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Abstract

Background: Single-step genomic predictions obtained from a breeding value model require calculating the inverse
of the genomic relationship matrix (G™'). The Algorithm for Proven and Young (APY) creates a sparse representation
of G™'with a low computational cost. APY consists of selecting a group of core animals and expressing the breeding
values of the remaining animals as a linear combination of those from the core animals plus an error term. The objec-
tives of this study were to: (1) extend APY to marker effects models; (2) derive equations for marker effect estimates
when APY is used for breeding value models, and (3) show the implication of selecting a specific group of core ani-
mals in terms of a marker effects model.

Results: We derived a family of marker effects models called APY-SNP-BLUP. It differs from the classic marker effects
model in that the row space of the genotype matrix is reduced and an error term is fitted for non-core animals. We
derived formulas for marker effect estimates that take this error term in account. The prediction error variance (PEV) of
the marker effect estimates depends on the PEV for core animals but not directly on the PEV of the non-core animals.
We extended the APY-SNP-BLUP to include a residual polygenic effect and accommodate non-genotyped animals.
We show that selecting a specific group of core animals is equivalent to select a subspace of the row space of the
genotype matrix. As the number of core animals increases, subspaces corresponding to different sets of core animals
tend to overlap, showing that random selection of core animals is algebraically justified.

Conclusions: The APY-(ss)GBLUP models can be expressed in terms of marker effect models. When the number

of core animals is equal to the rank of the genotype matrix, APY-SNP-BLUP is identical to the classic marker effects
model. If the number of core animals is less than the rank of the genotype matrix, genotypes for non-core animals are
imputed as a linear combination of the genotypes of the core animals. For estimating SNP effects, only relationships
and estimated breeding values for core animals are needed.

Background

Genomic predictions can be obtained from either a
breeding value model or a marker effects model [1].
The equivalence between these two models [2] facili-
tates interpretation in terms of either marker effects or
1 : - — : genomic relationships between individuals. On the one
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equal to the number of genotyped animals (ngt). On the
other hand, marker effects models fit a random effect,
with the number of levels equal to the number of mark-
ers (m). To obtain predictions for the first type of mod-
els using Henderson’s mixed model equations (MME),
the inverse of the genomic relationship matrix (G) is
needed [3]. However, direct inversion of G when ng is
large is very expensive or even not feasible—for instance,
genomic evaluation data for US dairy cattle data contain
millions of genotyped animals. In contrast, marker effect
models do not suffer from this constraint because the
size of the block of equations concerning marker effects
remains constant. Besides this advantage, marker effect
models require multiplications of dense matrices and the
condition number (i.e. the quotient between the largest
and smallest eigenvalue of the MME) of the system is
larger than for the breeding value models [4]. To handle
these issues, complex solvers [5] and refined convergence
criteria [6] are needed.

Increasing numbers of animals are genotyped every
year but the number of markers () remains constant at
around 50K [7], and therefore the rank of G is (at most)
50K. To make the breeding value models feasible with
large ng, several strategies have been proposed. Misz-
tal et al. [8] and Misztal [9] developed the Algorithm for
Proven and Young (APY), which uses a sparse represen-
tation of G~1. The APY consists of selecting a group of
genotyped animals, known as core animals, which are
selected to span roughly 99% of the eigenvalue spectra of
G, and then expressing the breeding values of the remain-
ing genotyped animals, known as non-core animals, as
a linear function of the breeding values of the core ani-
mals plus an error term. Méntysaari et al. [10] proposed
the GT best linear unbiased predictor (GTBLUP) model,
which uses the Woodbury Identity [11] to obtain the
inverse of G plus a regularization matrix without explic-
itly computing G~1. The GTBLUP model requires more
operations than APY when the number of core animals is
less than m [10]. Fernando et al. [12] reviewed and devel-
oped different alternatives to the APY. In their study, the
most practical implementation (Strategy IV) consisted
of fitting a model with a design matrix that results from
orthonormalization of the rows of the genotype matrix,
and then obtaining the estimated breeding values as the
product between the design matrix and the vector of
solutions. APY, GTBLUP, and Strategy IV were compared
in several scenarios and gave similar predictions when
the spectrum of G was well covered by core animals [10,
13].

The lack of clear-cut, deterministic selection criteria for
core animals in APY has been criticized [10, 12]; however,
there are empirical studies on which [14] and how many
[15] animals to include in the core group. However, the
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implications of using APY in terms of indirect predictions
(direct genomic values) or single nucleotide polymorphism
(SNP) effects are also unclear.

