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ARTICLE INFO ABSTRACT

Article history: We consider a recent model in which agents hold opinions about each other and
Received 8 September 2021 influence each other’s opinions during random pair interactions. When the opinions
Rece_zived in rc_zvised form 15 November 2021 are initially close, on the short term, all the opinions tend to increase over time. On
Available online 20 December 2021 the contrary, when the opinions are initially very unequal, the opinions about agents
Keywords: of high status increase, but the opinions about agents of low status tend to stagnate
Opinion dynamics without gossip and to decrease with gossip. We derive a moment approximation of the
Positive bias average opinion changes that explains these observations.

Negative bias © 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC
Gossip BY license (http://creativecommons.org/licenses/by/4.0/).

Moment approximation

1. Introduction

Most opinion dynamics models consider opinions' about objects, like commercial products, or about actions on the
world, like political options [1-6], for a recent review see: [7]. It is generally assumed that when agents discuss about
an object or an action, they influence each other’s opinions. These interactions can therefore determine commercial or
political successes or failures.

In these approaches, apart from a few exceptions [8,9], opinions about the agents themselves are not considered as
deserving any specific attention. However, the opinions about agents determine the social network of positive or negative
connections, hence in some respect the social structure. Moreover, it is generally recognised that this social structure has
a strong influence on the agents’ opinions. This suggests that opinions about agents do matter. Several opinion dynamics
models include such a structure and in some cases it is evolving. This is for instance the case of some versions of the social
impact model [10,11]. Moreover, other researches propose models of social structure dynamics, for instance hierarchies
resulting from fights between primates [12]. In both cases, the social structure is generated by processes that are different
from opinion dynamics.

This paper precisely focuses on the dynamics of opinions about agents as the source of social structure evolution. It
builds on previous research [13,14] on models of agents that hold an opinion (a real number between —1 and +1) about
all the others and themselves. The model dynamics repeats encounters of two randomly chosen agents influencing their
self-opinions and their opinions about each other. Moreover, if gossip is activated, both agents influence their opinions
about some other randomly chosen agents. The influence is attractive and the agents are more influenced by the ones that
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1 When using “opinions”, we conform to the usage in the research community but we think that for our model, “attitudes” would be more
appropriate.

https://doi.org/10.1016/j.physa.2021.126780
0378-4371/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).


https://doi.org/10.1016/j.physa.2021.126780
http://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physa.2021.126780&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:guillaume.deffuant@inrae.fr
https://doi.org/10.1016/j.physa.2021.126780
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

G. Deffuant and T. Roubin Physica A 592 (2022) 126780

they hold in high esteem. Importantly, agents do not have a transparent access to the opinions of others; they constantly
make errors of interpretation which are modelled by a random noise.

A strong assumption of the approach is that the self-opinion of agent ego is shaped by its perception of the opinions
of others about ego. Therefore, on average, ego’s self-opinion measures how ego feels perceived by others. As stressed
in [15], this is in line with the hypothesis considering self-esteem as a sociometer [16].

The approach also postulates a pivotal role of self-opinions in the influence function. Moreover, the initial version of the
model [14] includes an additional dynamics, called vanity, in which the self-opinion plays a major role. When combining
the attractive dynamics and vanity, a significant positive bias on self-opinions emerges: ego’s self-opinion is significantly
higher than the average of the opinions of others about ego (see details in [14]). Further investigations show that even
without vanity, the model generates intriguing patterns and the self-opinions are also slightly higher than the opinions
about the agent [13,17].

The main contribution of this paper is an analytical approximation of the average (first moment) evolution of the
opinions in the model and the average evolution of their products (second moment). This moment approximation is
inspired by a general approach already applied on other agent based models [18]. This moment approximation confirms
the hypothesis (formulated in [13]) that the evolution of the opinions about an agent is determined by a combination
of positive effects on the agent self-opinion and negative effects on the opinions of others about this agent. Moreover,
the moment approximation explains why the opinions about the agents of low status tend to stagnate or to decrease
(especially when there is gossip) while the opinions about agents of high status tend to increase. Finally, these results
explain the patterns described in [13].

The following section describes the model and presents the patterns in more details. Section 3 is devoted to the moment
approximation. Section 4 analyses the accuracy of the approximation and studies the effect of initial opinion inequalities in
the case of a group of 10 agents. The last section is devoted to a discussion about the results and their possible connections
with some research in social-psychology.

2. Model and patterns

This section first presents the model in details and the main patterns emerging from its dynamics that drew attention
in previous research. Then, it recalls their hypothetical explanation, proposed in [13].

2.1. The model

The model is the same as in [13]. We present it here with slightly different notations. It includes N, agents. Each agent
i € {1,...,Ng} has an opinion a; about each agent j € {1,..., Ny} including themselves. The opinions are real values
between —1 and +1. In [13], at the initialisation, all opinions are set to 0: agents have a neutral opinion about themselves
and all the others at the beginning of the simulations. In this paper, we shall also consider specific initial values of the
opinions expressing different levels of initial perceived inequalities.

Graphically, the agents’ opinions can be represented as a matrix (see examples on Fig. 1) in which row i, with
1 <i < Ng, represents the array of N, opinions of agent i about the agents j. Column j, with 1 < j < N,, represents the
opinions all agents i about j. Positive opinions are represented with red shades and negative opinions with blue shades.
Lighter shades are used for opinions of weak intensity (close to 0).

The dynamics consists in repeating:

e choose randomly two distinct agents i and j;
e i and j interact: j influences i's opinions and i influences j’s opinions.

