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EXTINCTION RATE OF CONTINUOUS STATE BRANCHING
PROCESSES IN CRITICAL LEVY ENVIRONMENTS

VINCENT BANSAYE!, JUAN CARLOS PARDO?* AND CHARLINE SMADI>*

Abstract. We study the speed of extinction of continuous state branching processes in a Lévy environ-
ment, where the associated Lévy process oscillates. Assuming that the Lévy process satisfies Spitzer’s
condition, we extend recent results where the associated branching mechanism is stable. The study
relies on the path analysis of the branching process together with its Lévy environment, when the lat-
ter is conditioned to have a non-negative running infimum. For that purpose, we combine the approach
developed in Afanasyev et al. [2], for the discrete setting and i.i.d. environments, with fluctuation the-
ory of Lévy processes and a result on exponential functionals of Lévy processes due to Patie and Savov
[28].
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1. INTRODUCTION AND MAIN RESULTS

In this manuscript, we are interested in continuous state branching processes (CSBPs) which can be considered
as the continuous analogues of Galton-Watson (GW) processes in time and state space. Formally speaking, a
process in this class is a strong Markov process taking values in [0, 00|, where 0 and oo are absorbing states,
and satisfying the branching property, that is to say the law of the process started from z + y is the same as
the law of the sum of two independent copies of the same process issued respectively from x and y. CSBPs
have been introduced by Jirina [20] in the late fifties, of the last century, and since then they have been deeply
studied by many authors including Bingham [9], Grey [17], Grimvall [18], Lamperti [22, 23], to name but a few.
An interesting feature of CSBPs is that they can be obtained as scaling limits of GW processes, see for instance
Grimvall [18] and Lamperti [23].

Galton-Watson processes in random environment (GWREs) were introduced by Smith and Wilkinson [29]
in the late sixties of the last century. This type of processes has attracted considerable interest in the last
decade, see for instance [1-3, 12] and the references therein. Indeed, such a family of processes provides a richer
class of population models, taking into account the effect of the environment on demographic parameters and
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letting new phenomena appear. In particular, the classification of the asymptotic behaviour of rare events, such
as survival probability and large deviations, is much more complex, since it may combine environmental and
demographical stochasticities.

Scaling limits of GWREs have been studied by Kurtz [21] in the continuous path setting and, more recently,
by Bansaye and Simatos [6] and Bansaye et al. [4] for a larger class of processes in random environment that
includes CSBPs. The limiting processes satisfy the Markov property and the quenched branching property, i.e.
conditionally on the environment the process started from = + y is distributed as the sum of two independent
copies of the same process issued respectively from x and y. Such processes may be thought of, and therefore
called, CSBPs in random environment. An interesting subclass of the aforementioned family of processes arises
from several scalings of discrete models in i.i.d. environments (see for instance [5, 6, 11]) and can be characterized
by a stochastic differential equation (SDE) where the linear term is driven by a Lévy process. Such a Lévy
process captures the effect of the environment on the mean offspring distribution of individuals. A process in
this subclass is known as CSBP in Lévy environment and its construction has been given by He et al. [19] and
by Palau and Pardo [26], independently, as the unique strong solution of a SDE which will be specified below.

The study of the long term behaviour of CSBPs in Lévy environment has attracted considerable attention
recently, see for instance [5, 11, 24, 25, 27]. In all these manuscripts, the speed of extinction has been computed
for the case where the associated branching mechanism is stable since the survival probability can be expressed
explicitly in terms of exponential functionals of Lévy processes. In [11], Boinghoff and Hutzenthaler have stud-
ied the Feller diffusion case in a Brownian environment and exploited the explicit density of the exponential
functional of a Brownian motion with drift. Then Bansaye et al. [5] studied the long term behaviour for stable
branching mechanisms where the random environment is driven by a Lévy process with bounded variation
paths. Palau et al. [27] and Li and Xu [24] extended these results and obtained the extinction probability for
stable CSBPs in a general Lévy environment.

Our aim is to relax the assumption that the branching mechanism is stable, that is to say, we are interested
in studying the survival probability for a larger class of branching mechanisms associated to CSBPs in Lévy
environments. Here we focus on the critical case, more precisely in oscillating Lévy environments satisfying
the so-called Spitzer’s condition which is a well-known assumption in fluctuation theory of Lévy processes (see
assumption (H1) below). In order to do so, we use two main tools in our arguments: fluctuation theory and
the asymptotic behaviour of exponential functionals of Lévy processes satisfying Spitzer’s condition. We follow
the point of view of Afanasyev et al. [2] in the discrete time setting, to deduce pathwise relationships between
the dynamics of the CSBP in random environment and the Lévy process driving the random environment on
the survival event. More precisely, we prove that the survival of the process is strongly related to its survival
up to the time when the random environment reaches its running infimum. Then, we decompose its paths into
two parts, the pre-infimum and post-infimum processes. If the process survives until the time when the random
environment reaches its running infimum, then it has a positive probability to survive after this time and,
consequently, it evolves in a “favorable” environment. As we will see below, the global picture stays unchanged
compared to [2] but new difficulties arise in the continuous space setting. In particular, the state 0 can be polar
and the process might become very close to 0 but never reach this point. To focus on the absorption event, we
use Grey’s condition which guarantees that 0 is accessible. Another difficulty arises at the upper bound for the
probability of survival. Indeed, in the discrete setting, to bound the probability of survival we can use the fact
that the probability that the process survives at times when the environment reaches a local minimum is equal
to the probability that the current population size is bigger or equal than 1 at times when the environment
reaches a local minimum. Then Chebyshev or Markov inequality will help to obtain a suitable upper bound.
In the continuous setting, this strategy is not helpful. In fact, it is suitable to perform good estimates for
the probability that the process survives at times when the environment reaches a local minimum. In order
to do so explicit knowledge of the probability of extinction is required but the latter can only be derived in
few cases, even in the case when the environment is fixed. When the environment is fixed, good estimates of
such probability can be derived when the branching mechanism is regularly varying at co with index ¢ € (1, 2)
or possesses a Blumenthal-Getoor index bigger than one. In our case, the latter type of estimates cannot be
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obtained due to the environment as we will explain below. So in order to overcome these difficulties, we impose
some assumptions on the branching mechanism and on the environment which are not so restrictive.

1.1. CSBPs in a Lévy environment

Let (Q®), F®) (ffb))tzo, P®)) be a filtered probability space satisfying the usual hypothesis and introduce a

(]—'t(b))tzo—adapted standard Brownian motion B®) = (ng), t > 0) and an independent (]-'t(b))tzo—adapted Pois-
son random measure N®)(ds,dz,du) defined on R? , with intensity dsp(dz)du. The measure p is concentrated
on (0,00) and in the whole paper we assume that

/ (z A 2?)p(dz) < oo, (1.1)
(0,00)

which guarantees non-explosivity (see Lem. A.1 in the Appendix for the proof of this fact). We denote by N®
the compensated measure of N®).

According to Dawson and Li [15], we can define Y = (Y;,¢t > 0), a CSBP, as the unique strong solution of
the following SDE

Ys— ~
/ ZN©® (ds,dz, du),
0

t t t
Ytzyo—w'(oﬂ/ sts—i—/ Md35b>+//
0 0 0 (

0,00)

where v > 0 and ¢’(0+) € R, denotes the right derivative at 0 of the so-called branching mechanism associated
to Y which satisfies the celebrated Lévy-Khintchine formula, i.e.