Although there are empirical results showing the reliable
behavior of APY for prediction, an analytical framework
to justify and examine its properties is lacking. Thus, the
objective of this study was to derive a marker effects model
that is equivalent to the APY. Departing from such a model,
the secondary objectives of this study were to derive appro-
priate formulae for SNP and indirect predictions for geno-
typed animals without progeny and records, and to show
the theoretical implications of selecting a specific group of
core animals in APY.

Theory

Letu' = [u,C u; }/ be the vector of breeding values, where
u, represents the sub-vector of breeding values for the core
animals and uy, is the sub-vector of breeding values for the
non-core animals. Hereafter, the sub or superscript ¢ will
denote an object belonging to the core animals, whereas
the sub or superscript # will indicate that an object belongs
to the non-core animals. For a conventional GBLUP model
[1], the covariance matrix of u, assuming a genetic variance
equal to unity, is equal to:

Var[uc} G- {Gcc Gm} _ {kzcz; kZ.Z,

, n | = kZZ,
u, kZ,Z, anZn} )

GHC Gnn
where k is a scaling factor based on the level of heterozy-
gosity (for instance: 1/23  p;q;) or on the number of

¢ |is the matrix of genotypes for all
n

the genotyped animals. Here it is assumed that Z was
derived after genotype quality control [16], centering [2],
and/or additional scaling [17]. Furthermore, it is assumed
that the number of core animals is smaller than or equal
to the number of markers and that the core animals are
chosen such that G is non-singular.

The APY approach is based on the following recursion

[9]:

u | | I 0f]|u

HEEAH @
where P, = GnCGC’CI, and £ is an error term that is

assumed to be independent of u.. Taking the variance of
both sides in Eq. (2), with their respective inverses, leads

to:
uc | _ I 0||Gee O I P,
v ] =G = [, 1[5 a0 o

— Gec Gen
Gne My + Gnch_Cchn ’

markers, and Z =
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-1
Uc _ ~—-1 I —Pcn
ol e[t

Gl o I 0
[ 0 M;nl —Ppc 1 ®)
— |:GC_C1 + Pch;annc _Pch;nl:|
_MrTnl Ppe MrTnl

where Var(§) = My, = G — GnCchchn. In practice,
and hereafter, My, is assumed to be a diagonal matrix,
that is, My, = diag(G,nn - Gnch_chcn) [9]. This implies
that, conditional on core animals, the breeding values of
non-core animals are conditionally independent, which is
more explicitly shown in [8], and is a variant of the so-
called “approximate kernel methods” [18, 19]. It has to be
noted that, even when G is full rank and invertible, GXII,Y
is not equal to G,

APY-GBLUP
Based on the matrices from Eq. (3), the APY-GBLUP model
is defined as:

y:Xb+Wu+e,

E[y] = Xb,

Var[g] _

where y is the vector of phenotypes, b is the vector of
fixed effects, e is the vector of error terms, X and W are
design matrices, and o2 and o2 are the genetic and resid-
ual variances, respectively. Hereafter, it will be assumed
that E[y] = Xb. Assuming multivariate normality for u
and e, the MME for the APY-GBLUP model are:

GapyoZ 0
0 Is2|

e

(4)

X'X X'W b X’
L 2 = | 5)
WX WW+Goopa || u W'y
2
where o = %,
GU
Holding its expectation and covariance structure, the

model of Eq. (4) can be partitioned into core and non-core
animals as follows:

E-E 3 2z o

resulting in the following MME:
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X'X X, W, X, W,
W/cxc W/cwc + Gipy® Gpy®
W, Xn G, W, W, + G o

~ 7
b X'y ( )
u | = W,CYC ,
u, W, ¥n

where the superscripts in Gapy denote the blocks of GXII,Y
corresponding to a specific combination of core and non-
core animals. Substituting u, = Pycuc + § in Eq. (6) leads
to the following model:

Yc_= xc_ We
Yn | Xn_

0
b+ [Wnpnc]uc+ {Wn}iﬁ—e,

_uC _Gccoﬁ 0 0
Var| § | = 0 Mpo2 0 |, (8)
e . 0 0 Io2
and the following MME:

XX XLW. X Wn

WX WWe + Py W, W, Py + Gla Py W W,

WX, WW, Py W, W, + Ml

b X'y

ﬁ:\l = wéYc

43 Wi yn

€

Then, the BLUP of u, is obtained as u, = Ppu. +§.

