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Abstract The purpose of this paper is to investigate thek-nearest neighbor
classi cation rule for spatially dependent data. Some spatial mixing conditions
are considered, and under such spatial structures, the well knowrk-nearest
neighbor rule is suggested to classify spatial data. We established consistency
and strong consistency of the classi er under mild assumptions. Our main
results extend the consistency result in the i.i.d. case to the spatial case.
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1 Introduction

Analysis of spatial data arises in various areas of research including agricul-
tural eld trials, astronomy, econometrics, epidemiology, environmental sci-
ence, geology, hydrology, image analysis, meteorology, ecology, oceanography
and many others in which the data of interest are collected across space. One
of the most fundamental issues in spatial analysis is classi cation and pattern
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recognition. For example, in remote sensing technology or digital geography
information, we need somehow to classify spatial data into patterns or images
into types. Recently, [22] propose a novel probabilistic model for classi cation,
that incorporates a network's structure into the classical logistic regression
model. This model is mostly used to classify data produced by social network
analysis taking into account the connection between nodes, but without any
in uence of the spatial coordinates. [18[17,19,20,21] deal with kernel-based
rules to classify temporally and spatially dependent data, and study asymp-
totic properties of classi ers. The aim of the present paper is to investigate
whether the classicalk-nearest neighbor classi er can be extended to classify
spatial data. To the best of our knowledge this work is the rst one dealing
with spatial data. The k-nearest neighbor method for estimating density and
regression or data classi cation has been widely used and studied for many
years in the i.i.d. case. Key references on this topic arel_[4],][3]./[5]./[6] and [2].
The use of thek-nearest neighbor method in the spatial case is due to [15] for
density estimation. The real interest in the k-nearest neighbor method comes
from the nature of the smoothing parameter. Indeed, in the traditional kernel
method, the smoothing parameter is the bandwidth, which is a real positive
number. Here, the number of neighborsk is the smoothing parameter and it
takes its values in a discrete set. As we said previously, the other very impor-
tant aspect of this method is that it allows the construction of a neighborhood
adapted to the local structure of the data. The main di culties with the kernel
method appear when data are sparse; choosing the number of neighbors allows
to avoid this problem and is adapted to the concentration of the data. Consis-
tency of kernel-based rules on temporally or spatially dependent data has re-
cently been investigated by [18,11,19,20,21] in nite and in nite-dimensional
space. In this paper, we will establish the (strong) consistency of th&-nearest
neighbor classi er for spatially dependent data. Let f (Xj;Y;)gzv be a ran-
dom eld de ned on some probability space (; F;P) and taking values in
RY f 0;1g. In the problem of classi cation, for eachi 2 ZN, X; is a vector of
features andY; is the label (class) ofX;. A point i = (i1;:;in) 2 ZN will be
referred to as a site. Forn = (ny;::;5ny) 2 (N )N , We de ne the rectangular
regionl, by I, = fi22zN : 1 iy n; 8 =1;::;Ng We will write
n!l ifmny, yn!1l :Denef=mn; i ny =cad(ly): We
wish to predict the label Y; of a new observationX;. The pair (Xj;Y;) may
be described by , the probability measure for X, and (x) = E(Y;=X; = x),
the regression ofY; on X; = x. Assume that for eachi 2 ZN, (X;;Y;) has the
same distribution as the pair (X;Y ). We create a classierg: RY I f 0;1g
mapping X; into the predicted label of X;. The error rate, or risk, of a rule g
is L(g) = Pfg(X;j) & Y;g: This is minimized by the rule

0if PfY; =0jX; = xg PfY; =1jX;=xg
1 otherwise

g (x) =

whose error rateL = L(g ) is called the Bayes risk andg is called the
Bayes rule. This optimal rule depends on the distribution of (X;; Y;) which is
generally unknown. we use the dataD, = f(X;;Y;) : i 21,9 to construct a
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classier g,(x). The set D, is called training sample. The spatial version of
the classicalk-nearest neighbor rule given by
8 X
<O0if whi i 1=2
On (X) = . i2 g (1)
1 otherwise

where w, = Wy (X;Dy) is 1=k if X; is one of the k-nearest neighbor ofx in
D, and wy; is zero otherwise withk = k(n) is a sequence of positive integers
satisfying

k11 and k=A! QOasn!l : (2)