Y(A) = M (0+) +72A% + /(0 ) (e — 1+ Az) u(dz),  for A>0. (1.2)

For the random environment, we consider (Q(¢), F(€), (ft(e))tzo,IP’(e)) a filtered probability space satisfying
the usual hypothesis and a (ft(e))—Lévy process K = (K;,t > 0) which is defined as follows

t t
K, =oat+ 0B + / / (e —1)N©)(ds,dz) + / / (e* —1)N©)(ds, dz),
0 JR\(-1,1) 0 J(-1,1)

where o € R, 0 > 0, B(®) = (B,fe),t > 0) denotes a (ffe))tzo—adapted standard Brownian motion and

N()(ds,dz) is a (]-'t(e))tzo—adapted Poisson random measure on Ry x R with intensity dsw(dy), which is
independent of B(®). The measure 7 is concentrated on R\ {0} and fulfills the following integral condition

/(1 A 22)7(dz) < oo.
R

In our model, the population size has no impact on the evolution of the environment and we are considering
independent processes for demography and environment. More precisely, we work now on the product space
(Q, F, (F)i0,P), where Q = Q© x QO F = F©) g 7O and F, = F9 @ F? for t > 0, P = P(©) @ P®) and
we make the direct extension of B®), N B(¢) N() and K to Q by projection respectively on Q) and Q(¢).
In particular, (B(®), N(¢)) is independent of (B(®), N(®),
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Letting Zy € [0,00) a.s., a CSBP in a Lévy environment Z can be defined as the unique non-negative strong
solution of the following SDE,

t t
Zy = Zy — ' (0+) / Z,ds + / V22 Z,dB®
0 0

t Zoo t
+/ / / zN(b)(ds,dz,du)—i—/ Z,_dK;.
0 J(0,00) Jo 0

According to He et al. [19] and Palau and Pardo [26], pathwise uniqueness and strong existence hold for this SDE.
Actually, Palau and Pardo also considered the case when ¢’(0+) = —oo, and obtained that the corresponding
SDE has a unique strong solution up to explosion and by convention here it is identically equal to +oco after the
explosion time. It turns out that (1.1) is a sufficient condition to conclude that the process Z is conservative
or in other words that it does not explode in finite time. The conservativeness was first observed by Palau and
Pardo in [25] (see Prop. 1) in the case when the random environment is driven by a Brownian motion. A similar
result also holds in our context: if (1.1) holds then

(1.3)

P.(Z; < ) =1, for any t>0,

and any z > 0 where P, denotes the law of the process Z starting from z > 0. The proof follows from similar
arguments as those used in [25] and is deferred to the Appendix (see Lem. A.1).

The analysis of the process Z is deeply related to the behaviour and fluctuations of the Lévy process K,
defined on the same filtration as K, which provides a quenched martingale. We set

t t
Ko=atroB+ [ [ oNO@sda+ [ [ aNOsa), (14)
0 J(-1,1) 0 JR\(-1,1)
where
2
2 Jiy

and we obtain the following statement.

Proposition 1.1. ForP() almost every w® € Q) (exp{—K(w'®,.)} Z;(w'®,.) : t > 0) is a (A, F® P®))-
martingale and for any t > 0 and z > 0,

E.[Z: | K] = zeKe, P -a.s.

The proof is deferred to the Appendix. In other words, the process K plays an analogous role as the random
walk associated to the logarithm of the offspring means in the discrete time framework and leads to the usual
classification for the long time behaviour of branching processes. We say that the process Z is subcritical,
critical or supercritical accordingly as K drifts to —oo, oscillates or drifts to +00. We refer to [5, 11, 24, 27]
for asymptotic results under different regimes. We observe that in the critical case and contrary to the discrete

framework, the process may oscillate between 0 and co a.s., see for instance [5].

1.2. Properties of the Lévy environment

Recall that K = (K;,t > 0) denotes the real valued Lévy process defined in (1.4). That is to say K has
stationary and independent increments with cadlag paths. For simplicity, we denote by Péf) (resp. ng)) the
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probability (resp. expectation) associated to the process K starting from x € R, and when 2 = 0, we use the
notation P(¢) for IP’(()G) (resp. E(®) for IE(()G)), i.e.

PO (K, e B)=PO(K,+x€eB), for BeBR).
We assume in the sequel that K is not a compound Poisson process.

In what follows, we assume a general condition which is known as Spitzer’s condition in fluctuation theory
of Lévy processes, i.e.

I —
(H1) E/P(e)(KSZO)dS—)pG(O,l), as t— oo.
0

Spitzer’s condition implies that K oscillates and implicitly, from Proposition 1.1, that the process Z is in the
critical regime. According to Bertoin and Doney [8] condition (H1) is equivalent to

P (K, > 0) — p € (0,1), as ¢ — oo.

Spitzer’s condition is a key condition to understand the tail distribution of first passage times (see (1.8) and
(1.9) for instance). Notice that if Spitzer’s condition holds and K has a finite variance, then necessarily p =
1/2. Examples of Lévy processes satisfying Spitzer’s condition are the standard Brownian motion, and stable
processes where p € (0, 1) plays the role of the positivity parameter. Furthermore, any symmetric Lévy process
satisfies Spitzer’s condition with p = 1/2 and any Lévy process in the domain of attraction of a stable process
with positivity parameter p € (0,1) as t — oo, satisfies Spitzer’s condition.

Our arguments on the survival event rely on the running infimum of K, here denoted by I = (I;,t > 0) where

L= inf K,, t>0. (1.6)

To be more precise, we use fluctuation theory of Lévy processes reflected at their running infimum. Let us
recall that the reflected process K — I is a Markov process with respect to the filtration (]—'t(e))tzo and whose
semigroup satisfies the Feller property (see for instance Proposition VI.1 in the monograph of Bertoin [7]). We
denote by L the local time of K — I at 0 in the sense of Chapter IV in [7]. Similarly to the discrete framework
[2], the asymptotic analysis and the role of the initial condition involve the renewal function V which is defined,
for all z > 0, as follows

17(:10) =E©

/ 1{,t>x}dft] : (1.7)
[0.0¢)

The renewal function V is subadditive, continuous and increasing and satisfies V(m) >0 for z > 0 and ‘7(:10) >0
for z > 0. See for instance the monograph of Doney [16] or Section 2 for further details about the previous facts.
Under Spitzer’s condition (see Thm. VI.18 in Bertoin [7]) the asymptotic behaviour of the probability that the
Lévy process K remains positive, i.e. P (I; > 0) for x > 0, is regularly varying at oo with index p — 1 and
moreover, for any x,y > 0, we have

(1.8)
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In other words, we obtain that for any = > 0,
PE(L > 0) ~ V(a)tP~ 1 (t), as t— oo, (1.9)

where /¢ is a slowly varying function at oo, that is to say, for ¢ > 0,

lim Uet) =1.
t—o00 E(t)

1.3. Main result

We now state our main result which is devoted to the speed of extinction of CSBPs in Lévy environment
under the assumption that the environment oscillates. It is important to note that the survival of the process
is associated to ”favorable” environments which are characterized by the running infimum of the environment,
which is not too small from our assumptions.

We need some assumptions to control the effect of the environment on the event of survival. The following
moment assumption is needed to guarantee the non-extinction of the process in favorable environments (see
Prop. 3.4 for further details),

(H2) /OO 01n%(0)p(df) < oc.

The above condition is similar to zlog(z) moment condition on the measure u, used in Proposition 2 in [25]
to determine that the probability of survival of CSBP processes in Lévy environments that drifts to 400, is
positive.

As we will see below, Spitzer’s condition (H1) and assumption (H2) are sufficient conditions to provide a
lower bound for the survival probability. In order to get the upper bound, further assumptions on the branching
mechanism and the environment are required. Let

Bo(N) i= Y(\) — M (04),  for A >0, (1.10)
and assume that there exist 8 € (0,1], and C' > 0 such that
(H3) Yo(A) > CAYFA . for A > 0.

Assumption (H3) allows us to control the absorption of the process for bad environments (see Lem. 4.2) and
in particular, it guarantees that 1o(\) satisfies the so-called Grey’s condition, i.e.

* dz

Yo(2)

< 00, (1.11)

which is a necessary and sufficient condition for absorption of CSBPs, see for instance [17]. Recently, He et al.
[19] have shown that this condition is also necessary and sufficient for CSBPs in a Lévy environment to get
absorbed with positive probability (see Thm. 4.1 in [19]). In our case since the process K oscillates and Grey’s
condition (1.11) is satisfied then absorption occurs a.s. according to Corollary 4.4 in [19].