In this interaction, a;;(t), i's self-opinion, is influenced by aj;(t), the opinion of j about i. As a result of this influence, a;(t)
gets closer to a noisy evaluation of a;(t). The modification of a;(t), denoted by Aa;(t), is ruled by the following equation,
in which 6;;(t) designates a number that is uniformly drawn between —§ and § (§ being a parameter of the model):

Aaji(t) = hy(t)(a;(t) — ai(t) + 0;(t)), (1)
Similarly, the change of opinion a;i(t), is:
Aaji(t) = hi(t) (ai(t) — az(t) + G5(t)) . (2)

where 6j(t), is a uniformly drawn number between —é and é. The function of influence h;(t) is given by Eq. (3), expressing
that the more i perceives j as superior, the more j is influential on i.

1
1+ exp (aii(f)*aij(f)>

o

hy(t) = H(aii(t) — ay(t)) = (3)

In this model, self-opinions measure how well agents think they are perceived by others, with a stronger weight attributed
to agents perceived as superior. As stressed in the introduction, this is in line with the hypothesis considering self-opinion
as a sociometer [16].
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Fig. 1. Typical patterns, with § = 0.1 (noise), o = 0.3 (influence function parameter) and N, = 40 agents. Panels (a) and (b) show the matrix of
opinions after 1 million xN, pair interactions. Panels (c) and (d) show the evolution of the average opinion (in red) and the evolution of the agent
reputations (in blue, the reputation of agent i being the average of the opinions about i).

When activating gossip, agents j and i influence their opinions about k agents g,, p € {1, ..., k} drawn at random such
that g, # i and g, # j. The changes of the opinion of i about agents g, are:
Auag,(t) = hyi(t)(ajg,(t) — aig,(t) + Oig,(t)), for p € {1,... k}, (4)

where 6y, (t) is a uniformly drawn number between —§ and §. The changes of the opinion of j about these agents follow
the same equations where j and i are inverted.
Overall, after the encounter between i and j, the opinions about i change as follows:

a;i(t + 1) = a;(t) + Aay(t), (5)
a;i(t + 1) = a;(t) + Aagj(t). (6)

The opinions about j change similarly (inverting j and i in the equations). If there is gossip (k > 0), k agents g, are
randomly chosen with p € {1,...,k}, g, #iand g, # j, and the opinions about g,, for p € {1, ..., k} change as follows:

aigp(t + 1) = aigp(t) + Aaigp(t), (7)
Ajg, (£ + 1) = g, (£) + Agyg, (t). ()
The opinions are updated synchronously: at each encounter all the changes of opinions (e.g. Egs. (1), (2) and (4)) are

first computed and then the opinions are modified simultaneously (e.g. Eq. (5), (7)).
Overall, the following parameters tune the dynamics:

e o defines the shape of the influence function hy; if o is very small, the function is very tilted, meaning that agents
are subject to high influence from the ones that they evaluate better than themselves and they almost completely
disregard the opinions of the ones considered lower.
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e § represents the amplitude of the uniformly distributed errors that perturb the evaluation of others’ expressed
opinions. This noise stands for the inability of an agent to directly access the opinion of others. Without it, from
all opinions at zero, there would be no opinion change at all.

e k is the number of agents subject of gossip in each pair interaction (hence if k = 0, there is no gossip).

2.2. The main patterns

Fig. 1 illustrates the main patterns of evolution of the opinions reported in [13].

Panels (a) and (c) illustrate the pattern obtained without gossip (k = 0). Panel (a) shows a typical opinion matrix
after a large number of iterations. In each matrix column the opinions are close and the differences between the matrix
columns are stronger than the differences of opinions within each column. This is explained by the attractive dynamics
which tends to align the opinions about a given individual. Note that most of the columns are red, indicating that the
opinions about most agents are positive. On panel (c) the red curve shows the evolution of the average opinion. The blue
curves are the evolution of the agents’ reputations (the average opinion about an agent). Starting from 0, the average
opinion increases and then fluctuates around a significantly positive value (close to 0.5). As already noticed in [13], this
pattern is surprising because, at a first glance, the equations do not privilege changing opinions upward and the noise is
symmetric around 0.

Panels (b) and (d) illustrate the pattern taking place when gossip is activated (in this case, k = 5). The matrix of
opinions after a large number of interactions (panel b) shows numerous blue columns. On panel (d), the evolution of the
average opinion (red curve) remains negative with significant fluctuations while the reputations (blue curves) are more
dispersed than without gossip, with a larger density in the low part of the opinion axis.

2.3. Hypothetical explanation of the patterns

In [13], the patterns are related to two biases which are observed in a simplified setting where only one opinion varies,
between two interacting agents:

e when the self-opinion of ego varies, it is on average slightly higher than the opinion of alter about ego. There is a
positive bias on the self-opinion.

e when the opinion of ego about alter varies, symmetrically, it is on average slightly lower than alter’s self-opinion.
There is a negative bias on the opinion about others.

In the following, paragraph 3.1 describes this setting in more details and derives mathematical expressions of the biases.

The authors of [13] hypothesise that similar biases are present when all opinions vary and more than two agents
interact. Moreover, they suggest that the drift to positive or negative opinions is due to the dominance of one bias on the
other:

e Without gossip, the positive bias on self-opinion dominates the negative bias on the opinions about others, which
explains why the positive drift arises;

e Gossip increases the noise on the opinions about others, which increases the negative bias on opinion about others,
leading to its possible domination over the positive bias on self-opinion.

This hypothesis is indirectly supported by experiments involving several agents but varying only the opinions about
one specific agent. These experiments measure the average evolution of the opinions over a large number of simulations
and their results are compatible with the hypothesis. However, these explanations remain very general and qualitative.

We now derive a moment approximation of the evolution of the opinions, in order to formally define the biases and
to determine precisely their connection to the patterns.

3. Moment approximation

We first derive the moment approximation in the case (already presented in [13]) of only one opinion varying between
two interacting agents. Then, we extend the approach to the general case of all varying opinions both with or without
gossip. Finally, we introduce the equilibrium opinion that determines the effect of second order shared by all the opinions
about an agent.