Observe that the distance between two observations irR? or two sites in ZN
will be computed by the Euclidean distance. We assume that is absolutely
continuous with respect to the Lebesgue measure on RY, in other words, X
has a densityf with respect to , so that we can avgjd messy technicalities
necessary to handle distance ties. If we let,(x) = i21 , Wni Yi be the k-
nearest neighbor estimator of (x), (1.1) can be re-written as follows

oif ,(x) 1=2
1 otherwise

On (X) = 3
The best we can expect fromg, (X) is to achieve the Bayes risk. Denotel , =
L (g,) the error rate of g,: The classi er g, (x) is called consistent ifEL, !

L asn!1l anditis strongly consistent if L, ! L asn!1l with
probability one. In this paper, we investigate both the consistency and strong
consistency ofg, under classical conditions.

2 Mixing conditions

Let us rst recall the de nitions of mixing coe cients introduced by [14] and
introduced by [13]. Let A and C be two sub -algebras ofF: The -mixing
coe cient between A and Cis de ned by

= (A;Q= sup JjP(A\ C) P(A)P(C)j
A2A ;C2C

and the -mixing coe cient is de ned by

= (A;Q= EsupjP(AJC)  P(A)]]:
A2A

Let fZ;g,zn be a random eld on (; F;P) and take values in some space
( %F9. Forany E;E® ZN with nite cardinals, we denote by B(E) and
B(E9 the Borel -algebras generated byf Z;gi»e and fZ;gioeo respectively.
The random eld fZ;gj,,n is said to be -mixing (strongly mixing) if

()= sup B(E);B(E% #0ast!l
dist( E;E 9) t
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where

dist(E;E9 = i2|Er:1}‘2EOk| jk
and k:k denotes the Euclidean norm. The above -mixing condition may be
satis ed by many spatial models and examples can be found in[9] and [12].
The random eld fZ;gj,zv is said to be -mixing ( absolutely regular) if

()= sup B(E);B(EY #0ast!1
dist( E;E 9) t
The two mixing coe cients and are related by the inequality 2 (see

[1Q]). Consequently, any -mixing random eld is -mixing one. Throughout
the paper, it will be assumed that the random eld f(X;;Y;)giozv is strongly
mixing (absolutely regular) to establish consistency (strong consistency) of
the k-nearest neighbor rule. However, the training sampleD, is obtained by
observing the feature vectorX; with its label Y; in each sitei 2 | ,,. Each one of
the above mixing coe cient describes a spatial interdependence between the
observations (X;;Y;) based on their locations on the lattice points. According
to the above mixing conditions, observations in sites that are close together
tend to be more correlated than that are in sites being far apart.

3 Preliminary lemmas and main results

The following lemmas will be needed to establish consistency and strong con-
sistency. The proof of the following lemma is found in[[10].

Lemma 1 Let Z; and Z, be twoR-valued bounded random variables. Then,
we have

jcov(Z1;Z2)j  4kZqky kKZojii ( (Z1); (Z2));

wherek:k; is the supremum norm and (Z;) is the -algebra generated by;
fori=1;2.

Let A and Che two sub -algebras ofF, we denote byA_C the -algebra gen-
erated by A[C . The following lemmas will be used to prove strong consistency
of the classi er.

Lemma 2 Let Z be a random variable de ned on( ; F;P) and taking values
in some Polish space ®and M be a sub -algebra of F. Assume that there
exists a random variableU uniformly distributed over [0; 1], independent of

(Z) _M . Then, there exists a random variableZ measurable with respect
to (U)_ (Z)_M , distributed as Z and independent ofM , such that

Pz&zZ)= (M; (2)):

For the proof of Lemma 2 (Berbee's lemma), we refer the reader to [1]. Denote
Sxr the closed ball centered atx with radius r > 0:
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Lemma 3 Let
Ba(x% = fx2RY: Siix x <ag

Then, for all x°2 RY;

(Ba(x))  aa

with 4 is the minimal number of cones centered at the origin of angle=6
that cover RY:

We refer the reader to [6] for the proof of Lemma 3. The number 4 de ned
in Lemma 3 exists according to ([6], Lemma 5.5). Now, we state the main
results of this paper. In the following theorem, we investigate consistency of
the k-nearest neighbor rule.