Theorem 1.2. Assume that assumptions (H1) — (H3) hold. Then there exists a positive function ¢ such that
for any z >0,

P.(Z, > 0) ~ c(2)P{) (1, > 0) ~ c(2)V ()t~ U(t), as t— oo,
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where £ is the slowly varying function introduced in (1.9).

We point out that we only need assmptions (H1) and (H2) to ensure that the probability of survival of the
process Z satisfies

P.(Z > 0) > c(2)PL) (1, > 0) ~ V(1)e(2)t? 1 U(t), as t— oo. (1.12)

It seems quite difficult to deduce the asymptotic behaviour of the probability of survival just under assump-
tions (H1) and (H2), as we explain below. Let us briefly explain why stronger assumptions such as (H3) are
required for the upper bound. Recall from Proposition 2 in [26], that there exists a functional v,(s, A, K) which
is the P(¢)-a.s. unique solution of the backward differential equation

gvt(s,Af) = eFenho(ui(s, \, K)e 55),  w(t,\K) = A, (1.13)
S

where 1) is defined as in (1.10). For simplicity of exposition, we denote by P, .y (resp. E. . its expectation)
for the law of the couple (Z, K) started from (z,x) where z,x > 0, under P. Thus, the functional (s, \ K)

determines the law of the reweighted process (Z,e= %t ¢ > 0) as follows,

E(z,l) [exp { — )\Zte—ft H = ]E(z,o) [exp{ _ /\e—lzte_ft }]

= E® [exp{ — zv¢(0, )\e_l,F)H.
Under Grey’s condition (1.11) and the previous identity, we can deduce
Peny(Ze> 0,1 < —y) =E@ [(1- 7™ @=0) 1yl for y20, (1.14)

where (0, 00, K) is P(¢)-a.s. finite for all ¢ > 0, (according to Thm. 4.1 in [19]) but perhaps equals 0. Actually,
assumption (H2) guarantees that 7,(0, 00, K) > 0, P(¢)-as., for all £ > 0; and even in “favorable” environments
(see Prop. 3.4). The right-hand side of (1.14) seems difficult to estimate due to the nature of the functional
74(0,00, K). Even under the assumption that 1y is regularly varying at oo, it is not so clear how to handle
7¢(0, 00, K) due to the dependence on the environment. In the discrete setting such a probability can be estimated
in terms of the infimum of the environment (which is a random walk) since the event of survival is equal to the
event of the current population being bigger or equal to one. Assumption (H3) allows us to upper bound (1.14)
by the exponential functional of K, and to study its asymptotic behaviour.

We end our exposition with some examples where the renewal function can be computed explicitly and the
previous results can be applied.

1.4. Examples

a) Brownian case. In the particular case when K is a standard Brownian motion starting from x > 0, it is
known that the renewal measure is proportional to the identity, i.e. IA/(y) x gy, for y > 0. Moreover, Brownian
motion oscillates and satisfies Spitzer’s condition (H1) with p = 1/2. Then, assuming that conditions (H2) and
(H3) are fulfilled, we obtain that the CSBP in a Brownian environment satisfies

P.(Z; > 0) ~ c(2)t7Y2¢(t), as t— oco.
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In this particular case, we can compute the function ¢, i.e.

o(t) /OO -ohy t>0
= € v, )
1 V23

which follows from the fact that the law of the infimum of a Brownian motion is given by

o0 1 dw
]P’("‘)I>O:/ e —— >0
1 (I > 0) t s

b) Spectrally negative case. If K is a spectrally negative Lévy process, i.e. it has no positive jumps, then the
renewal measure is given by the so-called scale function W : [0,00) — [0, 00), which is defined as the unique
continuous increasing function satisfying

oe 1
-z
e W(x)dr = —— for A >0,
/0 ( ) ¢(>‘)

where ¢ denotes the Laplace exponent of K which is given by ¢()\) := log E[e*gl] and satisfies the so-called

Lévy-Khintchine formula. In other words, we identify the renewal function V with the scale function W (i.e.
V=w).

In this case, there is an interpretation of Spitzer’s condition in terms of the Laplace exponent ¢. More precisely,
from Proposition VIL.6 in Bertoin [7], the spectrally negative Lévy process K satisfies Spitzer’s condition with
p € (0,1) if and only if its Laplace exponent ¢ is regularly varying at 0 with index 1/p. This proposition also
mentions that in this case, p is necessarily larger than 1/2. Hence assuming that the Laplace exponent ¢ is
regularly varying at 0 with index 1/p, Theorem 1 holds under the assumption that the branching mechanism
satisfies ¥p(A\) > CA'TA| for some 3 > 0, together with condition (HZ2).

In the particular case where K is a spectrally negative stable process with index o € (1,2), we have
W(z) = 271 /T(a), for 2 > 0, where I' denotes the so-called Gamma function. Moreover, it satisfies Spitzer’s
condition with p = 1/a.

c) Stable case. Assume that o € (1,2) and that K is a stable Lévy process with positivity parameter p € (0, 1).
Tt is known that the descending ladder height is a stable subordinator with parameter a(1 — p) (see for instance
Lem. VIIL.1 in [7] and Section 2 for a proper definition of the descending ladder height) which implies that the
renewal function 17(53) is proportional to (=) for x > 0. Indeed, its Laplace transform satisfies

oo ~ 1
— Az _
/0 e MV (dz) = Pk A>0.

Hence, Theorem 1 holds under the assumption that the branching mechanism satisfies 19(\) > CA*#, for some
B > 0, together with condition (H2).

The remainder of the manuscript is organized as follows. In Section 2, some preliminaries on fluctuation
theory of Lévy processes are introduced, as well as the definition of their conditioned version to stay positive.
Moreover some useful properties of the latter are also studied. Section 3 is devoted to the study of CSBPs in
a conditioned random environment whose properties are needed for our purposes. The proof of the main result
is provided in Section 4 and, finally, in Appendix A we provide the proofs of Proposition 1.1 as well as the
non-explosivity of CSBPs in a Lévy random environment.
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2. PRELIMINARIES

In order to provide a precise description of the relationship between the survival probability of the process
Z and the behaviour of the running infimum of K, the description of the Lévy process K conditioned to stay
positive is needed as well as the description of the process Z under this conditioned random environment.

In this section, we introduce Lévy processes conditioned to stay positive as well as some of their properties
that we will use in the sequel.

2.1. Lévy processes and fluctuation theory

Recall that I; = info<s<; K, for t > 0, and that the reflected process K — I is a Markov process with respect
to the filtration (F (e))tZO and whose semigroup satisfies the Feller property. It is important to note that the

same properties are satisfied by the reflected process at its running supremum S — K, where S; = info<s<i K,
since the dual process —K is also a Lévy process satisfying that for any fixed time ¢ > 0, the processes

(K—s) — K¢,0< s < 1) and (-K,,0<s<t),

have the same law. o
We also recall that L denotes the local time of the reflected process K — I at 0 in the sense of Chapter IV in
[7]. Similarly, we denote by L for the local time at 0 of S — K. If 0 is regular for (—oo,0) or regular downwards,

1.€.
P (ry =0) =1,

where 7, = inf{s > 0 : K4 < 0}, then 0 is regular for the reflected process K — I and then, up to a multiplicative
constant, L is the unique additive functional of the reflected process whose set of increasing points is {t : K; =
I,}. If 0 is not regular downwards then the set {t: K; = I;} is discrete and we define the local time L as the
counting process of this set.

Let us denote by L1 for the inverse local time and introduce the so-called descending ladder height process

~

H which is defined by

H; = ~I;a, t20. (2.1)
The pair (L™!, H) is a bivariate subordinator, as is (L™, H) where

Hy=8,1, t>0.