These MME are similar to those shown in Eq. (13) in
[12] but differ in the error term &.

An equivalent model: APY-SNP-BLUP
Assuming that the genetic value of the core animals is
fully explained by the markers, then:

u:. = Zca and

W= Z,Z,(ZZ,) ' Zea+ § = Z,Pa+E  (10)

where a is the vector of marker effects, and

P=2Z (ZCZ/C)_1ZC, that is, P is the perpendicu-

lar projection operator [11] to C(Z.) (ie., the vector

space spanned by the genotypes of the core animals).

Assuming that ko2 is the variance of marker effects, i.e.

Var(a) = Ikcﬁ, Var(g§) = Mnnoﬁ, and cov(a, &) = 0. Then:
Var(u.) = Z.Var(a)Z. = 62kZ.Z.. and
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Var(ay) = Z,PVar(a)PZ, + Var(§)

11
= 02kZyPZ, + 6> M. (1)

Letting Z" = {fop} and Q = [Vgn }, the following
APY-SNP-BLUP model is equivalent to the APY-
GBLUP model presented in Eq. (4):

y = Xb + WZ'a + Qf + e, with

a kI 0 0
Var| €| =| 0 Mpyo2 0 (12)
e 0 0 Io?

e

Assuming multivariate normality for a, § and e, the
MME for the APY-SNP-BLUP model are:

[X'X  X'wz' X[ Wy
Z'W'X 2 WWZ' + 1y PZ,W. W,
LW/ X, W W,Z,P W, W, + M, o
b X'y
§ = Zf/W/ Y |
L Wiyn (13)
wherey = ;Teﬁ

If rank (Z.) = rank(Z), which is true when the number
of core animals is equal to the number of markers and
given a non-singular Ge., P = I. Further, My, = 0, and
since & has null expectation, § = 0. Consequently, for a
sufficiently large number of core animals:

u. = Zcaand

u, =Z,Pa+&=7Zya+8&=17Za. (14)
Then, the model in Eq. (12) reduces to:
y=Xb+ WZa +e,
with Var al_ kloﬁ 0 15
el | 0 I2) (15)
and the MME are:
X'X X'W b] [ Xy
WX ZWWZ+1y ||a| = |zwy|r (10

which are the MME for a typical SNP-BLUP model [1].
Thus, APY-SNP-BLUP converges to the regular SNP-
BLUP when the number of core animals increases.

Distribution of breeding values and marker effects

with APY

By defining the breeding values as in Eq. (10) and keeping
the distributional assumptions of a and & from Eq. (12),
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the covariance matrix of the joint distribution of u and
ais:

togt’ t
Var{u} _ | k2'Z" +V kz o2, a”)
a kZ? kI
0 0 . .
where V = . Then, assuming normality for a
0 Mj,

and &, the conditional distribution of u on a is:

p(uja) = N(z*a, Voﬁ). (18)

Note that this is a degenerate normal distribution
because its covariance matrix is non-positive definite. In
the classical GBLUP and SNP-BLUP models [1], the vari-
ance of u conditional on a is zero (i.e., if marker effects
are known, the breeding value is fully explained), whereas
Eq. (18) shows that in APY, the variance of u conditional
on a is nonzero for the non-core animals.

Conversely, the conditional distribution of a on u is:

’ ’ —1
p(aju) :N(kZJr (kZJrZJr +V) u,

r’ ’ 71
(kl —kz' (kz'Z" +V) Z*k) c%j).
(19)

The BLUP of a given u=u can be obtained from
Eq. (19) as [1]:

’ ’ -1 ’
ald = Efalu=8] = k2" (k2'2" +V) @=kZ' Gl

ADY
(20)
which after algebra reduces to [20]:
aju = kZ' G 0 = kZ,G_ 4., (21)
with variance equal to:
Y 27 (-1 -1
Var(alu) =k ZCGCC (Gcc - PEvcore)GCC Z. (22)

Thus, in order to obtain predictions of marker effects
from the APY-GBLUP model, only the estimated breed-
ing values of the core animals and the corresponding
blocks of matrices are needed.