3.1. Single opinion varying between two interacting agents

We assume that only two agents, 1 and 2, interact and firstly only the self-opinion aq;(t) is varying, starting from
a11(0) = a. The other opinions are fixed: for any value of t, a;;(t) = b (the opinion of 1 about 2), ay;(t) = a (the opinion
of 2 about 1), ay,(t) = b (self-opinion of 2). Moreover, for any value of i and j, we define x;(t) as the opinion offset from
t=0:

xii(t) = a;i(t) — a;(0). (9)
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At the first step, 1 perceives a,1(1) as a + 6(1), (1) being drawn from the uniform distribution between —§ and §.
Applying the interaction rule:

x11(1) = hi2(0)(a +6(1) — a) (10)
= ho(1), (11)

where h = h3(0) = H(a — b). For any expression y, let y be the average of expression y over all possible values of the
noise. Then, x71(1), the average of x;1(1) over all possible draws of 6(1), is:

. [ 6do
1) =h=— =0 12
x11(1) 23 (12)
At the second step, applying the interaction rule again gives:
x11(2) = x11(1) + hi2(1)(a + 0(2) — a — x11(1)). (13)
Assuming that (1) is small, approximating the influence function at the first order gives:
h2(1) = H(a + ho(1) — b) (14)
~ h+ (1), (15)
where h" = H'(a — b). We get:
x11(2) & xn(1) + (h + h'h6(1))(6(2) — ho(1)), (16)
~ (1 — h)ho(1) + h(6(2) — ho(1)) + K'hO(1)9(2) — K'h?6%(1). (17)
Since X11(1) = 0, 6(2) = 0 and 6(1)9(2) = 0, we have:
o Wh> [*? 6%do s
x11(2) = B Te— (18)
h'h?8?
=— , 19
3 (19)

Formula (19) applies to any function h. Therefore, at the second iteration, the average of x;1(2) is positive as soon as
function H(a — b) is decreasing when a — b is increasing. It is called the positive bias on self-opinions in [13].
With the choice of H specified by Eq. (3), we have i’ = # hence:
h3(1 — h)s?
30 '
For any number of iterations t > 2 it can be shown that:
1—(1—hy! N (1—-h? (1—(1—h)X2
h h? 2—h

x11(2) =

ﬁ(t)=ﬁ(2)< —(1=-h2(1-q —h)[_z))) (21)

Therefore, for an infinite number of iterations:

_ —h's?

X11(00) = m7 (22)
_ h(1 — h)8?
T 36(2—-h)’ (23)

Assuming that: H(b, a) = 1 — H(a, b) = 1 — h, like for our choice of H (specified by Eq. (3)), it can easily be seen that
X21(2) is obtained by replacing h by 1 — h in the expression of x11(2):

_ h'(1 — h)?52
0(2)= —————. (24)
3
If H(a — b) is decreasing then h’ is negative and X>1(2) is negative. With H defined by Eq. (3), we have:
_ h(1 — h)*5?
02y ——————. (25)
30

Finally, x31(t) and x31(o0) are also obtained by replacing h by 1 — h in the expression of x11(t) and x11(c0) (Egs. (21)
and (22)) and multiplying them by —1.
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3.2. Evolution of average opinions without gossip

Now, we consider a set of N, agents interacting as specified in Section 2.1. First, we average over the noise in the

interactions defined by the sequence of randomly chosen couples s; = {(i1,j1), ..., (i¢, j:)}. Then we average over all
possible sequences s; of randomly chosen couples.
For (i,j) € {1,..., Ng}% let a;(s) be the opinion of agent i about agent j after the sequence s; of interactions and x;(s;)
be the opinion offset from t = 0:
xj(se) = ay(s¢) — ay(0). (26)

For any variable y(s;), let y(s;) be the average of y(s;) over the noise during the interactions defined by the sequence of
couples s;, and let:

hi(s¢) = H(ai(se) — ai(se)); (27)

hii(se) = H(@i(s) — @y(s1)); (28)

hii(s) = H'(@(s:) — i(se)). (29)
We approximate hy(s;) at the first order around Fu(st):

hij(st) ~ hy(se) + hj(se)(i(se) — Xi(st) — Zi(5¢))s (30)
where :

zij(se) = Xii(se) — Xij(s¢)- (31)

For (i, j) = (it+1,je+1) or (i,j) = (jex1, ir+1), applying the rule of opinion change, we get:

ilscen) = xals) + (o) + hifse) (xals0) = xys0) — Z5(s0)) ) (xis) + 6u(0) = xals0)) - (32)
For sake of simplicity, we assume that all the opinions about any agent i are the same at t = 0: a;(0) — @;;(0) = 0 for all
couples (i,j) € {1, ..., Ny}?. Indeed, when api(0) — a;(0) # 0 the interactions tend rapidly to drive all the opinions about

an agent to a very close value, hence this assumption is not restrictive.

Moreover, it can easily be checked that the average product of opinions about two different agents is always zero,
hence x;i(s:).xj(s:) = 0, xi(s:).xii(s:) = 0 and x;i(s;).x;i(s;) = 0. Therefore, since 6;(t) = 0, averaging equation (32) and
neglecting the terms of order higher than 2 yields:

Rilsci) = Kalse) + Rylso) (8ilso) — Falso) + j(so) (xilsxalse) — x(60)) (33)

with Ry(se) = hi(se) — (s )Z(se ).
Applying the same approach to x;i(s;1), we get:

Rilscen) = Filse) + Fi(se) (Rilse) — Filse) + i) (se) = Xl xilse)) (34)

For (i, j) = (i¢41, jet1) or (j, i) = (i¢+1, je+1), we can similarly derive the value of the second moment xTZi(stH ). Neglecting
the terms of degree higher than 2, we get:

_ _ R S R _ _ . ) 52

X(se1) = Xs0) + 20 (Ralseealse) = x2(50)) + Fy(se)? (5s0) + 3 (s0) = 2xseIalsn)) + iy (50) 5 (35)
Similarly, for x3(s;+1):

_ _ - S . — _ . _ 82

X(se1) = Xs0) + 205s0) (Ralseals0) — x(50)) + Ftse)? (Gs0) + 3 (s0) — 25 s0)) + P (50) 5 (36)
In both cases, the last term of the equation uses the result obtained in Section 3.1, for any interaction noise 6(t):

_ §2

0%(t) = —. 37

(t) 3 (37)

Using a similar approach, we compute the expressions of X;i(S¢+1).Xji(Se+1) and Xpi(Se+1)-Xji(Se+1), for (i, j, p) € {1, . .., N, J?