Both pairs are known as descending and ascending ladder processes, respectively. The Laplace transform of the
descending ladder process (L~!, H) is such that for 6, A > 0,

E() [exp {—92;1 - /\ﬁtH =exp {—tk(0,\)}, t>0, (2.2)

writing K(-, -) for its bivariate Laplace exponent (x(-,-) for that of the ascending ladder process) which has the
form

2(0,)\):§0+a>\+/

e
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)
)
Y%

with 0 and

/ (2 A1)y A Dji(da, dy) < oo
(0,00)2

Notice that both (E_l,ﬁl ) and (L', H) have no killing terms, since we are assuming that the process K
oscillates. Implicity, the Laplace exponent of H satisfies

R(0,\) = dX + /

(0,00)

(1= e™)iay), (2.3)

where 7(B) = 1((0,00), B) for B € B((0, c0)). o
An interesting connection between the distribution of the ladder processes and that of K is given by the
Wiener-Hopf factorisation

E(e) {eiefeq} — ]E(e) |:eiﬁseq:|E(e) |:ei91eq:| ; (24)

where e, denotes an exponential random variable with parameter ¢ > 0 which is independent of K,

[ 05,1 — _#(4,0) [ o1, _ F(4,0)
E [e } wg e w4 E [6 } 7(q.i0)

We refer to Chapter VI in Bertoin [7] or Chapter 4 in of Doney [16] for further details on the descending ladder
processes (H, L) as well as for the Wiener-Hopf factorisation.

Next, we consider the renewal function V which was defined in (1.7). Tt is known that Visa finite, continuous,
increasing and subadditive function on [0, c0) satisfying

V(m) < Ciz, forany x>0, (2.5)

where C] is a finite constant (see for instance Lem. 6.4 and Sect. 8.2 in the monograph of Doney [16]). Moreover
V(0) = 0 if 0 is regular downwards and V' (0) = 1 otherwise. By a simple change of variables we can relate the

definition of the renewal function V and the descending ladder height H. Indeed, the measure induced by 1%
can be rewritten as follows,

V(dz) = E© [ / 1@%}0“] '

Roughly speaking, the renewal function IA/(x) “measures” the amount of time that the descending ladder height
process spends on the interval [0, z] and in particular induces a measure on [0, c0) which is known as the renewal
measure. The latter implies

R oo —~ 1
Az e —\H
e "V (de z/ E®) |e= M| dt = — , for A>0. 2.6
/[; o) ( ) 0 |: :| 5(07 )‘) ( )

Similarly, we introduce the renewal funtion V associated with the ascending ladder height induced by

V(dl‘> = ]E(e) |:/ 1{Ht€d1}dt:| ) (27)
0
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which is also a finite, continuous, increasing and subadditive function on [0, c0) such that V' (0) = 0 if 0 is regular
upwards and V(0) = 1 otherwise.

2.2. Lévy processes conditioned to stay positive

Let us define the probability Q, associated to the Lévy process K started at 2 > 0 and killed at time ¢ when
it first enters (—oo,0), that is to say

Q- [f(?t)l{g‘>t}} = ]ng) {f(ft)l{lt>0}}7

where f: R, — R is measurable. o
According to Lemma 1 in Chaumont and Doney [14], under the assumption that K does not drift towards

—00, we have that the renewal function V' is invariant for the killed process. In other words, for all x > 0 and
t>0,

o~ —

Qs V(Kt)1{<>t}:| = ]E(ze) [v(ft)l{loo}] = ‘7(55) (2.8)

We now recall the definition of Lévy processes conditioned to stay positive as a Doob-h transform. Before
doing so, let us recall that K is adapted to the filtration (.7:,5(6))1520- Under the assumption that K does not drift

towards —oo, the law of the process K conditioned to stay positive is defined as follows, for A € .E(e) and z > 0,

1 o
POT(A) = —E( [V(Kt)1{1t>0}1/\ . (2.9)
V(z)

The term conditioned to stay positive in definition (2.9) is justified from the following convergence result due
to Chaumont [13] (see also Rem. 1 in the aforementioned paper as well as Chaumont and Doney [14]) that we
recall here in the particular case when the process K fulfills Spitzer’s condition (H1).

Lemma 2.1. Assume that Spitzer’s condition (H1) is fulfilled. Then, for allx > 0,t >0 and A € }-t(e),

lim P (A[K, > 0,0 < u < s) =P T(A).

5— 00

The following inequality is also important for our purposes. Recall that 4 denotes the Laplace exponent of

the descending ladder process (see identity (2.2)) and that 7, = inf{s > 0: K, < 0}.

Lemma 2.2. For x > 0, we have
PO (75 > t) < 2eR(1/t,0)V(z),  for t>0. (2.10)

Proof. We first observe that the following series of inequalities holds for ¢, > 0,

t t

§e_thP’§f) (g >1t) < /

e PO (15 >8)ds§/ e PP (157 > 5)ds.
t/2 0

From the Wiener-Hopf factorization (2.4), we have

]E(e) {eeleq} = w
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where e, is an exponential random variable with parameter ¢ > 0, which is independent of K. Hence, by a
classical identity on tail distribution using Fubini’s theorem, we deduce

oo
_ —Oz(e)
= = e P\ (—1s € dx
K(q,0) /0 (~Le, )

=0 / e P (I > —a)dz =0 / e~ 0P (157 > e,)da.
0 0
Next, for every g > 0, we consider the function given by

V) (2) == E© [ / e‘qf”lm,,gx}dt} -

Performing a straightforward computation and using identity (2.2), we deduce

9/ e~V (z)dz = B {/ exp {fq/igl - Hﬁt} dt]
0 0

 R(g,0)
The latter implies
oo A~
q/ e PP (757 > s)ds = R(q, 0)V D (z).
0

We thus deduce for t,q > 0, that

t r(q,0) ~ 1(q,0) ~

e B (g > 1) < M0 § () < K@D

q q

Taking ¢ = 1/t yields (2.10), and completes the proof. O

3. CSBP IN A CONDITIONED RANDOM ENVIRONMENT

3.1. Definition and first properties

Similarly to the definition of Lévy processes conditioned to stay positive [14] and following a similar strategy
as in the discrete framework in Afanasyev et al. [2], we would like to introduce a CSBP in a Lévy environment
conditioned to stay positive as a Doob-h transform. In order to do so, we first observe that (v(?t)1{1t20}7t >0)
is also a martingale with respect to (F;);>0, under P. This result is more or less clear since it is a martingale
under P(¢). Nonetheless we provide its proof for the sake of completeness.

Recall that P, ;) (resp. E(; 4 its expectation) denotes the law of the couple (Z, K) started from (z,x) where

z,x > 0, under P.

o~ —

Lemma 3.1. Let us assume that z,x > 0. The process (V(K)1{1,>01,t > 0) is a martingale with respect to
(Ft)e>0, under P, 4.

Proof. Let s > 0 and A € Fy. We first claim that P(A|K) is a F{9-measurable r.v. Indeed, since the family of
sets

Co={FyxF.: e FO F, e F9},
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is a m-system that generates Fs, we deduce that for any D € C; such that D = B x C with B € .Fs(b) and
C e F19, the following identity holds

B(D|K) = 1cP(B|K) = 1cP?)(B),

where in the last identity we have used that B is independent of the environment and that P(*) is the projection
of P on Q®). A monotone class argument allows us to conclude our claim.

Next, we assume s < t and take A € F,. By conditioning on the environment and recalling that P(¢) is the
projection of P on Q(¢), we observe

E( ) V(Ft)1{1z>0}114} =E(0) [V(Ft)1{1t>0}lp(z,m)(A|K)}
=B [V(E)1(1,50)Pee, (A1)

Let us now introduce the process K via I?u = K,4s — K, for u > 0, which is independent of }"S(e) and has the
same law as K. We also define its running infimum up to time ¢ by I, i.e.