Indirect predictions with APY

Indirect predictions (ﬁip) are estimated breeding val-
ues for animals without own records or progeny with
records, based on estimated marker effects from the
genetic evaluation. Therefore, an indirect-predicted ani-
mal is by definition a non-core animal. Using Eq. (18),
indirect predictions with APY are calculated as:
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aipﬁi\ = Zipfpa = Gip,chclﬁc: (23)
where Z;;, is the centered and scaled genotype matrix for
the indirect-predicted animals, and Gjp, is the genomic
relationship matrix between indirect-predicted and core
animals. Note that the genotype matrix Z;, has to be cen-
tered and scaled in exactly the same manner as the matri-

ces Z = [%C that are used for genomic evaluation by
n

any method; otherwise, the algebra (i.e. Eq. (17)) used to
derive the joint distribution of breeding values and mark-
ers is an approximation. Changing the centering of Z;,
(i.e., using a different set of allele frequencies) results in a
shift of the mean and, in addition, a different implicit & in
the APY approximation. Changing the scale of Zj, (i.e.,
multiplying by a different k) changes the scale of marker
effects and of the indirect predictions.

Note that the leftmost expression in Eq. (23) is, as
expected, the selection index formulation for estimation
of breeding values. Two measures of uncertainty are asso-
ciated with estimation of ﬁip, First, the uncertainty associ-
ated with the variance in Eq. (18) that arises from the error
term in Eq. (10), i.e. due to the approximation in APY. This
uncertainty is calculated similarly to a reliability:

N

gii (24)

where gii and m;; are the diagonal element of G and the
element of My, respectively, corresponding to the i ani-
mal. Equation (24) converges to one when § — 0, which
occurs when the size of the core increases. The second
measure of uncertainty is the usual reliability associated
with the prediction error variance of @jp|a, which is:

Var (ﬁlpﬁ‘\ - uip>i = mj + gi,CGC_Cl PEvcorch_C1 8c,i»
(25)
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APY-GBLUP and APY-SNP-BLUP models with a residual
polygenic effect

To consider an extra polygenic effect based on pedi-
gree, GXII,Y in Eq. (5) can be calculated based on the fol-
lowing G*:

/ /
G =22 =[/A-pkz BL] { VLo }
= (1 - p)(kZZ) + BAn,

(27)
where Aj; is the block of the numerator relationship
matrix corresponding to the genotyped animals, L is the
Cholesky factor or its approximation of Ajy [21], and B
is the proportion of the residual polygenic effect. When
the matrices from model Eq. (4) are constructed based
on Eq. (27), the resulting model is designated as APY-
GBLUP with a residual polygenic effect. In this case, the
breeding values are not fully explained by the markers.
Therefore:

u. =7Zc.a+es,

’ ’ 71
w, = P! (Za+e)+&=2ZPSa+ZZ (z:z: ) e+E
(28)
where & ~ MVN(O, ﬂAcccﬁ) is the vector of residual
polygenic effects [22], Acc is the block of the numerator
relationship matrix corresponding to the core animals,
-1 / AN
P =Gy G, P =z (nz) 7
I 1
v(:)*ﬂ)k ] Then, a marker effects model equiva-

and

S =
lent to APY-GBLUP with a residual polygenic effect is:

y = Xb + WZ™a + WRe + Qf + e,

2
where g; . is the block of G that relates the i  individual a (1—=p)klo, 0 ) 0 0
with the core animals, and g.; = gi". The reliability asso- var| | = 0 PAcco, 0 5 0 ,
ciated with Eq. (25) is: § 0 0 Moy 02
e 0 0 0 Io2
rel — 1 — m;i + gi,chclpEvcorechlgc,i . (29)
1 — -
8ii i Z
_ _ (26) where Z™ = [ and R = , AL
 8,cG!PEVeoreGy g Z;P*s | 77 (zgzz )
—h 8ii ' The MME for the model in Eq. (29) are:
X'X X'WZ™ X'WT X Wy 1 ,
ZM WX 2™ WWZ™ + 15 Z™ W'WT SP*ZE WL W, b :!( ‘//
A —1 , al | ZrWwW
TWX — TWWZ™ TWWT+AZe  (22) z:ziw,wa | |5 | = R'W'y (30)
§ Wivn

/ ’ -1
W Xo  WIW.ZEP*S W/ W, ZZ (ijz)

W W, + M o
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2
Oc

Boi’

2
p— Ge p—
where § = (=pko? and¢ =

APY single-step GBLUP (APY-ssGBLUP) and APY single-step
SNP-BLUP (APY-ssSNP-BLUP)