(see Appendix A.1).
Now, we average the previous equations over all possible sequences of interactions s;. For any expression y(s;), let
¥(t) be the average of y(s;) over all interaction sequences s;. Drawing couple (i, j) or couple (j, i) at ¢t has the probability

m, hence averaging equation (33) over all possible sequences s; yields:
_ _ 2 ~ o _ — - =
Kt + 1) =%t + = > (B0) (%i(0) = Ka(o) + ie) (*l0 0 = (1)) ) (38)
© #

6
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with:

hij(t) = H'(@(t) — a(t)). 43)
Similarly, averaging equation (34) over all possible sequences s;, yields:
_ _ 2 (e~ _ — (5 [
it + 1) = 50 + — (A0) (}i(6) = %0) +y0) (%(0) = %000 ) - (44)
c

Moreover, we derive the equations of the second moments xizi(t~|—1), xizj(t—i-l), Xii(t + 1).x;(t + 1) and xpi(t 4+ 1).x;(t + 1)
for (i,j, p) € {1, ..., N,}? (see, Appendix A.2). Then, with the initial values of these variables at t = 0, we can compute
the values of x;(t + 1) and X;(t + 1) for (i,j) € {1, ..., Ng}? at any time step t by induction.

For N, = 2, we could derive simple direct expressions of X;(t) and X;;(t) (not reported in this paper) but for N, > 2 we
only get the values by iterating the formulas until reaching t.

3.3. Evolution of the average opinions about an agent when gossip is activated

Now, in the sequence defining the interactions, to each pair (i, j;) we add a set (gy,, . . . , 8, ) of k elements of {1, ..., N}
distinct from i; and j;, about which j; and i; gossip.

o If (i,j) = (it41,Je+1) or (j, i) = (it41,je4+1), the equations of X;(s;+1) and Xji(s¢+1) are the same as in the previous

paragraph.
e Moreover, for any g € {g1,, ;> - - - > k. )» We have:
Xig(st41) = Xgl(se) + hy(se) (Rglse) — Xglst)) - (45)

The equations specifying x?i(stﬂ) X2

» Xii(se+1) and the other second order moments are specified in Appendix A.4.
Now, we derive the expression of the evolution of the opinion offsets averaged over the noise and the sequences of
interactions. The expression of x;(t + 1) is the same as without gossip (Eq. (38)).
The expression of X;;(t 4+ 1) includes an additional sum representing the average effect of agents gossipping with j about
i
2k ~ _ _
N > h(t) (%) = X(1)) . (46)

2 = -
Kt + 1) = %i(6) + = (Ra0) (Ralt) = i(0)) + 5(0) (¥(0) = % Ox:D) ) +
‘ P}

where Ny = Ng(N; — 1)(Ng — 2). The equations of x2(t + 1), xl.zj(t + 1), xi(t + 1).x(t + 1), x;i(t + 1).xpi(t + 1) for
(i,j,p) € {1,...,Ng)? are specified in Appendix A.4. Again, using the values of the terms at t = 0, we can compute
the values of x;(t) and x;;(t) at any time step ¢ by induction.

The expressions of the positive bias on self-opinion and negative biases on the opinions about i are the same as when
there is gossip. Introducing the equilibrium opinion helps to understand how the biases are combined in the interactions
and the impact of gossip.

3.4. Interpretation of the equations and first order equilibrium opinion

With or without gossip, at t = 2, the expressions of X;;(2) and X;;(2) are:

4 82
%i2) = -5 [ 2omO | | omo ] 5 (47)
€\ j# J#
4 52
Xi(2) = 5 hi0) (1 - hy(0))° 5 forj #i (48)

Like in the simplified case of only one varying opinion presented in Section 3.1, X;;(2) is positive and X;(2) is negative
(because hl/.j(O) is negative). Therefore, there is also a positive bias on the self-opinions and negative bias on the opinions
about other, at step 2, whatever the number of interacting agents. Note that, because of the sums in the expression of
xii(2), the positive bias is higher than the negative bias in absolute value, and this difference increases with the number
of agents. Finally, both X;(2) and x;;(2) are multiplied by 1\713 indicating that the effect of the biases in one interaction
decreases very strongly (in about #) when N, increases.
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More generally, for t > 2, let us consider the term of second order in Eq. (38) (same equation with or without

gossip)'
Zh ) (xiOx0 - %(0)) (49)

This term is positive as the derivative is assumed strictly negative. Therefore, the effect of this term is to increase the
self-opinions and it can be seen as a positive bias on self-opinions. Similarly, the term of second order in Egs. (44) and
(46):

2 —
R0 (500 = Xi0500) (50)

is negative and tends to decrease the opinion offset x;;. It can be interpreted as a negative bias on opinions about others.
Then, consider the terms of first order in Eqs. (38) and (44) respectively:

2 —~

2 hilt) (®i(6) = %i(0)) (51)
€

2 ~

N0 (Ra6) = %i(0)) . for j # i (52)

The effect of these terms is that opinions about i attract each other, which keeps them close to each other. Therefore the
positive and negative biases are combined into a common trend shared by all opinions about i.