Theorem 1 Suppose thatD,, are observations of -mixing random eld such
that (t)= O(t ) with > N: Suppose in addition that (1.2) is satis ed and
thatasn!l ; p_
k=nt!1 4)

Then,asn!1 ;
EL,! L :

Theorem 1 extends Stone's consistency theorem (s€e [11]) to the spatial case
when the probability measure is absolutely continuous under a slight mod-

i cation of Stone's condition on the smoothing parameter k. Condition (3.1)

is weaker than that used by ([3], Theorem 11.3) in the i.i.d. case (see alsol(([4],
theorem 1)). In the following theorem, we investigate strong consistency of the
k-nearest neighbor rule.

Theorem 2 Suppose thatD,, are observations of strictly stationary -mixing
random eld such that (t)= O(t ) with >N and that (1.2) and (3.1) are
satis ed. Suppose in addition that there is an integerp = p(n) with p(n) 2
[L;miny | y Ny=2] such thatasn!1 ;

A
|
N logh 11 (5)
and
k'n (p<1: (6)
A2 (N )N

Then,asn!1l ;
L, ! L with probability one :

Theorem 2 extends the strong consistency of[([6], Theorem 11.1) to the spatial
case under some mild additional condition on the smoothing parametek.
Observe thatif (t)= O(t ),then (t)= O(t ) since 2 (t) (1), so that

(t) and (t) tend to zero ast!1  with polynomial rate. In addition, if we
take for examplep = n*=2N | (5) and (6) are satis ed for some > 4N:
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4 Numerical results

In this section, some numerical results are proposed towards some simulations.
We consider a two-dimensional spaceN = 2) with the random eld

(X(i;J >;Y<uj >);(i;j )2 z?
simulated on a rectangular region
Fninyy = F(5))1 0 niil j nog
of n; n, sites. Without loss of generality, we taken; = n, = n. We fo-

cus on the case whereX , ;Y ,) takes values in R? f 0;1g with Xy =

(i) . .
(X1 13 X5 ,) Where X . . are dependent normal variables with mean 0,

variance 05 and covariance functionc(u) = 0:5exp(k uk) for all u 2 R? with

uéo and X, , , are independent normal variables with mean 0 and vari-
ance 05. We let Y, , =1ifsin(X ., X, ,)>sin(X_ ,, +X,, ) and
Y., = 0 otherwise. The R statistical programming environment is used to

(i
run simulations. First of all, we give a typical example by using the above
scenario forn = 25 and we get the following gure.

e o o %o g ]
i o
1 o o
_ Og, © o
1 ® © = -
o2
O,
- o &Y
" oo ! w |
1B -
1 o
= 3 11{1% 13 ) o
- B 4 ST i
> 1 =
] ) 1 =
< 111} p ¥,
(;‘ 11 414 111!11 3
= 111"1ﬁ d‘ 'ﬁ‘ﬂf‘ 1 o
- L R P
1 L 1 o
11
w
< 7 1
4
T T T T T T T T T T
—= —1 o 1 2 s 10 1s 20 25

Fig. 1 Labeled feature vectors at left-hand side and labeled sites at right-hand side with
red color for the class (0) and blue color for the class (1).

Figure 1 shows the labels of 625 feature vectorX , | with their labeled sites
on the region| (x9.50). Now, for eachn 2 f 20; 30; 40, 50g, we simulate a sample
of sizen? on the rectangular region| (nny- Then, each sample is splitted into
two sets. The rst set contains n?> 100 elements of the sample for training and
the other contains 100 elements of the samples for testing. Figure 2 displays

the labeled samples fom = 20; 30; 40; 50.
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Fig. 2 Four labeled samples corresponding to n = 20; 30; 40; 50 with red color for the class
(0) and blue color for the class (1).