I, = inf K,
ET o<u<t

By taking 0 a F{9 _measurable random variable, we deduce by conditioning on 719 and from identity (2.8),
that

E) V(Ft)1{1t>0}m} =E{Y [V(Fs + Kt—s)l{ﬂ_s+K>o}1{Is>0}m}
=E{ [‘431{15>0}E%1 [‘7([@75)1

=EW |:q31{ls>0}‘7(fs)} :

{E75>0}H

Putting all pieces together, we obtain

(K o)1 (1. 50)P (o) (Al

I VE I 0y Pl (A\K)}

E(z7z) V(?t)1{1t>0}114i| — E‘SL'E) |:

|

=
~
i~2

V(EK,) )¢, >0}1A}
which allows us to conclude that the process (‘A/(ft)l{lpo},t > 0) is a martingale with respect to (F¢)t>o,
under P, .. O

From the previous result, we construct the law of a CSBP in a Lévy environment conditioned to stay positive
as a Doob-h transform. To be more precise, for A € F; and z,z > 0, we define

P?Z,I)(A) = mE(z,az) [‘7(?15)1{190}14 . (3.1)

Similarly as in Lemma 2.1, the term Lévy environment conditioned to stay positive in definition (3.1) is
justified from the following convergence result, which is crucial to prove Theorem 1.2.
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Lemma 3.2. Assume that Spitzer’s condition (H1) holds and let z,x > 0. For t > 0 and A € F, we have
611}120 Pioay(AlKy > 0,0 <u<s) = ]P’?z@)([\).

Moreover if (Gy,t > 0) is a uniformly bounded process which is adapted to (Fy)i>0 and such that it converges to

G, as t — 00, IPIZ w)-almost surely, then

tlLIglo P2 [Gt’FU >0,0<u< t] = ]P)gz,z) [Goo]

Proof. We proceed similarly as in Proposition 1 in [14]. Let h,t > 0 and take A € F;. Then from the Markov
property at time t, we obtain

(o)
P (1), > 0)

Piay(Ale4n > 0) =E oy | Ia—5 1,50} | - (3.2)
P (I,.p > 0)

From inequality (2.10), we see

(e
Pft (Ih > 0)

E(h*l,o) o
—t————1y,50y < 26— V(K{)1{1,50-
P&e)(It+h>0) {1:>0} {1:>0}

P (75 > t+ h)

On the other hand from Spitzer’s condition, we know that %(-,0) is regularly varying at 0+ with index 1 — p

and ]P’gf)(T(; > ) is also regularly varying with index p — 1 at co. Moreover, there is a slowly varying function
£(+) at oo such that

E(q,o>~m:”)6<1/q>qlp, as g0, (3:3)

and
PO (15 > ) ~ V()P H(t), as t— oo,

see for instance the proof of Theorem VI.18 in [7]. Therefore from Potter’s Theorem (see Thm. 1.5.6 in Bingham
et al. [10]) for any C2 > 1 and ¢ > 0 there exists M such that for h > M,

(@) s
P (1, > 0) t\'" V(R
K t
K 1,20 < C(p) <1+> 1150y,
P (1n > 0) M Vi)
with
2el’'(1 +
C(p) = (pp)cg. (3.4)

~

Since E(. o) [V (K¢)1ir,503] = YA/(m) and V is finite, we may apply Lebesgue’s theorem of dominated convergence
on the right-hand side of (3.2) when h goes to co. We conclude from the asymptotic (1.8) and the definition of
(3.1).



360 V. BANSAYE ET AL.

For the second part of our statement, we use similar arguments as those used in Lemma 2.5 in [2]. We let
s < tand ~ € (1,2] and apply the Markov property at time ¢ and inequality (2.10), to deduce that

P (I5-1y > 0)
P (L, > 0)

‘E(z,x) [Gt -Gy 11,50y

vt > O:| ‘ < E(z,x) ‘Gt - Gs

Ao 0)
< 2e ( )(ﬂ{ e
Py (19 > 1)

) 26’@(?11),5,0)17(:3)

PY (15 > t)

Ei o [|Gt - Gs|‘7(Ft)1{It>O}:|

(z ) ['Gt qu'

Again Potter’s Theorem (see Thm. 1.5.6 in Bingham et al. [10]) guarantees that for any Cy > 1 and § > 0 there
exists M such that for ¢t > M,

By |G -

o)

5+1—p —d+1—p
2 2
< C(p) max { (7—1) ) <7—1> } (2,7) [|Gt s|]7
and C(p) is defined in (3.4).

Let € > 0. As (G, t > 0) is a uniformly bounded process which converges to Goo, as t — 0o, IP’L w)-almost
surely, there exists A, > 0 such that for any A, < s <t

o+1—p —d+1—p
v v
C(P)max{(v_ﬂ (v—l) } Bl [1Gr = Gil] 5 e

’E

and

G, —E!

(z:x)

Hence for any s > A., letting ¢ go to infinity and applying the first statement of this lemma, we get

IE(z,m) [th{I—yt>O}] _ ET
P (I, > 0) (#2)

lim sup
t—o0

Adding (3.5), we get
E(z.0) [Gil(1,,501] = (IEZM) [Goo] + 0(1))IP>§;>(IW > 0).
Thus, there exists a constant C3 > 0 such that

E(o.)[Gelizs0)] — Ef, ) [Goc PO (I > 0)‘ < C5PO(I, > 0,1, < 0)

+ ‘]E(z,a:) [Gilyr,>03] — EL@) [Goo] S (1 > 0)
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where we applied the asymptotic in (1.9) for the second inequality. Note that since £ in (1.9) is slowly varying
and v € (1,2], we can choose ¢ independent from 7 (see again Thm. 1.5.6 in Bingham et al. [10]). Since the
choice of v on (1, 2] was arbitrary, we finally obtain

E (o) [Gelir,>0)] = B[, ,)[Guc] P (I > 0) = o(PL (I, > 0)),
which completes the proof. O

3.2. Non-absorption

In this section, we are interested in the event of survival of the process Z under the conditioned environment.
To estimate the latter, we first compute the probability of the event of extinction at a given time, under the
conditioned environment, and then we will observe that such a probability is strictly positive if and only if
Grey’s condition (1.11) is fullfilled. It is important to note that the latter statement can be deduced directly
from Theorem 4.1 in [19] but actually, in this case its proof is rather simple and for completeness we decide to
include it.

Recall from Proposition 2 in [26] (or after the comments of Thm. 1), that there exists a functional v(s, A, K)
which is the P(®)-a.s. unique solution of the backward differential equation given in (1.13) and satisfies

E(. 0 {exp{ — X " Ze K } ‘}'t(e)} = exp{ — zv¢(0, )\efm,F)}. (3.6)

A similar identity holds for CSBPs in a Lévy environment conditioned to stay positive as we see below.

Proposition 3.3. Forz,z > 0 and A > 0, we have

In particular,
P, ,\(Z =0) = E( [e—zvt(o,m,F—Ko)} C for 150,

which is strictly positive if and only if Grey’s condition (1.11) is satisfied.

Proof. Let x,z > 0. From the definition of CSBPs in a Lévy environment conditioned to stay positive (3.1), we
deduce that for every non-negative A,

Ez\z,z) [B_AZ”(E] = (133) (2,7) ?(Ft)@_'\zt(?tl{lpo}]
(lz) (2,0) V(Ft + x)eﬂeizztei?t 1{It>—m}}
(1x) (2,0) V(Ks +2)11,5 1 E2 0 {eﬂe_zzte_ft ft(e)H
= (133) (2,0) [?(Kt + $)1{1t>7m}€_vt(0’Aeﬁ’?)}
= ‘7(133) (2,2) [V(Ft)l{lpo}e_”"(O”\EKO’K_K")}

]Egte),T [ 7zvt(0,)\e_K0,?7Ko):| )
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By letting A go to infinity, we get
Pl (2 = 0) = EO [e—zvt(o,oo,K—Kw} _

From the previous identity, it is clear that

0<P!

(z x)(Zt =0) if and only if ~ P{)T (v¢(0, 00, K — K) < 00) > 0.

Therefore, in order to deduce the last statement it is enough to show that Grey’s condition (1.11) is necessary
and sufficient for che)’T(vt(O, 00, K — Kj) < o) > 0.