For a general ssGBLUP model [23] with APY [14], assum-
ing a genetic variance equal to 1, the covariance matrix of
the breeding values is equal to:
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Letting W' = [wlg(lfi‘;%z z }, T= [\’(()’1 }, and

~1
Qf = WlAléAZZ Q } an equivalent model to that pre-
sented in Eq. (33) is:

y=Xb+Wa+Tn+Qt+e,

u;
Var u }
’ a klo? 0 0 o0
— Hypy = A+ A12A2_21(GA11Y1 — An)A Ax A12A2_21GAPY , Var 1 _ 0 (AH> *lcﬁ 0 0
GapyAy, Aoy Gapy g 0 0 M.o2 0 (36)
nn
(31) e 0 0 0 Io2
where the subscripts 1 and 2 denote the non-genotyped
and  genotyped animals, respectively.  Letting
Ap A , .
Agzl _ , the inverse of Hapy is equal to [24]:
Ay A%
0 0
—1 _ a-1
b= [0 6, at 2)
All Alc Aln 0 0 0
= [ AT A% A | 4+ | 0 Go! + PenM1 Pyc — A5 —PenMp 1 — ASH
Arl Anc Amn 0  —M_ P, — A M; !l - AR
Then, the APY-ssGBLUP model is defined as: The MME corresponding to this model are:
y=Xb+Wute, Xx XWw o xwm  xQ
WX WEwt 41y whT w Qt
wWiX;  TW' WW; 4+ Alla TQ'
al HAchSlzl 0 L Q*,X QT/ wt Q*/T QT/ Q'+ M e
Var [ e ] = 0 102 (33) - <y (37)
. a W*/y
The MME for the model in Eq. (33) are: =17
] y
X'X X, Wy X, W L& Q'y
WiX; W, W+ Ally A2y
WX A%a WiWh+ (A% 4Gy - AR e
~ , APY-ssGBLUP and APY-ssSNP-BLUP with a residual
ﬁb _ \i/(/y polygenic effect
ﬁl B ng ' If G py in Hj;py is built using G* from Eq. (27), the result-

(34)

Following [25], the breeding values of non-genotyped

animals can be written as: u; = A12A;21u2 + n, where

n~ MVN(o, (A1)~

error [23, 25]. Then, the breeding values of all animals
can be expressed as:

) and represents the imputation

-1 an
ol e [anaﬂ] o (35)
< Z.a
Up

Z,Pa+§

ing model is called APY-ssGBLUP with a residual poly-
genic effect. In such a case, Eq. (35) is modified to:

] Zca—+ e
u; A2A,; [P:C(an Yo+ ’J +1
u | =
Zca+¢g
Un

Pl.(Zca+e)+§

AAL (Z™a + Re + Q) +1
Zca+e

/ Al
ZiP'Sa+ Z;Z! (:2) e+

(38)
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tak -1
Letting W‘r* — |: :|’ Rf* — |:A12‘§22 R :|, and

—1
QM = {AU‘EZZQ} Eq. (33) leads to the following

model:

y = Xb+ W™a 4+ R™e + Tn + Q™ + e,

Page 7 of 10

either as the product of A, times a vector for breeding
value models [26] or as the solution of the sparse system
AUZ' = —A2Z! for marker based models [25], where Z!
is the matrix of imputed genotypes.

Discussion

In this study, we derived a marker effects model that is
equivalent to the APY-GBLUP model. On the one hand,
when the number of core animals is equal to the rank of

a (1—pB)kIs2 0 0 0 o0 the genotype matrix, Gapy is singular, as noted by [12].
€ 0 BAcoy 0 . o 0 This can be interpreted as core animals covering all the
Var|n | = 0 0 (A'™)"62 0 0 | genetic variation in the population that is captured by the
E 0 0 0 Moy O genotyped markers. In that case, APY-GBLUP is equiva-
0 0 0 0 1639 lent to a regular GBLUP or SNP-BLUP, which has been
(39) analytically proven in this study (for further informa-
with the following MME:
X'X X'w X'R™ XiW1 X'Q™ - X'y
WX WHEW™ 415 W R W T Wi QP a Wiy
R‘T’*, BT*/ RT*/ Rbf + Ac—clé- Rf*/T RTT/ Q' E — RTT y (40)
Wi?(l T WT* T B’r* Wiwl _!_ Alla / T Qf* :2\ T )/,
Q‘r* X Qf* W QT* R QT* T QT* QT* + M;nlOé QT* y