This common trend can be expressed by the first order equilibrium opinion offset e;(t) of agent i, or equilibrium opinion
for short, which is defined as follows:

1 _ hy(t)
ei(t) = — | x;(t) + —~—Xi(t) |, 53
0= 1555 | B0 Z 0 i) (53)
J#
with:
hy(t)
()= =—. (54)
P hyi(t)
Indeed, when there is no gossip, applying Egs. (38) and (44) yields:
A( t) (= —
et + 1) = elt) + s Z (©) (xu 1950 = 50+ L 5 (50 - XO£0) ) (55)
At any time step t, e;(t) is the value that would be reached by all the opinions about i if the h;(t) were frozen. More
precisely, imagining that from a given time to, for all t > tp and for all (i, j) € {1, ..., Na}, hy(t) = hy(to), then X;(t) for

all j would converge to ej(tp) and remain at this value. Therefore, the term of second order in Eq. (55) determines the
second order effect applied to an opinion which is at the equilibrium of the first order effects. In the long run, this trend
is common to all opinions about i, as the opinions about i reach their equilibrium distances from each other (see trajectory
examples on Fig. 3).

The trend is thus expressed as a weighted sum of the positive bias on the self-opinion and the negative biases on the

opinions about i. The negative biases are multiplied by the factor ”E ; which is smaller than 1 when @; > a; and a; < a;
1

and higher than 1 when @; < @; and aj; > aj;. Therefore, when the’ agents are in a consensual hierarchy, these factors are
low for agents of i of high status and high for agents i of low status. Hence, the opinions about the agents of low status
grow less (or even can decrease) than the opinions about the agents of high status.

When gossip is activated, the equation of e;(t 4+ 1) remains the same except that a term of first order coming from
gossip is added. However, simulations show that the effect of this term is negligible. Therefore, like in the case without
gossip, e;(t) provides the common trend of the evolution of the opinions about i.

However, the additional term accounting for gossip modifies the negative bias on the opinion about others. Indeed,
we have:

2 [(— — 82 2k — — 5 82
(t +1)= ( )+ N (szi(t) —x;(t) + hﬁz(t)§> + N—T{ Z (ﬁ,i(t) — x5(t) + hjpz(t)§> , (56)
pé¢.i}
with:
Gi(t) = xi(6) + hi() (Xa(t) — Xi(1)) (57)
Jiwi(t) = Xii(t) + hi(t) (Xpilt) — X)) - (58)
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Fig. 2. Biases when only one opinion is varying. Left panel: x11(t), right panel: X31(t), for a;(t) = b = 0. The different colours represent values of
a11(0) (left panel) or a,;(0) (right panel) —0.4, —0.2, 0.2, and 0.4, as specified in the legend. ¢ is the number of encounters. Each point is the average
of the biases over 10 million simulations and the lines are computed with Eq. (21) for the positive bias and its equivalent for the negative bias.
Influence parameter o = 0.3. Noise parameter § = 0.1.

This additional sum increases %(H— 1), which increases the negative bias on x;; in the following time steps. In particular,
at time t = 2, X;;(2) has the same expression as in Eq. (47), and we have, for i # j:

4 ,82
%i(2) = 1501 = hy(0)P 5 + —h’ 1D (59)
¢ pe(i.j)

When the agents are in a consensual hierarchy, the additional negative bias is stronger for i of low status, because @(t)
is higher for j of low status and hgj(t) is higher when the statuses of i and j are close. This explains a stronger negative
effect of gossip on agents of low status.

4. Numerical experiments

In a first set of experiments, we check the accuracy of the moment approximation. In the second set of experiments,
using the moment approximation, we investigate the effect of inequalities on the evolution of the opinions.

4.1. Accuracy of the moment approximation

4.1.1. Examples when only one opinion varies between two interacting agents

We first check the accuracy of the approximation in the simplified setting of Section 3.1 where only x1; or X, is varying.
Fig. 2 shows the value of x11(t) and X31(t) from the theoretical formulas (Eq. (21) and its transformation for the negative
bias) and from the average of 10 million repetitions of the simulation during 40 encounters. The value of a;(t) =b =10
is fixed and the curves corresponding to four different values of a;1(0) = a,1(0) = a are shown in different colours in the
graphs (see legend). The approximation appears very accurate.

4.1.2. Examples of trajectories of opinions about an agent for 10 interacting agents, without gossip

Fig. 3 shows examples of the trajectories of x;(t) for j € {1,..., Ny}, for a given agent i. The title above each panel
specifies the value of g;;(0). The lines (solid for the self-opinions x;;(t), dashed for the opinions x;;(t) with j 7 i) are obtained
by the moment approximation while the points are the average values of 10 million simulations. The accuracy seems quite
satisfactory.

The trajectory of the equilibrium opinion, computed with the moment approximation (see Section 3.4), is represented
in green. In the top panels, i is of high status (high values of a;(0)) and from t = 300, all the trajectories grow with a
very similar slope. This is not the case for the bottom panels where i is of low status (low values of a;(0)). Indeed, the
trajectories are increasing for j of high status (red shades) while they are decreasing for j of low status (blue shades).
The trajectory of the equilibrium opinion (in green) tends to be closer to the trajectories of x;(t) for j of high status (red
shades). For larger values of t however (not visible on the graph), all the trajectories become progressively almost parallel.
Moreover, in all cases in our simulations, for all j # i and for all t, we have: X;(t) > X;(t).
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Fig. 3. Examples of evolution of average opinion offsets X;(t) for 10 agents without gossip, with a;(0) € [—0.6, 0.6]. The lines are obtained with
the moment approximation and the points by averaging the results of 10 million simulations. The legend indicates the colour corresponding to the
rank of the initial self-opinion a;(0). The equilibrium opinion e;(t) is represented in green. Noise parameter § = 0.1. Influence function parameter
o = 0.3. Number of gossip k = 0.