We apply the cross-validation criterion (CV) to the training samples to choose
values of the smoothing parameterk by altering k with various values and
choose that corresponding to the lowestCV (k) given by

X .
CVI= " (Y gy (XiDZ

where g(ni;n )(Xi) indicates the k-nearest neighbor rule based on leaving out the
pair (X;;Y;) and the summation is taken over all sites of a training sample.
It is desirable for k to be odd to make ties less likely. Then, for eacm, we
estimate the misclassi cation error rate (ER) using the associated test sample,
ie;
1 X
ER = TOO . :“lesg(n:n )(Xl)g;
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where the summation is taken over all sites of a test sample andl denotes the
indicator of A. Table 1 includes the optimal chosen values df together with the
corresponding estimated misclassi cation error rates for one replication of each
n. To check the robustness of the proposed classi er, the above simulation is

n STS k ER

20 300 21 0.05
30 800 33 0.08
40 1500 41 0.03
50 2400 51 0.04

Table 1 Misclassi cation error rates

replicated 100 times, and the average error rate (AER) is obtained by averaging
the error rates associated with the corresponding 100 test samples of each
value of n. We keep the chosen values d listed in Table 1 for each replication.
Finally, we get the following table of average misclassi cation error rates. Table

n STS k AER

20 300 21 0.0495
30 800 33 0.0410
40 1500 41 0.0330
50 2400 51 0.0310

Table 2 Average misclassi cation error rates

2 displays the average error rates corresponding to 2 f 20; 30; 40; 50g. It shows
that the AER decreases when the size of training sample increases which make
the results of this simulation study in line with the theoretical results.

5 Proofs

Dene , = j(x) as the solution of the equation

= (S .) (7)

Note that the solution always exists sinceX has a density by assumption. Also

de ne
1 X
b (x) = K Yillix,2s, , g
i2l o

Proof of Theorem 1 By Theorem 2.2 in [€], we have
z

L L 2 Rdj (x)  n(x)j (dx): (8)
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Hence, it su ces to prove that
Y4

E Rdi (x)  n()j (dx)! O (9)

But

J ) aX)j (X)) Eba(X)j+ JEb(X)  n(X)]: (10)
Clearly, by (7), condition (2) impliesthat ,! Oasn!1l : By Lebesgue's
density theorem together with (7), we have asn ! 1 ;

Eb, (x) = E(Y=X=x% (dx)! E(Y=X=x)= (x)

(SX: n) Sx; n

for all x mod ( -almost for all x 2 RY). SincejYj 1, the dominated

convergence theorem implies that a1 ! 1
z

Rdi (x)  Ebh(x)j (dx)! O (11)

Therefore, by (10)-(11), it su ces to prove thatas n!1
z

E Rdijn(X) n(X)j (dx)! O (12)
We have the following inequality
Z
E JEB(X)  n(x)j (dx)
R 7 z

E RdJ'Ebn(X) b (x))j (dx)+ E Rdibn(X) n(¥)] (dx): (13)

Thus, we prove that the two terms in the right-hand side of (13) tend to zero
asn!1l :Forthe rstterm, by Cauchy-Schwartz inequality, we get

4
E JEb(X) by(x)j (dx)
Rd Z o
E(Eby(X)  bn(x))? (dx)
i 0
= var(b, (x)) (dx)
Zr
%var Y 1x 28 , T Ch(x) (dx) (14)
Rd
with X

1
Cn(X): p COV(Yi]lX,ZSX; n;Yj]lXIZSx; n) .

i6j
On the one hand, we have by (7)
1

f ] f
var Yixos, | @E(Jlxzsx; L) = 2 (Sx »)= " (15)
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10
On the other hand, by Lemma 1, we have
4 X _ 4n .
Cn(¥) 12 ki Jk) 7 (kik)
i6] kik 1
4ﬁXiNl(i) CﬁXiNl ClL}ZluNl du
k2 K2 K2
k i=1 k i=1 k® 1=
for some generic constaniC > 0: Therefore
Z
(o] { ch
Cn(x) @ - u du @ (16)
R
since 11:2 uV 1 du< 1 for >N: By (4) and (14)-(16) together with the
dominated convergence theorem, we get
z
a7