We first observe from the Wiener-Hopf factorisation (2.4) applied to the spectrally positive Lévy process
associated to the branching mechanism ), that there exists a non decreasing function ® (which is associated
to its ascending ladder height) satisfying,

Yo(N) = AD(A) for A>0. (3.7)
More precisely, from (1.2), (1.10) and integration by parts, we have

e 1+ Az

B(N) =12\ + / ()

(0,00)

(3.8)
=~ + /(o . (1 — e_’\”)ﬁ(aﬁ)dm,

where fi(z) := u((z, 00)). Since ® is the Laplace exponent of a subordinator, it is well-known that for any A > 0
and k > 1, we have ®(\) < k®(A\/k) (see for instance the proof of Prop. IIL.1 in [7]). In particular, from (1.13)
and under the event that {t < 77}, we have

gvt(s, e ™ K —1) = eﬁs*wwo(efﬁﬁﬂ)t(s, Xe ™ K — 1))
s
= (s, e K — x)fb(e*?frmvt(s, e * K — 1))

> e_?~"'~'7“'w()(1)t(ts7 Xe " K —1)).

This entails

e * t o
/ du > / e KstTgs,
ve (0, e== K —x) ¢O(u) 0

Assuming that (1.11) holds, we deduce

[e'e] t o
/ du > / e Katrds, (3.9)
v (0,00, K —1) 1?0 (u) 0

which clearly implies that v;(0, 00, K — Kj) < oo with positive probability under Pt
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Next, we assume that P&e)’T(vt(O, 00, K — Kj) < o) > 0. Since 1 is non-decreasing, we deduce, under the

event that {t < 77}, that

gvt(s, A K —x) =BT (e KTy (s, Ae ™7 K — 1))
s

< efrrwo(vt(s, e * K — 1)),

which implies

e  * t
/ du §/ e s,
ve(0,e=% K —x) 1#0(11,) 0

Therefore, by letting A goes to oo, we have

oo t__
/ du < / effam2qs,
v¢(0,00,K —) ¢0(U) 0

with positive probability under che)’T. It implies that Grey’s condition (1.11) holds and completes the proof. [

Actually, from Grey’s condition (1.11) and inequality (3.9), we can deduce a nice lower bound for the
probability of extinction. Indeed, let us introduce

< du

fe) = ¢ Yo(u)’

for ¢t>0,

and note that the function f : (0,00) — (0,00) is a decreasing bijection and thus its inverse exists. We denote
this inverse by ¢. Therefore from (3.9), we get

t
v1(0,00, K — ) < ¢ (/ e_KS'”‘ds) .
0

In other words,

t —
E;e),T l:exp {-Z(,O (/ €SK> dS}:| < ESEE),T |:e*Z’Ut(0,OO,K7KO):| ;
0

implying

o<as oo oo ([ o <o
0 t—o00 ’

since ¢ is non-increasing and

/ e Keds <00, PO T_as. (3.10)
0
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The claim in (3.10) follows from the following argument. From Theorem VI.20 in Bertoin [7], we observe

Eff)’T {/ eKSds] :/ ]ng)’T [67?5} ds
0 0

© —
_ / B [ RV (B )1 1,50 ds
0

V()
= Al E(®) /0 eifsﬁ(Fs)ds
V(x) 0
__° / Vidy) [ T(da)e v T (@ +y - 2),
V(z) J(0,00) [0,]

where we recall that V' denotes the renewal measure associated to the ascending ladder height and c is a constant
that only depends on the normalisation of the local times L and L. For the sake of simplicity we take ¢ = 1.
Thus, since V is increasing we have

E()-T [/ e_KSds] < / V(dy)e 'V (z +y).
0 [0,00)

The latter integral is finite since V satisfies (2.5) and

—Ox
e "*V(dx) = , for 6 >0, 3.11
/[O,oo) ( ) Ii(07 9) ( )

which follows from the definition of V' (see (2.7)) and similar arguments as in (2.6). In other words the claim in
(3.10) holds.
On the other hand, for our purposes, we are interested in conditions which guarantee that

lim P!

on (Z,I)(Zt = 0) < ].
This problem is similar to determining when the probability of survival of a CSBP process in Lévy environments
that drifts to +oo, is positive. According to Proposition 2 in [25], the latter holds under a xlog(x) moment
condition on the measure .

Assumption (H2) is very similar to the previous condition and implies that Z has a positive probability to
survive when living in a “favorable” environment, or in other words when the running infimum of the Lévy
environment is positive.

Proposition 3.4. If condition (H2) holds then

lim P!

t—oo (%)

(Z, > 0) > 0.

Proof. Let us assume that condition (H2) holds. We follow similar ideas as in the proof of Proposition 2 in

[25]. First recall that the function s — v:(s, Ae”*, K — x) is non-decreasing on [0, t] since 1)y is positive. Hence
for any s € [0, ¢], we have

vi(s, e 5 K —x) < Xe™ ",
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In particular, from (1.13) we have

9 _ _
a—vt(s, Ae % K —x) = el g (e KTy (s, e % K — 1))
s

as ® is non-decreasing and v;(s, \e %, K — x) is non-decreasing with s and equals Ae™* when s = ¢. This entails

t _
ve(0,Ae™ " K —x) > Xe ¥ exp {—/ i) ()\e_K‘S) ds} )
0

Thus, for any A > 0

P(Tz,m)(zt =0) = E{" e—zv,,(O,oo,?—x):|
- ng) B [V(E e O F1, |
< ‘7(133) © [, )e==v @A = Kms 1{t<70_}}
< V;x) © [P e "ol arky —}]

where we have used that A\ + v;(0, A\, K — ) is non-decreasing, see Proposition 2.2 in He et al. [19]. Hence, we
have

lim P!

t— o0 (Z1m)

(% =0) <EQT [e‘”” e~ 5 ‘I’(AE"S)“}} .
If

E()-T {/ ® ()\e_FS) ds] < 00, (3.12)
0

we get

oo _
exp {—/ P (x\e_KS) ds} > 0, IE”‘SCE)’T — a.s.,
0

and limy_ e }P’zz 2) (Z; = 0) < 1. In other words, in order to deduce our result it is enough to show that (3.12)
holds. We proceed similarly as in the proof of (3.10). From the definition of PY"" and Theorem VI.20 in



366 V. BANSAYE ET AL.

Bertoin [7], we observe

E©-t [ /O T o <>\e’?3) ds} = ‘7(136)1@;@ l /0 i (Ae’?S) V(Ks)ds]

. 1 % > 6717y+z 7 2 .
- 50 /[O’Oo) v (dy) /[O’x] 7(d=)® (A ST

Recalling the definition of ® in (3.8) and observing that it is increasing, as well as the renewal function ‘7, we
obtain that

V(z)

[0,00)

n /[ VP [ (1 aas

s

The first integral of the right-hand side is finite from identity (3.11) and since V satisfies (2.5). For the second
integral, we first rewrite

/[0700) V(dy)‘?(w +vy) /(Oyoo) (1 — e*)\e*yz)ﬁ(z)dz
= /(o,oo) de7i(z) /[Om) V(dy) (1 - e‘”’f”) V(z+y)

- / A=(2)(2),
(0,00)

with
9(z) = /[O . V(dy) (1 - e—AE’yZ) V(z+y). (3.13)

In order to conclude our proof, we need to show that under condition (H2), the integral of z — Ti(z)g(z) is
finite. In other words, we need to study the behaviour of g(z) when z is close to 0 and to co. With this aim in
mind, we use that V' is subadditive and identity (3.11), as well as the following inequality,

1—e?<1Az
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which holds for every z > 0. For z small enough, and using inequality (2.5), we get

g9(z) < Az /[0 ) V(dy)‘A/(x +ye Y+ )\z/ V(dy)‘//\'(x +y)e Y

[1,00)
<Az (f/(x +1)V(1) + C(w)/[

S Cl (!E))\Z,

o)

,00)

where C'(z) and Cy(z) are two finite constants that only depend on z.
For z large enough, we split the integral in (3.13) into three terms. To be more precise,

9() < /[ V@V Oz A

<[ VyVty+ / V(dy)V(x +y)
[0,1) [1,21n(Az2))

+ )\z/ V(dy)V(z+y)e?.
[2In(Az),00)
We study the three terms from above separately. First, it is clear that the first term satisfies
/ VAV (@ +y) < VDV (@ +1).
[0,1)
For the third term, we use (2.5) and deduce

oo oo
)\z/ V(dy)V(z+y)e ¥ < Cl)\ze_m“o‘z)/z/ V(dy)(x +y)e /2
21In(Az) 21In(Az)

< Ci(x+ 1)/ V(dy)(1+ y)(fy/2
0
where

/ V(dy)(L+y)e 2 <Y V(i i+ 1)A+i+De 72 <Y (i+2)%7 2 < o0,
0 i>0 i>0

with Cy4 > 0 such that
V(z) < Cyx, for x>0.