4.1.3. RRMSE of the moment approximation for different number of agents

In order to evaluate more quantitatively the accuracy of the moment approximation, we compute the root of the
relative mean squared error (RRMSE)? between the moment approximation and the average results over 10 million
simulations. The initial opinions are all such that for all (i, j), x;(0) = x;(0), and x;(0) are regularly distributed on the

interval [—0.3, 0.3]. For any ¢ and any couple (i, j), let x;(t) be the average of x;;(t) over 10 million simulations. Keeping
the notation xji(t) for the moment approximation, € (X;(1, ..., T)), the RRMSE of X;(t) for t € [1, T] is:

\/T (Zle (’Tﬁ(t) _ in(t)>2)

Sy Iilt)

We define the RRMSE for the second moment variables similarly.

&xi(1,....T)) = (60)

2 The RRMSE is the root mean squared error divided by the mean of absolute value of the target values.
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Fig. 4. Average RRMSE of the approximation (defined by Eq. (60)). Top panels: average for all first moment variables (x;(t) and X;;(t)). Bottom panels

average for all second moment variables (xizi(t), szi(t) and x;(t)x;i(t)) for a number of agents N, € {5, 10, 20}. The RRMSE is computed on the interval

[1, t], t being defined on the horizontal axis. The error bars show the standard deviations in the considered set of variables (N,f variables for the
first moment, Nj variables for the second moment). Noise parameter § = 0.1. Influence function parameter o = 0.3.

Fig. 4 shows the average RRMSE computed for the first moment and the second moment variables, for a number of
agents N, € {5, 10, 20}. The RRMSE is on average lower than 10% for the dynamics without gossip and N, > 5. With
gossip, the RRMSE is higher, but it is lower than 15% when N, > 5. It can be expected that the approximation, neglecting
the terms of degree higher than 2, is more accurate while the values of x;; and xj2i remain small. When the number of
agents increases, we have seen that x;;(t) is multiplied by a factor of order # therefore it can be expected that the error
gets smaller for the same values of t, when N, increases. Similarly, gossip increases szi(t), which is expected to decrease
the approximation accuracy at t.

4.2. Effect of initial inequalities on the evolution of the opinions

In the following experiments, we illustrate the effect of initial inequalities on the evolution of opinions in the short
term (a few hundreds of interactions) on the case of 10 agents. Indeed, this number of agents is low enough for readable
exhaustive representations and high enough for a reasonably accurate moment approximation (RRMSE < 15% on average).
The initial opinions are the same in each column of the opinion matrix, and the initial self-opinions (that equal the initial
reputations) are regularly distributed in an interval [—w, w]. Increasing w corresponds to increasing inequalities. The
status of the agent of the highest initial self-opinion is 10 (highest status) and the status of the agent of initial lowest
self-opinion is 1 (lowest status).

11
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Fig. 5. Evolution of equilibrium opinions (7j(t)) for 10 agents with a;;(0) € [—0.3, 0.3] (top panels) or a;(0) € [—0.6, 0.6] (bottom panels). The lines
are obtained with the moment approximation and the points by averaging the results of 10 million simulations. The legend provides the colour

corresponding to the initial self-opinion a;(0). Noise parameter § = 0.1. Influence function parameter o = 0.3.

4.2.1. Comparing trajectories of equilibrium opinion for two different inequality widths

Fig. 5 represents the average evolution of equilibrium opinions e;(t) for i € {1, ..., 10} during 500 pair encounters
when the starting self-opinions are uniformly distributed in [—0.3, 0.3] or in [—0.6, 0.6] and with or without gossip. The
main features shown by this figure are the following:

o In the top left panel, with small inequalities and without gossip, all equilibrium opinions are increasing and remain
close to each other.

e In the top right panel, with small inequalities and with gossip, the two lowest equilibrium opinions are slightly
decreasing. The trajectories of highest status agents are similar with or without gossip.

e In the left bottom panel, with large inequalities and without gossip, the trajectories for agents of high status (in
shades of red) increase like when inequalities are low, except for the agent of top status which increases more
slowly. However, for the agents of lower status (in shades of blue), the trajectories increase significantly less than
when inequalities are low;

o In the bottom right panel, with large inequalities and with gossip, the trajectories for agents of high status are similar
to the ones without gossip. However, for the four agents of lowest status, the trajectories are significantly different;
they are decreasing (in blue).

12
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panels the low statuses. On the left panels, there is no gossip, on the right panels there is (k = 1). Noise parameter § = 0.1. Influence function
parameter o = 0.3.

4.2.2. Slope of equilibrium opinion trajectory at after 800 encounters when inequalities vary

In each panel of Fig. 6, the x-axis represents the width of the initial opinion intervals varying from [—0.06, 0.06] to
[—0.9, 0.9], the curves represent e;(800) — e;(799), the slope of the trajectory of the equilibrium opinion at t = 800,
computed with the moment approximation. The colour of the curve codes for the status of agent i. In general, this slope
is close to the slopes of the opinions about agent i.

This figure shows that:

e For agents i of high status (in red, top panels):

- The left and right panels are similar, except for the agent of status 6 for which the equilibrium opinion shows
a significantly lower slope with gossip, when inequalities increase;

- The slope for the agent of the highest status decreases when the inequalities are above a threshold, while the
slopes for all the other agents of high status remain positive, both with and without gossip;

- The agents of the highest statuses (7 and above) have a slightly higher slope when there is gossip:

e For agents i of low status (in blue, bottom panels):

- When there is no gossip (left panel), all the slopes remain positive, but they all tend to 0 when the inequalities
increase;
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- When there is gossip (right panel), the slopes become negative as the inequalities increase. The slope for the
agent of the lowest status becomes negative first, then the slope for the agent for second lowest status becomes
negative and so on until the slopes of all the agents of low status become negative.