Computational complexity of the APY-based models

In terms of pre-processing steps, i.e., preparation of the
required matrices to set up the MME, the APY-GBLUP
model has a cubic cost in the number of core animals,
and a linear cost in both the number of markers and the
number of non-core animals. In contrast, the APY-SNP-
BLUP model has a quadratic cost in both the number of
core animals and the number of markers, and a linear
cost in the number of non-core animals. Per iteration,
the computational cost of APY-GBLUP is quadratic in
the number of core and linear in the number of non-
core animals, while APY-SNP-BLUP is quadratic in the
number of markers and linear in the number of non-core
animals. Thus, as long as the number of core animals is
smaller than the number of markers, APY-GBLUP will be
computationally less demanding than APY-SNP-BLUP. If
a residual polygenic effect is assumed, the choice of the
core animals plays a major role in computational effi-
ciency because of the computation of A_!. For example,
if unrelated core animals are chosen, then computations
that involve A_! are trivial. Regardless, the APY-SNP-
BLUP model may not be of great practical interest, as it
can be replaced by either GBLUP or SNP-BLUP. How-
ever, the APY-SNP-BLUP model is useful to derive ana-
lytical properties of the APY algorithm.

Under single-step models, computational requirements
for genetic evaluation of genotyped animals depend
on how A2_21 is included in the MME for both breeding
value and marker-based models. That is, A2_21 is included

tion, a numerical illustration is provided in Additional
file 1). On the other hand, when the number of core
animals is lower than the rank of the genotype matrix,
Gpy is non-singular and a marker effects model, named
APY-SNP-BLUP, can be constructed that is equivalent to
APY-GBLUP. The APY-SNP-BLUP differs from the regu-
lar SNP-BLUP model in the following manner: (i) it has
a reduction in the row and column spaces of Z (from its
replacement with Z'), and (ii) it has an additional error
term (&) for non-core animals. The former indicates that
the number of possible genotypes and haplotypes that
can be formed by a linear combination of the rows or col-
umns of the genotype matrix is reduced. The degree of
reduction of both spaces is controlled by the number of
core animals. With a fixed number of core animals, select-
ing different sets of core animals is equivalent to select-
ing different subspaces of the row and column spaces of
Z. When the number of core animals is such that a large
portion of the spectrum of G (or the set of singular val-
ues of Z) is covered, those sub-spaces that correspond to
different sets of core animals will increasingly overlap,
which means that their intersection will not be equal to
the null vector space. In that case, many genotypes in
the population can be generated as linear combinations
of the rows of Z.. If a certain genotype, say z;, cannot be
formed, the distance between z; and its projection to the
row space of Z.(d(z; — Pz;)) is in general expected to be
small. The particular choice of core animals is not impor-
tant, as long as it covers the spectrum of G. Although the
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heuristics of how core animals should be chosen needs to
be refined, a wide random choice appears to be adequate
[10, 13, 27, 28]. However, as the population evolves and
new haplotype combinations are created, the chosen core
may become less representative, although this is expected
to be a slow process. Methods to choose and update a set
of core animals that spans most variability in G, e.g., [29],
is an open area of research.

The large changes in estimated breeding values for
some non-core animals when the core animals are
changed, while keeping its number constant, as reported
by [30], can be explained by a large distance between the
projected and the real genotype of those individuals. This
is the case, for instance, when a mislabeled animal is eval-
uated within one breed but actually belongs to another
breed.

Note also that core animals do not need to be indi-
viduals with, a priori, high reliability. Marker effects are
back-solved from core animals, but these animals gather
information from the entire population through the
genomic relationships. Thus, the accuracy of the esti-
mated breeding values of these core animals will be very
high. For instance, in dairy cattle, core animals could
be based on cows. If these cows have a strong relation-
ship with the whole population, they are very accurately
estimated, and so will be the SNP effects and indirect
predictions.

We also derived the distribution of breeding values
conditional on the marker effects and vice versa when
using APY. For the first case, breeding values of the non-
core animals are only partially explained by the marker
effects because of the error term § in Eq. (10). For the
second case, we showed that the BLUP of the marker
effects conditional on the breeding values of animals,
only requires the matrices and estimated breeding values
corresponding to the core animals—this result was not
known before. Although non-core animals do not appear
in the explicit calculation of the marker effects, their
information is used to estimate breeding values of the
core animals. When Eq. (21) is not used to obtain esti-
mates for the marker effects from an APY-GBLUP model,
those estimates will not have minimum variance.