E RdJ'Ebn(X) b (x)j (dx) ! 0

It remains to prove that the second term in the right-hand side of (13) tends

tozeroasasn!1
xk: Clearly

and denoter, = ry(x) = kX1 (x)

: To do that, let X (i (x) be the k-nearest neighbor ofx

. X 1 X
jbh(x)  n(x)j= K Yiltx 2s, g K Yiltx 2s,, . g
i2l o i2l q
1 X
K Yexi.2s, ;0 dixi2s, .9
2,
1 X . .
= Tix,2s, ,¢ 1 =Jna(X) E n(x)j (18)
i2 o
with
1 X
n(x) = K Tix.2s, .o
i2l o
Hence, we prove thatasn ! 1 ;
(19)

y4
E  Ja(¥) En(x)j (d)! O
Rd

Observe that ,(x) = by(x) if we let Y; = 1 for all i 2 | ,: Consequently,
the proof of (19) is the same as that of (17). Finally, combining (10)-(13) and

(17)-(19), we get (9) and the proof is completed.



Consistency of the k-nearest neighbor classi er for spatially dependent data 11

Proof of Theorem 2 By (8), the proof is established if we prove that as
n'i ;
' VA

j (X)) a(X)j (dx)! 0 with probability one: (20)
Rd
By (10)-(11), it su ces to prove that
Z
JEbh(X)  n(x)j (dx)! 0O with probability one: (22)
Rd
Since
z z
Rdijn(X) n(X)j (dx) Rdjh‘(x) Ebn (x)j (dx)

z
+ RdJ'bh(X) n(X)j (dx);

the proof of (21) is established if we prove that
z
ibh(x)  Eb,(X)(x)j (dx)! O with probability one: (22)
Rd

and 7
jo(xX) n(X))j (dx)! O with probability one: (23)
Rd

We rst prove (22). To this aim, we use the blocks decomposition introduced by
[7] (see alsol[[16]) which will be useful afterwards. Without loss of generality,
suppose for eachl = 1;::;;N, nj = 2pq wherep = p(n) and q = g(n) are
strictly positive integers with p(n) 2 [1;min; | y n=2] such that (5) and (6).
Let
Jg=Tfi=(1nin) 2 NV:0 j, g 1,8 =1;:;Ng
Qn

We have carddq) = |2, g := r. We de ne blocks as follow, for eachj 2 Jg;

SY =fi20n:2kp+l ik @k+1)p; k=1;:15Ng
S? =fi2ln:2kp+l ik @k+Dpik=1;0GN 1
and 2jy +1)p+1 in  2(Gn +1)pg
s® V=fi2l,@c+Dp+l ik 2G+)p k=1;00N 1
and2jnp+1 in  (2jn +1)pg
SJ.(ZN)zfiZIn:(ij+1)p+1 ik 2(k+1)p; k=1;:15Ng
We have

In= st (24)
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One can easily prove that for allj 2 Jq; card Sj(i) = pV and for all j 6 j%
dist sj‘”;sj(;’ p. Let Wj(i) = (Xi3Y); 12 Sj(i) , for eachi = 1;:::;2N and
j2Jq;andlet :fl;:rg! Jg be a bijection. We can de ne a lexicographic
order relation ex on Jq as follows: (M) ex (MY if m mC Foranyj 2

Jg; we can nd m 2f1;::;rgwith  (m) = j. Now, we use Lemma 2 together
with a decomposition in blogks similar to that ingroduced by [[7] (see also

[18]) on the family of vectors W(i()m); m =1;::;r to generate independent
n o}

copies W(i()m); m =1;::;r such that: they are mutually independent, for

alm2f1:;rg; W(i()m) = (Xi;Yi);i2 s® has the same distribution

(m)
(O — . L (i) (i) M)
asW'i, = (Xi3Yi); 1287, andP W', 6 W', (p) because
dist S('()m);S('()mO) p for any m 6 m% As a consequence, for each2 | ;

there existi =1;::::28 andm =1:;:::r such that

P (Xpv)e(xiv) P wlewl  (p (25)