Finally,

/ V(dy)V(z +y) < Cla) / YV (dy) < Co(a) In2(A2),
[1,2In(A2)) [1,2In(A2))

where C'(z) and Ca(z) are two finite constants that only depend on . Since condition (H2) holds, the proof of
our result is now complete. 0
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4. PROOF OF THEOREM 1.2

We have now collected all the necessary results to study the asymptotic behaviour of the extinction probability
of Z. The proof of Theorem 1.2 follows from studying the event of survival at time ¢, {Z; > 0} in three different
situations that depend on the behaviour of the infimum of the environment. To be more precise, we split the
survival event as follows: for z,z > 0,

]P(z,x)(Zt > 0) = IP’(Z@)(Zt >0,1; > O) + P(sz)(zt >0,—y<I; < 0) + P(zyx)(Zt >0,1; < —y), (41)

where y > 0 will be chosen later on. In other words, to deduce our result, we study such events separately for ¢
sufficiently large.

Our first result in this section concerns the first term in the right hand side of (4.1). It says that this is the
leading term in (4.1).

Lemma 4.1. Assume that assumptions (H1) and (H2) hold. For z,x > 0, there exists a positive constant
c(z,x) such that

P2y (Zs > 0,1 >0) ~ o(z,2)PE (I, > 0) ~ c(z,2)V (@)t~ PU(t), as t— oo,
where £ is a slowly varying function at oo, introduced in (1.9).

Proof. Since 1{z,~0y converges to 1ivs>0, 2,50}, ]P’g

Z!I)—almost surely, as t goes to oo, we can apply Lemma 3.2

and

Piay(Ze > 0,1, > 0) = P oy (Z4 > 0|1, > 0)PL (I, > 0)
~ Bl (Vs> 0,2, > 0B (I, > 0),  as ¢ oo,

From Proposition 3.4, we know that
P, (V5> 0, Z, > 0) > 0.

We conclude the proof by recalling the asymptotic behaviour in (1.9) to deduce the second equivalence. O

We now prove that the last term in the right hand side of (4.1) is negligible for y large enough, under
assumptions (H1) and (H3).

Lemma 4.2. Lete,z,x >0, § € (0,1) and assume that assumptions (H1) and (H3) hold. Then fort and y
large enough, we have

]P’(Z’I) (Zy >0,I_5 < —y) < dP’(Z,Hy)(Zt >0,1;_5 > 0).

Proof. Recall that for s € [0,t], the functional vs(s, A\, K) is the P(®)-a.s. unique solution of the backward
differential equation (1.13). We also recall that the quenched survival probability satisfies

Piowy(Zi > OK) = 1 — ¢ #ve(0:00.K—a), (4.2)
From assumption (H3) and definition (1.13), we obtain that for s <t and A > 0,

a —x J7 Ks—2x —x J7 7?,+w A+l
a—vt(s,)\e K —x) > Ce™s (vt(s, Ae P K —x)em e )
s

= C’Utﬁﬂ(s, Xe P K — x)eiﬁ(?“‘r).
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This yields

where

Letting A\ go to co, we obtain

-1/8

v,(0,00, K — z) < (BCL(B(Ks — 1)) (4.3)

Using (4.2) and (4.3), we get the following upper bound

Py (Ze > 0,15 < —y) < E() [(1 - e_z(ﬁczt(ﬂ(?_@))il/ﬁ) 1{[,,,5<7y}}
—E© [(1 _ e—z(ﬁcztw(?)))’”ﬁ) 11, emypemy| - (44)
On the other hand, under assumption (H1), Theorems 2.18 and 2.20 in [28] guarantee that for ¢ € (0, 1),
E© [Z,(BK)™7] <oo,  t>0,
and for F' € Cp(Ry)

lim E©) [T,(K)~1F(Z:(SK)]
t—o0 k\(l/t, 0)

- /0 " Py, (de),

where v, , is a finite measure on (0, 00), see equation (2.46) in [28] for further details about v, ,. Thus, by taking
F.(z) = 29(1 — e~ ") with Cs = (BC)~Y#, we deduce

E(©) [1 _ o—2Cs(T(B(E))) 5}
lim —
t—o0 r(1/t,0)

= [ et e ) =2 g ), (45)
0

where the last notation has been introduced for the sake of readability. Hence, in particular from (3.3) we have

E) {1 -~ e—zcg(z,,(,e(?)))’l/ﬁ} - ra +P)Cﬂ,q,p(z)tpf1€(t)’ as t — oo,

P

where £ is the slowly varying function at oo introduced in (3.3). The latter implies that there exists ¢y such that
if ¢ > to,

PO+ 0)Cs00() o1y, (4.6)
p

E(©) {1 _ efzcﬁ(ztw(?)))’”‘*} <9

Next, we recall from (1.9) that

P, > —y) = ]P’z(f)(lt > 0) ~ V(y)t" (1), as t— oo.
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On the other hand from Potter’s Theorem (see Thm. 1.5.6 in Bingham et al. [10]), we deduce that for any A > 1
and §; > 0 there exists t; := (A1, d1) such that for s > h > ¢4,

P (1, > —y)

s\ 1—p+d1
Pe) (I, > —y) )

<A(y

Let us fix A > 1 and &; > 0 and introduce 7_, = inf{t : K; < —y}, the first hitting time of —y by K. The
previous inequality implies that for s > h > tg :=tg V {1,

PE(h <1, <) =PI, > —y) — PO (I, > —y)

e P(e) Iy, > —y
-2 > ) (s )

< (A (2)1_p+51 _ 1) PO (I, > —y). (4.7)

For simplicity, we introduce the notation § = y + . Hence from the property of independent increments of K,
we get the following sequence of inequalities, for ¢t > 3t,,

E© { (1 - e*ch*(ff(mf”)_w) T St 5]

r — -1/
—2C t —BKs g
<E®© (1 —e e (fr—?? ‘ 6) ) 1{T§<t6}]

[ - t—T_3 (? 7 ) -1/
<E® [[1- exp ¢ —zCge™¥ </0 e P\Er gru=Kery ds> 1 <6}

7ZC5€7€I Titt (5?) e
<E® 1—e 2

—g —=\\—1/8 —
PO [(1- e @O0 o (128 g <o),

Thus from (4.6), (4.7) and (1.9), we have

E© [ (1 - e*zcﬂ(ztwﬁ”)*w) T <t— 5]

-9
< 22—pr(1 + P)Cz,q,p(ze ) (t + t2)p—1£ (t -|;t2)

Aol-ptan ty — 0\ (i -1
+ [ A2 T — 1) V@)t —8)rtet - o)

« E©) [(1 _ efzcﬁe_g(fé(ﬁf))_l/ﬂ)} )
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Next, we introduce

I'(1 ¥
ci(z,9) = (22—9 ( +p)CZ7q,p(Z€ )

1—p+61 - o\
v <A21—p+51 <1 + t22t_ 5) _ 1) Ee) [1 _ e—nge’y(Is(ﬁK)) UB}) .
2

Therefore from (4.4) and again from Potter’s Theorem, we get for ¢ > 3ty

Py (Z > 0,15 < —y) () 5\t o 0t —5)
tr=10(t) < (2, 9) ( 0 + (1 - ) V(y+ )

< ez, 9)A (2‘51 + (1 - 5>p151 Viy+ x)) .

