand some mechanisms of the
Proteopathies. This can be done by reproducing the aggregation
process in vitro.
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Does a Mathematical model reproduce the data?

How does that help to understand the mechanistic phenomenon of
the aggregation process?
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Modeling the kinetics of Hemoglobin fiber

a
3 » Gene mutation linked
g Delay time to Hemoglobin
i l » The Kinetics of
Time sickle-hemoglobin
b 7 o ? aggregation is
>90% —> o connected to disease

pathogenesis.

0,
c /' Log jam
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Cellmer et al. Universality of supersaturation in protein-fiber

formation Nat. Struct. Mol. Biol. (2016)



Sickle Hemoglobin
Prion-like protein

Spatial modeling

Delav (nucleation. lag) time
+ HbS 25°C HbS + urea HbS-HbC mixture
W HbS 35°C HbS, varied pH ® HbS-HbF mixture
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Cellmer et al. Universality of supersaturation in protein-fiber formation
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Hypotheses testing through global fitting of experiment

Model 2, Secondary nudeation

Model 1, Fragmentation
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Stochasticity at different concentration
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Intra-cellular compartmentalization

Reaction-Diffusion PDE

Low PTMs, temperature, High
component ionic strength, etc. component
concentration concentration

Decreased
threshold, ‘
assembly is
enhanced
Increased
threshold,
- disassembly
is promoted
Disassembly Critical Phase separation/
concentration for assembly

phase separation (M)
Fig. 1 Macromolecular condensation mediates the formation of membrane-less organelles. Membrane-less organelles are dynamic structures
formed via a polymer-condensation-like, concentration-dependent phase separation mechanism. The critical concentration threshold (grey line)
for phase separation can be tuned within a range of concentrations (shaded green box) through physico-chemical alterations to the system
(ie, posttranslational modifications to domains and/or motifs that alter the affinity of their interactions, changes in temperature, altered ionic
strength, etc). These changes can drive phase separation and assembly of membrane-less organelles, or their disassembly

@
Mitrea et Kriwacki, Phase separation in biology ; functional organization of a higher order, Cell Commun
Signal. (2016)
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Lumen formation

Coarsening on a graph structure
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Dumortier et al., Hydraulic fracturing and active coarsening position the lumen of the mouse blastocyst,
Science (2019)
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