De ne

1 X
S (X) = K Yi:“fxqzsx; g (26)
i2l

Then, for any > 0; we have

z
P jbn(x)  Eby(X)(x)j (dx) >
Rz z
P jba(x)  Eby(x)j (dx) jm(x) E=(X)j (dx) > =2
Rd Z Rd

+P Jm() Ewm()j (dx)> =2 = Ap + Bn: (27)
Rd
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We rst nd an upper bound for A,. We have by Markov's inequality

VA A
An 2 'E jby(x) Eby(X)j (dx) j=(x)  E=(x)j (dx)
7 Rd Rd
2 'E jbh(x) EB(X)j ] () Ewm(X)i (dx)
4 z
2 'E in(x)  b(x)j (dx)+ E  jw(x) ba(x)j (dx)
7 Rd Rd
=4 'E w0 b0 (dx)
R
N £ X 1 X .
=4 E " E Yi]le“.ZSx; g E Yi:“inZSx; "0 (dx)j
i2l i2l g
X Z
4 kot E]l(xi:Yi)s(xi;Yi) Rd Yi]lfxﬂsx; nd Yilix2s, nd (dx)
i2l n
8 &k n (p):
Consequently, by (6), we get
X
Ap<1: (28)
n2(N )N

Let us now nd an upper bound for B,,. We have
z

Bn=P jm(x) Ewm(x)j (dx)> =2
Rdz |
1 X 1 X
=P i y Vilix2s, g EYilixos, g (dX)>=2
i2l o i2l q
Consequently, (24) yields
0 1
R 51Z4 X X
Bn PO d Vs, o EViless, o (d0>=2V"1K
i=1 inqizsj“’
Hence, it su ces to nd an upper bound for example for
1

0
Z
1 X X
P%E Vilixos, .o EVilixoes, (dx) > :2"‘*1%;

d nd
i23dqj25 @
]

To do that, we re-consider blocks decomposition and the lexicographic relation
de ned above. Denote for eachm =1;:::;r;

Wn= WP = (xiv);i2s®
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De ne ;
N
F: RIfo1g” ! R
such that
12 x X
F(WwioWe) = o Yilixos, .o EVilixos, o (AX)

" m=1 i2s )
With the same method that was used to prove (17), we can easily prove that
EF (Wy; W) ! O

As a consequence, we have fdt is enough large, we can write
0 1

z

1 (dx) > = 2N &
K o

Yi:“fX“iZSX; "0 EYi]lfxizsx; g

m=lizs®
P F(Wyg o W,) EF(WqponW,)> =282 (29)

Let us x the data and denote w,, = (%;;¥;)); i 2 s®

(my - Thus, we have

JF (W5 0 W W) F (W 5 Wy s 200 W)

14 X
K Yilix2s, .9 ¥ildix2s. g (dX)
RY s @
X 1zm)
ko Yidiaes, g Yidik2se g (OX):
i2s @ Re

(m)

But ¥illix2s, g ¥ dix2s, ,0 2 and it can be di erent from zero if and
only if kx; xk n or ke xk n: Observe that by (7), kg  xk n
if and only if  Sykx xk k=n: But the measure of suchx's is bounded by

ak=f by Lemma 3 and card S(l() = pN. Therefore,

m)
20" ak _ 2" g,
k A A

SUp  JF (Wi Win s W) (W Wy S W )]
As a consequence, according to McDiarmid's inequality (se€]8]), we have

P F(Wq; W) EF(Wyp i W,) > =2V*2

2n2
2 exp 22N +4 rp2N g
2
=2exp f (30)

2
22N +3 PN 2
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Combining (28)-(29) together with (5), we get
X
Bh<1: (31)
n2(N )N

By (27), (28) and (31) together with Borel-Cantelli lemma, we have (22). To
complete the proof, it remains to prove (23). As we show above, (x) = b, (X)
ifweletY;=1forall i 21, with
X

Tix 2s, 0
i2l .

Xl

n(X) =

Consequently, if we proceed similarly to (18), we can easily show that the proof
of (23) is the same as that of (22) and the proof is completed.
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