—ngefgmfl/B)

Finally, we observe that the map z — 2%(1 —e is bounded and goes to 0 as y goes to co. Similarly

_g 7\~ 1/8
the r.v. 1 — e~2Cse " (Zs(8K)) is bounded by one and goes to 0, P(®)-a.s., as y goes to co. Thus by the
Dominated Convergence Theorem, we have

o0
—Jy _ a1 _ _Zcﬁefﬂzfl/ﬂ
Cﬂ,q,p<ze ) /0 ri(l—e )qu(dx) —>y_>oo 0,

and

E®© {1 - e—zcﬁe’g(fﬁs(ﬂ?))’”ﬂ} — .
y—00

In other words ¢1(z,9) — 0, as y increases. This implies that

L Pioy(Z] > 0,15 < —y)
lim lim sup
Y00 {0 tr=14(¢)

=0,

since V(y) = O(y) and for y — cc. O
Using Lemmas 4.1 and 4.2, we are now able to conclude the proof of our main result.
Proof of Theorem 1.2. Let z,2,6 > 0 and § € (0,1). From Lemma 4.2, we can choose y such that for ¢ large
enough,
HD(z,ac)(Zt >0,1-s < —y) < EP(z,x+y)(Zt > 0,1 > 0)
Hence we deduce
Pz(Zt > O) = P(ZJ)(Zt > 0,15 > O)

+ IED(z,m) (Zt >0,-y< I; s < 0) + IP)(z,az) (Zt >0,I; 5 < _y)

SPLasy)(Zs > 0,15 > 0) + P, 4iy)(Z: > 0,1 > 0)

< IP’(LHy)(Zt_(; >0,Li—s > 0) + €]P)(z,$+y)(Zt >0,1; > 0)

(P<z,z+y>(Zta > 0,15 > 0)
P(Z,w-i-y)(zt >0,1; >0)

<

+ €) P(z,m-‘,—y)(Zt >0,1; > 0).
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From Lemma 4.1, we know

Poaiy)(Ze > 0,1, > 0) ~ ¢(z, 2 + y)P.)

w-i—y(It > 0)

. (4.8)
~elza+y)\Vie+y)t=P0t), ast— oco.

From Potter’s Theorem (see Thm. 1.5.6 in Bingham et al. [10]), we deduce that for any A > 1 and é; > 0 there
exists t1 := t1(A1, d1) such that

1—p+61
PZ(Zt > 0) < (A <1 + ) + 5) P(zymij)(Zt >0,1; > 0)

t1 — ¢

In other words, for every € > 0, there exists ' > 0 such that

1—p+61
Pe.yy(Ze > 0,1 >0) <P.(Z; > 0) < (A <1 + ) + E) Pe.yy(Ze > 0,1 > 0),

t1—9

for some A > 1 and d; > 1. Recall that 3’ is a sequence which may depend on z and ¢ and goes to infinity as e
goes to 0. Thus, let us take any sequence y(z, ) satisfying for any z,& > 0

)
s

IP’(z,y(z,E))(Zt > 0,1 > O) < ]P)z(Zt >0
1—p+d1
< <A (1 +3 5) + E) P y(ze)n(Ze > 0,1 > 0),
1—

and prove that
C(z) = lim c(z,y(z,2) V(y(z,))
e—=0
exists and is positive and finite. Dividing equation (4.9) by t*~1/(t) and using (4.8), we deduce

> . Pz(Zt > O)
0 < c(z,y(2,€)V(y(z,e)) < lim inf o)

1—p+é1 .
< (A (1 + 0 ) + 5) c(z,y(z,8))V(y(z,e)) < o0.

t1 — 6

Now, letting § goes to 0 and then ¢ tends to 0, we get
~ P.(Z; >0
0< lir;aj(t)lp c(z,y(z,8))V(y(z,e)) < lim inf t((ltp)((t;
< . . <>
< hgn_glf (A + 5) c(z,y(z,€))V(y(z,¢))

= Alim iglfc(z, y(z, )V (y(z,€)) < 0.
e—

Since A can be taken arbitrarily close to 1, the inferior and superior limits (when € goes to 0) of the sequence

~

c(z,y(z,€))V(y(z,¢e)) are thus equal, positive and finite. We thus deduce that this sequence has a limit C(z)
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when € goes to 0, which is also the limit of

m when t goes to oo,
and obtain
P.(Z; > 0) ~ C(2)t~ =P (1),
This completes the proof. [

APPENDIX A.
We provide in Appendix the proof of some technical results for the sake of completeness.

Lemma A.1. If (1.1) holds then the process Z is conservative, i.e.
P.(Z; < ) =1, for any t>0,

and any starting point z > 0.

Proof. Recall that there exists a functional v;(s, A, K) which is the unique  solution of the backward differential
equation (1.13) which determines the law of the reweighted process (Zie~ %t ¢ > 0) as follows,

E(.. ) [exp { — )\Zte*?f H =E®© [exp{ — zv4(0, )\e*z,F)}]. (A1)
If we let A go to 0 in the previous identity, we deduce
P.(Z < o) = lmE.., {exp{ - AZ{KH —E© {exp {z lim v1(0. )\e‘”,K)H ,

where the limits are justified by monotonicity and dominated convergence. This implies that the process Z is
conservative if and only if

1/\1?011)t(0,)\e ,K)=0,

for every positive t. Let us recall that the function ®()\) equals A~11y()\) and observe that ®(0) = ¥ (0+) =0
(see (3.7)). Since 1y is convex and non-negative, we deduce that ® is increasing. Finally, if we solve equation
(1.13) with ¥g(A) = A®(N), we get

t _
ve(s, e ", K) = e " exp {—/ (e Eruyy(r, )\e_m,K))dr} )

Therefore, since ® is increasing and ®(0) = 0, we have

t 7 J—
0 < limv (0, \e ™, K) = limAe™* exp {—/ (e Eruyy(r, )\e_””,K))dr} < limAe ™ =0,
A—=0 A—=0 0 A—=0

implying that Z is conservative. O
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Proof of Proposition 1.1. By 1t0’s formula, we have

— t t
Zye K :Zo—i—/ e_K-‘\/272ZSdB§b)+/ /
0 0 J(

Zo_ L
/ ze K- N(®) (ds,dz, du),
0,00) JO
P-a.s. Then, for P(¢) almost every w(®), we consider

Ve = v e e N e PO,

for any ¢ > 0, where th(e) = Z;(w'®,.) exp(— K (w'®)) and
t
Mp = / K /5077 dBY)
0

t Z. N
N = / / / 2o Ko ) FO) (s, dz, du),
o Jeo,11J0

t Zs_ — ~
Wtw<e) = / / / ze K- ()N () (ds,dz, du),
0 [1,00) JO

are (Q®, F®) P®) Jocal martingales. Let us now check that v is a (Q®), F®) P®)) martingale by proving
that the first moment of its supremum on [0, 7] is finite, for any 7' > 0. We consider the first time 7y when
yw' goes beyond N. Using |z| < 1+ 2?2 and that Y** is bounded before the stopping time 7y, we get

|

Using that supjg 7 |K (w(®))] < 0o, we obtain that e~ K@) ig bounded before time T (and the bound does not
depend on N). Thanks to Doob inequality applied to the stopped martingales, there exists C7 (which does not
depend on N) such that for any ¢t < T,

e e 2 e 2 e
E{ sup st()} §2+E[ sup (Mtw()> }JrIE[ sup (Ng”“) } +E[ sup ‘Wt“’()

S<tATN S<ENTN S<EANTN S<ENTN

e 2— t e
E[ sup (MS“}( )) < 07/ E[ sup st() ds,
_ 0

s<IATN S<EATN

s<IATN Ls<tATN

w(® 2] 2 T w(®
E| sup (NS ) < Cy z°u(dz) | E| sup Y, ds,
J [0,1] 0

_ .
E[ sup ‘W;”(e) < C7/ zu(dz)/ E| sup st(e)} ds.
J [1,00] 0

S<EATN Ls<tATN

Then Gronwall’s Lemma ensures that there exists C(T) such that for any ¢t < T and N > 1,
E [sup5<tMN Y“’(C)} < C(T). Letting N go to infinity completes the proof. O
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