5. Discussion
5.1. Relevance of the moment approximation

The moment approximation appears reliable while the number of agents is higher or equal to 10 and the number of
encounters remains below 1000. Moreover, it provides explanations of the model behaviour.

e After a few hundred interactions, the opinions about an agent tend to evolve in parallel, and their evolution is driven
by a second order effect, which is a weighted sum of a positive bias on self-opinions and negative biases on the
opinions about others;

e The weights on the negative biases are low for agents of high status and high for the agents of low status and these
differences increase when the inequalities increase. This explains why the opinions about the low status agents tend
to stagnate or decrease (when there is gossip);

e When there is gossip, an additional term increases the negative bias on the opinion about others. Moreover, this
added term is stronger when i and j are of low status and quite small for agents i of high status, especially when the
initial inequalities are high. This explains the observed higher negative effect of gossip on the agents of low status.

However, we could not explain mathematically that the average self-opinion of agent is systematicall higher than all the
average opinions about this agent, which expresses a more standard definition of positive bias.

In addition to the explanations that mathematical expressions can bring, the moment approximation provides a means
to explore the average behaviour of the agent based model, without running millions of simulations. Such an exploration
for 10 agents, when varying the width of the interval of initial self-opinions, reveals the following features (see Fig. 6):

e The opinions about the agents of high status (except the top status) tend to grow in roughly the same way, with or
without gossip;

e Without gossip, the opinions about agents of low status tend to grow but this growth progressively decreases and
even becomes close to zero when the initial inequalities increase. With gossip, these opinions grow only when the
inequalities are very low and then the opinions about low status agents start decreasing as the inequalities increase.

The same explorations conducted with 20 and 40 agents yield similar results.

These observations provide some explanations to the patterns recalled in Section 2.2. Indeed, initially, in these patterns,
all the opinions are the same, therefore, both with and without gossip, all the average opinions tend to grow together in
a first period of a few thousand steps. However, because of the noise, more or less dispersion of the opinions takes place,
introducing inequalities between agents:

e Without gossip, since all opinions tend to grow at a similar pace, the opinion inequalities remain moderate for a
while and all opinions grow on average. When the inequalities reach a threshold though, the opinions about agents
of low status grow more and more slowly or stagnate, while the opinions about agents of high status fluctuate when
reaching the opinion limit at +1. Overall, the distribution of opinions is therefore significantly positive on average;

o When there is gossip, because the opinions about agents of low status grow much more slowly than the opinions
about agents of high status, the inequalities of opinions increase more rapidly and easily reach a level in which
the opinions about the lowest status agent starts decreasing, which further increases the opinion inequalities, and
the opinions about other agents of low status start decreasing, which further increases the opinion inequalities.
Ultimately, when the inequalities are maximum, the opinions about a majority of agents tend to decrease. This
explains why the overall distribution of opinions becomes negative on average.

We checked the validity of these explanations by introducing a process that limits the inequalities of the opinions by
regularly driving them slightly towards their average. More precisely, every N, interactions, all opinions are modified,
using parameter A, as follows:

ay(t + 1) = (1 — May(t) + 1.3, Vi, j € N, (61)
with a being the average opinion. With this modified dynamics, the opinions grow and stabilise to a high average positive
value, even when parameter A is small (0.0001) and when there is gossip.

5.2. Connections with the literature in social-psychology

We now discuss how the model behaviour relates to some researches in social-psychology. We first consider the biases
and then we discuss the effect of inequalities on the evolution of opinions.

Social-psychology robustly established that people tend to overestimate themselves (for instance overoptimism or
overconfidence in judgement and predictions or the ability to complete a task or about forecasting events in general,
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see [19] for a review). This tendency is often called positivity bias. A widely accepted explanation relates the positivity bias
to the well established tendency of most people to self-enhancement or self-protection. People tend to seek out and accept
positive feed-backs and to avoid or reject negative ones [20]. Indeed, when we receive a negative feedback, we often tend
to decrease our evaluation of its source and thus we decrease its importance (e.g. [21]). As a result, on average, negative
feed-backs tend to have a lower impact than positive ones on self-evaluation, which leads to self-overestimation [22].
This process presents strong similarities with the positive bias observed in the Leviathan model, when vanity is active,
because vanity decreases the evaluation of the source of negative feed-backs (see details in [14]).

However, the positive bias studied in this paper is generated by the model without vanity and suggests the existence
of another mechanism. Indeed, this positive bias cannot be attributed to any self-enhancement. It is a statistical effect of
the noise combined with the decreasing influence function. As far as we know, this specific bias has not been observed
by social-psychologists.

Considering the negative bias now, the literature reports some negative tendencies in judging others. People show a
negative bias on the opinion about others in some specific contexts, for instance when requested to express their opinion
in front of an audience of higher status (see for instance [23]). Also, when judging moral qualities of others, we tend
to put a higher weight on the negative features than on the positive ones (while this is the opposite when judging the
abilities) [24,25]. However, the contexts of these observations are difficult to relate to our model.

Therefore, it seems that, if they do exist in human interactions, the biases observed in our model have been overlooked
by social-psychologists. This would not be surprising, since these biases are small (of second order). Moreover, though our
simulations suggest that their long term effect is potentially huge, it is impossible to relate these effects to their causes
without the type of analysis that we carried out.

Now, we consider possible connections between the literature in social-psychology and the effect of inequalities
observed in the model.

A study involving a cohort of 3058 adolescents in Denmark, followed from ages 15 to 21, shows that the self-esteem of
the adolescents from the richest tertile grows significantly more than the self-esteem of the poorest tertile [26]. This result
seems in line with our model patterns. However, the mechanisms involved are probably quite different. Indeed, the impact
of inequalities on self-esteem is generally related to personal or group self-deprivation or feeling of injustice [27,28]. These
feelings are absent from the model. Again, the model shows a statistical phenomenon of second order, while the reaction
to self-deprivation, that could probably be also modelled using the vanity process of the Leviathan model, is certainly of
first order. Hence, again, it seems very likely that the research in social psychology missed the phenomenon suggested
by our model.