In genetic evaluations, indirect predictions for ani-
mals without own records or progeny with records can
be calculated from estimates of marker effects that are
obtained by back-solving from the estimated breed-
ing values [20]. If an APY-(ss)GBLUP model is used for
genetic evaluations then the proper way to calculate indi-
rect predictions is based on the distribution in Eq. (18).
For core animals, the formula to calculate indirect pre-
dictions is equal to the Eq. (10) in [20]. However, for
genetic evaluation, animals for which indirect predic-
tions are calculated are, by definition, non-core animals.
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Therefore, in that case, their indirect predictions must be
obtained from Eq. (23).

Two measures of uncertainty associated with indirect
predictions were derived. The first measure of uncer-
tainty, Eq. (24), quantifies how different the indirect
prediction would be from that calculated with a regu-
lar GBLUP or SNP-BLUP model. If the number of core
animals is large enough, this measure will be close to 1.
A value of 1 indicates that the individual is in the space
of genetic variation described by the core animals and
indirect predictions based on APY and SNP-BLUP are
identical. The second measure of uncertainty, based on
Eq. (26), is a classical reliability of estimated breeding
value and is a function of the prediction error variance
of the indirect prediction in Eq. (25). This reliability can
be expressed in terms of prediction error variances of
marker effects or in terms of prediction error variances of
core animals. The latter results in higher computational
efficiency because the number of core animals is smaller
than the number of markers.

In the same way that an equivalent SNP-BLUP model
exists for the APY-BLUP model, we showed that when
genotyped and non-genotyped animals are combined in
the evaluation using a single-step approach, there is an
APY-ssSNP-BLUP model that is equivalent to the APY-
ssGBLUP model. In the APY-ssGBLUP model, breeding
values are jointly estimated for non-genotyped, core,
and non-core animals, while the APY-ssSNP-BLUP
model estimates SNP effects based on the core animals,
an error term for non-core animals, and the genotype
imputation error for non-genotyped animals. Esti-
mates of breeding values for all the animals can then
be obtained by a linear combination of the correspond-
ing design matrices and the vector of solutions. As in
Fernando et al. [31], estimated breeding values for non-
genotyped animals can be obtained directly to improve
computational efficiency. Adding the polygenic effect
does not change the MME for APY-ssGBLUP but adds
an extra term (&) to the MME for APY-ssSNP-BLUP. In
that case, the number of unknowns is equal to that in
the model presented by [22]. Therefore, APY-ssSNP-
BLUP is more complex and involves more convoluted
matrix multiplications. Whenever the MME are aug-
mented, there is a question on the feasibility and con-
vergence of the model with real datasets. Vandenplas
et al. [5] proposed a second-level preconditioner to ease
convergence problems in ssSNP-BLUP, and Vandenplas
et al. [6] presented a different termination criterion to
determine convergence of such models. Although APY-
ssSNP-BLUP is more flexible regarding the use of dif-
ferent priors for marker effects [25], its convergence
will need to be monitored carefully.
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Conclusions

The APY-GBLUP model is equivalent to a family of
marker effect models that are here described as APY-
SNP-BLUP. We show that when the choice of core ani-
mals covers the rank of the genotype matrix, which is
generally equal to the number of markers, APY-GBLUP
is equivalent to a conventional SNP-BLUP model and
is, therefore, just as accurate. If the choice of core
animals does not cover the spectrum of the genomic
relationship matrix, the genotypes for the non-core ani-
mals are imputed as a linear combination of the geno-
types of the core animals. Marker effect estimates for
the APY-SNP-BLUP model can then be calculated by
a linear transformation of the estimated breeding val-
ues of the core animals. Thus, all the matrices involved
have a size equal to the number of core animals. Indi-
rect predictions for non-core animals with APY can be
calculated from estimated marker effects from APY-
SNP-BLUP, or from estimated breeding values for core
animals, without a need to consider non-core animals,
which simplifies the calculations. The reliability of
indirect predictions is solely a function of the predic-
tion error variance of the estimated breeding values
of core animals. Therefore, choosing core animals that
cover correctly the spectra of the genotype matrix will
give indirect predictions with high reliability. Both the
APY-GBLUP and the APY-SNP-BLUP models can fit a
residual polygenic effect, and when the APY-SNP-BLUP
is used, only residual polygenic effects for core animals
are fitted.
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