Since we cannot rely on existing literature to get adequate experimental data challenging the model, a solution is to
get this data by running specifically designed experiments. The following directions can be envisaged:

e The model suggests the existence of a positive bias on self-opinions and a negative bias on opinions about others,
without self-enhancement or self-protection (i.e. with symmetric reactions of same intensity to negative and positive
feed-backs of same intensity), as soon as the influence function is decreasing when the self-opinion is increasing. The
main feature to check is thus this property of the influence function, because its presence mathematically implies
the biases. It seems possible to design an experiment achieving this;

e The model suggests that the interactions in a group with wide perceived inequalities tend to widen these perceived
inequalities by decreasing the opinions about the agents of low status (especially when there is gossip) and by
increasing the opinions about the agents high status. However, in a group with small perceived inequalities, the
interactions tend to increase the opinions about all the agents, even if there is gossip. Therefore, in this perspective,
introducing mechanisms that limit the perceived inequalities (like the mechanism described by Eq. (61)) in a group
should be beneficial to the opinions about all its members. Experiments checking these predictions could consider
a participant interacting with a set of experimenters and controlling the respective statuses of the participant and
of the experimenters.

Overall, this work identifies second order effects of interactions that seem impossible to observe without suspecting
their existence. However, it seems possible to design specifically targeted experiments that would detect them.

Additional information

The code of the model is available at: https://www.comses.net/codebases/12d44111-5823-4773-ad59-754ebacb33a1/
releases/1.0.0/.
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Appendix

A.1. Equations of second moments for a given sequence of interactions, without gossip

Let E;j(sr) = Fﬁ(St) - th(St)ZTj(St)' For (i, j) = (itx1, jew1), or (i, J) = Uegrs ber1):

Rilscn) = Xalse) + Fylso) (Rilse) — xalso) = Hytso) (xEs0) = xaEi(s0)) (62)
and:

Rist41) = Rilse) + RiCse) (Raso) — Filse)) + A(so) (5(6:) = XalOils0)) - (63)
Let:

Fi(se) = Xi(se) + hy(se) (Ri(se) — Xise) - (64)

Gi(se) = xi(s0) + hi(se) (Ri(se) — Xii(ss)) - (65)
Neglecting the terms of order higher than 2, we get:

Rseer) = F3(s0) + hT,-z(st)? (66)
with:

F2(5e) = (1 — Ry(se))?x2(s¢) + by (s 02 (se) + 21 — Ry(so))(se (S0 (o). (67)

and:

= Ty 72\

Xii(se1) = Gi(se) + hyi (Sr)g, (68)
with:

G2se) = (1 — Mu(se)P2(se) + i (5622 (se) + 201 — (s )5 xS xa(s0). (69)
Similarly, we get:

Xii(Se+1)-X;i(Se+1) = Fii(se)Gji(st). (70)
For p #iand p # j:

Xii(Se1)-Xpi(Sea1) = Fy(Se)xpi(se). (71)

Xii(St11)-Xpi(Se11) = Gji(Se Xpi(St ). (72)

A.2. Equations of second moments for all sequences of interactions, without gossip

Foranyie {1,..., Ng}:

") Ne=25 0 25 (e e s
K+ 1) = = xﬁ(t)+N—Z Fj(0) + Ryt ). (73)
¢ A
Forj # i:
= Ne—2 2 (=, 28
Xt +1) = °NC X0 + N (Gﬁ-(r)+hﬁ §>. (74)
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Moreover:
1 = Na—2 2 | Foc F 75
X;i(t 4+ Dx;i(t +1) = Taxﬁ(f)-xﬁ(t) + N ii(£)Gji(t) +p§;} in(Ox;i(t) ] - (75)
FOr (l7Jap) € {15 e 7Na}3' l #Jv] 75 pv l 75 p:
Ne—d4— 2
X;i(t + Dxpi(t +1) = iji(t)-xpi(t) + N (%i(1)Gpi(t) + xpi(D)Gii(1)) » (76)

with, for instance:

_ _ — o

Fit)=(1~- hi(£))2x3() + hy (E)x3(6) 4 2(1 — hy(£)hy(Exa(£)x( ). (77)
Starting from the values at t = 0, applying these equations, we can compute X;;(t) and X;(t).

A.3. Equations of second moments for a given sequence, with gossip

For (i, j) = (it+1,je+1), all the products are the same as the ones in the case without gossip.
Moreover, for g € {gy,, ..., 8} let:

Jig(se) = Xig(se) + Ri(se) (Rig(s) — Xiglse)) - (78)
We have:
52
X (se41) = J3(se) + By (0 (79)
Moreover:
Xig(St41)Xjg (Se+1) = Jijg (St Vjig (Se)- (80)

A.4. Equations of second moments for all sequences of interactions, with gossip

For (i,j) € {1, ..., Ng}?, like without gossip we have :

- No—2— 2 S 2,82
X(t+1)= “Na xﬁ(t)+N—CZ<F;(t)+h,-j (t)§>. (81)
i#i

However, x],(t + 1) is different with gossip:

) ) 2 =3 —2 (32 2k 82
Xﬁ(t + 1) =P ~Xﬁ(t) + Ni Gﬁ(t) + hji (t)g + I\TT Z ]pl(t) + hjp ( )? s (82)
¢ peliii)
with:
NT = Na(Na - 1)(Na - z)a (83)
P 1 2 2k (84)
TN N

The average products x;(t 4 1).x;;(t + 1) and x;;(t 4 1).x,(t + 1) are also different with gossip:

2 2k
Xii(t + 1).x;i(t + 1) = Po.x;i(t).x;(t) + N FO)Gi(6) + Y Fplti(0) A Z Jwi(E)xii(t (85)
peij) T petii)
with:
2 2k
pp=1- - =% (86)
Noe N¢°

Moreover, for p #iand j # i and p # j:

2 2k
Xi(t + Vxpi(t + 1) = P3~in(f)-xpf(f) N (%pi(0)Gii(t) + x;i(£)Gpi(t)) + mhpi(typji(t)

c

Z (iai(%pi(6) + Jpgi (OXi(D) (87)
q¢{11p)
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with:

(88)
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